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BRUHAT CELLS IN THE NILPOTENT VARIETY
AND THE INTERSECTION RINGS
OF SCHUBERT VARIETIES

JAMES B. CARRELL

1. Introduction

Let G be a complex semisimple Lie group with fixed opposite Borel sub-
groups B and B, and let H be the maximal torus BNB . gD bD}
denote the Lie algebras of G, B, H respectively and W = N(H)/H is
the Weyl group of (G, H). A famous result in Lie theory says that the
cohomology algebra H (G/B; C) of the flag variety G/B of G is isomor-
phic to the coordinate ring A(#"NYH) of the scheme-theoretic intersection
of the nilpotent variety .#" C g and the Cartan subalgebra . The purpose
of this paper is to extend this result to Schubert varieties X, := BwB/B
in G/B, where w e W.

We introduce a locally closed stratification %, of .#" by “Bruhat cells”
defined by putting &, = Ad(Bw_lB)u, where u is the nilradical of b.
A, = @w is a Zariski closed irreducible cone in g such that .7, C /Vy
if and only if X, C X,. Recall that the scheme-theoretic intersection
of varieties Z, and Z, in g is the scheme Z, N Z, defined by the ideal
I(Z,)+1(Z,) where I(Z,) is the ideal of Z; in the coordinate A(g) of g.
By definition, the coordinate ring A(Z,NZ,) of Z NZ, is A(g)/(I(Z,)+
I(Z,)) . We will prove

Theorem 1. For each w € W, there exists a surjective degree doubling
homomorphism of graded C-algebras v, : A(/¥, Nby) — H (X, ; C) such
thatif X, C X,,, the diagram

14 .
ANy —2— H'(X,;C)
(1.1) l 1
AW, np) =22 H'(X,; C)
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commutes, where the vertical maps are induced by the natural inclusions.
If X, is smooth, then y, is an isomorphism.

We remark that if w, is the longest element of W, then ./V =N
and Y, is the classical isomorphism. The homomorphisms v, are con-
structed by relating .#, N H and the zero scheme of the algebraic vector
field ¥, on G/B studled in [1], where e is a homogeneous principal nilpo-
tent in b (see §2). V, has exactly one zero, the coordinate ring A(Z,) of
the zero scheme Z, of V, is [known to be] a graded C-algebra, and there
exists an isomorphism of graded C-algebras a: A(Z,) — H (G/B; C).
Moreover, V, is tangent to X, at all smooth points, so one can con-
sider the scheme-theoretic intersection Z, N X, . The coordinate ring
A(Z,N X)) is also graded, and an application of a result in [3] gives the
existence of a surjective graded C-algebra morphism o, : 4(Z,N X)) —
H (X, ; C) such that the analog of diagram (1.1) commutes when X, C
Xy and such that «, is an isomorphism if X, is smooth.

The key to proving Theorem 1 is thus to produce isomorphisms S,
AA,Nh) - A(Z,n X,) having the usual naturality properties. To do
so, we consider the morphism ¢,: U™ — g given by ¢,(u) = Ad(u'l)e R
U™ being the unipotent radical of B~ . Letting p: U — G/B be the
isomorphism p(u) = u-B of U~ onto the open cell U centered at B
and noting that p_l(Xw NnU)= ¢e’l(./lfu) , We can state

Theorem 2. The comorphism (¢ep_l)': A(g) — A(U) induces, for
each w € W, a degree-doubling isomorphism B : AW, Nh) — A(Z,NX,)
sothatif X,, C X, then B, and B, commute with the natural restrictions.

It has been an open question whether the homomorphisms o,
A(Z,NnX,) - H '(Xw ; C) are isomorphisms. Recently this question has
been partially answered by the following two results.

Theorem [5]. If G=SL,(C), every o, is an isomorphism.

On the other hand, Dale Peterson has shown

Theorem 3. Suppose w is a nonminuscule fundamental dominant
weight for b and let r € W be the reflection corresponding to the sim-
ple root associated to w. Let w = wyr, where w,, is W's longest element.
Then dim; A(Z,N X)) = dim A(Z,), and consequently «,, is not injec-
tive.

Theorem 3 is proved in the Appendix. Note that SL (C) is the only
simple group in which all fundamental dominant weights are minuscule.
Hence for G simple not of type 4, there exist codimension-one X, for
which o, is not an isomorphism.
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As a consequence of the fact that all o, are isomorphisms if G =
SL,(C), one obtains the

Corollary. For G = SL,(C), all y,: A(#¥,Nnh) —» H (X, ;C) are
isomorphisms. :

There is a conjectured definition of y, not involving A(Z, N X))
which we discuss since it yields information on when «, is an isomor-

phism. Let ¢ € h and set B, , = Ad(Bw™'B)t. Using a result of [5],

we show in Theorem 8 that H‘(Xw; C) is isomorphic with the graded
ring A(g)/gr(l (.%’w, )+ 1(h)). Here grl denotes the ideal generated
by the leading terms of the ideal I. Since gr(l, + I,) 2 grl, +grl,,
if 1(4,) = gr1(%,, ,), we obtain a natural map from A(%, Nh) onto

H (X, > C), which turns out to be y,, . Furthermore, we then obtain that
¥, is an isomorphism exactly when gr(I(%,, ,) +1(h)) = I(4,,) + I(b).

Some of the results in this paper have been generalized by Peterson [16]
to the Kac-Moody setting. Moreover, he has shown that the maps o,
etc. are all defined over Z (instead of C). An account of these results is
included in the expository article [9].

The paper is organized as follows. In §2, the basic theorem (Theorem
5) on the zero scheme of the homogeneous principal nilpotent is proven
and an example to illustrate the result is given. In §3, we prove the basic
result that ¢, induces a degree-doubling isomorphism from A4(.#'Nbh) onto
A(Z,) and in §4 we extend this to the relative case ¢ e w A, Nh) —
A(Z,n X,). In §5 we consider a semisimple deformation as a path to
an alternate definition of the morphisms y, . In the Appendix, examples
that show the y, are not always injective are given.

The author would like to thank Dale Peterson for contributing the result
in the Appendix. He would also like to thank Hanspeter Kraft and Shrawan
Kumar for their comments.

2. A description of I(Z )

2.1. The starting point of this paper is the problem of giving a geomet-
ric description of the zero scheme of an algebraic vector field on X = G/B
obtained by exponentiating a principal nilpotent v € g. Such a vector field
has its only zero at the unique Borel subgroup of G whose Lie algebra
contains v . We will suppose v € b, so the vector field V, assigned to v
vanishes only at B € X. Recall U denotes the big open cell in X cen-
tered at B. Then the zero scheme Z  of V, is the affine punctual scheme
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in U supported at B associated to the ideal /(Z,) generated by the func-
tions V, (f), where f € A(U), the affine coordinate ring of U, and V, is
viewed as a derivation of A(U). By definition, the coordinate ring of Z,
is A(Z,) := A(U)/I(Z,). We will solve our problem in A(U"), where
U™ is the unipotent radical of B~ , using the isomorphism p: U — U
defined by p(u) = uB. Let Q = U™ B be the corresponding big cell in G
and I1: Q — U™ the canonical map defined by the composition

Q" U xBILU”
where m(u, b) =ub and =, (u,b)=1u.

Theorem 4. Let v € b be a principal nilpotent. Then p*(1(Z,)) C
A(U™) is generated by the components (with respect to any basis) of the
u” -valued map u — II, Ad(u—l)v where I1_ denotes the differential of T1
at the identity 1, of G.

Proof. For y € g, let w, be the corresponding right invariant vector
field on G. Thus

d
W,(8) =R,y = - (exp(ty)8)l ;-
The holomorphic vector field Vy on X induced by Wy is

¥, (8B) = & (exp(t)gB)] o

Let W; be the holomorphic vector field on U~ defined at u € U™ by
Wy(u) =I1,(W,(u)) where I1,: T,Q — T,U" stands for the holomorphic
differential of II on the holomorphic tangent space T;Q to Q at u.
Let u: Q — U be the quotient map u(g) = gB. Then pIl = u, and
consequently
V,=uW,=0pI) W =p (ULW)=p W,

where u, and p, are analogous to II,. Now let y = v and define
I, C A(U™) to be the ideal generated by all W, (f) where f€ A(U™).

Lemmal. p*(I(Z,)=1,, and p* induces an isomorphism p: A(Z,)
— A, =AU )/I,.

Proof. This is obvious from (2.1).

We now compute the ideal /. Note that for ue U,

W, (u) = j—t(uu_l(exp to)u)|,_o=L,, Ad(u_l)v ,

where L (g)=ug. Since IIL, = L II for ue U ,
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W, (u) =TL,W,(u) =I1,L, Ad(u 'yv =L, 11, Ad(u").

Thus, Lu_l,(,W;(u)) =11, Ad(u_l)v. Now suppose that v,, v,, -, v,
form a basis of left invariant vector fields on U~ and write Wv = Zle auv,,
where a,,--- , a, arein A(U ). Then

k

k
L. (W, (w) = Y a(u)L 1. (v,(w) = Y a,(w)v,(15).

i=1 i=1

Hence q,, --- ,q, are the components with respect to v,(1;), ..., v, (1)
of II, Ad(u‘l)v . Since a,, --- , a, generate I , the theorem is proved.

2.2. We now bring in the homogeneous principal nilpotent e. Let
® c h* be the root system of (g, h) and let &' be the set of positive
roots, i.e., the roots of (b, h). Denote the set of simple roots in o
by A= {a,,---, o;} and choose e, € g \0O, where g  C g is the root
subspace corresponding to each a € @. We set e = e +---+e . Recall
¢,(u) = Ad(u"")e and note ¢,(u) € e +h+u” . Thus

(2.2) b, () =e+k,(u)+ Y v_ (we_,,

a>0

where every e_ € g_,\O and k,(u) € h. Hence I, is defined by the
condition ¢, (u) €e+h.

Recall that e induces gradings on A(U) and A(U ) [13]. We now
show that I(Z,) and I, are homogeneous and that p" determines the
graded isomorphism. Let s € h be the unique element such that (a,, s) =
2if 1 <i<l,and y:C* — G the one-parameter group such that
y'(1) = 5. Since U~ is H-invariant, y determines a C-action C* x
U —-U wvia(t,u)—t-u= y(t)uy(t)—1 and this determines the grading
of A(U") bysetting AU™), :=={fe€AU )|t-f= tkf forall te€C"}.
Likewise, 4(U) has a grading—namely the one associated with the C"-
action (¢, gB) — y(t)gB on U. Clearly, p is y-equivariant so p~ is a
graded isomorphism, and the homogeneity of 1, = p (I(Z ) and I(Z))
are equivalent. Recall the height of @ € ®" is ht(a) = (a, s).

Lemma 2. Each v__ (a>0) is homogeneous of degree 2(1 + ht(a)),
and the map k, is homogeneous of degree 2.

Proof. We must show that ¢-v_, = '™y

t-v_ (u) = v_a(t_l

a

_, Where as usual
-u). Now
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t-¢,(u) = ¢,(r(1)” uy( 1) = Ad(y(0) " u” p(2))e
= Ad(y(1)") Ad(u ") Ad(p(1))e
= Ad(y(0) " Ad@w™!

=2 Ad(y() ! (e +h W)+ v_,we._,)
=e+t (k W+ v_, (W)t e a)
=e+t ke(u) +3 A u))'tz_a(u)e’_m.

e

This establishes the lemma. q.e.d.

To summarize, we state

Theorem 5. Let e be the principal homogeneous nilpotent e = e, +
-+ e . Then the ideals 1, and 1(Z,) are homogeneous in A(U") and
A(U) respectively, and p: A(Z,) — A, is an isomorphism of graded C-
algebras. Consequently, A, = H (X;C). If ¢,: U™ — g is the embedding
¢, (u) = Ad(u_l)e, then 1, is generated by the functions v_, = n_,¢,
(a>0), where n__: g — g_, = C is the canonical projection.

Example. Let

1 0 0 O
Y= u, 1 0 0
u, u, 1 0
U, ug ug 1

denote an arbitrary element of U~ . We have

o
Il
cooo
coo~—
oo —o
o -0 O

and so
(2.3) Ad@u).e=| %1 %2

where
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A =Ups Ap=Uyg— U, Ay =Ug— Uy, Gy = ~Ug,
— 2 —
Ay =Uy— Uy, Ay =Uy— Uty + 1y (U, — Uy),
gy = —Uglhg + Uy (Ugthg — Us) + Uy (—Uy + Uy Us + Uyllg — U U Ug)

Ayy = Ug — Uy + Uy (U, — Uy),
Ay = —Uy +ug(u, — ug) + (u; —u,)(us — u u,),
Ay = —Ug + Ug(U, — Ug).

The a;; with i > j generate I,. On the other hand, I, is also generated
by the coefficients of the vector field

~ 6 o
We=2 bigy»
i=1 i
which are given as follows:

2

by=u,—uy, by=uy—wuu,, by=-uu,,
by=ug—uy +u (u, —u,), bs=—us+ug(u —u,),
bg = —us+ug(u, — uy).

Note that the coefficients b, , b,, b, of We are matrix entries in (2.3).
b,,--- , bg give a simpler but theoretically less interesting set of generators
of I, than the entries in (2.3).

3. The fundamental isomorphism ¢,

3.1. In this section we show
Theorem 6. ¢, induces a degree-doubling isomorphism of graded alge-
bras

¢,: A Nbh) — A,

Proof. We first show ¢, induces a surjective homomorphism d):::
A N(e+h)) — A4,. By Theorem 5, it suffices to show ¢ is surjective.
This follows easily from the result of Kostant [13] that if {e, s, f} is an
sl,-triplet, then the map U x gf — g sending (u, x) to Ad(u)(x + f) is
an isomorphism onto e + h+u . Here gf denotes the centralizer of f.
Notice that A(# N (e + b)) is not graded; however the usual grading of
A(g)=Clz,, z_5,x;|a, >0, 1<i< 1 ({x;, z,, z_z} denoting the
usual dual basis of g*) defines a filtration F,C F, C---CF,CF,  C---
of A(# N(e+H)) such that F,F;, C F, ;, where F, := Im@jSiA(g)j.

i+j’
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A, , being graded, also has a filtration F; C F;,| such that F,.'Fj e Fi'ﬂ. .
!

Since ¢ is not graded, we must show that for all m >0, ¢%(F,) C F,, .
A typical monomial M in A(g) of degree at most m has the form

1
M=H%ﬁqmﬁ
]j=

a€A

where > i, +3 r; <m,andall i, and r; are > 0. Then ¢, (M) =0 if
i, > 0 for some o such that ht(a) > 1, and ¢;(M) € I, if i, > 0 for
some a < 0. Hence we may assume

! o
M =[]z )= [Tx)",
1 j=1

i=

and then [
ﬁun=€(ﬂuw),
i=1

which has degree 2 er < 2m. Therefore qb:(Fm) - Fz'm as claimed. Let
GrA(/ N(e+h)):= Fy+ ) F,/F,_, be the graded ring associated with
the filtration F . Thus ¢} induces

Gr¢t: GrA(#/ Nn(e+h) —Grd, = A4,.
The final step in the proof is to define d~>e . By [14, p. 134], there exists a
canonical isomorphism
(3.1) J: A(g)/ gr(I(#') + I(e + b)) - GrA(# N (e +h))
such that if f € A(g) has degree < p and residue class f, then j(f) is
the element of Fp/Fp_l determined by f. Now grI(/#)+grl(e+1h) is
clearly I(#) + I(h), so we can define ¢, by the composition

A" Nb) — A(g)/ gr(I(A) + I(e + b))

(3-2) — GrA(// N(e+h)) — A,.

Since dimg A(# Nh) = dim;4,, ¢, is as claimed and the theorem is
proved. q.e.d.
Consequently, we have an isomorphism

v, A Nh) = A(Z,),
where 7 is the inverse of j.

3.2. Let I:V C A(h) be the ideal generated by the homogeneous W-
invariants. The inclusion map i: § — g induces an isomorphism 7 :
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AW NY) = S, = A(b)/If/. In [1], it was shown that if n denotes
the projection of g onto b, then the map 7,: u~ — b given by ¢ .(n) =
n[e, n] induces an isomorphism of graded algebras

(3.3) T8, — A(u_)/exp*(le).

It seems worthwhile to use the above results to reprove this.
Corollary. 1, is a degree-doubling isomorphism of graded algebras. If

@, -, ®, are the fundamental dominant weights of b with respect to
a, -, then T,(®,)=z_, if 1 <i<I, where “bars” denote residue
classes.

Proof. Infact, 1, = 1¢,exp = k, exp. We show n* induces the inverse
of i. To see that n*(IiV) C I(#) + I(h), use the fact that for any f €
A1), there exists a g € A(g)® such that i*g = f. Then n'f — g
vanishes on b ; hence n induces a morphism 7 : Sy, — A(/#'Nb) which is
the inverse of 7. Thus %, is an isomorphism. Next,let a=) ae_, €u .

We may suppose {e;, a;/ , e_;} forms an sl,-triplet. Hence

le, a] = Zaaj[ej, e_j1= Zaal_a?.

Now for any fundamental dominant weight ,,
T, (0;)(a) = w,(,(a)) = Zaajwi(hj) =a,.

This shows that t:(wi) = z_,, and completes the proof.
3.3. To summarize the maps that have been introduced, we note the
following commutative diagram of isomorphisms:

i

AWV NY) - Sy

(3.4) &el A(u”)/exp’ I, ’ lﬂ

£
A o H'(X;C)

e
It is well known that as a W-module, S, is the regular representa-
tion. There is no obvious W-module structure on 4, however. Recently,
Dale Peterson showed that there exists an action of W on U such that
the functions v__ of (2.2) are a fundamental system of generators for
A(U™)” , which is a polynomial ring. Moreover, ¢,%: Sy, — 4, is W-
equivariant.
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4. The fundamental isomorphisms ¢e,w

4.1. In this section we prove Theorem 2. The main step is to show
that ¢, induces an isomorphism between A4(.#, Nh) and

e
A, u=AWUT)/L,+I(U” nBwB).

First we will show that j: A(Z,) — A4, induces an isomorphism p,, from
A(Z,nX,) onto 4, , . Note that p induces an isomorphism of varieties
between U” NBwB and UNX, , hence an isomorphism p.,: A(UNKX,) —
A(U” nBwB) . Thus, by the definition of I, , we obtain the isomorphism
Py AUNKX,)/I(Z,)=A(Z,nX,)— AU NBwB)/I,=4, .

Recall that %, is by definition Ad(Bw™'B)e. Put u-e = ¢, (u).

Lemma 3.

(1) ¢;'(#,) = U NBwB as varieties.

(2) (U nBwB) Cc A(U™) is homogeneous.

Proof. For (1), suppose u-e = bywb,-e forsome u in U~ and b, , b,
in B. Since the centralizer G, of e is contained in B, u = b;wb; for
some b, b, in B. Thus u € U" N BwB so ¢, (#,) = U nBwB.
That ¢, is an isomorphism follows from the fact that ¢, is a closed
immersion. For (2) note that BwB is stable under the 1-p.s.g. 7. Using
this one proves the homogeneity in the same way it is established for the
standard action in [15, p. 21]. This proves the lemma.

It follows that ¢.(I(#,)) = I(U” N BwB) so we obtain a surjective
C-algebra homomorphism

By wi A, N(e+D) >4, .

Arguing as in (3.1) and (3.2), using the fact that I(.#,)) is homogeneous,
we obtain a morphism of graded rings

A, Nb) — Gr A, N (e +))
which composed with Gr ¢j’w yields a morphism
Yo' ANy NY) > Grd, .
However, both ideals I, and I(U™ n BwB) being homogeneous, it is

trivial that gr(I,+1(U” NBwB)) = I,+1(U NBwB),so Gr4, , =4
and we finally obtain ¢~Sw as the composition of surjective morphisms

e,w

~—1
A, NG 4, " A(Z,NX,).
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In order to show that q?w is an isomorphism, we will show that 7,
is an isomorphism. Note first that dimg A(/#, Nh) > dimg A, - Let
D: G-e — X be the projection defined by p(g-e) = gB. Then we have
the commutative diagram

Gel"lp1

/ \

where p(uB) = u~'. Since ./ is normal and G-e has even codimension
in #/ = G-e, one knows that A(G-enp '(U)) = AW np ' (U)).
Therefore, since p_l(U ) is a Zariski open neighborhood of e'in G-e,
dimg A(4,, N (e +h)) = dimCA(p”](U) NAg,N(e+h)) forall w in W.
Now, p induces a morphism p:] sending ﬁ—l(Ae’w) onto A(p~'(U)n
A, N (e +h)), the surjectivity holding for each w since it holds for the
longest element w, . Thus

dimg A, , =dim¢ 5~ (4, ) > dim¢ A(#, N (e +)).
To finish the proof that 7, is an isomorphism, it will be sufficient to note

that GrA(/, N (e +h)) = A(#, Nh). Hence it suffices to check that
(4.1) gr({(A,) +1(e + b)) = I(A,) + I(b).

This is clear, however, since I(e +§) is generated by linear functions and
I(/4,,) is homogeneous. This completes the proof of Theorem 2 except
checking commutativity, which is left to the reader.

4.2. We now prove Theorem 1. Since V, is tangent to the set of regular
points of X, , it follows from [3, Theorem 5] that there exists a filtration

of A(Z,) such that there is a commutative diagram

GrA(z,) —— H(X;C)

(4.2) l l

Grd(Z,nX,) —— H'(X,;C)
where a is an isomorphism of graded C-algebras, the vertical maps are
the restrictions, and the filtration on A(Z, N X)) defining Gr4(Z,N X))
is the image of the filtration on A(Z,). By [1], A(Z,) is graded and
GrA(Z,) = A(Z,). Similarly, by naturality, 4(Z, N X)) is graded (by
§2) and isomorphic with GrA4(Z, N X,). Combining this with Theorem
2 finishes the proof of Theorem 1.

e,w)
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5. The semisimple deformation

5.1. In this section we will seek a method for defining the morphisms
y, without factoring through 4(Z, N X, ). The method is motivated
by the deformation argument employed in [8] and the computation of
H'(X,; C) in terms of the orbit W -t of a regular ¢ € h. We first recall
that computation. Put W(w) ={v € W|v < w}, where < is the partial
order on W associated to B.

Theorem 7 [3, Theorem 4]. Let t € b be regular. For each w € W,
there exists a degree-doubling isomorphism 2,,: A(h)/ gr 1 (W(w“l) 1) —
H (X, ; C) such that if X, C X, , the diagram

AR/ g I, (Ww™) 1)~ H'(X,; )

! l

A(D)/gr [, (W™ 1) —2s H'(X,;C)

commutes, where the vertical maps are the natural restrictions, and
I (W(w)-1) denotes the ideal of W (w) -t in A(h).

Suppose V is an affine variety in g with defining ideal 7 C A(g). The
associated cone K(V') is by definition the affine variety in g determined
by the homogeneous ideal gr/. A basic result of Borho and Kraft [8]
says that grI(G-t) = I(#") for any regular semisimple element ¢ of g.
We will use this to determine the ideals /(7)) in a useful way. Recall
that s is the unique regular element of § characterized by the condition
(@;,8) =2 for i =1,---,/. Foreach w € W, let B, , denote the
Zariski closure of Bw ™ 'B.s:= Ad(Bw_lB)s in g. We will prove

Theorem 8. Let w be an arbitrary element of W . Then the following
hold:

(1) B,  is a normal, irreducible subvariety of g of dimension l(w) +
dim¢ X . In addition, B, - s Is smooth if X, is.

(2) A, is an irreducible component of the associated cone K(B
particular, gr1(B,, () CI(4,,).

3) I(W(w_l) -8) =I1(B,, ) +1(b), where I(W(w) -s) is the ideal in
A(g) of functions vanishing on W(w)-s.

We obtain therefore a surjective degree-doubling algebra homomor-
phism

In

w,s)‘

.

v, A(g)/erI(B, ;) +1(h) — H (X,;C)
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as the composition:

A@)/er1(B,, )+ 1) 2= Ae)/ &I (B,, ) +1(1)

= A(g)/ erI(W(w™")-5) 5 A)/er L, (W(w™")-5) 2 H'(X,,; C).

Here we have used the fact that i*(gr /(W (w) -s)) C grl, (W(w) - s).
Clearly, i* is an isomorphism, so v,, 1s an isomorphism precisely when

(5.1) gr(I(B,, ;) +1(h)) =grI(B, ) +1(b).

Remark. Notice that unlike (4.1), (5.1) is not automatically true, the
difference being that I (Bw’ ,) 1s neither homogeneous nor generated by
linear functions.

Since gri(B,, , ;) € I(A,), there is a similar homomorphism

o,: A(g)/er (B, )+ 1(h) = A(A, ND).

w

Corollary. For each w € W the following hold: (1) The following
diagram is commutative:.

A(g)/ er1(B,, )+ 1(h)
(5.2) o, N\ v,
AU, np) B H(X,;0).

(2) v, , ¥, and o, are all isomorphisms if and only if (5.1) holds.

3) If ng(Bw’s) +1(h) =I(A4,))+1(b), then y, =v, .

The point of (3) is that when grI(B,, ) =I(4,), v, can be defined
without factoring through 4(Z,N X, ). It seems to be an interesting prob-
lem to determine when this is so.

Parts (2) and (3) of the corollary follow from the above discussion. We
will first prove Theorem 8 and then establish commutativity of (5.2). We
begin with a useful fact.

Lemma 4. Foreach we W, B, = Bw 'B-s.

Proof. Since s is regular and semisimple, G-s is G/H, where H
is the algebraic torus corresponding to h. The orbit map G — G- s
sends closed H-invariant subsets of G onto closed subsets of G-s. In
particular, Bw ™ 'B.s isclosed in G-s. Since G-s is closed, the lemma
is established. q.e.d.

It follows that B, s

Bw™'B/B = X, with fibre B/H . All the statements in Theorem 8 (1)
follow immediately from this.

is isomorphic with Bw™'B /H and is bundle over
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Next we will show that .#, is an irreducible component of K(B, ().
In fact, it follows immediately from [14, Satz, p. 133] that
K(B

w,s)

=C'B, \C'B, , =/ NCB,

This implies that .#, C K(B,, ). For e € C*'B-s, since te+s and s are

conjugate via B forany ¢ € C, and this implies C*Bw™'B-s C K (B, ) -

As B, | is irreducible, all irreducible components of K(B, ) have the
same dlmens1on namely d1mC w,s [14, p. 131]. In partlcular as A,
also has this dimension and is 1rreduc1ble it is an irreducible component
We next prove (3). By Lemma 4 and the fact that G-snh =W .5, 1t
follows from BwB =, BxB that B, Nh= W(w™')-s. Hence it
suffices to show that the scheme theoretic intersection B, N is reduced.
But B, ;Nb is locally closed in G-sNbh and G- snb is reduced, so it
automatlcally follows that B, N is also reduced. This completes the
proof of Theorem 8. We omlt the proof of the commutativity of (5.2).

Appendix
(after D. Peterson)

The notation of the Appendix is the same as that introduced in §§1 and
2. In particular Z,N X, will refer to the scheme-theoretic intersection of
the zero scheme Z,, associated to the principal homogeneous nilpotent e
in b, and the Schubert variety X, = BwB/B in the flag variety X = G/B
of G. It was conjectured in [1] that the morphisms «,, of §1, sending
the coordinate ring 4(Z, N X)) onto H '(Xw; C), are isomorphisms. As
mentioned in the Introduction, this has now been established when G is
SL,(C) [5].

The purpose of this Appendix is to prove the following negative result,
which impinges on Theorem 1 of this paper. Recall, {a, - -, o;} is
the set of simple roots and w,, --- , w, the corresponding fundamental
dominant weights satisfying (w,, a;./) = 9, ; Wwhere (, ) is the inner
product on " and for a € @, o' =2a/(a, a).

Theorem. Suppose w € W has length [(w,) — 1 and write w = wr;,
where wy, is the longest element of W and r; is the reflection corresponding
to a simple root «; . If the fundamental dominant weight w, corresponding
to a; is not miniscule, then the inclusion i, of X, into X induces an
isomorphism between the coordinate rings A(Z,) and A(Z,N X,). Con-
sequently, dim.kera,, = #{v €e W|v L w}.
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Recall that a dominant weight A is called minuscule if (1, 8) is 0 or
1 for all positive roots 8.

From now on, G will be assumed to be simple. The theorem is based
on the

Proposition. Suppose w is as in the theorem. Then [[BwBNU") in
A(U™) is a principal ideal generated say by F,) € AU ), and if w, is
not minuscule, then F, is in the kernel of the homomorphism from A(U™)
onto H (X ; C) defined in §1.

Before proving this, let us show how to obtain the main result. Denote
by Fw in A(Z,) the residue class of F, . Since the kernel of the natural
map i, from A(Z,) into A(Z,N X,) is the image of I(BwBNU") in
A(Z,) , this kernel is generated by F, . But o(F,) = 0 by the Proposition,
and therefore Fw = 0, so i, is an isomorphism. Using the long exact
sequence of cohomology for the pair (X, X,) shows that dim.kera,, =
dimi H' (X, X,,; C) which is #{v € W |v £ w} as asserted. This proves
the theorem.

We will break the proof of the proposition into a number of steps, the
first being the definition of F, . Assume @ ; is any fundamental dominant
weight and V; = L(w;) is the irreducible G-module with highest weight
w;. Let V;.* be the dual G-module. If u is a weight of V' (resp. V"),
let V;‘ (resp. V;‘*) denote the corresponding u-weight space. Let v and
v" be highest weight vectors in V; and Vi* respectively, and define F, €
A(U™) as the lowest weight component of u-v™" , i.e.,

F (u)= (@, u-v")

for u € U™ . Since the highest weight of V,.* is ~wy(w,), F,(u) is simply
the wy(w;) component of u-v".

The second step in the proof is to show that the variety V(F,) of F,
in U™ is BwBN U™ . The proof given here can easily be modified to
show that if F, is viewed in A4(G), then V(F,) = BwB. Note first
that BwBN U™ is a Zariski closed subset of U~ isomorphic with X, N
U, where U is the dual open cell in X containing B. The Schubert
decomposition U, ., Bw'B/B is a locally closed decomposition of X w>
and there is a corresponding one Uy'<y(Bw'BNUT) for BuBNU™ .

Suppose now that u € V(F,). Then u € Bw'B for some w' € w,
so we want to show w’ < w. Since multiplication by w, reverses order
and wé = 1, it suffices to show wow' > r;. If not, there exists a reduced
expression wow’ =T not involving r;, so wow'(wi) = w,, i€,
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w'(w,) = wy(w,). Since u € Bw'B, u-v" =bn'-v" for some b € B
and n' € w'H, where H is the maximal torus corresponding to h. This
means b 'u-v* is a lowest weight vector, which is impossible since, by
the definition of F, (u), the lowest weight component of u - v' is zero.
Hence w' <w, and V(F,) CBwBNU™ .

To see the opposite inclusion, it suffices to show that BwBN U C
V(F,) since, as shown above, BwuBN U™ =, ., Bw'BNU™ = BwBN
U™ . Thuslet u € BwBNU™ . Then u-v" € ;5 V3550 (v, uv’) =
0 since w(w,) # wy(w,). (Indeed, wy(w,) = wr,(w,) = w(w, - a;).)
Consequently u € V(F,) and we have established that V(F,) = BwBnN
Uu .

In order to show that I(BwBNU") is (F, ), observe that since BwBN
U is irreducible, it suffices to show that V(F,) has no multiple compo-
nents. To establish this, we show that the differential dF, is nonzero at
all points of BwB N U™ . We begin with a

Lemma. Let r, be the simple reflection such that w = riwy = Wyt -
Then w(w,) + ri(w;)=0.

Proof. r; exists since w,r;w, has length one. Clearly wy(a;) = —a Iz
$0 w(w;) = wyr(w;) = wy(w,) + a;. Thus it suffices to show wy(w;) =
—w;. This follows since w), interchanges the positive and negative roots,

wy = 1, and (wy(®,), o)) = (@;, wy(e))) = —(®;, &) = ~1. This
completes the proof.
Let fj be a nonzero element of g_, . For u € U, we have
J

(%Fw((exp tfj)u)>

t=0

But, for u € BwuBNU , the w(w,)-component of u-v* is nonzero, and,
since v* is a highest-weight vector of weight w IE fj -v" is a nonzero
element of the one-dimensional space Va:j_aj = V,/'_‘( w)" Since w(w,) +
ri(w;) = 0, we deduce that (f;-v", u- v") # 0. Hence dF, # 0 at
every point of BwBN U™, so V(F,) has no multiple components and
we deduce that J(BwBNU™) = (F,).

It remains to show that o(F,) = 0 if w, is not minuscule. Let P
be the stabilizer of the line Cv*. Note that dim; G/P is the number

of positive roots involving «,. There exists a commutative diagram of
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C-algebra homomorphisms

AU~ /U™ NP) —2— H'(G/P:C)

n'l Jn'
AU — H(X:C)

where the vertical maps n* are induced by the natural projections 7, o"
is the obvious lift of «, and a; is the lift of the isomorphism

ap: AU /U NP)/I(Z,) — H (G/P; C)

established for G/P in the same way as a for G/B ([4] and [1]).
Since F, (up) = F,(u) if p € U N P, there exists an element G, of
A(U™/U™ n P) of the same degree as F, such that F, = "G, .
Since degF, = ht(w; — wy(w;)), it will follow that «(F,) = 0 if
ht(w; — wy(w;)) > dim; G/P. Recall that if w is a positive weight, say
w =) a,a;, then ht(w) =>"a,.

Lemma. Let p’ = %Zﬂe@ B . Then for any positive weight 2.,
ht(A) = (4, p").

Proof. Since ri(pv) = pv — a;/ for i = 1,---,1/, it follows that
(p’, @) =1 for all simple roots «. Hence (p", Y a,0,) =Y a;.

Now

degG, =degF, = (pv , W; — wy(w;))
=(p", 0)—(wep”, @) =2(p", »))
>#{fed (B, w;) >0} = dim, G/P

with equality if and only if (8", ;) =1 forall g involving o;. Conse-
quently, if @, is not minuscule, then a;(Gw) = 0 which shows a(F,) =0
and finally completes the proof of the proposition.

Remark. The only simple group for which every fundamental domi-
nant weight is minuscule is SL (C).
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