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NECESSARY CONDITIONS FOR LOCAL
SUBELLIPTICITY OF D6 ON CR MANIFOLDS

RICARDO L. DIAZ

1. Introduction

This paper presents a proof that a certain geometric condition on a pseudo-
convex CR manifold is necessary for a subelliptic estimate to hold for D& for
tangential (0, ̂ )-forms. This work extends previous results which applied only
to pseudoconvex boundaries in C n [3]. These results have as their archetype
the conditions that Catlin proved are necessary for subellipticity of the d-
Neumann problem for pseudoconvex open subdomains of C n [1, Theorem 3].
Sufficient conditions for subellipticity of D& on pseudoconvex CiZ-manifolds
are presented in [6]. Subellipticity of the d-Neumann problem on pseudocon-
vex subdomains of C n is discussed in [5] and [2]. Necessary conditions for
subellipticity of the d-Neumann problem on nonpseudoconvex subdomains of
C n appear in [4, Theorem 4.2].

1.1. Terminology and notation. Let M be a smooth compact man-
ifold of real dimension (2n — 1). A codimension-1 CR structure for M is a
vector subbundle T 0 ' 1 of the complexified tangent bundle with the following
properties:

(i) the complex rank of T 0 ' 1 is (n - 1);

(ϋ) Γ0 '1 nr0'1 = {o};
(iii) if the vectorfields L\, L2 are local sections of To > 1, then the Lie bracket

vectorfield [Li,Z/2] is also a section of T 0 ' 1 .
There exists a nonvanishing imaginary 1-form τ on M uniquely determined

up to multiplication by a nonvanishing real function by the condition that τ
annihilates T 0 ' 1 + Ί**'1. The CR structure on M shall be assumed to be
pseudoconvex, which means that (r, [L,L]) is a semi-definite Hermitian form
on T ^ x Γ 0 ' 1 .

Given a point po € M, a, germ at po of a CR imbedding into Cn consists
of an n-tuple (zι,- ,zn) of functions defined on some neighborhood U of po
with the properties that
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(i) LZJ = 0 for every section L of To > 1 defined near po and for every

J 'e{ l , ,n};
(ii) 2: M Π ί/ ι—• C n is an imbedding into C n .
The imbedding is said to be almost-CΛ if (i) is replaced by the condition

that LZJ vanishes to infinite order at pO The bold-faced letter M denotes the
image of M by a germ of an almost-Ci? imbedding.

The tangential Cauchy-Riemann complex associated to a CR manifold is
defined in §5.4. The second-order, linear, nonelliptic differential operator Df,
associated to this complex is defined in §7.1. The L2-Sobolev space of order
ε, and subelliptic estimates of order ε for D^ are discussed in §7.2.

The symbol Bm(a,r) denotes the m-dimensional ball of radius r centered
at o.

1.2. Statement of results. If M is a compact manifold of real dimen-
sion 2n — 1 that carries a codimension 1 CR structure, then at every point
Po £ M there exists a germ of an almost-Ci? imbedding of M into C n as a
real hypersurface M. Let z(po) denote the imbedded image of po Theorem
(7.9.3) below asserts that that if M is holomorphically flat in dimension q of
order at least η at z(po), then a subelliptic Sobolev estimate of order ε does
not hold for D5 on tangential (0, q) forms on any open set containing p 0 for
any value of ε > 1/η. Here holomorphic flatness of order η in dimension q
means that there exists a sequence of patches of g-dimensional holomorphic
submanifolds of C n shrinking to the imbedded point z(po) € M such that the
distance from each point on the submanifold to M is no more than @ (diame-
ter of patch η). Catlin [1, Theorem 2] has proved that this condition is implied
by the condition that some ςf-dimensional complex manifold makes contact of
order at least η with M at z(po). Our results are based on the assumption
that the global L2-theory for D& has been established for the pseudoconvex
CR manifold M in a sense made precise in §7.2.

1.3. Organization of text. §2 summarizes properties of almost-CΛ
imbeddings. The intrinsic nature of the criterion for holomorphic flatness,
which ostensibly depends on the choice of the imbedding of the abstract CR
manifold M as a hypersurface M is discussed in §3. In §3, it is also shown
that M can be approximated by pseudoconvex hypersurfaces in C n , and that
there exist holomorphic functions defined essentially on one side of M whose
derivatives grow at a prescribed rate as one approaches M. §4 presents a sim-
ple Green's formula for the positive currents represented by integration over
complex ^-dimensional submanifolds of an open subdomain in C n . We use the
formula to express the integral of a holomorphic function over a g-dimensional
complex submanifold in terms of an interior integral and a boundary integral
on the hypersurface M. In §5 the integral over the (7-dimensional complex
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submanifold is minorized by a certain power of the distance of the subman-

ifold to M. §6 shows that the interior integral is less important than the

boundary integral, and that the main part of the boundary integrand can be

approximated by a <9&-closed q-ίorτn on M. Finally, in §7 we show that an

ε-subelliptic estimate for D& yields an upper bound for the boundary integral.

Comparison of the lower bound derived in §5 with the upper bound of §7

provides the conclusion that ε < 1/η.

2. Almost-CΛ imbeddings of an abstract CR manifold

2.1. The following properties of almost-CiZ imbeddings can be proved

using standard arguments with formal power series.

(2.1.1) Proposition. Let M be a manifold of real dimension 2n — 1

which carries a codimension one CR structure. Let po G M. There exist n

smooth complex-valued functions {z\ ...zn) defined on some neighborhood of

Po such that

(2.1.2) local coordinates are provided near po by the real and imaginary

parts of the first n — 1 functions, and by the real part of zn\

(2.1.3) each of the complex-valued functions is annihilated to infinite or-

der at po by the antiholomorphic vectorfields associated to the abstract CR

structure of M;

(2.1.4) in terms of the function p = lmzn which is functionally dependent

on the local coordinates of (2.1.2), the n — 1 vectorfields

(2.1.5) :

, i{dp/dzn-ι)

~ i{dρ/dxn)\ dxn

agree to infinite order at p 0 with a set of local generators for the local sections

of the abstract CR structure M.

(2.1.6) Proposition. Let z = (*i,*2, ,Zn) ̂ nd ς = (fi,f2r »ίn)

be two n-tuples of complex-valued functions defined on a neighborhood in M

ofpoEM such that (2.1.2) and (2.1.3) hold true for both sets of functions.

There exists a local diffeomorphism Φ of C n such that Φ satisfies

(2.1.7) Φ is defined on an open subset o / C n + 1 that contains zo;
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(2.1.8) ΘΦ vanishes to infinite order at z§\

(2.1.9) ς — Φ*(z) vanishes to infinite order at p o

3. Order of contact of asymptotically holomorphic submanifolds

3.1. Invariant descriptions of holomorphic flatness. In this section

we introduce a test which detects holomorphic flatness of a hypersurface in

C n . A hypersurface is holomorphically flat in dimension q at a given point

on the hypersurface if there exists any sequence of essentially holomorphic, q-

dimensional patches of submanifolds of C n that shrink to the given point and

that have large diameter in comparison to their distance to the hypersurface.

Catlin formulated a precise criterion based on this notion in [1]. The purpose

of this section is to modify his criterion to create a test which is manifestly

invariant not merely under biholomorphic transformations, but also under

the broader class of transformations which are d-closed to infinite order at

the given point on the hypersurface.

(3.1.1) Definition. Let { r m }^ = 1 be a sequence of positive real numbers.

For each ball B2q{0,rm) C Cq, let Gm: B2q(p,rm) -> C n be a smooth map.

The image Gm(B2q(0,rm)) = Vm C C n is a subset of C n parametrized by

Gm. Call the sequence {Vm}™=i admissible if the sequences { r m }^ = 1 and

{C?m}m=i satisfy the following conditions:

(3.1.2) (Shrinking of radii).

lim rm = 0.
m—>oo

(3.1.3) (Uniform Lipschitz control). There exists a constant C < oo such

that for every m and every uχ,u2 G B2q(0,rm),

\Gm(ui)-Gm(u2)\ < c

\y>i-u2\

(3.1.4) (Uniform nondegeneracy of immersions). There exists a constant

c > 0 such that for every m

c < Σ WGm(dzI Λ dz1)^ at the center of the ball B2q(0, r m ) .

\I\=Q

(3.1.5) (Asymptotic holomorphicity). For every positive integer N there

exists CN such that for every m

(3.1.6) (Controlled convergence to limit point). There exist a zo £ C n ,

a > 0, and C such that for every m
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(3.1.7) Definition. Let r be a smooth real-valued defining function for the

germ at zo of a hypersurface M c C n . Suppose that dr φ 0 at ZQ. Suppose

that {Vrn}™=1 is an admissible sequence whose limit point is z$. The order of

contact of {Vm}^=1 with M is said to be at least η if there exists a constant

C such that for all sufficiently large m

(3.1.8) sup \r(z)\<Cr^.
v

Of course, the preceding definition is independent of the particular non-

degenerate defining function r for M. The existence of a sequence {γm}m=i

whose order of contact with a hypersurface is at least η is also invariant under

certain coordinate changes. One can prove the following invariance property.

(3.1.9) Proposition. Let {Vm}^=1 be an admissible sequence converg-

ing to ZQ. Let Φ be the germ at ZQ of a diffeomorphism ofCn such that dΦ van-

ishes to infinite order at z0. Then { r m } £ = 1 , {ΦoGm: £ ( 0 , r m ) -> C n } ~ = 1 ,

determine an admissible sequence {Φ(Vm)}^ )

= 1 whose limit point is Φ(zo)

Furthermore, if there is a germ at ZQ of a hypersurface M with which {Vm}m=i

makes contact of order at least η, then the image sequence {Φ(Vm)}m=i makes

contact of order at least η with Φ(M).

3.2. Transition to holomorphic submanifolds. Many computations
are simplified by the observation that it is possible to modify the sequence

of asymptotically holomorphic submanifolds to obtain a similar sequence of

submanifolds which are, however, actually holomorphic.

(3.2.1) Proposition. Let {Vm}^= 1 be an admissible sequence whose

order of contact with the hypersurface M at Zo is at least η. There exists an

admissible sequence of complex submanifolds {V^}$£=1 whose order of contact

with M at Zo is at least η.

Proof. Define V^ as the image of a holomorphic map G'm: B^q (0, r m /2) ι—•

C n , where G'm is the Bergman projection of Gm. Standard mapping prop-

erties of the Bergman projection for the unit ball in Cq yield the estimates

(3.1.3H3.1.4) for G'm.

One advantage of dealing with complex submanifolds such as those gen-

erated by Proposition (3.2.1) is that the analytic implicit function theorem

provides a lower bound on the diameter of the patches of g-dimensional com-

plex subspaces of C n over which the submanifolds may be regarded as graphs.

Passing to a subsequence of {V^ι}^=1 if necessary, one can use the condition

on uniform nondegeneracy of immersions (3.1.4) to show that there exist a

multi-index / and a constant c > 0 such that

(3.2.2) c < WG^dz1 Λ c&7|| at the center of B2q{0, r m /2) .
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This condition implies that a portion of V^ can be graphed over the q-

dimensional subspace π = πj associated to /. To obtain a lower bound on the

size of the patch of the coordinate subspace π over which each submanifold

is graphed, we note that the power series coefficients for the graphing func-

tions can be determined by implicit differentiation of the differential relations

which arise upon solving for the differentials of the n — q dependent coordi-

nate variables on the submanifold. The radius of convergence of such a power

series is minorized by a constant multiple of the radius of convergence of the

power series for the map G': 2?2ς(0,rm/2) —• C n . The constant multiple in

question can be taken to be the uniform lower bound in (3.2.2) multiplied

by the (2^)th power of the Lipschitz constant of (3.1.3). Such an argument

proves the following result originally stated by Catlin [1].

(3.2.3) Proposition (Catlin). Let {Vή}m=i be an admissible sequence

of complex submanifolds, parametrized by maps G'm: #2g(0, r m /2) —• C n .

Replacing {V^}£J=1 be a subsequence if necessary, one can find a constant

c > 0, a complex q-dimensional coordinate subspace π of Cn, a sequence of

points {w m }^ = 1 such that um G π, and a sequence of holomorphic maps

{Hm: πΓ\B2q(um,crm) -^ π±}<^=1 such that

(3.2.4) the graph of Hm in C n = τ r θ τ r 1 is contained in V^, and

(3.2.5) there is a Lipschitz bound for Hm : TΓ Π B2q(urn,crrn) —• π1- that is

uniform in m.

Here π1- is the complex (n — <?)-dimensional subspace of C n orthogonal to

7Γ.

(3.2.6) Proposition. The complex coordinate subspace π of (3.2.3) can

be chosen perpendicular to the normal vector to M at ZQ if {V^n}^=1 makes

contact with M at ZQ of order η > 1.

Proof Since η > 1, the tangent plane of V^ cannot be close to the complex

normal of M.

3.3. Approximation of M by pseudoconvex hypersurfaces. After

a holomorphic, affine coordinate transformation in C n , M can be represented

locally as a graphed hypersurface through 20 = 0 G C n of the form

{0 = r(z) = -Imzn+p(zι,Z2r- ,2n-i,Rezn)}

with 0 = p(0) = dp(0). The almost-C# imbedding z: M κ-> C n will not

necessarily map M to a pseudoconvex hypersurface, but the image M can be

closely approximated by pseudoconvex hypersurfaces.

(3.3.1) Definition. An admissible sequence of graphed pseudoconvex hy-

persurfaces over 0 G C n consists of

(i) a sequence of (2n—l)-dimensional balls {#2n-i(0, s m ) } ^ = 1 in Cn~1 x

R x {0} for which the radii sm | 0+;
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(ii) a sequence of graphing functions pm: i?2n-i(0,sm) \-> R for which
there is an ra-independent Lipschitz bound valid throughout i?2n-1(0, sm);

(iii) a choice of sgn G {—1,1} such that for all sufficiently large m, the
Levi-form of the open subdomain Ωm = {(—ym+pm)sgn < 0} is positive semi-
definite at every boundary point lying in the cylinder C m = i?2n-i(0, s m )xR.

(3.3.2) Definition. The order of contact of an admissible sequence of
pseudoconvex hypersurfaces with M at 0 is at least N if sup{|r(^)|: z G

(3.3.3) Proposition. For every sm | 0 and every positive integer N,
there exists an admissible sequence of pseudoconvex hypersurfaces in C n whose
order of contact with M at 0 is at least N.

Proof Set pm = p + s£[(|2i|2 + h |^ n -i | 2 ) The existence of an ra-
uniform Lipschitz bound for pm is obvious, as is the fact that the order of
contact with M is at least N + 2. To prove that the portion of the graph
of ρm lying over B 2 n-i(0, sm) is a pseudoconvex hypersurface, it is conve-
nient to introduce the symbol ί as a perturbation parameter, set p(t) = ρ+
£(ki|2 + + | ^ n - i | 2 ) 5 and investigate the semi-definiteness of the matrix
(cj,k){t) = {τ{t), [Lj(t),Lk(t)]) in which τ(t) is an imaginary 1-form that an-
nihilates a set of generators {Li {t),- , Ln_i (£)} for the CR structure induced
by C n on the hypersurface which is the graph of p(t). Formula (2.1.5) is an
exact description of such a set of generators for the induced CR structure,
except that in (2.1.5) p must be replaced by p{t). Expanding Cj^{t) as a
Taylor series in t gives

Cj\* W = cjtk(0) + tc'jtk(O)

where
c'jtk = (τ1, [LjfIk]) + (T, [L'j,Zk]) + (T, [Lj,ΐk]),

in which primes denote derivatives with respect to t evaluated at t = 0. A
simple calculation using (2.1.5) shows that τ(t) can be taken to be

(3.3.4) τ(t) = -idxn + UP{\zi\ + • + |s n -l | + \Xn\) ?

and that at t = 0,

L'k = {izk)(l - idp/dxn)-ld/dxn-

[L'^Lk] = iδj,kd/dxn+0(\zi\ + + \zn-i\ + \xn\)

Thus c'jk(0) = 2δj,k + #{\zχ\ + + \zn-i\ + kn|) Inserting this into the
Taylor expansion gives
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uniformly in m on i?2n-i(0, sm). Proposition (2.1.1) implies that in local

coordinates for M the data r(0), Cj^{0) on M which are induced by the com-

plex structure of C n differ from corresponding data (cjtk)abstract, ̂ abstract by

error terms which vanish to infinite order at 0. The Levi-matrix (c^)abstract

is semi-definite. Suppose that it is positive semi-definite for the choice of

^abstract which is approximated by (3.3.4). In this case, since the error terms

are o(«£) on B 2 n-i(0,s m ),

for sm > 0.

If the Levi-matrix of the abstract CR structure is negative semi-definite

for the choice of τabstract approximated by (3.3.4), simply replace t by — t in

the previous discussion; that is, replace s% by —s£[, to obtain a sequence

of negative definite Levi-forms for hypersurfaces in C n . In this case choose

sgn G {-1,1} to be - 1 to fulfill (3.3.1)(iii).

The preceding theorem implies that M separates the cylinder Cm =

#2n-i(0, sm) x R into two open subdomains, at least one of which is well

approximated by pseudoconvex domains in C n . Let Ω denote such a "pseu-

doconvex" side of M.

(3.3.5) Corollary. Let sm j 0+. For every z G Ω Π £ 2 n ( 0 , s m ) , and

every positive integer N there exist C'N and a function f analytic on Ω Π

#2n(0, sm) such that for every positive integer k there exists Ck so that

(3.3.6) \(d/dyn)
kf(z)\>Ck(\r(z)\ + C'N(s^))-^-^\\f\\LHQnB2n{0<Sm))

for an exponent e that depends only on the dimension n.

Proof Proposition (3.3.3) applied to the sequence {2s m }^ = 1 implies that

ΩlΊi?2n(0, sm) C ΩnC m is contained within a pseudoconvex domain Dm C C n

which is obtainable by translating the graph of pm: B^n-i(0,2sm) »-• R along

the 2/n-axis a distance dm = CN{S^) away from Ω, and intersecting with

#2n(0, Sm). Apply [1, Lemma 1] to Dm to deduce that for every z G Dm

the norm of the continuous linear functional L2(Dm) 3 f »-• {d/dyn)
kf(z) is

minorized by Ck\y - Pm ± dm\~(k~eϊ for a constant e depending only on n.

This last expression is minorized by C^.(|r(^r)| -1- Cf

N(s^ι))~^k~e\

(3.3.7) Comment. It is clear from the proof of Lemma 1 in [1] that in

(3.3.6) Ω can be replaced by a thickening of Ω by an amount « \τ(z)\ + dm.

This implies that / can be taken to be smooth on the portion of M that lies

over Cm. Furthermore, in (3.3.6) the interior L2-norm can be replaced by the

boundary norm ||/| |L2(Mncm) f°r s o m e other value of e.

(3.3.8) Proposition. Ίf{Vm}%=1 = {G m (£ 2 < ? (0,r m )}£ = 1 ώ an admis-

sible sequence of complex manifolds whose order of contact with M at 0 is at
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least η > 1, then there exists an admissible sequence of graphed pseudoconvex
hypersurfaces {pm: #2n-i(0, sm) »-» R } ^ = 1 such that for every m the associ-
ated pseudoconvex domain Dm contains a complex manifold V^ belonging to
an admissible sequence {V^}m=i whose order of contact with M at 0 is still
at least η.

Proof. Translate Vm a distance « rj^ into Ω along the yn-axis to obtain
a sequence V^ for which V^ C Ω and inf{ |φ) | : z G Vm} « r& From (3.1.3)
and (3.1.6), sup{dist(^,0): z G Vm} < @{r%) + ̂ ( rg j + ̂ ( r m ) for some
α > 0. Define

(3.3.9) s m = rv

m for p < min(α, ry, 1).

Then the ball B2n{0,sm) contains V^.
(3.3.10) Corollary. The admissible sequence {V^} has the property that

for every z G V^ there is an f with the property that for every positive integer
k, there exists Ck > 0 such that

\(d/dyn)
kf(z)\ > C f c | r m | - "( f c - e ) | | / | | L 2 ( Ω n B 2 n ( 0 , r p,)) .

Proof. Choose N so large in Proposition (3.3.3) that Np > η. With this
TV, invoke Corollary (3.3.5). Note that the estimate \τ(z)\ « r^ valid on V^,
and the estimate s% = rtf* = o(r^), imply that | φ ) | + ̂ ( O - ^ for

4. Reproducing formulas via currents

4.1. Let Ω be an open subdomain of C n . If zero is a regular value of
che holomorphic map F: Ω —• Cn~q then V = F - 1 (0) is a ^-dimensional
complex submanifold of Ω C C n . Integration over V of test forms of bidegree
(q, q) defines a current [V] G 3t'(β,f\q'q) of bidimension (g, q). Explicitly

It is convenient to express [V] in terms of the Bochner-Martinelli form of
C n " 9 , which is

3Bn-q = Cn-q\z\~Άn~9) I l^{-l)3Ίzjdzι A - A dzj A - Λ dzn-q

A dz\ Λ Λ dzn-q

= d(Sn-q).

Here
n-q ^^

Sn_q = c'n_q\z\~2(n~q~1>} yγ^dzιAdzχA - Adz3Adz3A •• Adzn-qAdzn-q

stands for deletion and cn-q,cn_q are constants.
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(4.1.1) Proposition. For every test form φ compactly supported in Ω,

f φ= f F*(Sn-q)Λddφ.
Jv JΩ

That is, the following is an equality in the distribution sense:

(4.1.2) [V] = ddF*(Sn.q) = dF*(βtn-q).

The following formula includes the correction term that must be incorpo-

rated when supp^ extends to 6Ω.

(4.1.3) Corollary. Let Ω be a bounded subdomain of C n . Let φ be a

differential form which is smooth up to the boundary ofΩ such that supp^ΠV

CΩ. Then,

(4.1.4) ί Φ= ί F*{βn.q)Nφ+ f F*{βn-q)Ndφ.
Jv JbΩ JΩ

Proof of (4.1.1) and (4.1.3). See [3].

Note how simply (4.1.4) changes under the substitution φ —» fφ, where /

is any function which is holomorphic on Ω and smooth on 6Ω. It is instructive

to set

Φε = fΨε{zi,''' ί Zq)dzχ Λ dz2 Λ Λ dzq Λ dz\ Λ Λ dzq,

where {^ε}ε>o is an approximate identity approaching the delta function

supported on the submanifold 0 = z\ — zi = = zq. For every ε > 0, dφε =

0. Assume that the projection map π: C n —* Gq, defined by π(^χ, , zn) =

(z\, , zq), is injective when restricted to V; so that snppφεΓ\V approaches

a unique point p — π~1(0) Π F as ε —• 0. With these assumptions, one

can show that as ε —• 0, (4.1.4) stabilizes to yield a reproducing formula for

holomorphic functions /:

(4.1.5) f(p) = ί
Jb

We shall use the heuristic principle that (4.1.4) generates a reproducing

formula to link the growth properties of a holomorphic function on a q-

dimensional submanifold inside a domain Ω to the boundary analysis of the

differential (q, q) forms φε = fψεdzι Λ Λ dzq Λ dz\ Λ Λ dzq which are db

closed on 6Ω.

5. Construction of test forms

5.1. It is necessary to localize the holomorphic functions given by Corollary

(3.3.10) in order to construct test forms <pm suitable for pairing with [Vm] as
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in (4.1.4). The dimensions of the region on which each localization occurs

play a crucial role in the subsequent majorization of derivatives of the test

forms.

Let χ\ R —• [0,1] be a smooth cutoff function that satisfies χ{t) = 0 if

\t\ > i and χ(t) = 1 if \t\ < i .

(5.1.1) Definition. Let χi,m(^i,^2, ,zq) = χ((z - um)/crm), where

um and crm are the center and radius of the ball Bm = B2q(um,crm) over

which Vm is graphed as in (3.2.3).

(5.1.2) Definition. Let χ 2 ,m(^+i, ,*n) = x{\{zq+w- ,Zn)\/sm),
where s m = r^ is as in (3.3.9).

Note that χ i > m localizes in the first set of q complex variables, and χ2,m

localizes in the second set of n — q variables. Also note that although χ i > m

localizes to a cylinder whose radius r m is effectively the diameter of Vm,

the cutoff function χ2,m localizes to a much larger cylinder of radius ^ ( r £ j .

Since p can be chosen to be any sufficiently small positive number satisfying

the estimate in (3.3.9), it follows that derivatives of X2,m &re much milder

than derivatives of χ i , m .

(5.1.3) Definition. L e t F m : BmxCn-q -> C n be given by Fm(zu ,zn)

= (*g+i, , zn) - Hm(zχ, - - , zq), where Hm: Bm -^ Cn~q represents V^

as a graph over Bm as in (3.2.3).

(5.1.4) Definition. Given w e V^, construct / as in Corollary (3.3.10).

For every m and k define

vW = [(d/dzn)
kf]XlfmF^{χ2im)dz1 Λ dzx Λ Λ dzq A dzq.

(5.1.5) Definition. The basic pairing formula is the identity

I Ψ%] = ί F*m{<%n.q) A φ£> + f F^n^hdφW.

This integral identity expresses the natural pairing between a test form

(p$ and a current [V^] in terms of integrals amenable to boundary analysis.

(5.1.6) Proposition. The basic pairing formula is valid for all suffi-

ciently large values of m.

Proof This follows from (4.1.4) under the substitution F = F m , φ =

<Pm\ and V = V^. One must verify that / is smooth on the closure of

ΩΠsuppχi,mnsuppF^(χ 2,m). It suffices to show that B2n(0, sm/2) contains

SUppχi,mnSUppF,;(χ2,m). Ifz = (z1, , Zn) £ SUpp Xi,m Π SUpp F^(χ2,m)

then (*i,*2, ,zq) € Bm and Fm{zu-- ,zn) e suppχ 2,m. From (5.1.2),
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\Fm{z)\ < \sm. From (5.1.3),

- Hm{zu

But w = (21, *2) ' > Zqi Hm{z\,' , zq)) is a point on V^ because (21, , zq)
G Bm. It merely remains to show that \w\ < o(sm). From the proof of
(3.3.8) it is clear that \w\ < &{r%) + *?(rm) + ^(rg j < o(r^ = sm) since
p < min(α, 1,7?).

5.2. Minorization of the basic pairing. From (3.2.3), each V^ con-
tains a distinguished center point wm = (um^Hmium)) ECn ΓϊV^.

(5.2.1) Proposition. Let f = fm be the analytic function of (3.3.10)
associated to the point w = wm. Use this f to define φ\n as in (5.1.4). With
these choices for each k there exists Ck so that uniformly in m

for an exponent e dependent only on n.
Proof The submanifold V^ is parametrized as the graph of the map

Hm: Bm —> Cn~q defined by (3.2.3), at least on suppχi ) 7 n. Using the fact
that i^(χ 2,m) = 1 on V^ = F " 1 ^ ) , pulling back the integral L, φ{m] to Bm

m

by means of the m a p Hm: Bm —• V^, and using the mean value theorem for

the holomorphic function [{d/dzn)^ fm] o(zli " , zq,Hm(zι, , zq)) yields

ί φ$= (d/dzn)Wfm{wm) ί χ
JV^ JBm

since χi > m is a radial function. Thus

^ > \(d/dzn)
kfm(wm)\rkfm(wm)\r2j j

( 3 3 1 0 )

5.3. Reformulation of the basic pairing. The remainder of the paper
is devoted to majorization of the basic pairing (5.1.5). The dominant term is
the boundary integral on M, which can be majorized when local subelliptic
estimates are valid for D&. In this section we shall cast this boundary integral
into a form suited to analysis in terms of solutions to the inhomogeneous D&
equation.
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It is important to note that both integrands on the right side of (5.1.5)

contain the maximal holomorphic form (dz)n = dz\ A dz2 A Λ dzn in C n .

(5.3.1) Definition, (i) Let bn-q denote the form of type (0, n — q — 1)

obtained from the Bochner-Martinelli form 3§n-q in Cn~q by suppressing

(dz)n~q, so that 3§n-q = bn-q Λ ώ i Λ Λ dzn-q.

(ii) Let aW = [(d/dzn)
kf}XlimF^(χ2,m)dz1 A--Άdzq.

(iii)Let An = ί 1

i;(6n_ g).

(5.3.2) Comment. Note that am is of bidegree (0, g) and βm is of

bidegree (0, n — q — 1).

With these definitions, it is easy to rewrite the two integrals on the right

side of (5.1.5). We record the result below.

(5.3.3) Definition. Let 7Q and 7i be the integrals

ί α

so that the right side of (5.1.5) equals 70 -f /i

It is useful to note that the fcth order derivatives of / which occur in

(5.3.1) (ii) can be replaced by derivatives taken tangentially along the bound-

ary M.

(5.3.4) Definition. Let T denote the vectorfield T = d/dzn - cd/dzn,

where c is chosen so that T annihilates the defining function for M in a

neighborhood of the origin of C n .

(5.3.5) Proposition. The vectorfield T has the following properties:

(i) 0 = Tzx = Tz2 = = Tzn-t =Tz1=Tz2 = = Tzn-u

(ii) Tzn = 1;

(iii) (d/dzn)
kf = Tkf for every holomorphic function defined on some

neighborhood of the origin in C n ; and

(iv) T is tangential to M on some neighborhood of the origin.

Proof These are trivial consequences of the construction of T. Note that

(i) and (ii) imply (iii).

We shall use properties of Lie differentiation to simplify 7o and 7i.

(5.3.6) Notation. The Lie derivative with respect to T shall be written

as 3τ> The derivation on the exterior algebra of differential forms given by

contraction with T shall be written as TV.

(5.3.7) Proposition (Integration by parts identities). For all forms ω, ω'

of arbitrary degree

(i) 5?τω = (Γ V dω) + d{T V ω),

(ii) [&τ,d[=0, and
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(iii) &τ{ω Kω1) = &τu Λω' 4- ω
Uω2n-i is a top-order form on M compactly supported where T is defined,

then
(iv) / M -2Hω 2 n-i) = 0.
U ω2n is a top-order form on C n compactly supported where T is defined,

then
(v) fΩ£Pτω2n=0.

Proof of (i)-(v). The first three equations are well known elementary prop-
erties of o2τ, and the remaining identities are easy consequences of these
equations. See [3] for details.

(5.3.8) Proposition. The quantity a$ defined by (5.3.1) (ii) satisfies

) f\χi,mK>{X2,m)dz1 Λ Λ dz
q.

Proof Substitute (5.3.5)(iii) into (5.3.1)(ii).

Thus the coefficient of dz\ Λ Λ dzq in the expansion of am' is intrinsic
to M. We now wish to approximate dϊ\ Λ Λ dzq by an expression which is
intrinsic to the abstract CR structure of M.

5.4. Comparison of abstract and imbedded CR structures.
(5.4.1) Notation. Given any CR structure of anti-holomorphic vector-

fields on M, one can define a tangential (0, q) form canonically as an equiva-
lence class of differential (/-forms in which the null class consists of all annihi-
lators of all ς-fold exterior products of sections of the given CR structure. For
each differential g-form φ on M, let \φ^Ά denote this equivalence class, called
the tangential (0, q) form associated to φ. The exterior derivative operator d
induces the tangential Cauchy-Riemann operator d t an via the formula

which is well defined because of the closure property under d of the differential
ideal generated by the null class of 1-forms.

Because our manifold M carries two possibly distinct CR structures, the
preceding notation shall be modified to distinguish between the abstract tan-
gential (0, q) forms and the imbedded (0, q) forms which arise from the con-
crete realization of M as a germ of hypersurface M in C n . Let ([φ$q,db)
and ( [ ^ I M ^ M ) denote these two systems.

Note that any Hermitian metric ( , ) on the complexified cotangent bun-
dle of M allows one to define distinguished representatives for [<p]£'ς, [<£>]MQ>

dδfclδ'9, and ^MI^JM 9 w n i c n a r e orthogonal to their naturally associated
null classes. These shall be denoted by (<p)°b'

q, (<p)%H,db(<p)ΐ9, and 5 M ( P ) M

respectively. The brackets and superscripts will be omitted occasionally. Fi-
nally, d denotes the standard operator acting in C n .
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The following is an elementary property of almost-Cϋ! imbeddings.

(5.4.2) Lemma. Let (zι, - ,zn) be the coordinate functions in an al-

most CR imbedding of M into Cn at the point po E M. For any metric ( , )

and every ς € {1, , n — 1} there exist forms φ and ψ such that the following

decomposition holds on a neighborhood of po in M:

(5.4.3) dz1Adz2A"Άdzq = ψh~zι Λ dbz2 Λ Λ dbzq)^9 + φ +1/>.

Here <p is an element of the exterior algebra generated by dz\, , dzn

over the ring of germs at p of smooth complex-valued functions, and ψ is a

differential q-ΐorm that vanishes to infinite order at p.

6. Estimates for /0 and I\

The integrals 1$ = /o(m, k) and /i = /i(m, A:) which are defined in (5.3.3)

shall be majorized for each A: by a sum of powers of l / r m uniformly in m

as m —> oo. Each exponent of l / r m depends linearly on fc. Because A: can

be chosen arbitrarily large, the important exponents are those containing the

largest coefficient of k. Any power of l / r m whose exponent has /^-coefficient

less than r/, for example, will ultimately prove to be an insignificant, lower

order term because it can be absorbed into the right side of (5.2.1).

6.1. Auxiliary estimates for components of the integrands in Jo, Iχ.
Here we record useful bounds for components of IQ and I\ that do not rely

on subelliptic estimates for D&.

(6.1.1) Notation. Let || | | o ( κ ) denote the semi-norm for functions (or

forms) whose derivatives of all orders not exceeding v are continuous on K

given by

= sup
\OL\<V

In the following we use the notation of §5.1 and let fm be as in (5.2.1) except

normalized to satisfy \\f\\L*(ΩnB2n(o,rp

m)) = l

We set Rm = suppχi,m.(ΊsuppF1J ι(χ2 lm) so that supp(α^ ) )° > ρ C Rm.
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(6.1.2) Lemma. For every v > 0 there exists Cv such that the following

estimates hold uniformly in m:

(6-1.3) | | X l , m | | ,

(6-1.4) | | χ 2 , m | | (

(6-1.5) ||-Fm||c(Mnsuppχ1,m) <

(6 1 6) \\F* ίv M\ < (

(6-1.7) H/mllc*(nnflm)<W'?ι')-e

)

(f\ 1 Άλ II fΓ* (h \\\ ^ Γ^ Ύ ~ι/—η[ι/+2(n—Q) — 1]
y\j.±.oj ||χ m\Uγι—qj(^^(MΠsuppχi m ) — ^ ^ ' m '
Γfi 1 Q^ \\F* (h λ\\ <1 C* r~1/~P[ι/~^'2(n—q) — l]

Γ6 1 10^ IIF* (h 111 < C1 γ ~1/~P[ι/~l~2(n~Q)~l]

(6-1.11) ll/IU»(Mncm) < Cr"e.

Comment. Except for (6.1.7) and (6.1.8), these terms are harmless for

large i/, in the sense that the coefficient of v in the exponent of ( l / r m ) is

strictly less than η. The constant e depends only on the dimension n of C n ,

and varies from line to line.

Proof Estimates (6.1.3)-(6.1.4) follow directly from Definitions (5.1.1)

and (5.1.2).

Estimate (6.1.5) follows from Cauchy estimates on the components of F m ,

defined by (5.1.3), using the uniform estimate (3.2.5) for the Lipschitz norm

of each component.

Estimate (6.1.6) follows from (6.1.4), (6.1.5), and the chain rule for differ-

entiation [cf. the proof of 6.1.8 below].

Estimate (6.1.7) follows from (3.3.6) and Cauchy estimates for /.

Estimate (6.1.8) can be obtained by first noting that for each multi-index

where Ca^ is a polynomial in the derivatives of Fm. If one assigns weight /

to each lih order derivative of F m , then the polynomial Cα,/j is homogeneous

of weighted degree |α | . From (6.1.5) it therefore follows that

sup \Catβ\ < C\a\r^}a\ uniformly in m.
MΠsuppχi ) m

On the other hand, the homogeneity of the Bochner-Martinelli kernel implies

that Z?^(6Λ~q) has coefficients that are homogeneous of (unweighted) degree

— [2(n — q) + \β\ — 1]. Pulling back each coordinate differential that occurs in
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bn-q yields an expression that is majorized by the uniform Lipschitz bound

(3.2.5) for Fm. Thus

(6.1.12) \D«Fm(bn-q)\<rm^ £ \Fm\-Wn-q)+\β\-i]m

\β\<\<*\

To minorize |F m (^) | for z € M Π suppχi j m note that

\Fm(z)\ = \{zq+w" ,Zn) -Hm(zU - , Zq)\ = dist(3,w),

where * = (*i, ,*n) G M Π s u p p χ i , m and w = (*i, ,zq,Hq(z±, - ,zq))

e Vm. Thus \Fm{z)\ « r^. Substituting this into (6.1.12) yields (6.1.8).

Estimates (6.1.9)-(6.1.10) are proved by combining (6.1.12) with the lower

bounds

. n | > ί &(r?n) for z G suppχi,m Dsuppgrad J ^ ( χ 2 | m ) ,

" I ^(rgj for z e suppχlim\Rmi

which follow trivially from (5.1.2).

Estimate (6.1.11) follows from (3.3.7) and the normalization condition on

/ adopted at the beginning of this section.

6.2. Majorization of To.

(6.2.1) Proposition. The integral IQ = Io,m,k defined by (5.3.3) satisfies

|/o,m,*| < Ckrn[{1+p)k-e] uniformly in m,

where the exponent e is independent of k and m.

Proof Recall that

Io = (-l

where αL is given by (5.3.8). From type considerations, it is clear that dam

can be replaced by ddm . Commute 2τ past d by means of (5.3.7)(ii); inte-

grate by parts using (5.3.7) and (5.3.5) (i)-(ii); and then use type considera-

tions once again to replace dam by dam = /Xi,m^m(^X2,m)Λc^iΛ Λdzq.

The result is

(6.2.2)

Clearly,

(6.2.3)

|/0|= ί
JnnR

llxi.m||co.
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The three factors on the right of (6.2.3) can be dominated using (6.1.7) with

v - 0, (6.1.4) with v = 1, and (6.1.3) with v = 0. This gives

(6.2.4) \\daM\\L2{ΩnRm)<Crne,

where e is independent of k and m.

The factor in (6.2.2) involving βm = F^(6 n_ g) can be dominated using

(6.1.9) with v = fc, which is applicable because suppdc*m C suppχi ? m Π

suppgradi^(χ 2,m) The result is

Substituting (6.2.4) and (6.2.5) into (6.2.2) gives (6.2.1).

6.3. Replacement of am by a tangential (0, q) form. Recall that

dbZi, db^2i " ' 5 db'Zn-i generate the germs at po of sections of the vector bun-

dle of tangential (0,1) forms associated to the abstract CR structure. Since

the coordinate functions zι,- , z n - i are almost-Ci? at po? it is also true that

(db — d M)zi vanishes to infinite order at po

(6.3.1) Proposition. For every positive k and N there exists CN,IC such

that the difference between Iχ, defined by (5.3.3), and the integral obtained by

substituting (αL )J'9 for ( α ^ )%£> ί θ n o lar9er than CN^W uniformly in m.

Proof. Clearly the error integral is dominated by the norm in C°(Rm ΠM)

of

(6.3.2) ( α j * ) ) ^ - <αa>)2ί
= [dhZ! Λ dbz2 Λ Λ dbzq - 9 M ^i Λ Λ ^ l / ^ X i . m .

The norm in C°(Rm Π M) of the bracketed factor on the right of (6.3.2) is

majorized by sup^€ β m Π M CWdkH^) for every choice of N > 0. However,

from the construction of Rm it is clear that s u p ^ ^ ||;?|| < ^ ( r ^ ) . Thus the

bracketed factor is ^{r^v) = 0{r*£) for every N' > 0.

The right-hand factors in (6.3.2) can be majorized using (6.1.3) by some

negative power of r m which is fixed once k is chosen. But since Nf is arbitrary,

the product in (6.3.2) is majorized in the norm of C°(Rm ΠM) by (f(r^) for

every N > 0.

7. Introduction of D&

7.1. Notation. Given a Hermitian metric ( , ) on the complexified

cotangent bundle of M, we set
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where d*b is the adjoint of the operator d\> relative to the L2 norm fM(,
obtained by extending the Hermitian metric to tangential (0,j) forms on M
for j € {q — 1, <?, q + 1}. Note that D^ is defined for every 0 < q < n — l a s
an operator which maps (0, g) forms to (0, q) forms.

7.2. Hypotheses on D&. We shall assume the following:

(7.2.1) ^ , the orthogonal projection onto kerD&, has a finite-dimensional
range consisting of C°° tangential (0, q) forms on M;

(7.2.2) there exists C < oo such that for every tangential (0,g) form a
which is smooth on M, there exists u G L2(M) satisfying OL—%?OL = D^u with

IMU2(M) < CΊM|L2(M)» S O t h a t α = ^ a + ̂ 6 ^ w + ̂ 6^6^ i s an orthogonal
decomposition of a in L2(M); and

(7.2.3) D& satisfies at po a subelliptic Sobolev-space estimate of order ε > 0
in the sense that for some neighborhood U of po> IMU ̂  C(IPfe^lli2(M) +
| | ^ | | L 2 ( M ) ) f°Γ all smooth test forms of tangential type (0,g) which are com-
pactly supported within U.

Here \\<p\\e denotes the L2-Sobolev norm of order ε applied to the coeffi-
cients of the form <p, defined a local chart for M at po

7.3. Introduction of Π& into the boundary integrals. The bound-
ary integral I\ defined by (5.3.4) can be linked to D&.

(7.3.1) Lemma. There exists an e independent ofk and m such that for
every k

(7.3.2) \h\ = I f (α * Λ

uniformly in m.

Proof. Prom Proposition (6.3.1),

(7.3.3)

where

(7.3.4)

\h\ = ΆβmA(dzγ ViV>0,

Λ Λ dbzv

Λ Λ dbSq]

Λ Λ dbZq],

(since 3τXi,mizi>' .^2) = 0)

A • • • Λ
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Inserting (7.3.4) into (7.3.3) and integrating parts to simplify the penultimate
term on the right side of (7.3.4) yields

M
Λ Λ dhZq] Λ βm Λ

The last expression is majorized by

by (6.1.7), (6.1.6), and (6.1.8); where e\ and e2 are independent of k and m.
This completes the proof of (7.3.1).

Note that (7.2.3) implies that {I-β^){aS}fh

Ά = Ώhum with ||um||L2(M) <

C||θfm | |L 2 (M) Substitute the decomposition

° « " + Ώbum = ; l

Wft9 + (Sb - d

into the right side of (7.3.2); multiply the integrand by cut-off functions χ' l j m

and i^(X2,m) which are identically 1 on suppχi,m and suppi^(χ 2 , m ) re-
spectively; and integrate by parts to obtain

(7.3.5)

where

= ί Ji + 32 + h +

(7.3.6) Jx = J l i m , f c -

(7.3.7) J 2 = J 2 ) 7 n, f c

= (-l)fc(a6

(7.3.8) J 3 = J3,m,fc =

(7.3.9) J 4 = J4,m,fc =

Λ /3m Λ (Λr)",

Λ

Λ /? Λ

Λ βm Λ

Note that χ'1>TO and χ ' 2 m can be denned so that s u p p χ ' l m F ^ ( χ 2 m ) c Rm
and so that (6.1.3)-(6.1.9) are valid for the primed functions too.

7.4. Estimation of / M Ji.
(7.4.1) Proposition. There exists an exponent e independent of k and

m such that for every k

\L
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Proof. Clearly (7.2.1) implies that %? is a compact mapping from L2(M)
into Ck(M). Thus

< ^(r^J with e independent of k by (6.1.7).

Also, ||/?m||c°(Mnsuppx; m) < ^(^me) w i t h e' independent of k by (6.1.8).
Thus the only dependence of k arises from differentiation of χ[ m , which is
estimated by (6.1.3) with v — k.

7.5. Estimation of / M J<ι.
(7.5.1) Proposition. For every k and N there exists CN k such that

I/ <
Proof. Since the coefficients of db - d M vanish to infinite order at p 0 Ξ M,

the coefficients of the operator (db — <9M)* also vanish to infinite order at
Po £ M. Here (db — <9M)* ^S t n e adjoint operator which satisfies

I/*
(7.5.2)

[(db - dM)d*bu

/

< \\dlum\\(dh - d

II coefficients of (Bb - ̂ M)t||co(Mnβm)

The first factor on the right side of (7.5.2) is ^(r^61) where e\ is inde-
pendent of k. The middle factor is &(dN) for every N > 0, where d =
suPz€Mn#m dist(^,po) < «m = ^( rm) Since p > 0, the middle factor is
&(r%) for every N' > 0. Finally, the third factor is ^(r^e{k)), where e(k)
depends polynomially on k. Since N' can be chosen arbitrarily larger than
βi + e(fc), the proposition is established.

7.6. Consequences of a subelliptic estimate. It follows from the
local subelliptic estimate (7.2.3), the elliptic regularization results of Kohn
and Nirenberg [7], and (7.2.1) that the solution u of (7.2.2) is smooth on
a neighborhood U if a is smooth on U and if U is contained within some
neighborhood on which (7.2.3) is valid. To obtain quantitative bounds on the
derivatives of u in terms of derivatives of ΏbU = (I — βf)a, one can iterate
the localized estimate (7.2.3). In particular, one can perform such iterations
on a subset U where a = 0, in which case one expects strong estimates on
the derivatives of u because one has strong estimates on derivatives of the
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harmonic term —%?OL. However, complications arise when this technique is
applied to a sequence {αm}m=i m which suppαm depends significantly on
m. If the localization of the subelliptic estimate to a region outside suppαm

requires cut-off functions whose supports shrink asm-^oo, then the deriva-
tives of these cut-off functions will degrade the estimates obtained by iteration.
The details have been carried out in [1] for the d-Neumann problem on open
subdomains of C n , and have been applied to D& on boundaries of subdomains
in C n in [3]. The a priori estimates in [3] require no changes when applied to
abstract CR structures. The key results are summarized below in Proposition
(7.6.2).

(7.6.1) Notation. In terms of fixed local coordinates xi, ,X2n-i on
M = R2n~ι let As be the pseudodifferential operator whose symbol is
(1 + | £ | 2 ) s / 2 . For fixed N, let ςx{x) > ς2{x) > > SN{X) be cut-off functions
concentrically supported within a ball of radius 1 centered at the origin in
R2n-1 such that £ = 1 on supp^+i. For t e (0,1] and for y e K c U C Ms

define

Because the operator Λθ fails to transform homogeneously under dilations of
R2n~ι, we introduce the auxiliary operator Λ£ whose symbol is ^(£|f|)|£|β.
Here φ is a cut-off function satisfying ψ(x) = 1 if |x| > 1 and ψ(x) = 0 if
\x\ < 1/2. Set Ajj,y = Sj,t,y A

3

t

ε fj+i,t,y* where ε is given by (7.2.3). For
generic x € i2 2 n - 1 , consider the dilation by a factor t which fixes x. If
['Plxίs/) = <P{χ + t{y - x))> ^ e n the homogeneity property of AJ)t,x can be
expressed as

Also

where 2n - 1 = dimM.
(7.6.2) Proposition. For every N > 1 there exists CN such that for all

N2,
where \\ \\ = \\ \\L2{M).

7.7. Estimation of / M J3. In this section we prove that

/ J3

M
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Note that

ί Jz = ί (^τk(dMdUm)Aχ'1,mF^(χ'2>mbn.q)A(dz)n\

= f (&τ

kd*bUm) A dM(χΊ mK(X2 mK-q)) A (dz)n .

Using the anti-derivation property of 5 M to expand the term in parentheses,

and then integrating by parts in one of the resulting expressions yields

7.7.1)

ί Jz <\ί {2¥K«m) A dMXΊ,m Λ *£(X3,«A-«) Λ (dz)»
JM U M

+ I f d*bum A^τ

k[xΊ,mK(dMχ'2>m A bn.q)} A (dz)n

\JM

,m Λ 6 n - ( )

We shall majorize every term on the right side of (7.7.1).
(7.7.2) Proposition. There exists e, independent ofk andm, such that

for every k the solution um of Ώbum = (/ - / ) ( α m ) J ' ? given by (7.2.2)
satisfies

uniformly in m. Here e is given by (7.2.3).
Proof

n3 pgradχ' l m) = Slip Slip \DaUm(x)\.
1 > m x6Mnβmnsuppgradχi,m |α|<fc+l

For every x, the Sobolev imbedding theorem implies that if ς is any smooth,
compactly supported cut-off function which is identically 1 on some neighbor-
hood of x, then

sup \Daum(x)\= sup Da\ςum{x)]\<Ck,n\\ζum\Lk+ι+n.
| | | < f c

Here Cfc,n is independent of ς, and Λ f c + 1 + n is the Sobolev space of order
k + 1 + n on R2n-1. Thus for each x,

(7.7.3) sup \Daum(x)\< inf Ckin\\ςum\\Ak+i+n.
|α|<fc+l C = 1 a t x

We shall majorize this last expression for each fixed x by invoking (7.6.2).
The arbitrary parameters (TV, t) which occur in (7.6.2) can be advantageously
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specified as follows. Let N be the smallest integer satisfying (JV + l)ε >

k + 1 + n, and let t = dist(a;,suppχi>m). Note that by the construction of

Xi,m and χ' l j m

t = tm> dist(suppgradχi )m,suppχi,m) > r m

uniformly in x G suppgradxΊ m . Because the cut-off functions f1|tίa. > &,t,χ >

• > ftv+i,t,z are supported on balls of radius < t centered at z, each ζjtt,x

vanishes on suppχi)Tn C supp(αm )b'9- Therefore,

Also,
^ , t D f c U m = -A

The homogeneity property of Ajj implies that

The continuity of the operator ^ from L2(M) into C°°{M) implied by (7.2.1),
the uniform boundedness in Ck(M) of the dilation operators [ ]* for all 0 <
t < 1, the continuity of AjΛ from C°°(M) into L2(M), and the fact that
ε < 1 imply that the right-hand side is majorized by t2n~2:ι~1\\(a^)^q2

uniformly in m. Substitution of this result into (7.6.2) yields

It is clear from (7.2.1) and (7.2.2) that \\^{of}n)h'
Q\\L*(M) and ||wm||L2(M) can

be dominated by \\(am ) | |L 2 (M) Thus

("+1)* II2 „ ,_9K
From the choice of N and t, it follows that

(7.7.4) ί =inf tJkU

The rightmost factor is majorized by a power of r m which is independent of
fc. Substituting this into (7.7.4), and substituting (7.7.4) into (7.7.3) yields
(7.7.2).

(7.7.5) Proposition. | |55^m | | 2

2(M) < < (̂̂ me) where e is independent
of k and m.
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Proof.

p l P ^ | ^ | = (D6Wm,U r o)L2 ( M )

IK*™)?'!2 by (7.2.2),
< ^ ( r " e ) by (6.1.7).

All quantities in (7.7.1) which remain to be estimated are independent
of um. The quantities | |χi,m | |Ci(M) and | | i ^ (6 n _ α ) | | C o ( M ) are bounded by
powers of l/r m which do not depend on k, because of (6.1.3) and (6.1.8). The
quantity

\\Xfl,mK(dXl,m Λ 6n-«)||c*(M)

is majorized using (6.1.3), (6.1.6), and (6.1.9). The resulting bound is
&{rm + e ) where e is independent of k and m. Substituting these bounds
and the results of (7.7.5) and (7.7.2) into (7.7.1) yields the following.

(7.7.6) Proposition. There exist e and e1 independent of k such that
for every k we have

\ί
U MM

uniformly in m.
7.8. Estimation of J M J4. Recall that

J 4

where βm = F^{bn-q). It is advantageous to integrate by parts to shift
derivatives of order < k onto /?m, at least when working on the region where
the strong bound (6.1.10) for βm is valid. Outside that region, we shall be
forced to estimate derivatives of dbdbUm. The principal problem in applying
(7.6.2) will be the estimation of derivatives of ΠbVm.

(7.8.1) Definition. Let χ' 2 ' ,mK+i, ,*n) = x((*ff+i •• *n)/c/r£ι) be
such that %2>m is supported within the ball in Cn~q on which χ2,m = 1. Here
p is the small exponent constrained by (3.3.9), and χ2,m is defined in (5.1.2).
The constant c' can be chosen so that

(7.8.2) dist(suppχ'^m, supp grad χ 2 , m ) « rv

m uniformly in m.

Because Fm is smooth on a neighborhood of supp J 4, clearly J 4 smoothly
decomposes as

(7.8.3) Proposition. | / M F^{1 - x2,m)J4 | < ^(rmk(1+p)+e) uniformly
in m, where e is independent of k and m.
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Proof Expanding J4 by means of (7.3.9) and integrating by parts yields

(7.8.4)

| / M m X2,m

< / X\mFm{X2,m)KdbUmA&τlFm(l-XΪm)ΛβrnΛ{dz)n}
JfΛ '

Ilxi,m-Fm(l - X2,m)βm\\ck(fΛ)'

The first factor on the right side of (7.8.4) is bounded by a power of l/r

that is independent of k. In fact, (7.2.2) implies

which by (6.1.7) is bounded by a polynomial in l/rm.

The rightmost factor in (7.8.4) can be dominated, using (6.1.10), by

Tm + e in which e is independent of k.

(7.8.5) Definition. Let Km = supp[Xi,mF,;(X '2 ' ) m)].

(7.8.6) Lemma. Let p be the small exponent constrained by (3.3.9). Let

zo be the point on M which is the limit point of the admissible sequence

{Vm}m=i o/(3.3.8). Then the set Km satisfies uniformly in m

(7.8.7) dist(X m ,supp X l , m gradF i ;(χ 2 , m ) ) > * £ ,

(7.8.8) sup dist(z,z0) < rv

m.
zeκm

Proof To prove (7.8.7), let z e Km and w G suppχi,mgradF^(χ2,m) be
arbitrary points. Then

\z-w\> \(zq+w- ,zn)-(wq+ι,- ,wn)\

= \[Fm(z) - Hm(z)\ - [Fm(w) - Hm(w)}\

> \Fm(z) - Fm(w)\ - \Hm(z) - Hm(w)\

= dist(**, w*) - \Hm{zχ --Zq)- Hm{wχ wq)\,

where z+ = Fm(z) € suppx^.m by definition of Km, and it;* = Fm(w) e
suppgradχ2 > m. Now, distί^,^*) > r^ by (7.8.2). Also,

\Hm(Zι ^ n ) - ίίm(^l * Wq)\ < \(Zχ " ' Zq, Hm{Zι Zq))

-(w^ -W^HmiW!,-- ,Wq))\

= \z'-w'\,

where z\w' € Vm. From (3.1.3), \z' - w'\ < 0{rm). Thus \z - w\ > r^-
&{rm) > rv

m since p < 1 and rm -+ 0.
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To prove (7.8.8) we note that for each z G Km,

d\st(zo,z)< sup (zo,w) + inf (w,z) < ^( r£J 4- inf {w,z).
V wev weV

Given z = (zu , zq, zq+u , * n ) , set w = (zu , zq, Hm{zi zq)) e Vm.
Then

Jnf (w,z) < {{zq+w- ,Zn)-Hm{zu - ,zx)\ = \Fm(z)\.

Since z G Km C s u p p ί ^ x ' ^ J , necessarily \Fm(z)\ < <?(*&). Thus

dlSt(2o,2) £ ^( r m) +^(rm) = ^ ( r m )

(7.8.9) Lemma. For every (iV, A;) ίΛere ea wίs CΛΓ,Λ such that

(7.8.10) | |DΛ*56um | |c*(κm) < CN,kr%.

Proof. Note that if φ is any form defined on a neighborhood of 20 which
vanishes to infinite order at ZQ, then for every (TV, k) there exists CW,* such
that IMIc^Km) ^ Civ,fĉ m I n fact, the vanishing of <p to infinite order at ZQ
implies that for every N

- Γ
sup

which by (7.8.8) is majorized by ^ ( r m

p ) = ^(r£f), where N' = Np can be

made arbitrarily large. Note also that if {Ψm}m=i ιs a sequence of func-

tions smooth on Km such that for every j > 1 there exists Nj such that

ll^m||ci(κm) < CjTm"' then for all n > QΛ\Φ<pm\\c>{κm) < Cj^.
To prove (7.8.10), we shall expand ObdbdtUm as a finite sum of terms each

of the form φψm. Now,

nhThdhum = KdbΠbum = Tbd(i - βr){a<$fh« = Tbdh{<*{Xq,

where ( α ^ } > ^ = Xi,mfmF^{χ2im)dbzi Λ ^ Λ Λdhzq. Thus

•6^96^m = ^{/mF,;(χ2,m)5feXi,m Λ dbzx Λ Λ 36;zg}

(7.8.11) -h^{χi, m F,;(χ2, m )a 6 / m Λ drfx Λ Λ dbzq}

+ 3J{Xi.m/m^AίXa.m) Λ 56^i Λ Λ 56zg}.

The first term on the right side of (7.8.11) contains the expression dbχι,m A

dbz\ Λ Λ db~zq. However,

The first ρ terms are annihilated by exterior multiplication by dbzιA- Adbzq.
The last q terms are multiples of ~dbZj, which vanish to infinite order at po
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by the construction of the almost-CiZ imbedding functions (21,22, * izn)- It

follows that the first term on the right side of (7.8.11) can be expanded as a

sum of terms of the form <pψm in which

φ = a derivative of order 0 or 1 of a coefficient of dbZj

= a term that vanishes to infinite order at po,

ψm = a derivative of order 1 or 0 of

a m fm Fm (X2 ,m ) dfc l̂ Λ Λ db~Zz

σzj

= a term satisfying the estimates (6.1.2) which

are polynomial in l / r m .

The second term on the right side of (7.8.11) contains the quantity

n

dbfm =

in which dbzj vanishes to infinite order at po

(Note that the holomorphicity of fm with respect to (21, ,zn) has been

used here.) Thus the second term in (7.8.11) can be expanded as a sum of

expressions of the form <pψm in which

φ = derivatives of order 0 or 1 of dbZj

= a term that vanishes to infinite order at po,

ψm = derivative of order 1 or 0 of

— XlmF*(X2m)

= a term that satisfies the polynomial bounds (6.1.2) in l / r m .

The third term on the right side of (9.8.11) actually vanishes on Km. This

proves (7.8.10).

(7.8.12) Lemma. There exists e independent of k and m such that for

every k we have uniformly in m

(7.8.13) \\d*b\

Proof As in (7.7.3), is suffices to majorize uniformly in x G Km the

expression

We use (7.6.2) with v = dbdbum, N = least integer greater than (k + n)/ε,

and

t = dist(x,suppχi,mgradF^(χ2,m)).
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Thus

t = tm> dist(ifm,suppχi>mgradi^;(χ2,m))

><?(**) by (7.8.7).

This choice of t ensures that the cut-off functions ft>ί)X > f2,t,x > >
ζN+i,t,x centered at x all vanish on suppχi j m gradi^(χ 2 , m ) Substituting
tm > rv

m into (7.6.2) yields
(7.8.14)

2 N

\\

The majorization of every term on the right of (7.8.14) begins by noting that
from the homogeneity property (7.6.1), the first terms on the right side of
(7.8.14) satisfy
(7.8.15)

μ , , t, xΏ bd' bd bum\\l 2 { M )«

for every N' by (7.8.9) and by the uniform boundedness of the dilation oper-
ators [ ]* for t < 1.

Next, we note that the term on the second line on the right side of (7.8.14)
satisfies

(7.8.16) \\ςittfXΏbTh3bum\\L2(M) < 0(r£) for every TV' by (7.8.10).

Finally, the last term in (7.8.14) satisfies

(7.8.17) \\dldbum\\lHM) < \\(a^)°b'mHM) < <?(r°m)

by (7.2.2). Here e is independent of k and m.
Substituting (7.8.15)-(7.8.17) into (7.8.14) yields

by the choice of N.
(7.8.18) Proposition. There exists e independent ofk and m such that

for every k

\L
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uniformly in m, provided that p is chosen to satisfy

(7.8.19) p < min(α, 1,η - 1, ε).

Proof

\[ FnU'ίM =\ί ^(X2

by (6.1.3), (6.1.6), (7.8.13), and (6.1.8)

from the choice of p.

(7.8.20) Proposition. There exists e independent ofk and m such that
for every k we have uniformly in m

f
/M

provided that p is chosen small enough to satisfy (7.8.19).
Proof Combine (7.8.3) and (7.8.18).
7.9. Final estimates.
(7.9.1) Proposition. There exist e ande' independent ofk andm such

that for every k we have uniformly in m

\h\ < ̂ (r-l( fc

provided p satisfies (7.8.19).
Proof Substitute into (7.3.5) the results of (7.4.1), (7.5.1), (7.7.6), and

(7.8.20).

(7.9.2) Proposition. For each k, the right side of (5.1.5) is majorized

by&{rn[{k/εHe]) + ^ ( r ; l ( 1 + p ) f c + e Ί ) provided that p satisfies (7.8.19).
Proof Combine (5.3.3) with (7.9.1) and (6.2.1).
(7.9.3) Theorem. Let M be a compact pseudoconvex CR manifold of

dimension 2n — 1 which satisfies hypotheses (7.2.1)-(7.2.3) for tangential (0,ς)
forms atpo G M. // any germ of an almost-CR imbedded image M of M into
C n based atpoGM has the property that there exists an admissible sequence
{Kn}m=i whose order of contact with M at z(po) is at least η, then η < 1/ε.

Proof After constructing the test forms (5.1.4) and the currents in (3.3.8),
the basic pairing formula (5.1.5) can be minorized for each k using (5.2.1),
and majorized for each k using (7.9.2). The result is that

r-η(k+l)+2q < ^
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where p > 0 is arbitrary save for the constant (7.8.19). Choose p so small that
(1 + p) < 1/ε, which is possible since ε < 1. The inequality r ^ < H 1 ' + 2 ί <
&{rml(k/εHe]) valid for r m -• 0+ implies that η{k + 1) + 2q < (fc/ε) + e.

Since e is independent of fc, the validity of this inequality for all k forces
η < 1/e.
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