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0. Introduction
There are a number of interesting problems and results which involve being
able to compute Koszul cohomology groups; for example, the local Torelli
problem, understanding the canonical ring of a variety of general type, Petri’s
work on the ideal of a special curve, Mumford’s projective normality theorem,
and Donagi’s work on the global Torelli theorem for projective hypersurfaces.
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Unfortunately, there seem to be fewer ways to compute Koszul cohomology
groups than reasons to compute them. It seemed fruitful to try to find a few
techniques which would make it easier to approach these problems.

For V a finite dimensional complex vector space, S(V') the symmetric
algebra over V, and B = @ ., B, a graded S(V)-module, we have the Koszul
complex

dpii,g-1

dv
0.1) - >AP*W@B_ S APV®B S APWVEB,, >

The Koszul cohomology groups are defined by

kerd
0.2 X, (B, V)=—7F2I—.
02) plBY) = g
If we have a minimal free resolution
03) -+~ DM ,®S(V)(-q)~> D M, ®S(V)(~q) > B~0,
=q 9=q0

then a well-known result is the Syzygy Theorem (1.b.4)

(0.4) f}CM(B,V) —~—Mp’p+q(B,V).

The situation we will study in this paper is
X a compact complex manifold,

0.5 L-X an analytic line bundle,

(0.5) 9> X a coherent analytic sheaf,
W C H°(X, L) alinear subspace.

We then take

(0.6) B= @ H(X,9®¢qL), V=W

qEZL
and denote
(0.7) K, (X, F, L,W) =%, (B,V)

with the conventions
(1) If F = O,(E), we write X! (X, E, L, W).
(2) If = O, we suppress it and write K, (X, L, W).
(3) If W = H(X, L), we suppress it and write X, (X, ¥, L).
(4 If i = 0, we may suppress it and write X, (X, ¥, L, W).
By Serre Duality, we have

(0.8) Ky o X, E, LW =Koty (X, Ky ® E*, L, W),
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where dim X = n. There is the spectral sequence for Koszul cohomology which
abuts to zero and has
(0.9) Ef"’z‘JCj’p_Hp(X,Gf,L,W),
where k is a constant. A consequence of this is the Duality Theorem (2.c.6)
(0.10) ‘JCp'q(X,E,L,W)*z‘JC (X,Ky®@E* L,W),
where dim X = n and dim W = r + 1, provided that
(0.11) W C H°(X, L) is base-point free

and

r—n—p,n+1—gq

H(X,E®(q—i)L)=0,
H(X,E®(¢—i—1)L)=0, fori=1,2,---,n—1.
Note that the hypothesis (0.12) is vacuous when X is a curve. When X is

Kahler, W is base-point free, and dimg,,;(X) = n for some m > 0, then we
have (2.c.10)

(0.13) f}{p'q(X, Ky, L,W)* :%,_"_pv,,ﬁL,Aq(X,L,W)
for ¢g=n+ 1, and, if either n =1 or %" '(X) =0, for ¢ =n, as the
hypothesis (0.12) of the Duality Theorem holds by Mumford’s variant of the
Kodaira Vanishing Theorem. In particular, when the hypotheses of (0.13) hold,
(0.14) Ky pnir( X, Ky, LLW) =C.
The Theorem of the Gaussian class (2.b.9) shows that the geometrically defined
Koszul class, the Gaussian class or extrinsic fundamental class
Y € %r—n_n+l(x’ KX’ L’ W)

defined using the tangent planes to ¢, (X), is a generator provided dim ¢, ( X)
=n.

In §3, there are three computational results. The Vanishing Theorem (3.a.1)
says
(0.15) X, (X,E,L,W)=0 if H(X,E®qL) <p.

(0.12)

Although this is an elementary result, it has turned out to be quite useful,
especially in tandem with the Duality Theorem. The “Lefschetz Theorems”
relate the Koszul cohomology of a variety X and a smooth hyperplane section
X N H; the main result (3.b.7) is that

(0.16) T}Cp‘q(X,L)z‘JCp.q(Xﬂ H,L)
if X N H is connected and

(0.17) H'Y(X,qL) =0 forallg=0.
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The hypothesis (0.17) is true for ample bundles on varieties X of dimension = 2
with Ky < 0, so (0.16) holds for K — 3 surfaces, Fano 3-folds, etc.

In many ways, the most delicate result we prove here is the %p,l Theorem
(3.c.1), which says that if m = dim ¢,(X) and A°(X, L) = r + 1, then

(0.18) K, (X,L)=0 forp>r—m,
(0.19) X,_,,(X,L)=0 unlesse,(X)isanm-fold of minimal degree,

(020) % (X,L) = O{unless eitherdeg o, (X) <r+2 —morg,(X)
° r-m—1,1 s

lies on an (m + 1)-fold of minimal degree.

In order to prove (0.20), we need the Strong Castelnuovo Lemma (3.c.6) that if
P,,- - -, P, are points in general position in P,, then

P, --,Plieona

(0.21) .
rational normal curve

<X, 11(Py, Py, -, Py) #0.
When r + 4 < d < 2r + 2, this is stronger than Castelnuovo’s Lemma.

One application of the Vanishing Theorem and the Duality Theorem is
(4.a.1), which says that for a smooth curve C of genus g and an analytic line
bundle L - C of degree d,

(0.22) ¢, (C) is projectively normal if d = 2g + 1,

(0.23) I,(9.(C)) is generated by quadrics if d = 28 + 2,
the syzygies in I, (¢, (C)) are

(0.24) generated by those of the form

2LQ,=0,degL, =1 ifd=2g+ 3,

etc. Here (0.22) is Mumford’s projective normality theorem, (0.23) was proved
by Saint-Donat and Fujita, and the statements about syzygies are new.
Actually, (4.a.1) says more, and in conjunction with an existence result (4.a.2)
of F. Schreyer gives a fairly good picture of what a minimal free resolution of
the ideal sheaf of ¢;(C) looks like for d large relative to g. For varieties of
higher dimension and sufficiently ample line bundles, there is a similar result,
the Theorem of the Top Row (4.a.4).

The Arbarello-Sernesi module of X, L is the S(H°(X, L))-module
$q€Z HO(X, Ky ® gL). If | L|is base-point free and dim ¢, ( X) = dim X = n,
we show in Theorem (4.b.2) that, with certain exceptional cases, the Arbarello-
Sernesi module is generated in degree < n — 1 and its relations are generated
in degrees < n. Petri obtained this result for curves in the case when L is
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special; however, this hypothesis is unnecessary. If L = K, we obtain Theo-
rem (4.c.1) about generators and relations of the canonical ring of a variety of
general type.

The H' Lemma (4.d.1) and its improvement (4.d.7) deal with the question of
when the map

(0.25) H'(X, E) > Hom(W, H'(X, E® L))
induced by cup product is injective, where E — X is an analytic vector bundle

and W C HO(X, L) is a linear subspace. One version is that if L ~ L,®L,
®---®L,, W=H’X, L), and

(0.26) the base locus of each | L;| has codimension = 2,
(0.27) W(W,E®L®L)<h'(X,L,)—2,

then (0.25) is injective. From this, one obtains a Local Torelli Theorem of Kii
(4.d.9) and splitting lemmas (4.d.11), (4.d.12).

For L - C and M - C analytic line bundles over a smooth curve and
W C H%C, L) a base-point free linear system, the H° Lemma (4.e.1) states
that the multiplication map

(0.28) W® H°(C,M) - HC,L®M)
is surjective if
(0.29) H(C,M®L"')<dimW — 2.

When dim W = 2, this is the base-point free pencil trick. The Explicit H°
Lemma (4.¢.4) states that

H(C,L)® H(C, M) - H(C,L® M)

is surjective if |L| is base-point free, deg L < deg M, and either deg L +
deg M =4g +2ordegM = 2g + 1, deg L = 2g, extending a result of Mum-
ford.

For L - X a sufficiently positive line bundle, we obtain from the spectral
sequence for Koszul cohomology the interesting representation (4.f.1)

(0.30) HY(X, Q%) = Kpox, )-g-1.4+1( X, Q%, L)

for the Hodge groups of a projective variety, involving only holomorphic
sections of analytic line bundles.

Finally, there is a section on open problems and an Appendix. In the
Appendix, which is joint work with R. Lazarsfeld, it is shown that on a
compact complex manifold X with analytic line bundles M; - X, i = 1,2, and
ho(X, M;) =r,+ 1,r,= 1, then

(0.31) Hyrrmi (X, L) #0 forL =M, ®M,.
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In particular, this proves one direction of the Noether-Enriques-Petri conjec-
ture.

The results of §§1 and 2, with the possible exception of the Theorem of the
Gaussian Class, are classical-so classical, indeed, that I could not find out to
whom they should be attributed.

The author is grateful to Ron Donagi, David Eisenbud, Phillip Griffiths,
and Robert Lazarsfeld for some extremely helpful discussions. Especially
useful was a small seminar in which this work was presented for the first time,
which was of tremendous help to me; I wish to thank all the participants, Koji
Cho, Ron Donagi, Phillip Griffiths, Stefanos Pantazis, Igor Reider, and Wu
Xian.

1. Algebraic preliminaries
(a) The Koszul cohomology groups. We will consider

k a field,
|4 a finite-dimensional vector space over &,
(1.a.1) S(V) the symmetric algebra on V,
B= ?qu a graded S(V )-module.
q

In this situation, there is a Koszul complex
dy.
"> A?*'V®B,_ ———»/\PV@B SAP'VveB,,

d

p—l.g+1

(1.a.2)
— S AP y® B,

constructed as follows. Let « € V* @ I be the 1dent1ty element. There is a
natural contraction map

(1.2.3) APVE APy Y
dual to the extenor product map A\ ?~'V* ® V* - A PV*. Given the multipli-
cation V' ® B, - Bqu 1» we define d,, | by the commutative diagram:
AveB, 2 ATy e v e B,
(1.a.4) d

1

/\1’ ‘V®B

Since

(de) o (Jo)
NPY — NPy ® Sy
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is the zero map,
(1.a.5) dy 1 g41°d

P.q

0.

So (1.a.2) is a complex. We note that in defining d, ,, we are using the
convention

(1.2.6) NPV =0 ifp<Oorp>dimV

and that (1.a.5) continues to be true.
Definition. The Koszul cohomology groups of B are

kerd, ,

(1.2.7) X, (B,V) = imd,,

By the convention (1.a.6), we have automatically
(1.2.8) K, (B, V)=0 ifp<Oorp>dimV.

A standard fact about the cohomology of complexes implies that for any m,

(129) 3 (1dim (%, (8,¥)= 3 1)(4Y)dim,(5,).

ptqg=m ptg=m
Consider
48 % finite dimensional vector spaces over k,
B!, B? graded S(V,)-, S(V, )-modules respectively,
L
v S p? a linear transformation,
(1.a.10)

L
S(V') > S(V?) the map induced by L on symmetric algebras,

L . . . .
B' > B? a linear transformation preserving the gradings.

We will say (L, L) is a morphism of graded modules if
(1.a.11) L(h)-L(b)=h-b forallh € S(V'),b € B".
For such a morphism of graded modules, the map

NPL®L,

NPy ® B, NPV ® B!

descends to Koszul cohomology to give a map

(1.a.12) E}cp,q(B',V‘)ei%,,,q(Bz,Vz)
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which is the induced map on Koszul cohomology and has the functorial
property (Lo M), =L, o M,. If V' = V? = Vand L = Id we have

I:*
(1.a.13) K, (B V) =K, (B*V)

and this notation will always assume L = Id unless it is indicated otherwise. In
this case, the condition (1.a.11) is just that L is a grading-preserving graded
S(¥V)-module morphism.

(b) Syzygies. Returning to the general situation (1.a.1), assume that B has a
minimal free resolution of the form
(1b.1) > D S(V)(~g)® M, ,~ D S(V)(~9) ® M, ,~ B0,

=q >q

where the M, (B,V) are finite dimensional vector spaces over k. Such a
resolution exists provided:

(1) dim(B,) < oo for all q.

(2) g € Z| B, # 0} is bounded from below.

Definition (1.b.2). The syzygies of order p and weight q for the S(V )-module
Bare M, (B,V).

Alternatively, these are defined inductively as follows:

M, (B,V) = generators of degree g for B as an
S(V)-module,
M, (B,V) = primitive relations of weight ¢
(1.b.3) for B as an S(V')-module
M, (B,V) = primitive syzygies of weight g among

the relations for B,

These are to be interpreted as follows. If x;, x,,... are generators for B with
deg x; = e;, then a relation of weight g among the generators is one of the form
Jux; =0, u, €87(V).

i
A primitive relation of weight g is one that is not an S(¥')-linear combination
of relations of lower weight. If Z, u/x;, =0 are a basis for the primitive

relations of weights e” respectively, a syzygy of weight g is a relation of the
form

Swu? =0 foralli, withw, € S (V)

and so on inductively.
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Theorem (1.b.4). As vector spaces over k, %p, «BV)=M, . (BV).
Proof. We need

C ifp=q=0,

0 otherwise,

(1b.5) K, (S(V).V) = {

or equivalently that the complex
(1.b.6) S ARSI S VRS TS SY S0

is exact unless / = 0 when the complex reduces to 0 —» S°V — 0. This is well
known (see [3]); it follows from the same proof as the usual Poincaré Lemma
when one dualizes the complex.

Consider the bigraded complex

NVve @ (s'veM,, ,.), ¢=0,
k=0
(LbT)  AP=14 nryep, g= 1.

Oa q < _1 ’
where d € Z is fixed. As maps, we take

(1.b.8) AP iAPH,q, AP E,Ap,qﬂ,

where for ¢ = 0, d comes from the complex (1.b.6) and for ¢ = -1, d is the
map from (l.a.2), while § is /\ PV tensored with (-1)? times the degree
(d — p) terms of the minimal free resolution (1.b.1). Note d2 = 0, §2> = 0, and
d8§ + 8d = 0. There are thus (see [8]) two spectral sequences 'E, ”E abutting to
the cohomology of the total complex with
(1.b.9) 'Ef7=HJ§(A”') =0 forallp,q,

X_,a-p(B,V), q=-1,anyp,

NElP,q = Hg(AO,q) = M‘q,d(B’ V)’ q = pr = O’

0, otherwise.

We have

d,
, ” —(r—D,q+r
"EP-9 >"EP(rmDatr
The maps

d
M—q,d(B’ V) - —q+l,d(B’ V)
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are zero by minimality of the resolution (1.b.1), and thus the only nonzero d,’s
are
n0,- dq+‘ ng-q,-1
quf- lq_) Eq‘ﬁ’l *

Since "E2% = 0 for all p, g as "E, = 0 and 'E, E” have the same abutment, we
concluded | is an isomorphism, so

dgu
(1.b.10) M, (B, V)—XK, ,_(B,V) forallg=0

which completes the proof.

Remark. It is possible to make the isomorphism of Theorem (1.b.4) more
explicit by expressing the intrinsic part of the maps in the minimal resolution
(1.b.1) in terms of the T}Cp, B, V). One small fact along these lines we will
want later is that the multiplication map

(1.b.11) K, (B.V)®SV K, (B V), k>0,

is zero. Since it is clear from the definition of the M, ’s that the multiplication
map

M, (B,V)® SV >M, . (BV), k>0,

is zero, we notice from the proof that if we tensor the bigraded complex (1.b.7)
by S¥V, we get a commutative diagram

M, (B,V)® SV —=—%, , (BV)®SV

Mp,d-(-k(B’ V) = %p,d+k—p(B9V)

and so conclude (1.b.11).
(c) Cohomology operations. If B, C are graded S(V)-modules, there is a
natural map

(1cl) (APV®B,)®(APV®C,) > APV ®(B®C)yuq,

by wedging on the first factors and tensoring on the second. This descends to
Koszul cohomology to give the cup product map

(B®C,V).

1tp2.q1t g,

U
(1c2) %, (BV)®X, (C,V)>%,

If B is a graded S(V)-algebra, we have S(V')-module map B ® B - B from
multiplication. By (1.a.13), this induces a map on Koszul cohomology

%, (B®B,V)->%, (BV)
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which composed with (1.c.2) yields the cup product map for a graded S(V)-
algebra

(1e3) %, (BV)®K, (BV)>%, (B, V).

1tpa.q1tq;
If B is a commutative algebra, we have
(1.c4) o Ua, =(-1)"""a, U q,,

wherea; € X, (B, V).
It is also possible to define Massey products. If o; € K, (B, V), i=1,2,3,
and

(1.c.5) aVUa,=0, a,Ua;=0,
then we can write

_ 1
Ny =d, it gra-1(P)s PE Apr*rtlyep

(1.c.6) ? el
o Nay= dp2+p3+|,qz+q3—1(‘r), TE NPTy @ B, i g-15

and

(1.c.7) dp1+p2+p3+l,q|+q2+q3—l(al Ar+ (-1 A 0‘3) =0,

so we get an element
(1c8) ay AT+ (—I)F'Hp Nay € %p.+pz+p3+1,q,+q2+q3—l(B’ V).
Choosing different p and 7 changes this element by something in
X BYV)UK, it grtgi(B V)
TH i oot 1.g+g—1(Bs V) U Ky, (B V),

so we obtain a well-defined element

(1.c9) M(a),a;,a5) €K, (B, V)/9(B,V),

1+tp2tpitlg+tartgs

where
GD(B’ V) = ((g{:plaql(B’ V) U %Pz*'m"‘l“h'*"h—l(B’ V))
+ (%P|+Pz+|»4|+¢lz“l(B’ V) U S{Pz,lh(B’ V)))

(d). The spectral sequence relating Koszul cohomology groups of an exact
complex. Let B” be a complex of graded S(V )-modules with maps preserving
the gradings

(1.d.1) 0-B'-B*>B*-> --->B"' 5 B">0.
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Consider the bigraded complex of

cri= N"y®Br, Ifixed,
with maps

d &
. +1, . g+l
CP45CPrha, CPa S CPatl

where d comes from the complex B’ tensored with /A ‘"?F and & comes from
(-1)? times the map for the complex (1.d.1) for each fixed p. Thus d2 = 0,
82 =0and d& + 8d = 0. So we obtain two spectral sequences 'E, E abutting
to the cohomology of the total complex with

(1d.2) 'Ef?= H{(A"") :%1-4 q(Bp’V)’
1d.2 ’
"Ep9=Hi(A4 )= N"V® H”(B‘; )-

If the complex B” is exact, then “E{*? = 0 and thus 'EZ'Y = 0. Thus we have

Proposition (1.d.3). Let B" be an exact complex of graded S(V )-modules
where the maps preserve the gradings. Then there is a spectral sequence with

Elp,q = (:}(/I—q,q(Bp’ V)

that abuts to zero.

Corollary (1.d.4) (Long Exact Sequence for Koszul Cohomology). If0 - A
- B - C -0 is a short exact sequence of graded S(V )-modules with maps
preserving the gradings, there is a long exact sequence

7 %l,q—l(A’ V) - %l,q—l(B5 V) - %],q—l(ci V)

1.d.5
( ) e%o,q(A,V)e‘J{O,q(B,V) - Ko ,(C, V) ~0.

Proof. The only nonzero d,’s are the
d| dl
K, (4,V)-%, (B V), K, (BV)>%K, (CV),
(kerd,: K, (A,V) > %K, (B,V))

d,
— (cokerd, : Hrrg=1(B V) =K oy i(C, V)

from which the long exact sequence follows.
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2. The Duality Theorem

(a) Transition to the setting of complex manifolds. The constructions of §1
will be of interest to us primarily in the case

X a compact complex manifold,
L-X an analytic line bundle,
(2.a.1) g a coherent analytic sheaf of O,-modules,

W C H°(X, L) alinear subspace,

where we take

(2.a.2) V=w, B= @ H'(X,5®0,(qL)).
qEZL

Our basic notation will be
(2.2.3) %;,q(X, 5, L,W) = ﬂfp,q(B, V)

with the further notational conventions:

(1) If W = H%( X, L), we will drop the W and write X, (X, ¥, L).

Q) If 5= 0,(E), where E —» X is an analytic vector bundle, we will write
%! (X, E, L,W). |

(3) If ¥ = O, we will drop the & and write X, (X, L, W).

(4 If i = 0, we will drop the i and write X, (X, ¥, L, W).

If X 1» Y is an analytic map, and
Ly=/f*Ly, Fx=*(%y)
we have the pullback maps

*
H(Y, Ly) > H°(X, Ly),

. AN
H(Y,%, ®0y(qLy)) = H'(X, 55 ® 0,(qLy)).

If Wy = f*W, then by (1.a.12) there is an induced pullback map on Koszut
cohomology

. o
(2.2.4) XK, (Y, Fy, Ly, Wy) =K, (X,Fy, Ly, Wy)
and also

*

. "
K, (Y. 5y, Ly) =K, (X, T, Ly),

. I i
%;,q(y’ LY) _)%p,q(X’ LX)’
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where in all cases

(2.a.5) (gof)*=1f*-g*
We can apply Theorem (1.b.4) to the situation (1.b.1) provided that
(2.2.6) H(X,5®0,(qL)) =0 for g sufficiently negative.

Condition (2.a.6) holds if L is ample, and we will assume henceforth that
(2.a.6) holds. If so, then

H{ ,(X,9,L,W)
= generators of the S(W )-module @ H'(X,F ® 0,(qL))
qEZ
of degree d,
H{ (X,5,L,W)
= primitive relations of weight d + 1 among the generators

of the S(W )-module @ H'(X,F® 0,(qL)),
q€EZ

(2.a.7)

Hj (X, 9,L,W)
= primitive syzygies of weight d + 2 of the S(W )-module

@ H'(X,5®0,(qL)),
qE€EZ

or in general

K, (X, F, L, W) = primitive p’th syzygies of weight d + p

(2.2.8) of the S(W )-module @ H'(X,F® 0,(qL)).
qEZL

We denote by X quP( W*) the rational map defined by the linear system W
when the base locus of W has codimension = 2, and

X SP(HO(X, L)*)
the map ¢, when W = H°(X, L). In view of the equivalence

SIHO(X, L) - H(X,qL)| _ [H°(X, L) ® H(X,(¢ — 1)L)
is onto for all ¢ = 2 - H°(X, qL) is onto for all g =2

we see that
(2.2.9) | L|is projectively normal < ¥, (X, L) =0 Vgq=1.
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We denote

(2.a.10) I(9(X)) = D I(9.(X))

q=2
the ideal of ¢,(X) in P(H°( X, L)*). If | L] is projectively normal, we have the
short exact sequence of graded modules
(2.a.11) 0~ (e (X)) > S(H(X, L)) > D H(X,qL) - 0

9=0

and thus by comparing minimal free resolutions of I(¢,(X)) and
@0 H(X, qL), we have

Mp—l,q(l((PL(X)), H°(X, L))

= MM( @ H(x,qL), H( X, L))
q=0

(2.a.12)

for | L| projectively normal. Thus

g{:l,q(/Y’ L) = Iq+l((pL(X))/HO(X7 L)Iq((PL(X))’
X,,(X,L) = primitive relations of weight g + 2
(2213) | among the generators of the S( H°( X, L))-
o module I(¢,( X)),
for|L |' projectively normal.

In general, if % is a coherent analytic sheaf of 0p-modules on a projective

space P = P(V*) and B = @, H(P, F(q)) then
i @ Ml,q(B9V) ® OP(—‘I) - @ MO,q(B’ V)® ©P(_q)
(2.a.14) 7=aq >4
->%-0

is called a minimal resolution of ¥ by free Op,-modules; the fact it is a
resolution is a consequence of Theorems A and B. Thus in particular

Theorem (2.a.15). Let X be a compact complex manifold, L — X an analytic
line bundle, and Efm(x) the ideal sheaf of o (X) in P = P(H°(X, L)*). If|L| is
projectively normal, then

-~ @D %],q(X’ L)®0,(-1-q)

(2.a.16) 7>0
> D Ho (X, L) ®Op(—q) = 9, x = 0

q=0

is a minimal resolution of §, (x, by free 0p,-modules.
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A few elementary properties of the Koszul cohomology groups in this setting
are

(2.2.17) K, (X, FOKL, L, W) =%, . (X,F, L,W),
(2.2.18) X, (X, L,W)=0 ifq<0 for L not the trivial bundle,

C ifp=0
2.a.19 K (X, L,W :{ ’
(22.19) ’ ol ) 0 otherwise,
(2.220) K, (X, E,L,W)* =Ki ' , (X,Ky®E* L,W),

where dim X = n.

Property (2.a.17) is clear from the definition. Property (2.a.18) follows
because we cannot have both H(X, L) # 0 and H°(X, gL) = 0 for some
g <0 unless L is the trivial bundle. Property (2.a.19) follows because by
definition

K, o( X, L,W) =ker(\?W > AP"'W® H(X, L))

which is 0 if p #* 0 and C if p = 0. Finally, (2.a2.20) follows from Serre duality
and the fact that

[ AB=[an(sp)
fors € H(X, L), a € @*(X, E® qL) and
BeER>(X,Ky®E*® (-1 —gq)L),
for then under Serre duality the Koszul complex
> APTTWOH(X,E®(q—1)L) > ANPW® H(X,E®qL)
SAPT'WOH(X,E®(q+1)L) > ---
goes to
S NPTIW*®@H (X, Ky®E*® (-1 —q)L)
SAPW*®@H"(X,Ky®E*® (—q)L)
SAPTW*QH" (X, Ky®E*®(1—q)L) > ---
which, tensored with A\ “™* W and contracting, gives the Koszul complex
coe S NGt @ H (X, Ky ® E*® (-1 — q)L)
SNV P @ H™ (X, Ky ® E* ® (—q)L)
SNVl @ H (X, Ky®E*® (1 —q)L) > ---.
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(b) The Gaussian class. Let s, s,,- - -,s, be a basis for W C H°( X, L) and
ey, * *,e, the dual basis for W*. There is a natural element

(X, L,W) e NP 'w*® H(X,24® (p + 1)L)

defined by
dim X r
Yp(X’ LaW)Z E 2 eil/\”'/\eipﬂ
(2.b.1) Jit =i s =0
asi2 as,-3 asi,,+.
Sids, 8, ez, N N
v "% Jp

where z,,- - -, z,, are local coordinates on X. If we regard

So
5
s=1 .
s,
as a section of W* ® L, then
_ dim X ds as
(2b2) v(X,L.W)= 2._ SAG =N Ng—dzy N -- Ndz
Ji o dp=1 N Jp

A more intrinsic representation of y,(X, L, W) is to let

05,
as=| : IsEW*®L®Q mods,

n

where 95 is defined mod s because, if in local coordinates, s* = £,,s” then
0s* = (agaﬁ)sﬂ + £,4058

and thus 9s transforms as a W*-valued section of ), ® L modulo 5. Then

(2.b.3) Y, (X, L,W) =5 N3ds A --- Nds.
;ﬁf—_/

p times
Under the (noncanonical) identification
(2b.4) AW =C
there is an isomorphism
(2.b.5) N> =~ ArH1-ky | i
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so that we may consider
(2.b.6) yp(X,L) ENTPWHX,Q?®(p+ 1)L).
Under (2.b.5), the map
AP S A @ L
is dual to
APWSAP'WRL
so that
tJyp(X, LW)=0
and thus we obtain an element
(2.b.7) (X, L,W) €K, _, ,.\(X, Q4 L,W)

called the Gaussian class of order p of X, L. If p = n, we obtain

(2b8) 7:‘7n eLJCr—n,rH—l(/Y’ KX’L’W)

which we call simply the Gaussian class of X, L, or the extrinsic fundamental
class.

Theorem (2.b.9) (Theorem of the Gaussian Class). If W is base-point free, X
is Kdhler and

(2.b.10) dime,,;(X)=p for somem >0,
then
(2.b.11) (X, L,W) #0

as an element of X,,_, , (X, Q§, L, W).
Proof. 1fy,(X, L,W) = 0, then

SAISA---Nds=s5\a

for some « € N\ PW* ® H(X, 2§ ® pL). If we choose a lifting

(2.b.12) gEW*®R%x,24® L)
so g = dsmod s, then

(2.b.13) 9g = As,

where

(2.b.14) 4 € @™'(x,QY)
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is a representative of the extension class of the first prolongation bundle of L,
and hence of the first Chern class ¢;(L). Wehave s A g A --- Ag=s A aso
gAgA---Ng—a=5sAE, E€€N'W®QY (X, Q®pL).
Then taking 9 of both sides,
p(3g) NgA--- Ag=sANDJE,
or
pAs NgNA--- ANg=sNJE,.
Thus
pAg N -+ Ng—3E, =s N E,,
E, e NP 'w* @@ (X,94® (p—1)L).
Taking 9 of both sides and rearranging as before, we get
p(p—1)sNANANGN--- Ng=5AJE,.

Continuing inductively, we obtain

(2.b.15) P!AN---NA=3E,,,, E,. , €@*'(Q}),

p times

from which we conclude
(2.b.16) ¢, (LYY =0 inH?(X,Q%).

However, as a (1, 1)-form on X, c¢,(L) is proportional to the class represented
by ¢, of the Fubini-Study form on P(H %X, mL)*) for any m > 0, and thus
N\ %c(L) is = 0 pointwise and positive somewhere if dimg,(X) = p. This
contradicts the assumption y,(X, L, W) = 0. q.e.d.

Corollary (2b.17). If W C H°(X, L) is base-point free, and X is Kahler
then dim ¢, (X) = dim¢,,;(X) for any m > Q.

Proof. 1If p = dime,(X), then

p+1times
Ypur(X, L,W) =5 Nos A= Nds = 0.
Thus
e(L)Y™'=0 inHPY(X, QP
by the proof of (2.b.9). Hence
dimg,,;(X)<p forallm>0.
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So
dimg,;(X) <dimg,(X) forallm=>0

while the opposite inequality is automatic.
(c) The Duality Theorem. There are two main results:
Theorem (2.c.1). Let X be a compact complex manifold of dimension n and
L — X an analytic line bundle. Assume
(2.c2) W C H°(X, L) is base-point free
withdimW =r + 1 and

H(X,(i—(n+1)L)=0, i=12,---,n—1,

(2.c.3) .
H(X,(i—n)L) =0, i=1,2,---,n—1.
Then
(2.c4) Kyt (X, Ky, LLW) =C
and furthermore, if
(2.c.5) dimeg,,;(X)=n for somem >0,

then the Gaussian class is a generator.

Remark. By a generalization of Mumford’s variant of the Kodaira Vanish-
ing Theorem (see [5]), the hypothesis (2.c.3) is implied by (2.c.2) and (2.c.5) if X
is Kahler.

Theorem (2.¢.6) (Duality Theorem). Let X be a compact complex manifold
of dimension n, L - X an analytic line bundle and E — X an analytic vector
bundle. Assume

W C H°(X, L) is base-point free
withdimW =r + 1 and
H(X,E®(g—i)L) =0, i=1,2,-,n—1,
(2.c.7) ( (¢=1)L) l "
H(X,E®(¢g—i—1)L)=0, i=1,2,---,n—1.

Then

2c8) H, (X, E,LW)»* =%, _, ..\ (X,Ky®E* LW).

Under the further assumptions (2.c.3), the duality is given by the cup product map

Ky X ELLW)ONH, i1 X, Ky ®E* L,W)
(2.c.9) u
>K,_pmer(X, Ky, L,W) =C

which is then a perfect pairing.
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Corollary (2.c.10). Let X be a compact Kdihler manifold of dimension n and
L - X an analytic line bundle. Assume
(1) W C H°(X, L) is base-point free and let dim W = r + 1,
(2) dimg,,;(X) = n for some m > 0.
Then
(2.c.11) ‘J{p,q(X, Ky, LLW)*= f}C,_,,_py,,H_q(X, LWw)
if g=n+ 1. If either n=1or H* '(X,0,) = 0, then (2.c.11) also holds for
qg=n.
Remark. If (1) and (2) hold, we thus conclude the cup product (2.c.9) is a
perfect pairing.
Proof of Corollary (2.c.10). Under our hypotheses, by Mumford’s variant of
the Kodaira Vanishing Theorem (see [5]),
H(X,kL)=0 fork<Oandi<n-—1,
and thus by Serre duality
H(X,Ky®kL)=0 fork>0andi>0.

Thusif g=n + 1 or, if H" (X, 0,) = 0 for ¢ = n, the cohomology hypothe-
ses (2.¢.7) hold, so the Duality Theorem applies. g.e.d.

The main element of the proof of the two theorems is the following result.

Theorem (2.c.12) (The Spectral Sequence for Koszul Cohomology). Let X be
a compact complex manifold of dimension n, L - X an analytic line bundle and
E — X an analytic vector bundle. Assume

W C H°(X, L) is base-point free.

Then for any k € Z, there is a spectral sequence EF-9 abutting to zero with
(2.c.13) Ep= %ﬁ’p,kw(X, E,L,W)
and with maps

d,
(2.c.14) EP:9 > Eptra-rtl

Proof of Theorem (2.c.12). Consider the bigraded complex:
(2.c.15) Cri= N’W®R"(X,E® (k—p)L).

The rows of (2.c.15) are obtained by taking global C*(0, ¢) forms of the
sheaf Koszul complex

S APHWRE®(k—1—p)L>A?W®E® (k—p)L

c.1
(2.c.16) SAP"WQE®(k+1—p)L—-> ---
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which is exact if W is a base-point free linear system. Since C* forms are fine
sheaves, the rows of (2.c.15) are exact.

The columns of (2.c.15) are /\?W tensored with the Dolbeault complex.
Associated to this bigraded complex (see [8]) are two spectral sequences with
the same abutment. One of these spectral sequences has as E, term the
cohomology of the rows, hence is zero. The other spectral sequence has E| term
the cohomology of the columns, hence has

EPi=NT?"WQ®HIX,E®(k+p)L).
The d,’s are just the maps of the Koszul complex, so
Epi= T}Cfp,kﬂ,(X, E,L,W)

and the d,’s go as indicated. This spectral sequence abuts to zero because the
first one does.

Proof of Theorems (2.c.1) and (2.c.6). As a corollary of the theorem just
proved, we see that

dn+
@2c1T)  Hliwirgon(X E, LW) =K (X, E, L, W)
is defined and an isomorphism provided that
Hrsisrg-i-f( X, E,LLW)=0, i=1.2,---,n—1,
K (X,E,L,W)=0, i=1,2,--,n— 1.

pti,q—i

(2.c.18)

In the situation of Theorems (2.c.1) or (2.c.6), the hypotheses (2.c.3) or
respectively (2.c.7) imply (2.c.18). Now by (2.a.17) and (2.c.17), we have

Ky (X E,LW)y*=%K2 (X, Kxy®E* L,W)
for Theorem (2.c.6) and, specializing,
%8,0()(, Lw)* =X, _, (X, Ky, L,W)
for Theorem (2.c.1), and by (2.a.16),
Kool X, L, W) =C.

To see that the cup product map (2.c.9) gives the duality in case both (2.c.3)
and (2.c.9) are true, let

a € g'Cr—n—p,nﬂ-l—q(‘xv’ I<X® E*’ L’ W)

and let
ae N"T"’WO®HYX,Ky®E*®(n+1—q)L,W)

represent a. Because & is holomorphic and ¢J& = 0, we have da = 0, 6@ = 0
and thus tracing through the spectral sequence

dn+l(a /\B) -« /\dn+l(lB) for :B € S{p,q()(’ E’ L’W)
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Thus we have the commutative diagram

(2.c.9)
X

contraction

n-p,n+]—q(X' KX® E* L, W) ® g{::—n—p.nﬁ-l—q(x’ KX® E* L, W)*')H"(X’ KX)
1 ®dn+l 1'dn+l
u!
‘J(:r—n—p.rﬁ-l—q(xy KX® E" L’ W) ® ‘xp.q(xi E' L’ W)—) <JCr—n-p,n+l(xv KXv L’W)

r—

which shows the cup product gives the duality.
Finally, the statement that the Gaussian class is a generator of
K, nepns1(X, Ky, L, W) is a consequence of (2.b.9).

3. Computational techniques for Koszul cohomology

(a) A vanishing theorem. We want to prove

Theorem (3.a.1) (Vanishing Theorem). Let X be a compact complex mani-
fold, L » X an analtyic line bundle, W C H%(X, L) a linear subspace, and
E — X an analytic vector bundle. Then

(3.a2) K, (X, E,L,W)=0 ifh°(E®gqL) <p.

Proof. LetPy, P,,---, P, be generic points of X, and choose s, 5,," - -, 5,4,
a basis for W so that

(3.2.3) s(P)=6..
If « € ANPW ® H°(E ® gL) we may consider, if dim W = r + 1, that
a€ N"T'PWr @ HY(E ® qL)

and then the condition ¢ Ja = 0 becomes
(3.24) s,

+5;a +---+s a =0.

2,7 hr2—p i3, g2 ph frga—p A1y k1 —p

Evaluating at P, _ , we obtain

Ir+2-p

(3.a.5) “i.,-~-.i,+._,,(1’j) =0 i) F iy, i,

If P, --,P_, are generic, and if h°(X, E® qL)<p, then any a €
HO(X, E ® qL) vanishing at p of the points P,,---,P,,, is zero. Thus, by
(3.a.9),

o, .
I lrkl—p

=0 foralliy,---,i, 4y,

and thusa = 0. q.e.d.
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An application of the Vanishing Theorem which we will need in §3c is
Corollary (3.a.6). Let H - P, be the hyperplane bundle. Then for a, d € Z,
d=>0,

(3.2.7) %, o(P,, aH, dH) = 0,

unless 0 <a<22d—2anda—d+1<p<a.
Proof. h°P,,aH) = a + 1 s0 (3.a.2) becomes

K, 0Py, aH,dH) =0 ifa+1<p.
By the Duality Theorem
(3.2.8) ‘JCP,O(Pl, aH,dH)* ~ %d_l_p‘z(P,, (-2—a)H,dH)
and by (3.a.2),
‘Jﬁd_l_pyz(Pl,(—Z —a)H,dH)=0 if2d—1—a<d—1—p
)
X, 0P, aH,dH) =0 ifp<a—d.
Combining these,
(3.2.9) K, o(Py,aH,dH) =0 unlessa —d+1<p<a

From (3.a.8) and the definition, we have

K, o(P,aH,dH) =0 unlessa=>0and2d—2—-a=>0
$O
(3.2.10) K, o(Py,aH,dH) =0 unless0<a<2d—2.

Now (3.a.9) and (3.a.10) together are (3.a.7).
Remark. Corollary (3.a.6) can be rephrased as %p,o(Pl’ aH, dH) = 0 out-

side the closed parallelogram:
/ = <\2 \

p=a-dsl \\\ /.
N

a=0 P
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(b) The “Lefschetz Theorem”. We wish to consider several variants of the
situation where Y C X has codimension 1, and relate the Koszul cohomology
groups of X and Y.

Theorem (3.b.1). Let X be a compact complex manifold. L — X an analytic
line bundle, Y C X a smooth hypersurface with [Y] = M the analytic line bundle
associated to Y and L the restriction of L to Y. Assume

HYX,L— M) =0,

H'(X,qL— M) =0 forallg=0.

Then there is a long exact sequence

7 %l,q—l(X’ L)~ 3‘Cl,q—l(Y, Ly) - %O,q(X’ M*, L)
- ‘Jﬁovq(X, L) - ‘:}Co,q(Y, Ly)-0.

(3b.2)

(3.0.3)

Proof. Consider the graded S(H°( X, L))-modules
B'= @ HY(X,M*®qL), B*= @ H(X,qL), B>= @ H°(Y,qL,).
420 q=0 q=0
The hypotheses (3.b.2) insure that we have a short exact sequence of graded
modules 0 - B' - B> - B* - 0 and an isomorphism H%(X, L) = H(Y, L)
from the short exact sequence
0-0x((g—p)L®M*) > 0x((¢q = p)L) = 0y((q—p)Ly) -0

using the hypotheses (3.b.2). By the long exact sequence for Koszul cohomol-
ogy (1.d.4), we obtain the long exact sequence (3.b.3).

Corollary (3.b.4). If Y = divu, where u € im S*"H°( X, L) C H( X, kL)
for some k = 2, and
(3.b.5) HY(X,qL) =0 forallqg=> —k,
then
(3.b.6) T}Cp,q(Y, Ly)= f}Cp,q(X, L)® f}Cp_l,qH_k(X, L).

Proof. We need only see that the map
mult u
X, —i(X, L)—%, (X,L)

is the zero map, which follows from (1.b.11). q.e.d.

For a hyperplane section, we have

Theorem (3.b.7). Let X be a compact complex manifold, L - X an analytic
line bundle, Y C X a connected hypersurface in the linear system | L| and let Ly
denote the restriction of L to Y. Assume

(3.b.8) HY(X,qL) =0 forallqg=0.
Then %p’q(X, L)= T}Cp,q(Y, Ly) forallp, q.
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Proof. We have an exact sequence
0-H%X,0)->HX,L)->H%Y,Ly) -0
and thus
Arpo(x, ) =] NHOT Ly) @ APTH (Y,Ly), p=>1,
C, p=0.
We thus have a short exact sequence of graded S(H°( X, L))-modules
0-B'-B*-> B3>0,
where

B'= @ HX,(¢g—1)L), B>= @ H(X,qL), B*= D H(Y,qLy).
q?O q>0 q?O

We thus obtain a long exact sequence

= Ky gp- (X L) = K, (X, L)

CO9) g (L) @%, (VL) =%, (K1)~
by (1.d.4). Now by (1.b.11), the maps
f}Cp,q_p_,(X, L) - %p,q_p(X, L)
are zero, SO we obtain
(3..10) ‘J«Cp,q_p(Y, Ly)® ‘.'}Cp_l,q_p(Y, Ly)
= f}Cp,q_p(X, L)y®X, (X L)

for all p, q. For p = 0, we obtain
%O,q(Y$ LY) = 3'C{'),q( X’ L)
and forp = 1,

%l’q(Y, L,)® %O,q(Y, Ly)= f}C,,q(X, L)® ‘JCO,q(X, L)
and thus
%l,q(Ya Ly) = %l,q(X, L)

and, continuing inductively, obtain the theorem.

(c) The 9@,', Theorem. This result has the most delicate proof of any in this
paper. Once it is established, a variety of interesting geometric results—e.g. the
Enriques-Petri-Babbage Theorem on the ideal of a canonical curve—follow
from it and the Duality Theorem.
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Theorem (3.c.1) (The 3{1,‘1 Theorem). Let X be a compact complex manifold,
L - X an analytic line bundle with h°(X, L) = r + 1 and let m = dim ¢, ( X).
Then

) ‘Kp’l'(X, LY=0forp>r—m.

2) ‘f}C,_m,l(X, L) = 0 unless ¢;( X) is an m-fold of minimal degree.

(3) X,_,—1.(X, L) = 0 unless either deg @, (X) <r + 2 — m or ¢,(X) lies
on an (m + 1)-fold of minimal degree.

Remark. In [5], we proved a preliminary version of this result, obtaining (1)
and (2) as above, but getting (3) with a much worse bound for deg ¢,(X). A
del Pezzo surface X C P, has degree 9, does not lie on a threefold of minimal
degree, and ¥4 ,(X, L) # 0 by the theorem in the appendix. Note that
deg ¢,(X) =r+ 2 — m in this case. Thus the bound in (2) cannot be im-
proved.

Proof. Let

a € N?HO(X,L)® H°(X, L)
represent a nonzero class in T}Cp,l( X, L). Then
da € NP7'HO(X, L) ® L(g,(X)).

Regarding

(3.c2) tda € Hom(A?7'HO(X, L)*, L(¢.(X)))
it is proved in [5] that

(3.c.3) dim(im(cJa)) = (P “ZL 1).

From this and Castelnuovo’s Lemma, one can prove (1), (2), and also (3) with
a weaker conclusion about deg @, ( X). Our strategy here is to use a strengthened
version of the Castelnuovo’s Lemma. We need some further notation to state
it.
Let V be a vector space of dimension r + 1 and
P, - ,P, € P(V*).

We set
d
— 0 0
(3.c4) B,=im| H'(P(V*),qH) ~ @]H (P,qH)|,
i=
where H — P(V*) is the hyperplane bundle. Then B = & =08, is an S(V)-
module, since ¥V =~ H°(P(V*), H). We will then denote

(3.c.5) %, (P P) =K, (B, V)

pP.4q
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using the definition of §1a. We then have
Theorem (3.c.6) (Strong Castelnuovo Lemma). Let P, P,,---,P, € P, be
points in general position. Then

P,,P,,---,P,lieona

[ rational normal curve
Remark. By (3.c.3), one has that
K,_, (P, P)#0—>P,--- P,

r—1,1
lie on at least (5) linearly independent quadrics. Thus when d = 2r + 3, the
Strong Castelnuovo Lemma does not say any more than the usual Castelnuovo
Lemma. If d < r + 3, any d points in general position lie on a rational normal
curve. However, when d lies in the range r + 4 < d < 2r + 2, then (3.c.6) does
say something new, and this is what allows us to obtain the bound on
deg ¢, (X) in (3) of the X, |, Theorem.

Proof of (3.c.6). The ideal . of a rational normal curve C in P, has minimal
resolution by an Eagon-Northcott complex

(3c7) 0o D Op(-r) > - > D Op(-3) > D 9p(-2) > %~ 0.

(r=1() 2(3) (2)

"’%r—l,1(P1’ P,,---,P;) #0.

By Theorem (2.a.15), we conclude
%,_, (C, H) =~ C".

If P,,---,P,lic on C, then I,(C) C I,(Py,- - -, P,;) and so all syzygies, syzygies
among syzygies, etc. of C map to syzygies, syzygies among syzygies, etc. of
P,,---,P,. By degree, any syzygy of depth p and weight p + 1 is primitive, so
the map

CJCr—l,l(C’ H) -~ %r—l,l(Pla' . Py)
is injective. Thus
%r—l,l(Pl" ’ "Pd) #0

if P),---,P, lic on a rational normal curve C, which proves one direction of
(3.c.6).

Conversely, assume we are given Py,---,P, with X __, (P,---,P,) # 0. If
d < r + 3, we are done, as any r + 3 points in general position lie on a rational
normal curve. If d = r + 3, let C be the unique rational normal curve contain-
ing P,,---, P, ;. As before, let

qulm(HO(Prqu) —)HO(PI t-- +Pr+35qH))
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and set
B=@®B, 4= HC,qH),
qEZ qEZ
R= @ (ker(H*(C,qH) > H*(P, + --- +P, .5, qH))).
qEZL
Note
R = @ HO(Ca oc(qH_ Py —- "'Pr+3))~
q€EZ

Since rational normal curves are projectively normal, the restriction map
A — B is surjective, and thus we have a short exact sequence of graded
S(V)-modules 0 > R - A - B— 0. Thus by (1.d.4) there is a long exact
sequence

(Ge8) oK (A V) > K (B V) = H (RV) = -

Now

f}Cr—z,z(R, V)= (‘}Cr—Z,Z(C’ ec(‘Pl == Pys), H)-
If P, is the underlying projective line of the rational curve C, and L — P, the
hyperplane bundle for P;, then H ~ rLand Oo(-P, — --- —P,, ;) = ~(r + 3)L.
Thus

K2R V) =K, 5 5(Py, = (r+3)L, rL) =K, _, (P, (r — 3)L, rL).
We can now invoke (3.a.7) to conclude that X, _,,(R, V') = 0. Thus

%r—l,l(c’ H) - %r—l,l(Pl" : 'an+3)
J
%r—l,l(Pl,"',Pd)-

Now if « € K,_, (P, --,P,) then it is the image of @ € K,_, (C, H). By
(3.c.3), dimim(¢J@&@) = (}) and thus im(:da) = I,(C). However, the quadrics
in im(¢d &) all contain P,,- - -, P,, 5O

I(C) C L(P,,---,P,).

Since a rational normal curve is cut out by quadrics, we conclude P,---,P, € C
which proves the lemma. q.e.d.

We now return to the proof of Theorem (3.c.1). If ‘JCP,I(X, L)y#0Oletw bea
generic ( p + 1)-plane in P.. Then

f]fp’,(vr Ne(X),H)#0
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since a syzygy restricted to a generic linear space does not vanish. Now by the
Strong Castelnuovo Lemma,
7 N @, (X) C arational normal curve.
In particular,
dim(7 N (X)) =m—-r+p+1<1
so p <r — mproving (1). If p = r — m, then
deg(r N (X)) <r+1-m

and thus

degp(X)<r+1-m
which proves (2).

If
a€ NT"TIHY(X, L) ® H(X, L)

represents a nonzero class in X, _,,_, (X, L), let Y = Var(im(:Ja)). If 7 is a
(r — m)-plane in P, corresponding to an (r — m + 1)-dimensional subspace
W C H°(X, L)*, then we define

a, €E NI @ wH
to be the image of & under the maps dual to W - H°(X, L)*. Then

im(¢da)|, = im(cda,)

and thus

7N Y = Var(im(¢la, ).
By the proof of the Strong Castelnuovo Lemma, for 7 generic, and d = r — m
+ 3,

Var(im(tda)) = C,,

where C, is the rational normal curve whose existence is guaranteed by the
lemma. Thus either deg ¢, (X)<r—m+ 2 or Y N = is a rational normal

curve for a generic 7. In the second case, Y is a variety of minimal degree. This
proves the X, | Theorem. g.e.d.

4. Applications
(a). The Theorem of the Top Row. In [11], Mumford proved that for a

smooth curve of genus g and a holomorphic line bundle L — C of degree d,
that ¢,(C) is projectively normal if d = 2g + 1. He also proved the ideal of
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¢,(C) is generated by quadrics if d = 3g + 1; Saint-Donat and Fujita showed
@,(C) is cut out by quadricsifd = 2g + 2.

Theorem (4.a.1). Let C be a smooth curve of genus g and L - C an analytic
line bundle of degree d. Then:

(MK, (C,L)y=0forqg=3 if k(L) = 0.

@)K, A(C, L)y=0ifd=2g+1+p.
Thus:

(1) 9,(C) is projectively normal ifd = 2g + 1.

(2) The ideal of ,(C) is generated by quadrics ifd = 2g + 2.

(3) The syzygies among the quadrics in the ideal of @,(C) are generated in
weight 3ifd = 2g + 3, etc.

Proof. By the Duality Theorem,

%, (C, L)* =K (C,K, L).

r—1—-p2—gq
Now

W(L)=0-nr(K—(q—2)L)=0 forg=3
which proves (1). If ¢ = 2, by the Vanishing Theorem,
K1, o(C,K,L)=0 if R(K)<r—1-—p.
By Riemann-Roch, r = d — g. So
X,,(C,L)=0 ifg<d—g—1—p
or

K,,(C,L) =0 ifd=2g+1+p.

The remaining results are just reinterpretations of the first two. q.e.d.
Theorem (4.a.1) is precise, due to the following result of F. Schreyer [12].

For each genus g, there exists a number dy(g) so that if

4.a.2
( ) d>d0(g)’
cJC‘,,YZ(C',L)?EO fr—1=p=r—g.

Thus, when d is large, we have the following picture of a minimal free
resolution for the ideal sheaf of ¢,(C):

0 0 f}{r_u N
(4.a.3) 0 0 S}fr—l,l 9‘Cr-z,l Shc2,| %l.l

where the entries marked by dots in the top row are nonzero.
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Theorem (4.a.4) (Theorem of the Top Row). Let X be a compact Kdihler
manifold of dimension n and L — X an analytic line bundle with h°(X, L) =
r + 1. Then for L sufficiently positive,

(MK, (X,L)y=0forq=n+2,and

Q X, (X, L) =0forp<r—n—h""(X).

Note. By L sufficiently positive, we mean that there exists a bundle L,- so
that the theorem is true if L ® L} = 0.

Remark. Once again, Schreyer’s result gives that

(4a5) K, (X, L)#0 forr—n=p=>r+1-n—h""(X)

if L is sufficiently positive. Thus the resolution of the module & =0 H %X, qL)
has the picture

U %r—n,n+l e €"CH-]—h"‘(’(X),rH-] 0 0 T 0

0 0 E}Cr—n n %O n
(4.26) o '

0 O %r—n,l e . . . e %O,I

where by Schreyer’s result the indicated #™°(X) entries in the top row are
nonzero.

Proof of (4.a.4). By taking L sufficiently positive, we can arrange that | L| is
base-point free and

i=0and ¢ <0,
H(X,qL)=0 if{l<i<n—1, q¢#0,
i=n, ¢g>0.
For g = n + 1, the cohomology hypotheses of the Duality Theorem are satis-
fied, so
?Cp_q(X, Ly*=%
For ¢ = n + 2, we get zero since
(X, Ky—(¢g— (n+1))L) = 0.
Forg=n+ 1, we get
Ky npo Xs Ky, L) =0 if h%(Ky) <r—n—p
by the Vanishing Theorem.
(b) The Arbarello-Sernesi module and Petri’s analysis of the ideal of a special

curve. Petri and later Arbarello and Sernesi [2] studied the ideal of a special
curve by looking at generators and relations of

@ H(C, K ®qL)
q€L

(X, KX’ L)'

r—n—p,nt+l—q
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as an S(H°(C, L))-module. We will generalize their results both by dropping
the requirement that L be special and by extending their results to higher
dimensions.

Definition (4.b.1). For X a compact complex manifold and L - X an
analytic line bundle, the Arbarello-Sernesi module of X, L is

D H(X, Ky®qL)
ISy A

viewed as an S(H°( X, L))-module.

Theorem (4.b.2). Let X be a compact Kahler manifold of dimension n and
L - X an analytic line bundle with h°(X, L) = r + 1. Assume |L| is base-point
free and that dim ¢, ;(X) = n for some k > 0. Then

(1) The Arbarello-Sernesi module of X, L is generated in degree < q if

(@g=n+1,

(b)g=nandr # n;

() g=n—1; either dime,(X)=n—1 and dego, (X)=r+4—n or
dim @, (X) = n; and @ (X) does not lie on an n-fold of minimal degree; and
eithern=1o0r "~ '(X,0,) = 0.

(2) The relations among generators of the Arbarello-Sernesi module are gener-
ated in weight < q if

(@Qqg=n+2;

(b)g=n+1landr+#n+1,

(¢) = n; dimo,(X) = n; either n =1 0r """ Y(X,0,) = 0; deg p,(X) =>r
+ 3 — n; and @, ( X) does not lie on an (n + 1)-fold of minimal degree.

Proof. By the Duality Theorem’s Corollary (2.c.10),

%p,q(x’ Ky, L)* ~ %r—n—p,n—l—q(x’ L)

if g = n + 1, and also for g = n if either n = 1 or A"~ !( X, O,) = 0. Since

X (X,L)=0 forg=n+2

r—n—p,nt+l—gq

and

K (X,L)=0 forg=n+ lunlessp=r—n,

r—n—p,nt+l—gq
we obtain (1a), (1b), (2a), and (2b). Since

g{:O,n(’\,’ KX’ L)* = gCr-—n,l()(’ L)
%l,n(x’ Ky, L)* ~ %r—n——l,l(X’ L),

we obtain (1c) and (2c) from the X, ; Theorem (3.c.1).
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Remark. We also obtain results about all the syzygies of the Arbarello-
Sernesi module from the fact that, under the hypotheses of the theorem,

(4.b.3) K, (X,Ky,L)=0 forg=>n+2,anyp,
(4.0.4) K, pet(X, Ky, L)=0 forp#r—n

as stated above.

(c) The canonical ring of a variety of general type. Since writing [5], our
point of view has evolved somewhat. It is now easier to obtain those results,
and they may be extended to syzygies.

Theorem (4.c.1). Let X be a smooth n-fold of general type. Assume that | K x|
is base-point free. Then

(D) K, (X, Ky )* = Kpoox, kyy—nt14pynt2-( X Kx) if g=n + 2 0rif g =
n+land H" (X, 04) = 0.

QX, (X, Kx)=0ifg=n+3.

3

10 B
?Cp,n+2(x,1<x)={c ifp =KX, Kp) = (n+ 1),
0 otherwise.

@

ChO(X, Ky)—n—1

if o ( X) is an n-fold of minimal degree,
Kone1(X, Kx) =10

if o ( X) is not on an n-fold of minimal
degree

provided in both cases that H" (X, ;) = 0 and dim @ (X) =n — 1.

() Ky ,41(X, Kx) =0 if dimeg(X)=n, H"'(X,04) =0, and ¢x(X)
does not lie on an (n + 1)-fold of minimal degree and deg @i (X) # h%(X, K )
—norh%X,Ky) —n+ 1.

Proof. (1) is a consequence of (2.c.11), and (1) implies (2). Since

C ifp=0
K (X, K,)= { ’
4 ol x) 0 otherwise,

we obtain (3). The ‘}Cp,] theorem implies (4) and (5). q.e.d.

Note. In case n = 1, the cohomological hypotheses of the Duality Theorem
are vacuous, so in that case the hypothesis H"'(X, Oy) can be eliminated
wherever it occurs; thus, one recovers the Enriques-Babbage-Petri theorem.
Our theorem 1is an extension of a theorem of Arbarello and Sernesi (see [2]).
We also note that if @y is birational to its image, then in (5) the possibilities
deg px(X) = h°%(X, Ky) — nor h°(X, Ky) — n + 1 can be eliminated, as for
n > 1 these are rational varieties, and for n = 1 they are rational or elliptic.



KOSZUL COHOMOLOGY 159

(d) The H' Lemma, a theorem of Kii, and a splitting lemma.

Theorem (4.d.1) (The H' Lemma). Let X be a compact complex manifold,
L — X an analytic line bundle, W C H %X, L) a linear subspace and E - X an
analytic vector bundle. Assume:

(1) The base locus of W has codimension = 2.

Q) (X, E®2L) <dimW — 2.

Then the map
(4.4.2) H(X,E)> W*®H'(X,E®L)

induced by the cup product map is injective.
Proof. The kernel of the map (4.d.2) is just K}, o(X, E, L,W). Let U
be a sufficiently fine open cover of X and let

@9, E ® kL) = gth Cech cochains of QU for E ® kL.
If we take the bigraded complex

18 18 1o

0 - CWE) - W*®C(E®L) - AW*®C(E®2L) -
18 18 18

0 - CYUE) - W*®CYE®L) - A*W*®CNE®2L) -
1 ? 1
0 0 0

then we obtain two spectral sequences ‘E?*9, ”EP-9 with the same abutment
(see [8]). The rows are exact at the first term automatically and at the second
term because the base locus of W has codimension = 2. Thus

"E}9=0 and "E}""=0 forallgq.
Hence
"E29=0 and "EL9=0 forallg.

Thus, since ‘E, ”E have the same abutment, "E2' = 0. On the other hand,

'E$7 = Hw—p (X, E,L,W) forallp,gq.
We conclude that
"EQ! d 'E20
U )
éimw,O(X’ E’L’W) %c(l)imW—Z,Z(X’ E’L,W)

is injective. Now
S}Cc(i’imw—z,z(x’ E,L,W)=0
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by the Vanishing Theorem (3.a.1) and the hypothesis A°( X, E ® 2L) < dim W
—2.So

%sliimw,o(xv E,L,W)=0
and (4.d.2) is injective. g.e.d.
Remark. In Theorem (4.d.1), it is clear from the proof that we may replace
hypothesis (2) by
(2 Kgimw—22(X, E, L,W) = 0.
Furthermore, if W is base-point free, (4.d.2) is injective if and only if (2)" holds.
Corollary (4.d.3). Let X be a compact Kihler manifold of dimension n. If

| Ky | is base-point free, then the derivative of the period map in
Hom(H"%(X), H"™"'(X)),

Py
(4.d.4) H'(X,0,) S H(X,Ky)*® H'(X,Q% ")
is injective if and only if
(4.4.5) Hnocx, k20X Q% ', Ky) = 0.
Proof. This follows from the remark.
Corollary (4.4.6). Let X be a compact Kihler manifold of dimension n. If the

base locus of | K | has codimension = 2, then (4.d.4) is injective, and hence the
Local Torelli Theorem holds for X, provided

%dimW—Z,l(X’ Q! Kx) =0.

Proof. This follows from the remark following the proof of Theorem
(4.d.1). qed.

Theorem (4.d.7) (Improvement of the H' Lemma). Let X be a compact
complex manifold, L, —» X analytic line bundles, i =1,---,k, L=L,®L,
® --- ®L, and E — X an analytic vector bundle. Assume that for alli = 1,- - -k,

(1) the base locus of | L,| has codimension = 2, and

QR(X,E®L,®---®L,_, ®2L;)) <h’(X, L;) — 2.Then the map
(4.4.8) HY(X,E)-> H’(X,L)*®H'(X,E®L)
induced by cup product is injective.

Proof. By the H' Lemma, the maps

H(X,E®L ®---®L,_,)>HX,L)*®H(X,E®L,®---®L,)
are injective, Thus, if n € H'( X, E) there exists s, € H°( X, L,) so
75, #0 inH'(X,E®L,)
and s, € H(X, L,) so
78,5, #0 inH'(X,E®L,®L,)
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and so on inductively, until
N5, -5, #0 inH'(X,E®L).
Since

515, -85, EHY(X,L,®---®L,)~HX, L)

we are done.

Remark. We can replace (2) by the hypothesis

QY RA(X,E®L®L)<hX,L)—2,i=1,---k,
sinceif s; € HO(X, L)),s; # 0, for each j > i, then multiplication by s, . |, - -, 54
gives an injection

H(X,E®L,®---®L,_,®2L)>H(X,E®L®L))
SO
W(X,E®QL ®---®L_, ®2L)<h’(X,E®L®L)).

Corollary (4.d.9). Let X be a compact Kihler manifold of dimension n, and
assume Ky ~L, ® ---®L,, where L, > X is an analytic line bundle. Assume
foralli=1,2,--- k that:

(1) The base locus of | L;| has codimension = 2.

Q) h(X,0,®L,®---®L,_,®2L)<h%X,L,)— 2
Then the map

H'(X,0,) SHO(X, Ky)* ® H'(X, 95"

is injective and thus the local Torelli Theorem is true for X.

Note. By the remark above, hypothesis (2) can be replaced by

Q) KX, Q' ® L)< h%X, L) — 2.

In this form, the result is due to Kii [10], who derives from it the Local
Torelli Theorem in a number of cases. This approach to Local Torelli was also
used by Lieberman, Peters, and Wilsker.

Definition. An exact sequence 0 - E - F —» G - 0 of analytic vector bun-
dles on X splits on sections if the map H%(X, F) - H°( X, G) is surjective.

Corollary (4.d.10). Let X be a compact complex manifold, E — X an analytic
vector bundle and L — X an analytic vector bundle. Assume:

(1) The base locus of | L | has codimension = 2.

Qr(X,E®L)<h'X,L)— 2.

Then any analytic extension0 - E - F - L - 0 of E by L splits on sections if
and only if it splits analytically,i.e. F~ E ® L.

Proof. If F splits, then automatically it splits on sections. Let us show the
converse. Let e € H'(X, E ® L*) be the extension class of F. If F splits on
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sections, then
eckerH(X,E®L*) > H(X,L)*® H(X, E)
o)
e € Hpox. (X, E, L).
By the H' Lemma,
e=0 ifA°%(X,E®L)<h’(X,L)—2.
But
e=0oF=E®L analytically.
Remark. Corollary (4.d.10) remains true if we replace the hypothesis (2) by
(@) Kpocx, 1y-21(X, E, L) =0,

There are two refinements of (4.d.10).
Corollary (4.d.11). Let X be a compact complex manifold,

0-E->F->L-0
an exact sequence of analytic vector bundles on X with L — X a line bundle and
let

W =im(H*(X, F) - H°(X, L)).
1f

(1) the base locus of W has codimension = 2,
Qr(X,E® L)y<dimW — 2,
then F =~ E @ L analytically.
Corollary (4.d.12). Let X be a compact complex manifold, and

(4.d.13) 0-E->F-mL-0, m>0,

an exact sequence of analytic vector bundles, with L a line bundle. Assume:
(1) The base locus of | L| has codimension = 2.
Qhr(X,E®L)<h'(X,L)—2.
Then the sequence (4.d.13) splits analytically if and only if it is split on sections.
(e) The H° Lemma.
Theorem (4.e.1) (The H° Lemma). Let C be a smooth curve with L — C,
M - C analytic line bundles. Let W C H%(C, L) be a base-point free linear
subsystem. Then the multiplication map

(4.e.2) wW®HY(C,M)- H(C,L® M)
is onto if
(4..3) W(C,M® L") <dimW — 2.
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Remark. For dim W = 2, this is just the base-point free pencil trick.

Corollary (4.ed) (The Explicit H® Lemma). Let C be a smooth curve of
genus g, and L - C and M — C analytic line bundles. Assume that deg L <
deg M and that | L | is base-point free. If either

(4.e.5) deg L +degM=4g+2

or

(4..6) degM =2g+ 1, degL=2g

then the multiplication map

(4.e.7) HY(C,L)® H(C,M) > H°(C,L® M)

is surjective.

Remark. This improves a result of Mumford {11] that deg M = 2g + 1 and
deg L = 2g imply (4.e.7) is surjective.

Proof of (4.e.1). We want to show X, (C, M, L, W) = 0. By the Duality
Theorem,

Ko (C, M, L,W)* =K, , (C,Kc®@M™', L, W),
where dim W = r + 1. Now by the Vanishing Theorem, we are done if
R(C,K.®M'®L)<r—1
or, equivalently,
R(C,M®L')<dimW —2. q.ed.

Proof of (4.e4). If h'(C, M ® L") = 0 we are done by (4.e.1), so assume
M ® L' is special. Now
R(C,M®L')=g—1+degL—degM+ h°(C, M®L").
V So we are done if
g—1+degL—degM+h(C,M®L")<h’C,L)—2
or, equivalently, if
g—1+degL—degM+hr(C,M®L')<-1—g+degL+h(C, L)

which simplifies to
(4.6.8) 2g+h%(C,M® L") <degM + h'(C, L).

If h%C,M® L')=0 we are done, as in this case we need only show
2g < deg M + h'(C, L) and we are given
2degM =degM + deg L=4g+ 2
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so deg M = 2g + 1. Thus, we are reduced to considering the situation

W(C,M®L')#0 and h'(C,M®L™")#0.
Now, by Clifford’s Theorem,

RO(C,M® L") —1<i(degM —degL).

Now (4.¢.8) would follow if we knew

2g+ 1+ i(degM —deg L) <deg M + h'(C, L)
which is equivalent to

2g+ 1 <1i(degM +degL) + A'(C, L)

which follows from (4.e.5). In the case of (4.c.6), deg( M ® L")=1 so
h%(C, M ® L") < 1 and so (4.€.8) becomes

2g+1<degM+ h'(C, L).

This follows from (4.€.6) and completes the proof of (4.e.4). q.e.d.
(f) A holomorphic representation of the H”'¢ groups of a smooth variety.

Theorem (4.£.1). Let X be a smooth projective variety and L — X an analytic
line bundle. If L is sufficiently positive, then

Hq(X, 95}) = %h%x, L)—q-—l,q-H(X’ Q% L).

Remark. This expression for the H?-9 groups has some affinity with the
Poincaré Residue. We say the representation is “holomorphic” because it is
entirely in terms of H®’s of analytic bundles. The term “L sufficiently
positive” has the same meaning as in the note to Theorem (4.a.4).

Proof. For L sufficiently positive, | L|is base-point free and

H(X,94®qL)=0 forl<i<dimX,q>0.
Thus
HY(X,Q%) = %ZO(X, L),o( X,Q%,L).
We argue inductively that for2 <r <gq,
d, =0 onHX,Q¢),

imd, =0 in %oy, D-1-1.gn1(X, 2%, L)
because HY "X, Q8 ®rL)=0 and H '(X,24®(¢g+1—r)L)=0.
Further,

d q+1
Hq(X’ 9’}?)_’%2"()(, L)—I—l,q-H(X’ Q% L)

must be an isomorphism, as the spectral sequence abuts to zero and all further
d,’s are zero because they run out of room.



KOSZUL COHOMOLOGY 165

5. Open problems and conjectures

The first conjecture we would like to formulate is
Conjecture (5.1) (Noether-Enriques-Petri Conjecture). Let C be a smooth
curve of genus g. Then

H,.(C,Kc) #0 o

hasagiwithd<g—1,r=1,andd —2r<g—2—p.

Remarks. (1) The direction « of the conjecture is proved in a joint appen-
dix with R. Lazarsfeld that follows this paper.

(2) When p = g — 2, this conjecture is Noether’s Theorem; when p = g — 3,
it is the Enriques-Petri-Babbage Theorem.

(3) By the Duality Theorem, a minimal free resolution of SFM o) for C
nonhyperelliptic has the picture

Ky py O O 0 0o - 0 0 -
(52) Ho-s2 - : o Kepia O 0 o0
0 0 X, ... Koy K
where
(5.3) Prax = max{pl%p,l(C, Kc)#0}.

Note
K, (CoKe)* =K, 5, 5-,(C, Kc).
The conjecture states thatp_,, = g — 2 — v, Where
(5.4) Vmin = Min{d — 2r{Chasagjwithr=>landd<g — 1}.

(4) From (5.2), it is clear that we must have p_, =g — 3 — p,.. SO

Pmax = (g - 3)/2 So
(55) P {(g -3)/2, godd,

(g —2)/2, geven.

Since every curve of genus g has a g['( 2+3)/2]
vain <[(g +3)/2] —2=[(g—1)/2].
Then

3
_ =—— ifgisodd,

g2 2 2 ..
2—— if giseven.

min
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This is consistent with the Noether-Enriques-Petri Conjecture. It is natural to
conjecture:
Conjecture (5.6). For a generic curve of genus g,

_ [(g=3)/2, godd,
(57) pma"—{(g—Z)/L g even.

A problem related to the Noether-Enriques-Petri Conjecture is the following
question, which is a slight modification of a conjecture of J. Harris and D.
Mumford.

Conjecture (5.8) (Harris-Mumford Conjecture). Let S be a smooth K — 3
surface, L - S an ample line bundle. Then v, (C) is constant for all smooth
C€E|L]|.

Remarks. (1) Donagi has constructed an example S, L where there exist
C,,C, €|L|so C, has a g}, but C, does not. However, all C €| L| have either a
g4 or a g2. Donagi has some partial results on this conjecture.

(2) The Harris-Mumford Conjecture would be a corollary of the Noether-
Enriques-Petri Conjecture. For if C €|L| is smooth, then by the Lefschetz
Theorem (3.b.7) and the adjunction formula

Ke=Ks®L|c=L|

we have
K, (C, Kc) =K, (S, L).
Thus
(5.9 Pmax(C)  is constant for smooth C €|L| .

If the Noether-Enriques-Petri Conjecture is true, then
”mm(C) =g—2- pmax(C)
so this is also constant.
A problem intimately related to the Noether-Enriques-Petri Conjecture is

Problem (5.10). Generalize the %p,l Theorem.
Remarks. We would like to be able to say

(5.11) K, (X,L) #0 < ¢, (X) lies on a member of some class

of varieties of low degree.
For p = h%( X, L) — dim ¢,(X) — 2, this is covered by the X,.1 Theorem. For
r=1
K, (X,L)#0 <@/ (X) liesona quadric.
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A natural starting place might be to try to generalize the Strong Castelnuovo
Lemma (3.c.6). For example:
Problem (5.12). For P,, P,,---,P; € P, points in general position, is it true
that
Koyi(Py,--+,Py) #0 & P, P, lie on a surface of minimal degree.

The direction « is known, and the case r = 4 would appear to be the first
unknown case for the direction — .

The Theorem of the Top Row (4.a.4) gives a description of the top row of
the E}Cp, X, L) for L sufficiently ample. This might generalize

Problem (5.13). On a smooth n-fold X, if L — X is a sufficiently ample
analytic line bundle, which T}Cp, A X, L) must be zero?

A variant of Problem (5.13) would be to take L — X an ample bundle and
ask which 3{1,, A X, kL) must be zero when k is sufficiently large.

A potentially rich area of study is

Problem (5.14). What is the variational theory of the ‘pr, A X, L)? What do
they look like for X generic or for X and L generic?

Here is a special case of (5.14). If a general curve C of genus g has a g which
is special, then if L is the g,

(5.15) H(C,K.—2L)=0 (see[l]),
(5.16) ker(HO(C, L)® HY(C, K. — L) S H(C, KC)) =0 (see[9]),

where (5.15) follows from the study of the Gaussian system of C, L and (5.16)
is Petri’s Conjecture. By the Duality Theorem,

»(C L) =X
50 (5.15) and (5.16) are cqulvalent to
(5.17) ‘J{p’q(C, L)=0 forgq=4,
(5.18) K, _,5(C, L)=0
A consequence of these is that
(5.19) %M(C, L)y=0 forp<r—2.

Combining this with the Duality Theorem, we obtain

r-1—p2— q(C’ KC’ L)

HY(C,L) ifp=r—1,

(5:20) HpalC, L) = {0 ifp#r—1.

This gives a complete description of the top row of the T}C ;8 in this case. It
would be interesting to know what the other 9{ 4 8 look hke m this situation.
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Problem (5.21). When X, L is projectively normal, how do the Koszul
cohomology groups ‘JCP, A X, L) relate to the stability of X, L? Can one apply
them to moduli question?

An example of what might happen in the second half of (5.21) is Sernesi’s
work on moduli of curves of genus [13].

The Gaussian class or extrinsic fundamental class of §2b and the representa-
tion of the Hodge groups in §4b seem quite hopeful.

Problem (5.22) (suggested by P. Griffiths). Work out the relative theory of
the extrinsic fundamental class for a pair of varieties X C Y.

Problem (5.23). Can the representation of the Hodge groups in §4d be used to
compute the derivatives of normal functions (see [7])?

A final question is

Problem (5.24). Can Koszul cohomology be used to make further progress on
the Local and Degree One Torelli Problems?

There are some hopeful signs in this direction—-the work of Kii described in
§4c, Donagi’s work on Degree One Torelli for smooth hypersurfaces in P, (see
[4]), and a recent paper of the author’s [6].

Appendix: The nonvanishing of certain Koszul cohomology groups
MARK GREEN & ROBERT LAZARSFELD

Theorem. Let X be a compact complex manifold, and L, M,, M, analytic
line bundles on X with L =~ M, ® M,. Assume

(X, M)=r+1, r=1, i=1,2.

i ’
Then %rﬁrz—l,l(X’ L) 0.
Corollary. If a smooth curve C of genus g has a g withr = 1 andd < g — 1,
then

%g—(d—2r+2),l(c’ KC) #0.

Remark. In terms of the language of §5, the corollary is equivalent to

pma.x>g_2—vmin'

Equality would be the Noether-Enriques-Petri Conjecture.

The Corollary follows from the Theorem by letting M, be the g}, M, be the
residual g5 78, 9;", and L = K.

Proof of Theorem. Let

D, €|L-M,|, D,€|L—M,|
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so D, + D, €|L|. Letting D, denote the linear span of D, pulled up to C'*,
etc., we have the following picture in C"*' =~ HO( X, L)*:

-y

172 t'r-rz

———
D1+D2=cr

Choose a basis sy, - -,s,,, for H(X, L) with dual basis e,, - -,e,,, for
HO(X, L)* so that

ey, ,e,_, isabasisforD,
€,+1," " *»€, isabasis for D),
€.,4+15"" "€, Isabasis for D, N D,.
Note
D, = {SO:Sr—r|+l = :erO},
D2={S0=S|="'=S,2:O}.
Now let
r—n r
1= Y e ®s, 5= X e®s,.
i=1 i=0
Consider

a=1Ne A Ne,, =1 ANTTR(D N D).

r—n

While « € D—_l ® HO(X, L) we see that a involves only s, - ,5,, and these are
all zero on D,. Thus

a€ N77YID ® HO(X, L — [D,)).
Furthermore, ¢ = s on D, because s,_, ., = -+ =, = 5o = 0 on D,. Thus
sAa€ N"TNTT2HY (X, L)* @ HY(X, L® (L — [D,] — [D,])).
Since L =~ [D,] ® [D,] we have
sAa€ A" (x L)* @ HO(X, L).
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Further, as s A (s A @) = 0 we have
sNa€X, ., (X, L)
using the isomorphism
AT HO(X, L)* = AN IHO(X, L).

It remains to show that s A a is nontrivial in Koszul cohomology. Assume
on the contrary that

sANa=sAB, Be NTTTIHO(X, L)*.

Then
B=a=uNe, N---Ne,_, mods.
Thus
sNeANB=0 forn+1<j<r—r.
So
r
2seNeANB=0 forn,+1<j<r—r
i=0
and thus

eNe,ANB=0 forall0<i<r,n+l1<j<r—r.
Ifr—r —r,+2<r+1, thatis, if r, + r, = 2 which is true by hypothesis,
we may conclude
eNB=0 forn+lsj<r—r.
Thus
B=cNe N Ne,_, forsomece H(X, L)*

Now returning to the equation s A\ a = s A\ B we get
s/\(‘—c)/\er2+] /\”'/\er—rI:O‘

Since

(l' - C) N er2+l A%E /\er—rl S /\r"’l_’z+1 (Dl U C)
we conclude s €D, U c. Thus 2/_,s;¢;, ED, U c and hence e; €D, U c for all
i.SoD, Uc=H%X, L)*=C"*'. However,

dim D,Uc <dmD,+1=r—r+1<r+1
which is a contradiction. So
sNa#0 in%

r+r,

—],I(X’ L).
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