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A REGULARITY THEOREM FOR HARMONIC
MAPS WITH SMALL ENERGY

GUOJUN LIAO

1. Introduction

This paper studies the regularity problem of harmonic maps in higher
dimensions. We consider maps from the unit ball B in R” (n > 2) equipped
with a metric g into a compact submanifold N™ of R. We say that u €
L}(B,N)if u € L}(B,R*) and u(x) € N a.e x € B. The energy E(u) of u is
defined as E(u) = [p|Vu|*dv. A weakly harmonic map is defined to be the
weak solution to the formal Euler-Lagrange equations, which form a nonlinear
elliptic system. The equations are

i « i( 8y du .
(1.1) Au (x)=gﬁ(x)A(axa,w), i=1,2,---,K,
where 4,(X,Y) € (T,N)* is the second fundamental form of N given by
A (X, Y)=(DyY)*. X,Y are vector fields on N in a neighborhood of
u € N.

It is easy to see that u is harmonic if and only if (d/dr)E(u,)|,_, =0,
where u, is a 1-parameter family of maps defined by u,(x) = IT(u(x) + t1(x))
V7 € CP(B,RX). I is the nearest point projection of R* into N.

There is another type of variation that one may consider. One takes
u, = ueoq, for ¢, a 1-parameter family of compactly supported C! diffeomor-
phisms of B with ¢, = Id. E(u,) is differentiable in ¢. If u is always critical
for this type of variations and if u is harmonic, then u is called a stationary
map.

So far not much is known about the regularity of weak harmonic maps. For
n = 2 it is proved in [6] that a harmonic map with finite energy does not have
isolated singularity. A theorem of [7] says that # has no interior singularity if u
is stationary and n = 2.

Received November 10, 1984 and, in revised form, April 29, 1985.



234 GUOJUN LIAO

In this paper we generalize the result of [6] to higher dimensions. For n > 2
we cannot expect the finiteness of total energy to be sufficient for the
removability of isolated singularity. For example, take any harmonic map w
from S""! into N with finite energy E(w). Define map u: B - N by
u(x) = w(x/|x|). u is again harmonic with finite energy since E(u) =
E(w)/(n — 2). u has singularity at 0 unless w is constant.

We will assume the smallness of the total energy and show the apparent
isolated singularity is removable. Our main result is

Main Theorem. Let B be the unit ball B(0) C R" with a smooth Riemannian
metric g. Let u be any harmonic map belonging to C*(B \ {0}, N). There exists
a constant € > 0 independent of u such that u € C*(B, N) provided E(u) =
[plVul?dv < e

Our proof is based on the a priori estimates of C? harmonic maps obtained
by R. Schoen and K. Uhlenbeck and a monotonicity inequality.

We will present some preliminary results in the next section. In §3 we will
prove the theorem assuming that u is stationary. In §4 we will prove that the
monotonicity inequality is true for harmonic maps of finite energy with
isolated singularity. This result then enables us to complete the proof of the
theorem.

2. Preliminary results

Lemma 1 (monotonicity inequality). Suppose u is a stationary map from B
into N C R¥. For n > 2 we have for 0 < ¢ < p < dist(x,,9B)

2
eCApp2—nf |vul’dx - eCAUOZ—nf IV“|2
B,(xp) B, (xp)
(2.1) )
CAo 2-n| Ju
>2 e x — x| a dx,
B,(x0)~ B,(Xo) r

where A and C are constants, B,(x,) (and B,(x,)) is the geodesic ball of
radius p (and o) centered at x,, respectively. For a proof one can read [5].

Lemma 2 [8]. Suppose u € C*(B,, N) is harmonic with respect to a metric g
on B,. Suppose

A_lj(saﬁ) < gaB < A(saﬁ)’ |avgaB| < Ar-l'
There exists € = ¢(A, n, N) > 0 such that ifrz_"fB’|Vu|2 < &, then
(2.2) r2sup|vul’ < Crz‘"f Ivul’.
Bf

B,
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The proof of Lemma 2 makes use of Lemma 1, noticing that “C? harmonic”
implies “stationary”. The smallness of the energy is used to ensure that a
rescaled version v of u satisfying e(v)(0) = 1 and supe(v) < 4 is defined in a
ball B, with r, < 1. The boundedness of e(v) then enables one to use the
linear elhptlc estimates. Here e(v) denotes the energy density. For details see
[71.

Lemma 3 (First variation formula). For a smooth family ¢, of diffeomor-
phisms which are the identity near 9B we let u, = u o ¢,. We then have

(2.3) ditE(u,) T _fB [1dul*div X ~ 2{du(v, X). du(e,))].

where X = variation vector field = (d/dt)(p,|,=0, e, i=12,---,n, form an
orthonormal basis on B.

This is a standard result. One can prove it by a change of coordinates. We
mention one more result.

Lemma 4 [4]. If the image of a harmonic map u lies in a local strictly convex
coordinate chart on N, then u is regular.

3. The regularity of stationary maps

In this section we prove the following result:

Proposition 1. If u is a stationary map from B" into N C R*, n > 2, with
respect to a metric g, then there exists a constant ¢ > 0 such that u € C*°(B, N)
provided that

E(u)<e and ue C*(B—{0},N).

Proof. By a change of scale we can reduce to the case that g is close to the

standard metric g,. Thus we assume without loss of generality that
8ap =08+ O(e),  8,8,5=0(e) inB.
Apply Lemma 2 to the ball B,(x) where x # 0, r = |x|/2. We then get

r?dul’(x) < Crz‘"f |vul’ < CE(u).
B,(x)

In the second inequality we have used the montonicity lemma. Assume
E(u) < &. We have the estimate

Ce'/?
(3.1) |dul(x) < ——.
|x]
Take a ball of radius r > 0 centered at 0. Let x, y € 3B,(0). Then
(32) Ju(x) —u(n)|< [ ldul<

= Ce/?,
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where T is a geodesic on 9B,(0) connecting x to y with length < A2#r. This
shows that Osc(u, dB,) < Ce"/2.

We want to compare u with a linear harmonic map 4: B — R*. To define h,
we take 0’ = %(1) as the origin of R¥, where u#(r) = f, p 1 is the average of u
over 9B,. Let C be a constant so that |4(Vu,Vu)| < C|vu|? Let

A= %IQVIeiIIb{Max{M(BZ#(Q) N N) C a convex local

coordinate chart of N } } ,

where B,,(Q) is the Euclidean ball of radius 2p centered at Q. Let § be the
first point for which #(r) lies on 3B,(0"), i.e., 8 = max{r: |u(r) — u(1)| = A}.
We take the first coordinate axis in the direction 0'%(6).

Clearly A > 0. We claim that 8§ > 0 if 0 is not removable and E(u) < & for
an &> 0 small. The reason is that |u(x)— #(|x[])] < C-¢&/? as a direct
consequence of (3.2) and by definition #(|x|) € B,(0") Vx € B, \ B;. Thus we
can choose ¢ small so that u(x)€ B,,(I1(0")) Vx € B\ B;. Then § =0
would imply that the image of u on B, lies in a convex local coordinate chart
of N, hence u would be regular.

Also § is uniformly away from 1 for ¢ small as a consequence of the a priori
bound of the gradient (3.1). Indeed, we have

N =1a(8) - ()| <  swp Ival)(1 - 8) < cé2/s,

d<r<l
hence § < Ce/?X°L.
Define h: B — R* by h(x) = (h,(x),0,- - -,0), where
A A
m(x) = hy(|x]) =~ +
Note that A, h = 0 and h(x) = %(8) on 3B;, h(x) = (1) = 0" on 9B,, where

A, is the Euclidean Laplacian.

2-n

|x|

Observe that for n > 3
a_h 2

P, . 3on L)
/;X\Ba r dv—/;l\Bs = | 72 g(x) dx;Cj; || rar

ar
(33) _ C}\Z(n _ 2) 82—n +1 S _C;Az S
2 82n_17 2

0.

On the other hand, by Lemma 1 we have

du
34
( ) '/;31\35

2
r2=nqv < C [ |vul’dV = CE(u) < Ce.
a, [, vl ()
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Our plan is to show

(3.5) fB .

which is a contradiction to (3.3) and (3.4) for & small.
Applying Green’s formula, we get (denoting h, = h, u; = u)

fBl\Ba r2="(h — u)A(h - u)

2

Ou _ ) ey < cé,

ar or

=j;5 V[rz‘”(h—u)] -v(h—u)

1\Bs
—_ rz—"(h —_ u)g_(h___u_)
9B, UdB; ar
=% Vrz""-vlh—ul2 +f rz"'IV(h—u)I2
B\ B B\\Bs
oh  du
- rz—nh-u(———)
3B, UdB; ( ) ar ar
2—-n 2 2
= h—ulr?r r2v(h—u
2 fasluaB,, | | fBl\B& v ( )l

dh  du 1 2
- P2k — (—-—)-— h— ul Ar2n,
3B, UdBs ( “) ar  or 2];91\83 | ul Ar

We get from this

[ orrlet-wf

1\Bs
2—n 2 4 dh  OJu
= h _ 1-n + 2—n h _ (__ _ __)
2 faB,uaB,, | ul'r faBluaB,,r ( “) ar  dr
3.6 + r2="(h — u)Au — r2="(h — u)Ah
(3.6) fyg, = wbu = [ (= )
1

2
+ = |h — u| Ar?=".
2 B, cdot\ By

Using the fact sup, g, 55 |h — u| < Ce'/?, we can estimate

(3.7) ‘faB P — )

'8

< Csf 8177871 < Ce,
0B,
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dh  du
2—-n _ - _ =
faBS’ | “'(ar ar)

1 ) }\ 81—n E1/2 8 X
: <C 82" A(n - 2) =+ —| 8"
(3.8) < Ce /aBl [ (n=)55—1*
< A\Ce/?,
where we have used the fact § small to assert
1-n
) L L < C87L.

87n—1 8 1-52"
Similar estimates can be obtained at dB;. To deal with the third term in (3.6),
observe that

sup |h — u| < sup|h|+ sup|lu — u|+ supu
B \B;

<}\+C£1/2+)\<2~L_+ CeV/2.
4C
Choose & small so that

(3.9) C sup |h—u|<%+C—Cel/2<1.
B \B;
We have

(3.10)

f r2="(h — u)Au
B,\B;

< (f ' r2'"|Vu|2)65up |h — ul.
B\B; B;\B;

The last two terms in (3.6) are bounded by C - €72 as a consequence of our
assumptions on g,.
Since 4 is a radial map we can write the left side of (3.6) as

h  ul? 2
f r2 | — +f r> " Dyul,
B\ B; B \Bs

ar  or
where D, u denotes the components tangential to dB,. Absorbing the tangen-
tial term to the left, we get

2
/ rz‘"a—h—a—u +(1—5sup |h—u|)/ rz_"IDTuI2
B\B or  or B\B B\B
(3.11) _ 2
< Ceé?+ Csup |h — ul rz"‘g—u
B,\B; B \Bs r
< Ce? + ¢,

This inequality completes the proof.



A REGULARITY THEOREM FOR HARMONIC MAPS 239

4. Proof of the Main Theorem

We want to show the following extension of Lemma 1.
Proposition 2. If harmonic map u is C*(B\ {0}, N) and if E(u) < oo,
then we have for 0 < p, < p, <1

eCApgpg-nf
B,,(0)

2
|Vu|2 - eCA"lpﬁ_"/ |Vu|2 >f eChArp2—n u
B, (0) B, (0)— B, (0)

B

ar

P1

where C and A are constants.

Proof. Take X (x)=1y,(|x])-n,(x] -|x|- (3/9r)x) for 0 >0, 7> 0 in
the first variation formula, where n, € C°([0, 1], R") will be chosen later, ¢, is
a cut-off function so that ¢, is smooth and nonnegative, |{/| < 20! and

=0 if0<g o,
(4.2) v (r){ =1 ifr> 20
<1 elsewhere.

Define u, ;- B —» N by
(4.3) u, o(x) = ku(x + tX,(x)).

Note that u, , is smooth. Thus we have

d
EE(ut,u) -

=0 Vo>0
0

since # is harmonic.

Let ¢ € C*°(R*R) so that ¢(r)=1 for re[0,1]; ¢(r)=0 for r
€[1 + 0, 0); ¢'(r) < 0(o, > 0 = is fixed). Choose 1,(r) = ¢(r/7) for r €
[p1, p,]in X,. Choose an orthonormal basis e, - -,e,_;, e, = 9/0r. We have

Ve X, = xlzanv,e: fori=1,2,---,n—1,

, 0
va/arXu = (\Ponr) 5’

where the derivative is taken with respect to r.
Denote x = x(r,6) and

6, (x) = ’z?_r(<v(ar) j>)(x) =12 n— 1,

Take a constant A >0 so that |¢ ;(x)] < A Vx € B. Then we have for
j=12,--,n-1

<v€, , € > ‘Punf ij + ‘Pa'r' f dr’.
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Thus

n—1
divX,= Y (veX,,e)+ <V6/8rXo’ %>

i=1

> (¥on,)r + nyn, —(n—1)¢yn,Ar.
Moreover, we have

n

Yy (du(veiXa), d“(ei)>

i=1

= nil <du(¢amvre,.(%))’d“(ei)>

i=1

+ <du(Va/arX0)’du(—:—r)>

n—1

< X o |du(e) |’ +(n = 1) yon, Arldul” +(¥,n,r)

i=1

Thus the first variation formula gives

0 2./;3 [(%’n,)'r +nym, —(n— 1)‘Po"rAr]|du|2dv

2

du
ar

du |’
5 dv

2 ’
(44) 2 vonldul'do—2f (yon.)'r

~2(n = 1) f wonAridul do.
B
Claim.
f |9, |rldul"n,dv > 0 aso - 0.
B

To see this, use the estimate |du|?(x) < C,E(u)o~?2 for x € B,,\ B,. Since
|¢4l(x) =0for x € B, or x € B\ B,, and |{/,| < 2071, we get

fB |¢;|r|du|2n,dv < GE(u)o"s %% = C,E(u)o2™".

Since n > 3, the conclusion follows. Similarly one can show that
lim,_, o [p¥on,|du|? = [gn,|du)?, etc. Letting ¢ — 0, we get from (4.4)

0> j; (nir + ng, —(n - 1)11Ar)|du|2 - 2'/; n|du|2

—2/; 'r

du | 2
5' -2(n— l)j; nAr|du|".
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It follows that

a du
275'/;11

or
2 d 2 2
<3(n-1)(1+ ol)anA|du| - 15;/81,,|du| +(2 - n)anldul :
Multiplying by 71" A for C = 3(n — 1), we have
0 ul* d 2 2
CATy 42—n_"_ hadhad s CAT_2—n CAT, 2—n
eA2t 87‘/;917' 3| < 8T(e T fB11,|du[ ) + 6,e“MCr j;n,ldul.

Integrate over [p,, p,] and let o; — 0. We then get

2 2 9 2 2
<3(n—1)j;nrA{du| +Tﬂj;n,|du| +(z—n)an|du|

2

_ 2 _ 2 _,| du
eCAplp% n/ |du| _ eCApzp% nf |du| > 2 eCAr'.Z n E .
Bﬂ\ BPZ Bﬂz\Bﬂx
In the above computation we denote B = By(x,) and B, = B, (x,), B, =
B, (x0)-

Proof of the Main Theorem. Under the assumption of the theorem we have
for x € B\ {0}, |x] < 1/2,

|xl2—n

5 Ivul’ < c@x)*™"[ |vul’ < CE(u).

B|x|/2(x) BZ|x|(0)

So the estimate (3.1) still holds. Here we have applied Proposition 2 with
p1 = 2|x|, p, = 1. Then the same argument in the proof of Proposition 1 can
be carried through.
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