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SOME NONDIFFEOMORPHIC
HOMEOMORPHIC HOMOGENEOUS
7-MANIFOLDS WITH POSITIVE
SECTIONAL CURVATURE

MATTHIAS KRECK & STEPHAN STOLZ

1. Introduction

One believes that the existence of a metric with positive sectional cur-
vature imposes strong restrictions on the topology of a manifold. If a
manifold admits such a metric, one can ask whether there is a second
smooth structure on this manifold admitting again a metric with positive
sectional curvature. Up to now no such examples were known.

In the case of the 7-sphere Gromoll and Meyer showed that there is a
metric on an exotic 7-sphere with nonnegative sectional curvature, but it
is still open whether there is a metric with positive sectional curvature [7].

If the manifolds are homogeneous spaces and the metrics are also homo-
geneous, a classification of a certain class of such manifolds up to isometry
is known (compare [2]). In particular there is a family of such homoge-
neous spaces, called Wallach spaces, N, , =SU(3)/i, ,(S 1) , parametrized

by integers k, [ with kl(k +1) # 0. Here i, ;: S' - 8'x S' is the ho-

momorphism defined by z — (zk , 21) , and we identify S ''x S! with a
fixed maximal torus of SU(3). Replacing k by rk and / by r/ does not
change the subgroup i, (S 1) , and we will assume throughout the paper
that £ and / are coprime. These spaces admit a metric of positive sec-
tional curvature which is SU(3)-invariant [2, Theorem 3.2]. If in addition
k # 1 mod 3, they also admit an Einstein metric [14] (this restriction
seems unnecessary; compare [4, Theorem 9.101, p. 264]); the metrics
constructed in [2], however, are not Einstein.

Another motivation for our interest in the Wallach spaces is the follow-
ing. In [13] we gave a homeomorphism and diffeomorphism classification
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of a similar family of 7-dimensional homogeneous spaces M, , which
are quotients of SU(3) x SU(2) x U(1) by a subgroup with Lie algebra
isomorphic to SU(2) x U(1) x U(1). The most surprising discovery was
that these manifolds are sometimes homeomorphic, but not diffeomorphic.
There are speculations that this phenomenon cannot occur for homoge-
neous spaces G/H with G simple and simply connected. The Wallach
spaces provide a test case for this.

The manifold Ny is simply connected, and its cohomology ring looks
as follows: H*(N, ;;Z) = Z, H*(N, ;;Z) =0, and H'(N, ;:Z) is a
cyclic group of order N(k, ) = K+ ki+1? generated by u’, where u is
a generator of H 2(Nk .1> Z) . Thus the cohomology of the Wallach spaces

N, , has the same structure as the cohomology of the manifolds A, ,,
and the theory developed in [13, §3] can be used to classify the Wallach
spaces, t0o0.

We work in the oriented category, i.e., the manifolds under consid-
eration are oriented manifolds, and diffeomorphisms (resp. homeomor-
phisms) are orientation-preserving. We orient N, , by the convention
described in (4.3) below.

Theorem. Assume (k,[)=1=(k, ).

(i) N, is homeomorphic to Ny ; if and only if N(k, 1) = N(k,I)
and kl(k+l) ki(k+1)mod2’-3-N, where N = N(k, [) = k> +kI+1*.
(ii) N, , is diffeomorphic to Ny ifand only if N(k,l) = N(k,I)
and kl(k +1) = ki(k + 1) mod 2°- 7 . 3. N, where N = N(k, 1) and

0 ifN=0mod?7,
1 otherwise.

A(N) = {

It turns out that the question whether there are two pairs k, / and k, [
of coprime integers such that the condition for homeomorphism holds,
but the condition for diffefomorphism does not hold, is a difficult one.
A computer calculation by Peter Gilkey revealed that for N < 10° no
such pairs exist. An attempt to prove that this holds in general failed. It
turns out that the above question can be expressed as a question about the
arithmetic of the ring of algebraic integers in the cyclotomic field Q[w],
where @ = (1 + v/=3)/2 is a primitive sixth root of unity, since k> +
ki +1* = N(a) and ki(k + 1) = Tr(a’/3v/=3) for a = k + lw. Here
N(a) = aa is the norm and Tr(a) = a + @ is the trace of an element
a € Q[w]. Using the fact that Z[w] has unique factorization one obtains:
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Corollary. There are Wallach manifolds which are homeomorphic, but
not diffeomorphic whose fourth cohomology group has order N if and only
if there are primitive elements y, 6 € Z[w] such that N = N(y)N(6) and
2> 3. N divides Tr(y}/3v=3)Tr(6%), but 2°-3.7*. N does not, where
A=0 if N isdivisible by 7 and A =1 otherwise.

A computer search for such elements y, § by Don Zagier showed:

Corollary. If M and M are homeomorphic Wallach spaces whose
fourth cohomology group has order N < 2955367597, then M is diffeo-
morphic to M . On the other hand, the Wallach spaces N_sg788. 5207 and
N_ 43652, 61213 are homeomorphic, but not diffeomorphic. The order of their
Jourth cohomology is 2955367597.

This is the first example of homeomorphic but not difftfomorphic mani-
folds admitting metrics with positive sectional curvature as well as the first
example of such manifolds which are homogeneous spaces of the form
G/H with G simple and simply connected. Furthermore both manifolds
admit Einstein metrics.

If M and M are homeomorphic but not diffeomorphic manifolds of
the type under consideration, then there exists an e:ggtic 7-sphere ¥ such
that the connected sum M#X is diffeomorphic to M . This follows from

Theorem 3.1 below (note that in our situation §; = s5; for i = 2, 3).

Moreover the exotic sphere X is uniquely determined by M and M,
since it is detected by the s -invariant. The group of exotic 7-spheres
is isomorphic to Z/28 generated by X(Ej), the boundary of the Milnor
manifold M(Eg) [10].

In the example mentioned above this exotic sphere is 7-X(Eg). Zagier
and later Odlyzko have used large computers to find 23 other examples.
The corresponding exotic spheres in these cases are always divisible by
7 (and all possibilities occur) except in one case where it represents a
generator. The range of N in these examples is between the number above
and approximately 2- 102 . 1tis open whether there are only finitely many
such pairs. A table containing the first fourteen examples can be found at
the end of §5.

Two manifolds of type Ny, = SU(3)/iy ,(Sl) are obviously diffeo-
morphic if the corresponding subgroups Iy, ) 1) are conjugate in SU(3).
The example below shows that the converse is not true. We note that the
subgroups ik’,(Sl) and i ,-(Sl) are conjugate in SU(3) if and only if the
complex numbers & = k+/w and a = k+/w are in the same orbit of the
action of the Weyl group W of SU(3). Here we identify the Lie algebra
of the maximal torus SU(3) with the complex numbers. The generators
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of W act on C by complex conjugation resp. multiplication by a third
root of unity.

Example. The subgroups i_,e3s66: , sga656(S ') and I_5594149, 5052965 (S )
are not conjugate in SU(3), but the corresponding quotient manifolds are
diffeomorphic.

The interest in this example comes from the following problem.

Problem (Wu-yi Hsiang [9, Problem 1, p. 160]). Let G be a given
simple, compact connected Lie group and H a nontrivial subgroup of G,
M = G/H. Is it true that the only nontrivial differentiable G-action on
the manifold M is the transitive one?

In the example above we can use the difftfomorphism between the quo-
tient manifolds to carry the standard SU(3)-action on N_,es566; 582656
over to the manifold N_,q,, 495052965 - 1his new action is not equiv-
alently diffeomorphic to the standard SU(3)-action on N_,qq,, 49, 5052965
since the corresponding isotropy subgroups are not conjugate.

Corollary. There exists an embedding of H = S' into G = SU(3),
such that G/H admits at least two nonconjugate nontrivial G-actions.

The structure of the paper is as follows. In §2 we recall the definition
of the diffeomorphism (resp. homeomorphism) invariants s, € Q/Z (resp.
5,€Q/Z), i=1,2,3, from [13]. We use the opportunity to correct our
previous definition of §,(M), which is not a homeomorphism invariant

if M is spin and the order of H4(M ; Z) is even (see Remark 2.6). This
mistake however does not affect the main results [13], since none of the
manifolds M, k.l considered there has both a spin structure and a fourth
cohomology group of even order.

In §3 we show that the diffeomorphism (resp. homeomorphism) type of
a closed smooth (resp. topological) 1-connected 7-manifold with a certain
cohomology structure is determined by the invariants s; (resp. 3;), i =
1, 2, 3. This result may be of independent interest.

For comparison, in [13] we classified smooth manifolds of this type up
to diffeomorphism (resp. homeomorphism) using the s; (resp. §;) and
additional invariants like the linking form and the first Pontrjagin class.
These additional invariants turned out to be superflous as they can be
expressed in terms of the 5, which led to a better version of Proposition
9.1 of [12] since [13] was published.

In §4 we compute the invariants s, (resp. §;) for the Wallach spaces.
In §5 we do the number theory leading to the theorem above and explain
the number theoretic condition leading to homeomorphic, but not diffeo-
morphic Wallach spaces.
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2. The invariants

In this section we recall the definition of the diffeomorphism (resp.
homeomorphism) invariants s,(M) € Q/Z (resp. 5,(M) € Q/Z) of [13].
These are invariants for manifolds M of the following type which in
particular includes all Wallach spaces (see §4).

2.1. M isa l-connected smooth (resp. topological) closed 7-manifold
with H* (M ; Z)=Z, H* (M ;Z)=0,and H*(M; Z) a finite cyclic group
generated by u? , where u is a generator of H 2 (M; Z).

More generally there are invariants s;(M, u) € Q/Z (resp. 5,(M, u) €
Q/Z) for pairs (M, u), where M is a 7-manifold with H4(M; Q=0
and u is an element of HZ(M ; Z) such that w,(M) = 0 (spin case)
or w,(M) = umod 2 (nonspin case). It turns out that these invariants
do not change if we replace u by —u. If M is a manifold of the type
(2.1), and u is a generator of H*(M;Z), then s,(M) = s,(M, u) (resp.
5(M)=35,(M,u)).

The invariants s,(M , u) (resp. 5,(M , u)) are defined as certain charac-
teristic numbers of a pair (W, z) whose boundary is (M, u),i.e., W is
a smooth (resp. topological) 8-manifold with W = M, and z is an ele-
ment of H 2(W ; Z) restricting to u on the boundary such that w,(W) =0
in the spin case and w,(W) = z mod 2 in the nonspin case. Alternatively,
the invariants s; can be defined analytically as in [13].

The following result is proved in §6.

Proposition 2.2. Let M be a closed smooth (resp. topological) 7-dimen-
sional manifold with an element u € HZ(M ; Z) such that w,(M) = 0
(spin case) or w,(M) = umod 2 (nonspin case). Then (M, u) is the
boundary of a pair (W, z) in the sense explained above.

Remark 2.3. In [13] we mentioned, but did not prove, that such a zero
bordism (W, z) always exists. This was sufficient for the purposes of [13]
since the manifolds M, k.l considered there are sphere bundles, and the
corresponding disk bundles turn out to provide the required zero bordism.
The Wallach manifolds are sphere bundles, too. Unfortunately, they are
spin manifolds, whereas the corresponding disk bundles are not, and hence
the disk bundles do not qualify as zero bordisms in the above sense. Our
main motivation behind proving that every pair (M, u) bounds is that
we need this result for the proof of the classification Theorem 3.1 (even if
we restrict the statement of the theorem to Wallach spaces!)

Let (W, z) be a pair as in the above proposition with H' 4(6’ wW;Q)=0
For such pairs (W, z) we define characteristic numbers S;(W, z) € Q,
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i=1,2,3, as follows:

~

S(W, z):= (e A( ), [W,0W]),
S,(W, z):= (ch(i(z) - e AW, (W, W),
S,(W, z) := (ch(AX(z) - D2 A(w), (W, aWY).

Here d = 0 in the spin case, d = z in the nonspin case, A(z) is
the complex line bundle over W with first Chern class z, ch is the
Chern character, /f(W) is the /f-polynomial of W,and [W, 0W] is the
fundamental class of W . The interpretation of the right-hand sides
is the following. The cohomology classes ch(A(z) — l)ed/ sz(W) and
ch(lz(z) - l)ed/sz(W) are linear combinations of plz, 221)1 , and z*,
where p, is the first Pontrjagin class of W . These classes can be re-
garded as elements of H 8(W, W, Q) and can thus be evaluated on the
fundamental class [W, 0W] since p, and 2 pull back from classes
in H"(W, OW; Q). The class e’/ 2AA(W) can be expressed as a ratio-
nal linear combination of pl2 , 22p1 , z*, and the L-polynomial L(W) =
%(7102 —plz) . We interpret (L(W), [W, 8W]) as the signature of W .

For explicit calculations and future reference it is convenient to have
the explicit formulas expressing S;(W, z) in terms of pl2 , 22p1 , z* , and
the signature of W . Here we abuse notation by writing -”12 instead of
(o}, (W, owW]), etc.

(2.4) Spin case: S|(W, z) = — sign(W) + ;pf,

2°.7 27.7
1 4
S W,z=———z2 + =z,
oW 2) = = a3 7t iy
1 2 4
S3(W,z)_—2 3zp1-+-3z,
. 1 1
Nonspin case: S, (W, z) = — ——sign(W) +
p 1 ) 57 gn(W) 5 7p1
_ 1 zp-+- 1 24
26.37 712737
1 2 5 4
SS(W,z2)= ———2z'p,+ —2z,
(W 2= o 3F Pt

1 2 13 4
S3(W,z)= - Py pl+23

To obtain an invariant of W we need to know the values of S, for
closed manifolds.
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Proposition 2.5. Let S(W, z) = (S,(W, z), S,(W, z), §;(W, 2)) €
Q3. Then

{S(W, z)|W is a closed smooth manifold, w,(W)=0}=ZoZ&Z,
{S(W, 2)|W is a closed smooth manifold, w,(W) = z mod 2}

=Z0ZeZ,

{S(W, z)|W is a closed topological manifold, w,(W) = 0}
=%Z832Z0Z,

{S(W, z)|W is a closed topological manifold, w,(W) = z mod 2}
=%ZOLOL.

In the differentiable case the result was proved in [13, Lemma 3.2]. We
defer the somewhat technical proof in the topological case to §6.

The proposition shows that for smooth manifolds S;(W, z) mod Z de-
pends only on the boundary of (W, z), and we define s,(M, u) € Q/Z
as S;(W, z) mod Z if (M, u) is the boundary of (W, z). For the topo-
logical case it is convenient to define numbers §i(W, z) € Q as follows:
Ei(W, z) =28 §,(W,z), §,(W,z)=2- S,(W, 2) if wy(W) =0,
S,(W,z)=8,(W, z) if wy(W)=zmod2,and S,(W, z) =S§;(W, z).
Then again the above proposition shows that we get invariants §5,(M, u) €
Q/Z, where M is a topological manifold, by defining 5,(M,u) =
S.(W,z)modZ if (M, u) is the boundary of (W, z).

Remark 2.6. As mentioned in the introduction, the invariant §,(M)
as defined in [13] is not a topological invariant if M 1is spin and the
order of H4(M ; Z) is even. The mistake occurs in the remark on p.
375, where we argue that if M, N are two manifolds of the type (2.1)
which are homeomorphic, then there is a homotopy sphere X such that
the connected sum M#X is diffecomorphic to N. The reason we give is
H3(M; Z/2) = {0}, which is not true if H4(M; Z) is even. However, the
statement is still true if M is nonspin. This follows from the classification
result (3.1) below, and the fact that §,(M) as defined in [13] agrees with
the topological invariant 5,(M) defined above in the nonspin case.

In the case of the Wallach manifolds this difficulty does not arise since
H4(M ; Z) is odd for those manifolds. Still it seemed worthwhile to in-
clude Proposition 2.5 in this paper (whose proof constitutes the bulk of the
technical §6) since we need it to prove the general classification Theorem
3.1 which fills the gap in [13] and may be of independent interest.

For the Wallach spaces we have not been able to find an explicit bordism
(W, z) with the required properties. Here the following observation is
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useful. Let M be a smooth 7-manifold together with an element u €
H? (M ; Z) as above. Assume that W is a smooth 8-manifold with O W =
M , and there are classes z, c € HZ(W; Z) such that Zy=U, = 0,
and w,(W) =cmod 2 in the spin case and w,(W) = z+c¢mod 2 in the
nonspin case. Define characteristic numbers

(2.7) S,(W, z,c)= (T Aw), 1w, aw]),

S,(W, z, ¢) = (ch(i(z) - D™ Aw), W, oY),

S,(W, z, ¢) = (ch(i(z) - Ne“ 2 Aw), W, awY),
where d = 0 in the spin case, and d = z in the nonspin case. The
integrality of these characteristic numbers for closed manifolds [8, Theo-
rem 26.1.1] implies that S,(W, z, ¢) mod Z depends only on (M, u), in
particular s,(M, u)=S,(W, z,c)mod Z.

3. The classification result

In this section we give a diffcomorphism (resp. homeomorphism) clas-
sification of smooth (resp. topological) manifolds M of the type (2.1), i.e.,
M isa 1-connected closed 7-manifold with H*(M;Z)=Z, H*(M;Z) =
0,and H 4(M ; Z) is a finite cyclic group generated by u®, where u is a
generator of HZ(M yZ) .

Theorem 3.1. Let M and M’ be two smooth (topological) manifolds
of type (2.1) such that |H*(M ; Z)| = |H*(M'; Z)| which are both spin or
both nonspin. In the topological case assume furthermore that the Kirby-
Siebenmann smoothing obstruction is trivial for both or nontrivial for both.
Then M is diffeomorphic (homeomorphic) to M’ if and only if s,(M) =
s,(M') (resp. 5,(M)=35,M")) for i=1,2,3.

The proof of this theorem is based on the following result which is
proved using a slightly different language in [12].

Proposition 3.2 [12, Theorem 9.1]. Let M and M' be two smooth
(topological) manifolds as in Theorem 3.1. Then M is diffeomorphic
(homeomorphic) to M' if and only if there is a smooth (topological) bor-
dism W between M and N and aclass z € H2(W; Z) such that the rel-
ative characteristic numbers (plz(W) , (W, oW, (zzpl(W) , [W,oW)),
(24 , [W, 0W1), and the signature of W vanish.

Proof of Theorem 3.1.  Assume s,(M) = s,(M") (resp. 5,(M) =5,(M"))
for i = 1,2,3. Our goal is to show that M and M’ are diffeomor-
phic (resp. homeomorphic) by constructing a bordism (W, z) with van-
ishing characteristic numbers and vanishing signature. Proposition 2.2
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shows that we can find a bordism (W, z) between M and M'. It fol-
lows from formulas (2.4) that (p}(W)[W , W), (z*p, (W), [W, 8W]),
(24 , [W, 8W]), and the signature of W vanish if and only if the invari-
ants S;(W, z) vanish for i =1, 2, 3 and sign(W)=0.

We have S,(W, z) = 5;(M) —5,(M') = 0mod Z (resp. S,(W, z) =
5,(M) - Sl.(M’) =0modZ) for i =1, 2, 3. Proposition 2.5 shows that
there is a pair (W', z') where W’ is a closed smooth (resp. topological)
manifold such that S;(W', z') = -S,(W, z), i=1, 2, 3. Replacing W
by the disjoint union of W and W’ we obtain a new bordism between
M and M’ with S; = 0 for i = 1,2,3. Finally adding a suitable
number of copies of the quaternionic projective plane HP’? we obtain a
bordism with vanishing signature. Note that adding HP? does not change
the characteristic numbers S, since Sl.(HP2 ,0)=0fori=1,2,3.

4. Computation of the invariants

Recall that N, , is the homogeneous space SU(3)/i, ,(Sl) , where i, ;:

S' 5 T=8"xS" is defined by z — (zk , z') , and we identify T with a
fixed maximal torus of SU(3). As explained in the introduction we assume
that & and [ are coprime, and we pick integers m, n such that km +
In = 1. The homotopy sequence of the fibration SU(3) — SU(3)/ Iy, (S l)
shows that N, , is l-connected since SU(3) is.

We compute the cohomology of N, , using the fiber bundle

(4.1) N, ;= SUB3)/i, (S") L SU@3)/T.

This bundle is in fact a principal S'-bundle if we let S' act on
SuU@3)/ ik’,(Sl) by restricting the obvious T'-action to the imageof i_,  :

S' = T. The cohomology of SU(3)/T looks as follows [5, Theorem 31.1]:

H"(SU(3)/T; Z) = Z[w, x, y]/(symmetric polynomials)
= Zx, /(x> +xy +y7, X’y + x97),

where the generators w, x, y have degree 2. This isomorphism can be
made more explicit by defining x, y € HZ(SU(S) /T Z) as follows.

We pick a generator 1 € H ! (S L Z) such that for a principal S '_bundle
E — B the image of 1 under the transgression 7: H 1(S L Z)—-H 2(B; Z)
agrees with the first Chern class ¢, (L) of the corresponding complex line
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bundle L. Let pr;: T = S'x 8" — S' be the projection of the ith
factor, and define x (resp. y) to be the image of pr}(resp. pry1)€
H*(T; Z) under the transgression t: H'(T;Z) — H*(SU(3)/T;Z) of
the fiber bundle 7" — SU(3) — SU(3)/T .

Let L be the complex line bundle corresponding to the principal S L
bundle (4.1).

Lemma 4.2. ¢ (L) =-Ilx+kye H (SU(3)/T; Z).

Proof. Restricting to a fiber the free S'-action on SU@3)/iy (S 1) de-
scribed above induces a homeomorphism g: st - T/ ,(Sl). More

explicitly, g is the composition of i_,  : S' — T and the projection

n,

map pr: T — T/ik,l(S'). Its inverse h: T/ik',(Sl) — 8" s given by

[z,, z,] — zl—'zlz‘ . It follows that pr* "1 = Iprj 1+ kpry1.
Consider the following commutative diagram whose rows are fibre bun-

dles:
T —_— SU(3) — SUQ3)/T

prl l lid
T/i, (') —— SU@3)/i; ((S') —— SU(3)/T
Using the naturality of the transgression we obtain ¢ (L) = t(h"1) =
1(pr k1) = t(=Iprj 1+ kpry1)=-Ix+ky. qed.
The Gysin sequence
— H'SU@G).T; 2) 22, g*2suG)/T; 2)
2 BN, ;32) — HY'(SUGB)/T; Z) — -
of L implies
H'(N, ;;2)=0,
HZ(Nk,,; Z)=Z7Z, generatedbyu=pz,
where z = mx + ny,
H (N, ;;2)=0,
H4(Nk,,; Z)=17Z/N(k,l) generated by u’,
where N(k, ) = K+ kl+ 1

Our next goal is to compute the invariants sl.(Nk, ;) - Denote by Wi
the disk bundle of L. Then W, is a zero bordism for Nk’ ;» and the

class z € H*(W, ,;Z) restricts to u € H*(N, ,;Z) (we identify the
k,l k,l
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cohomology of W, , with the cohomology of SU(3)/T using the map
induced by the inclusion of the zero section).

(4.3) Orientation conventions. We choose an orientation for SU(3)/T
(resp. W, ;) by the following requirement for the corresponding funda-
mental classes:

(x’y,[SUB)/T) =1 and (sU,[W, ,,8W, )= (s, [SUG3)/T])

for any s € H'(SU(3)/T;Z). Here U € H*(W, ,,dW, ,;Z) is the
Thom class of L. For N, , = OW, , we pick the orientation induced by
the orientation of W, ,

The tangent bundle of SU(3)/T is stably trivial. Hence the tangent
bundle of Wk, ; is stably isomorphic to L, and the tangent bundle of

SU@3 )/Sl is stably trivial. Thus w,(W, ;) = ¢,(L) mod 2 and p (W, =
[on (L) In particular the manifold W = W, k.1 and the classes z = mx+ny
and ¢ = ¢,(L) have the properties requlred in (2.7) and hence s; (M 5 u)
= §;(W, z,c)mod Z. Substituting ¢* for p, we get the following ex-
pressions for S;(W, z, ¢) (where ¢* is short for (c4, [W,oW)), etc.):

1 . 1 4
S(W,z,c)=—-————sign(W) - ,
! A N e
1 3 1 22
S W,z,c=—z4+—cz+ c'z°,
2l ) 23.3 22.3 2.3
2 1 2

S;(W,z,¢)= %z“ + §cz3 + ﬁczg .

The characteristic numbers involving ¢ are already computed since
j*U=c, where j: W — (W, 8W) is the natural map:
t = U, w,aw)) =, [SUB)/TI) = 3ki(k +1),
= (czz, [SU(3)/T]) = km® — 2kmn — 2lmn + In* ,
cz’ = (2°, [SU(3)/T]) = 3mn(m — n).

To compute z* we note that z° = (ax + by) U c, where

km +1m* = 2kmn — In® km® — kn® + 2lmn — In*

, b=
—(k* + ki + 1% —(k*+ kI +1?)

Then
2t = (Z%(ax + by), [SU(3 )/T])
km + 4kmn® — 6km*n® — 6lm*n* + 4lm>n + In*
—(k* + kI + 1) '
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Combining these calculations we obtain
Lemma 4.4. Assume (k,l) = 1, and let m, n be integers such that
km+In=1 and m or n is divisible by 4. Then

—kl(k +1) —-P+ NS 4P+ NS
Sl(Nk,1)=—'257—, Sz(Nk,[)=Wa 53(Nk,1)+—6'N——,

where N = k> +ki+1*, P = km*+4kmn®—6km*n*—6m*n*+4Ilm>n+in*,
and S = km* = 2kmn - 2lmn + In*.

Remark. The condmon that m or n is divisible by 4 guarantees that
the summand cz /2 3=mn(m- n)/2 in the formula for S,(W, ,, z, ¢)
is an integer.

5. Solving the equations

In this section we study the numerical conditions on k. /[, k, [ given
by the system of equations s,(N, ;) = s5,(N; ;) (resp. 5;(N, ;) =5;(N; ),
i=1,2,3.

Let T;, i =1, 2, 3, be the numerator in the expression for s; in the

~

lemma above, and denote by ]V P, ﬁ S Tl the quantities obtamed by
replacing k,/,m,n by k, [, m, i in the expressions for N,P,R,S, T,.
Lemma 5.1. Assume (k,!)=1=(k,[) and N =N. Then:
(i) T, = Tz mod 2° - 3. N is equivalent to T, = Tl mod 2®-3-N,
(ii) 5,(N, )=5(N; p) for i=1,2,3 iff T, =T, mod 2> -3-N,
(i) s,(N, ) =5,(N; ;) for i=1,2,3iff T, =T, mod 2’ 7"™.3.N,
where
0 ifN=0mod?7,
1 otherwise.

A(N) = {

Proof. There are three main ingredients in the proof.

1. The observation that we can choose the numbers m, n such that
km+In =1 at our convenience since 5;(N, ;) € Q/Z is independent of
this choice. In particular, if k is prime to some number, we can choose
n to be divisible by it.

2. The observation that the values of N, T, € Z and s,(N, ;) € Q/Z,
i=1,2, 3, donot change if we permute k and l; remember that m and
n should be permuted simultaneously in order to preserve the condition
km+1In = 1. Hence, since k and / are coprime, we can always assume
that k is not divisible by a given prime by making the above substitution
if necessary.

3. The equality T, = k(k® — N).
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Ad (i). N = k* + ki + I* is coprime to k, since (k,]) = 1. Then
we may choose n to be divisible by N. Hence m-k=1mod N, T, =
k(k* =N)=k’mod N, and T, = —P + NS = —P = —km* = —m® mod
N. It follows that T, = T, mod N iff 7, =7, mod N .

For the 2-primary analysis we note that N is always odd, and we as-
sume without loss of generality that » is divisible by 2> Then m -k =
1 mod 2® and hence m = k mod 2°. It follows that T,=-P+ NS =
—km* + km’N = —m(m2 -N)= —k(k2 — N)=-T, mod 23,

For the 3-primary analysis we assume without loss of generality that
n is divisible by 3. Then m -k = 1 mod 3% and hence m = k mod 3
and m® = k* mod 3%. It follows that T,=-P+NS= —km* + km®N =
—m*+mN=—k>+kN= —T,, where this congruence is modulo 3? , if
N is divisible by 3, and modulo 3 otherwise. Since N is never divisible
by 3? (see Lemma 5.2(i) below), these statements imply part (i) of the
lemma.

Ad (ii). It follows from part (i) that 7, = T, mod 2°-3.N is equivalent
to 5,(N, ;) = 5,(N; ;), and it is clear that T, = T, mod 2°- 3 N implies
5,(N ;) = 5,(N; ;). Thus it suffices to show that T, = T, mod 2° -3 - N
implies T; = 7~‘3 mod 2 -3 - N. This follows from the congruences T; =
T,+3NS = —4P +4NS = 4T, mod 3- NS and S =km’ =m =1 mod 2
(here we assume without loss of generality n even).

Ad (iii). The equation 5, (N ) = s,(N; p) 1s equivalent to T,

Tl mod 2° - 7 and hence (iii) follows from (ii) since N is odd.

Part (ii) (resp. part (iii)) of the above lemma then finishes the proof
of the classification theorem of the introduction. It remains to construct
examples of Wallach spaces which are homeomorphic but not diffeomor-
phic.

As mentioned in the introduction it is most convenient to think of the
Wallach spaces as being parametrized by elements of a = k + lw € Z[w],
where w = (1 +v/=3)/2 is a primitive sixth root of unity. We note
that (k,/) = 1 if and only if o is a primitive element, and recall that
k*+kl+!* =N(a) and kl(k+1) = Tr(a’/3v/=3) . Thus our classification
result can be expressed nicely in terms of « . In particular finding Wallach
manifolds which are homeomorphic but not diffeomorphic is equivalent
to finding primitive elements a, o’ € Z[w] with N(a) = N(') such that
Tr(e®/3v/=3) is congruent to Tr(e>/3v/=3) modulo 2*-3-N(a), but not
modulo 2°-7*") .3 ‘N(a). As a first step we want to determine for a given
number N all primitives a € Z[w] such that N(a) = N.
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Lemma 5.2. Let a be a primitive element of Z[w], and let N(a) =
----- pff be the prime decomposition of N(a). Then the following hold:

(i) p;, = 1 mod 3 or p, = 3 and in the latter case the exponent e; is
at most one.

(i) a = €- Pf' Ceees PS":, where ¢ is a unit in Z[w] and P, is one
of the two factors of the decomposition of p, in Z[w], which are distinct
Jor p; # 3. In particular, the number of primitive elements o such that
N(a') = N(a) is 6-2", where n is the number of prime divisors of N(a)
which are congruent to 1 mod 3 (there are six units in Z[w)).

Proof. 1t is well known that Z[w] has unique factorization. Moreover
the primes in Z[w] consist of (a) the square root of —3, (b) the prime
numbers p € Z with p = 2mod 3, and (c) the factors P, P of a prime
decomposition p = P - P of a prime number p € Z with p = 1 mod 3.
Let o= Pf [EEREE Pff be the prime decomposition of «. It cannot contain
any primes of type (b) since then o would not be primitive. The same
argument shows that the exponent of /=3 is at most 1, and that P and
P cannot occur both in the prime decomposition. This proves (ii). Part
(i) follows from N(a) = N(P)® -----N(P,)* = p{' - --- - p%* and part
(i1). q.e.d.

Let a, o' € Z[w] be primitive elements with the same norm. Then part
(ii) of the above lemma shows that there are y, d € Z[w], and a unit &,
such that o = yd and o' = ¢Jd . A short computation shows

o} o _ % ,
Tr (3—\/__3> - Tr (3—\/__3> =Tr (3_\/?3') Tr(d")

if &2 =1 (resp. Tr(y*) Tr(6°/3v/=3) if &’ = —1). Hence we conclude

Corollary 5.3. There are Wallach manifolds which are homeomorphic,
but not diffeomorphic whose fourth cohomology group has order N if and
only if there are primitive elements y, d € Z[w] such that N = N(y)N(J)
and 23N divides Tr(y*/3v=3) Tr(6°), but 2°-3-7*-N does not, where
A=0 if N isdivisible by 7 and A =1 otherwise.

A computer calculation by D. Zagier which was extended later by An-
drew Odlyzko showed that primitive elements y and ¢, such that 22.3.N
divides Tr(y*/3v/=3) Tr(6>), are very rare. They found 30 examples—the
first 14 of which are given by the following table, where N = N(y)N(J)
and T = Tr(y*/3v/=3) Tr(6°).
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T/23
y é N Eﬁ mod28
127 + 186w —-226+ 151w 2955367597 2931 21
473 + 1240w —-135+ 131w 41559275149 2:-5-11-43 14
741 + 964w —433 + 253w 311251714249 5:7-11-13 7
196 + 237w —2393 + 2053w 709194540873 3%.911 7
39 + 1646 —2134 + 1503w 10005549097453 2.5%.79 14
1279 + 1529w —-1727 + 1136w 13703457081769 2.32.5.11-61 14
335+ 687w —5330 + 4153w 19153920223641 22.3%.5.29 0
436 + 1205w —3831 + 3749w 31145131821643 2-5%.13.193 14
2019 + 2921w —4833 + 4312w 390688534767037 52.17.23.59 11
2735+ 4017w —3855 + 2789w 411358875444559 2%.5.11.13-37 0
508 + 3008w —10484 + 7877w 966599827776793 52.13.17-53 7
3165 + 1271%w ~2827 + 1567w  1275987636279889 5-7-11-13-23 21
997 + 2721w —12906 + 11735w  1697970197114737 11-41-2011 7
553 + 10062 —5735+ 3817w  2738819764243641 22.3%.5.7.11 0

Remarks. (i) Let M (resp. M ) be the Wallach manifolds correspond-
ingto yd (resp. 7). If 2>.3.N divides T, then M, M are homeomor-
phic, and hence M is diffeomorphic to M #sX(Eg) , where sX(Ejg) is the
connected sum of s copies of the Milnor sphere Z(Eg). Evaluating the
s,-invariant we obtain s, (M) = sl(ﬁ#sZ(Es)) = sl(ﬂ) +5-5(X(Eg)) . If
M is the Wallach manifold corresponding to a = k + /w, we find using
the fact that s, (Z(Ey)) = —2—'8 (see proof of Lemma 6.6) and s5,(M) =

—kltk +1)/(2°-7) = = Tr(a’ /3v/=3)

s o~ 1 (79)* (75)
28 =M == 573 (Tr(2¢i§> - (3\/—_3>>

3
- 25% (Tr (3%) Tr(a3)) - % modZ.

So s = T/23 mod 28, and its value is given by the last column of the
above table.

(ii) The subgroups of SU(3) corresponding to yJd (resp. 7J ) are never
conjugate, but in those cases where T/23 = 0 mod 28 the corresponding
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homogeneous spaces are diffeomorphic. The example mentioned in the
introduction corresponds to line 7 of the above table.

6. Proofs of Propositions 2.2 and 2.5

Propositions 2.2 and 2.5 can both be rephrased as statements about cer-
tain bordism groups. We need some notation. If o is a vector bundle over
some space X, we denote by Qi""‘(X ; a) the bordism group of triples
(W, f, ), where W is a smooth n-manifold, f: W — X is a map, and
w is a spin structure on v(W) — f*a; here v(W) is the stable normal
bundle of W . If « is trivial, we use the notation Qip"’(X ) instead of
Qip‘“(X ; a), and if X is a point, we write Qip“‘. Let QI”S"‘"(X ; a) be
the bordism group defined analogously using topological instead of smooth
manifolds.

We note that if X is complex projective space CP®, then a map
f: W — CP® can be interpreted as a cohomology class z € H 2(W; Z),
and there is a spin structure on v(W)— "« if and only if w,(W) =0 (if
a is the trivial bundle), resp. w,(W) = z mod 2 (if a is the Hopf bundle
H). Suppressing @ in the notation we write [W, z] € Qipm(CPw; a)
(resp. [W, z] € QZ""Spi“(CP“’; a)) for the element represented by such
a pair (W, z). Note that the spin structure w is uniquely determined if
H 1(W; Z/2) = 0. Using this language Propositions 2.2 and 2.5 can be
rephrased as follows.

Lemma 6.1. If « is the trivial bundle or a Hopf bundle, then

QPNCP®; ) =0 and Q°PP"(CP™;a)=0.

Lemma 6.2. Let S: Q§°"S"‘“(CP°°; a) — Q° be the homomorphism
mapping [W, z] to its characteristic numbers (S,(W, z), S,(W, z),
S;(W, z)) € Q3. Then the image of S is %Z & sZ®ZL if a is the
trivial bundle and it is xZSZSZL if a=H.

For the proofs of 6.1 and 6.2 it is crucial that these bordism groups
can be interpreted as stable homotopy groups as follows. Denote by BO
(resp. BTop) the classifying space for vectorbundles (resp. topological
microbundles) and by BO(4) (resp. BTop(4)) its 3-connected cover,
which classifies vectorbundles (resp. microbundles) with spin structure
(note that BO(4) = BSpin and BTop(4) = BTopSpin). Let MO[4]
(resp. M Top[4]) be the Thom spectrum corresponding to the universal
bundle over BO(4) (resp. B Top(4)) and let Ma be the Thom spectrum
of a. The convention concerning Thom spectra we use is that the Thom
class is always in dimension zero.
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Then the Pontrjagin Thom construction (and topological transversality
[6]) leads to isomorphisms Q)""(X;a) = m,MO[4] A Mo and
QPP (X . o) = 1M Top[4] A Ma. This implies the existence of the
Atiyah Hirzebruch spectral sequences (short: AHSS):

Hy(Ma; Q") = Q"X ; o),

Hy(Ma; Q") = QTP (x; q).

s+t

(6.3)

The groups Qipi" are well known [1].

n 0 1 2 3 4 5 6 1 8
Q™ z z2 z2 0 Z 0 0 0 ZeZ

The groups QI”Spi" are certainly known to the experts in the above

range but we have not been able to find a reference in this literature.
Lemma 6.4. The groups QZ""S‘”" are given by the following table, where
T denotes a torsion group.

n 0 1 2 3 4 5 6 7 8
QPP z Zz/2 Z/2 0 Z 0 0 0 ZeZeT

Moreover, the natural map Qipm - QI”S""' is an isomorphism in dimen-
sions 0, 1, 2 and multiplication by 2 in dimension 4.

Proof. The statement about 7 M Top[4] follows from the fact that
MO[4] — M Top[4] is a rational equivalence. Let BPL be the classi-
fying space for piecewise linear bundles, BPL(4) its 3-connected cover
and MPL[4] the corresponding Thom spectrum. Then the natural map
BO — BPL is a 7-equivalence [11], and hence induces an isomorphism
n,MO[4] — n,MPL[4] for n < 7, and a surjection for n = 7. The
fiber of the natural map BPL — B Top has trivial homotopy groups ex-
cept for the third homotopy group which is isomorphic to Z/2 [11, Essay
V, Theorem 5.5]. This implies the existence of a fibration BPL(4) —
BTop(4) — K(Z/2,4), where K(Z/2,4) is the Eilenberg-Mac Lane
space with n,K(Z/2,4) = Z/2. It follows from the associated Serre
spectral sequence that up to and including dimension 7 the cofiber of
MPL[4] — M Top[4] is the Eilenberg-Mac Lane spectrum 'K Z/2,i.e.,
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its homotopy groups vanish except 7, which is isomorphic to Z/2. We
look at the portion

0 — n,MPL[4] — n,M Top[4] — n,E'KZ/2 — 0

of the exact homotopy sequence of this cofibration. The group #,M PL[4]
= n,MO[4] = Qi""’ is isomorphic to Z by mapping a spin 4-manifold
to its signature divided by 16. According to Freedman there is a closed
topological spin 4-manifold with signature 8 [6, Theorem 1.7]. Hence
the above sequence is nonsplit and 7,/ Top[4] = QI”SD‘" is isomorphic
to Z, the isomorphism being given by the signature divided by 8. q.e.d.

Proof of Lemma 6.1. We use the AHSS (6.3) to compute
QP™(CP™; a) for a =trivial bundle and o = Hopf bundle. Since the
cohomology of CP* and hence the homology of Ma are concentrated
in even dimensions, the only nontrivial group in the E,-terni contributing
to Q™ (CP™; ) is Hy(Ma; Q"") = H(Ma; Z/2) = Z/2. This term,
however, does not survive to the E__-term for the following reason.

If o is the trivial bundle, then Sq’: H®(Ma; Z/2) —» HY(Ma; Z/2) is
nontrivial, and therefore the differential

dy: Hy(Ma; QP") = Z — H(Ma; Q") = Z/2

is surjective since the first k-invariant of M O[4] is given by qu .

If o = H, then Sq*: H*(Ma; Z/2) — H°(Ma; Z/2) is nontrivial, and
therefore the differential d,: H,(Ma; Q?pm) =Z/2 - H,(Ma; Qgpm) =
Z/2 is an isomorphism since the k-invariant of MO[4] which relates
Q" = 7, MO[4] = Z/2 and Q3P = 7,MO[4] = Z/2 is also Sq’.

The same argument shows QIPP"(CP™;a)=0. q.e.d.

For the proof of Lemma 6.2 we need some lemmas.

Lemma 6.5. There is an element W, € H4(B Top(4); Z) such that
2W, = p, and W, = w, mod 2, where p, € H4(BTop(4); Z) is the
first Pontrjagin class, and w, € H4(B Top(4); Z/2) is the fourth Stiefel-
Whitney class.

Proof. The fibration K(Z/2,3) — BPL — BTop mentioned in the
proof of 6.4 and the fact that n, BPL = n, BO for n < 7 gives a short
exact sequence

0—n,BO—n,BTop—Z/2—0.

This sequence splits since if f: S* - BO isa generator then (f *w4 ,
[S4]) # 0 showing that the compositions s* - BO — B Top cannot be



HOMEOMORPHIC HOMOGENEOUS 7-MANIFOLDS 483

divisible by 2. Hence H4(B Top(4); Z) = H4(B0(4); Z) =17 and itis
easily checked that W, = p, /2 is a generator.

To prove that W, mod 2 and w, agree in H*(BTop(4); Z/2) = 729
Z/2 we observe that there is a unique nontrivial element in this cohomol-
ogy group which is annihilated by Sql . Obviously W, mod 2 is such an
element since it is the reduction of an integral class. The calculation

(Sq' w,)U =Sq'(w,U) =Sq' Sq* U =S¢’ U
= Sq4Squ+SqZSq3U =0

in H"(M Top[4]; Z/2), where U denotes the Thom class, shows that also
w, has this property.

Lemma 6.6. The image of the composition of the natural map Q§°"S"‘"
— QIPP"(CP™; a) and S;: QPP (CP™;a) — Q is AZ.

Proof. If W is an 8-dimensional topological spin manifold, then de-
note by W,(W) the pull back of the class W, via the classifying map of
the tangent bundle W — B Top(4). The previous lemma shows that the
mod2 reduction of W, (W) agrees with the Stiefel-Whitney class w, (W)
which is equal to the Wu class v, (W) since the lower Stiefel-Whitney
classes of W vanish. Hence (W, (W)x, [W]) = ()c2 , [W1) mod 2 for all
classes x € H*(W ; Z). It follows that sign(W) = (W,(W)*, [W]) mod 8.
This is a generalization of the well-known fact that the signature of an even
form is divisible by 8. Thus

1. 1 2
S,(W, z) = ———sign(W) + —
(W 2) = o senW)+ oo

1

. 2
(—sign(W)+W,) € %z.

2.7
To show that %Z is contained in the image of the composition consider

the 8-dimensional Milnor manifold M 8(E8) which is the smooth paral-
lelizable manifold of signature 8 whose boundary generates the group of
7-dimensional homotopy spheres. Let N be the closed topological mani-
fold M®*(E;)UD"®. Then sign(N) =8 and
o1
T 71T Ty

Proof of Lemma 6.2. We proceed inductively using the skeletal
filtration of Q§°pspm(CP°°; a). Recall that the sth filtration group

FSQ,Tffspi"(X ;a) consists of the elements represented by triples (M, f, w),

S,(N,0)=—

sign(N) +
557 gn(N)
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where f factors through the s-skeleton of X, and that the filtration
quotients Fw, /F,_,Q, . are isomorphic to the group Es°’°t in the
E®-term of the Atiyah-Hirzebruch spectral sequence. We write F, for
F.Q;°P"(CP™; ).

The previous lemma shows that the image of S, restricted to F; is
25Z . The images of S, and S, restricted to F, are trivial since S, and
S, are linear combinations of the characteristic numbers 221)1 and z*
which vanish for elements in F,. Hence the image of S restricted to F,
is 5Z & {0} @ {0}.

The AHSS shows that the next interesting filtration group is F, with
filtration quotient F,/F; = E;°, = Ef’4 = H,(Ma; Q}°"Spi“) =Z. To
compute S for a generator of this filtration quotient we consider the spin
case and the nonspin case separately.

In the nonspin case, i.e., if « is the Hopf bundle, a generator is rep-
resented by the triple (CP2 X M(Ey), z), where M(Ej) is the Freedman
manifold, i.e., a topological 4-manifold with signature 8, and z is a
generator of HZ(CPZ; Z). A calculation shows S(CP2 X M(Ey), z) =
(0, -1, —=3), and hence the image of S restricted to F, is contained in
#ZOLOL.

In the spin case we argue more indirectly by comparing with the smooth
case. Let X, X, € Qgp'“(CP“) be the elements represented by S% x S x
§?x §* with z = Z:;l x;, where x, generates H?*(S*,Z) (resp. by a
degree 2 hypersurface in CP’ with z = restriction of the generator of
HZ(CPS; Z)), and let X be the linear combination X = X, — 12 X,.
This linear combination is chosen such that the characteristic number
z* vanishes showing that X has filtration < 7. The vanishing of the
groups E7°f’ 1 E6°f’ ,, and E;"f ; in the E%-term of the AHSS converg-
ing to Qgpi“(CPw) implies that X has filtration < 4. It follows from
the proof of Lemma 3.2 in [13] that Q"™ (CP™)/F,Q""(CP™) = Z* is
generated by X, and X,, and hence X generates the filtration quotient
FQF"(CP®)/F, Q™" (CP™) = E°, = Z.

Let Y be an element of Q§°psp’"(CP°°) which represents a generator of
the corresponding filtration for that group. Then X = +2-Y + Z , where
Z is an element of lower filtration since the map on the E,-term

H4 ( CPoo : Qipin) ~7 H4 (CPOO; Ql‘opSpin) ~7

is multiplication by 2. The characteristic numbers S, and S, vanish for
Z, and hence S,(Y) = £35,(X) = $5,(X;) = $ mod Z (resp. 0 mod Z)
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for i =2 (resp. i = 3) [13, p. 382]. Lemma 6.6 implies S,(Y) € %£Z
since in the spin case S,(W,z) = §;(W,0). Thus, the image of S
restricted to F, is contained in %Zo 1ZoZ.

The elements of all higher filtration quotients can be represented by
smooth manifolds since the natural map Q" — QTP jnduces an
isomorphism between the groups E_°, in the E>-term of the AHSS con-

verging to QI°PP™(CP®; o) and the corresponding groups in the AHSS
converging to pri“(CP°° ; a) for t < 3. We know that the image of S
restricted to Qg‘pi“(CP“; a) is Z*, and hence the image of S is contained
in XZ®3ZSZ (resp. 5ZOZSZL)if a is the trivial bundle (resp. Hopf
bundle).

On the other hand, ﬁZ @ Z ® Z is contained in the image of S since

Q%ZQ {0} @ {0} (resp. Z’) is the image of S restricted to F, (resp.
QP"(CP; a) ). Moreover, in the spin case %Z® }Z®Z is in the image
of S since S,(Y) =4 modZ with Y as above.
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