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EXISTENCE OF CLOSED GEODESICS
ON POSITIVELY CURVED MANIFOLDS

W. BALLMANN, G. THORBERGSSON & W. ZILLER

In [8] we examined stability properties of closed geodesics whose existence
can be obtained by elementary methods. In this paper we apply Lusternik-
Schnirelmann theory to obtain the existence of several closed geodesics below
certain length levels. We will then examine stability properties of these closed
geodesics.

Let g, be the standard metric on S” of constant curvature 1. Using
perturbation methods it follows that any metric on S”, n = 2, sufficiently C?
close to g,, has at least as many closed geodesics of length approximately 27 as
a function on the Grassmannian G, ,_, of unoriented two-planes in R”*! has
critical points. This in turn can be estimated from below by the so-called cup
length which for G,,_, is g(n) =2n —s— 1, where 0 <s=n — 2% < 2%
Hence there are at least g(n) short closed geodesics for metrics on S”
sufficiently C? close to g,. Note that $(3n — 1) < g(n) <2n — 1.

Theorem A. Suppose that M is homeomorphic to S™ and that 1/4 <8 <K
< 1, where K denotes the sectional curvature of M.

(1) There exist at least g(n) closed geodesics without self-intersections and with
lengths in [2m,27/ 8] C [2m,4w). If all closed geodesics of length < 4= are
nondegenerate (an open and dense condition on the set of metrics with respect to
the C? topology), then there exist at least n(n + 1)/2 closed geodesics without
self-intersections and with lengths in [2m,2m/ V8 ].

(i) If the closed geodesics whose lengths lie in [2m,27/ 8 | all have the same
length 1, then all geodesics are closed of length . If the closed geodesics whose
lengths lie in [2, 27/ /8 | have only two different length values, then there exists
a family of closed geodesics of equal length in [2m,27/ 8 ] such that every point
of M lies in the image of some geodesic in the family.
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It is well known that any simply connected manifold with 1/4 <K <1 is
either homeomorphic to S” or isometric to a symmetric space of rank 1. Hence
the above theorem remains valid under the weaker assumption that M is
simply connected and 1/4<d <K< 1.

Theorem B. Suppose that M = S™ and that the metric g satisfies g < a’g,,
1 <a<2,and (M) = 2x, where [( M) denotes the length of a shortest geodesic
loop of g. Then (i) and (ii) in Theorem A hold, where the lengths of the closed
geodesics lie in [2m,2am] C [27,4).

Although Theorem A is better from a geometric point of view, it is worth
noticing that the assumptions in Theorem B are C' conditions on the metric,
whereas those in Theorem A are C2. For example, Theorem B implies that
every metric sufficiently C' close to the standard metric on S” has g(n) closed
geodesics without self-intersections and with lengths approximately 2.

Note also that, by the injectivity radius estimate, /(M) = 2« is satisfied if n
isevenand 0 < K < 1.

In the nondegenerate case the number n(n + 1)/2 is optimal as shown by an
n-dimensional ellipsoid with pairwise different axes close to 1: the n(n + 1)/2
ellipses in the coordinate two-planes are closed geodesics without self-
intersections and with lengths close to 2#. One can achieve that the lengths of
all other closed geodesics are greater than any given number by choosing the
axes sufficiently close to 1. In the general case it is not known whether the
number g(n) is also optimal. It is even not known whether g(») is the minimal
number of critical points for a function on G,,_,. G,,_, always admits a
function with 2n — 1 critical points since dimG,,_, =2n — 2. For n =3
J. Milnor constructed an example (unpublished) of a function on G, , with only
g(3) = 4 critical points.

For n = 2 Lusternik and Schnirelmann [23] proved that any metric on S?
has at least three closed geodesics without self-intersections (see also [6]).

Theorem B is a slightly extended version of a result of Alber [3], [4]. Alber’s
proof, however, relies on a topological result, the so-called lemma of Alber,
which turned out to be false. See chapter 2 for a short discussion of this.
Complete proofs of Alber’s result were obtained by the authors, announced in
[7], and independently by Anosov [5] and Hingston [17].

Theorem A and B are proved by applying Lusternik-Schnirelmann theory to
the energy functional E on the space of unparametrized closed curves on M. If
A(M) denotes the space of curves S' — M, then the space of unparametrized
curves is the quotient A(M)/O(2), where O(2) acts by linear reparametriza-
tions on S'.

One of the difficulties in applying Lusternik-Schnirelmann theory is that
different homology classes of A(M)/0(2) can give rise to different critical
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points which are iterates of the same closed geodesic. One method to avoid this
is to choose homology classes which have representatives below an energy level
which is smaller then the energy of all iterated closed geodesics. Under the
conditions of Theorem A or B this is achieved by working in A3™ ™~ = {cEA |
E(c) < 872} which contains only prime closed geodesics.

A second difficulty is that O(2) does not act freely on A(M), which was the
main source of errors in previous papers. It turns out that critical point theory
can be applied to the space P(M) of curves which no element of O(2) except
the identity leaves fixed. The necessary topological informations about the
quotient P(M)/0O(2) can now be obtained using Gysin sequences and char-
acteristic classes.

In the geometric part of the proof of Theorem A and B it is shown that the
relevant topological cycles consisting of great and small circles on S” can be
deformed into P®"’~ /0O(2). In Theorem B this is implied by the assumption
g < a’g,, but in Theorem A this is the main difficulty and will be overcome by
using a technique from [15] and [16] and a lemma, which for § > 1/4 gives a
somewhat different proof of the sphere theorem.

We also prove the following theorems:

Theorem C. Suppose M" is compact, simply connected, and a Z, homology
sphere. Assume that 1 /p* < 8 < K < 1 for some integer p = 2 and that (M) = =
where i(M) is the injectivity radius. Then there exists at least I(n — 1)/(p — 1)[
closed geodesics on M with lengths in [2m,2w/ 8] C [2m,2pw), where x|
denotes the smallest integer = x. In particular, if 1/(n — 1)) <K<1 and
i(M) = 7, then M has at least two such closed geodesics.

Theorem D. Suppose M" is compact, simply connected, and not a Z,
homology sphere. Assume that 1/16 <d<K<1, i(M)=a, and let k =
min{i >0 | H.(M, Z,) # 0}. Then there exists at least k closed geodesics without
self-intersections and with lengths in [2mw, /8] C[2m,47). If 3k <n+ 2,
then there exist at least g(k) such closed geodesics.

In particular, for 1/16-pinched metrics on P™C and P™H, m =3, one
obtains at least three, resp. seven closed geodesics. 1,/16-pinched metrics on
P2C, P?H, P?Ca have at least two, four, resp. eight closed geodesics.

We also prove a theorem similar to Theorem B for these projective spaces. If
g, denotes the standard metric on these spaces with 1/4 < K < 1, then any
metric with g <4g, and /(M) = 27 has at least three, seven, resp. fifteen
closed geodesics. Note, however, that one could expect more closed geodesics
from perturbation theory.

In Theorem C and D the Morse-Schoenberg comparison theorem and Gysin
sequences are used to bring the relevant cycles under the appropriate energy
levels.
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Finally we examine the stability properties of these closed geodesics. The
Morse indices of the closed geodesics in Theorem A lie in [n — 1,3(n — 1)].
Unless the Morse index is 2(n — 1) a closed geodesic turns out to be nonhyper-
bolic if the metric is sufficiently pinched. In fact, if ind(c) <k andn — 1<k
<2(n—1), or if indy(c) =ind(c) + null(¢c) =k and 2(n — 1) <k <
3(n — 1), then the linearized Poincaré map has at least 2(n — 1) — k resp. k —
2(n — 1) Jordan blocks with eigenvalues on the unit circle if the metric is
sufficiently pinched. In particular, if ind(c) <n — 1 or indy(c) = 3(n — 1),
then ¢ is of elliptic-parabolic type if the metric is sufficiently pinched. We
obtain

Theorem E. If (2n — 2)/(2n — 1))> <8 < K < 1, then there exist at least
g(n) — 1 nonhyperbolic closed geodesics without self-intersections and with lengths
in [2m,2m/ V8. If n % 2%, then there exist at least g(n) such nonhyperbolic
closed geodesics. If all closed geodesics of length < 4w are nondegenerate, then
there exist at least 1n? /2[ such nonhyperbolic closed geodesics.

In §1 we explain Lusternik-Schnirelemann theory in a setting which suits our
purposes. We then show that this theory can be applied to P(M). In §2 we
prove topological results which are needed in later sections. In §3 we prove
Theorems B, C, and D. In §4 we prove Theorem A, and in §5 we discuss
properties of the linearized Poincaré map and prove Theorem E.

Throughout the paper the coefficient ring of all homology and cohomology
groups is Z,.

We are grateful to D. Epstein for helpful discussions, and would like to
thank the University of Pennsylvania and the University of Bonn for their
hospitality.

Some of the results in this paper were announced in [7].

1. Ciritical point theory

Closed geodesics and point curves of a Riemannian manifold M are the
critical points of the energy functional

| R
E(c) =7 [ (&)
defined on the Hilbert manifold
A=AM)= {c: S! - MI ¢ is absolutely continuous and f]<c', é>< oo},
0

where S' = R/Z =1[0,1]/{0,1}. Critical point theory, therefore, is an im-
portant tool in estimating the number of closed geodesics.
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Lusternik-Schnirelmann theory

Suppose X is a metric space, F: X — r a continuous function bounded from
below, and ¢: X X [0, ) — X a continuous deformation such that F(¢(x, 1))
< F(x) for all x € X and 1> 0. For any subset Y of X and k € R set
Y= {x€Y|F(x)<«k}and Y = {x € Y| F(x) <«k}. The set K = {x €
X | ¢(x, 1) = x for all £= 0} will be called the set of critical points. Assume
that

for any « and for any neighborhood U of {x € K| F(x) = «}
(*) there exists a constant ¢ > 0 such that F(x) — F(¢(x,1)) = 2e
for all x € X**¢ — (X* "¢ U U).

Let Z C Y C X and assume Y and Z are invariant under the deformation ¢.
Suppose k € H, (Y, Z) is nonzero. Set
(1.1) k(h) = inf max F(x).

zZEh x€E€|z|

k(h) is called the critical level of 4.

Note that we do not demand that K C Y. This will be used in the applica-
tions in §3. For many applications, e.g., in the proofs of Theorems A and B, it
is sufficient to assume K C Y.

Let # € H,(Y, Z) be nonzero. Then for any neighborhood U

(12) of {x €EK|F(x)=«(h)} in X there exist a z € h and an
¢ > 0 such that |z|C Y*®~¢ U (U N Y). In particular, there
exists a critical point x with F(x) = k(h).

Proof. By continuity of the deformation ¢ there exists a neighborhood V' of
{x € K|F(x) = k(h)} such that ¢(x,1) € U for all x € V. By () there
exists an &>0 such that F(x)— F(¢(x,1))=>2¢ for all x € X*W+e —
(X*M~¢ U V). The definition of k(k) implies that there exists a z, € h with
|z]C Y*M*¢ Since ¢ is continuous and Y and Z are invariant, z = ¢(z,, 1) is
also a cycle in 4, and we have |z|C Y*"®~= U (UN Y). qed.

It is not true in general that linearly independent homology classes give rise
to different critical points. There exists for example a differentiable function
on the two-torus with only three critical points, although the sum of Betti
numbers is equal to four.

Suppose that h;, h, € H (Y, Z) are nonzero, and that there exists a
cohomology class w € H*(Y), * = 1, such that w N h, = h;. We say that h, is
subordinate to h,.

If @ N h, = h,, then k(h,) = k(h,), and equality implies that
(1.3)  the restriction of w to UN Y is nonzero, wherz U is any
neighborhood of {x € K | F(x) = k(h,) = k(h,)} in X.
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Proof. «k(h,) = k(h,) since any cycle in h, contains a cycle of 4, by the
definition of the cap product, see [25, p. 254]. Suppose k(h,) = k(h,) = k. Let
i:UNY->Yand j:Y- (Y,UNY) be the inclusions. If i*(w) = 0, then
w = j*(n). This implies that there is a cocycle Z in w such that Z(o) = 0 for all
simplices ¢ with |0 |C U N Y. By (1.2) there exists a cycle z € h, such that
|z|C Y**U (UNY) for some ¢ > 0. Choose a subdivision z’ of z such that
any simplex of z’ is either contained in Y*~ orin UN Y. Now Z Nz is a
cycle in A, with support |Z N z'|C Y*~. This is a contradiction to the
definition of k = k(h,). q.e.d.

A sequence of homology classes h,,---,h, of (Y, Z) is called a chain of
subordinate homology classes if h; is subordinate to h;,, |, 1 <i<k—1; k is
called the length of the chain. We say that (Y, Z) contains k subordinate
homology classes if there exists a chain of subordinate homology classes of
(Y, Z) of length k.

We want to point out that in our version of Lusternik-Schnirelmann theory
the equality k(h;) = k(h,,,) of critical levels does not in general imply the
existence of infinitely many critical points on this level. It may happen that
there exists only one critical point x and the restriction of the corresponding
cohomology class to U N Y is nonzero for any neighborhood U of x, compare
(2.5). However, if Y is locally contractible and K C Y, then w | U N Y = 0 for
any sufficiently small neighborhood U of x € K. From (1.2) and (1.3) we get
immediately the usual consequence of Lusternik-Schnirelmann theory:

If Y is locally contractible and K C Y, and if (Y, Z) contains
(1.4)  k subordinate homology classes, then there exist at least k
critical points.

Applications to the space of closed curves

A(M) is a Hilbert manifold with a natural Riemannian metric. The energy
functional E on A(M), M compact, is C* and satisfies condition (C) of Palais
and Smale. As a consequence, E and the flow ¢ generated by —grad E satisfy
condition (x). Here K corresponds to the critical points of E in the usual sense,
i.e., closed geodesics and the point curves. For general facts about A(M) see
[14] and [20].

0Q2) acts on A(M): for, c € A(M) and x € O(2) set (xc)(t) = c(xt),
where O(2) acts on S! as usual. This action of O(2) is only continuous, but
each element of O(2) acts by an isometry. Hence E and grad E are invariant
~under O(2), and for any subgroup A C O(2) we get an induced function
E/A: A/A - R and an induced flow ¢/A which satisfies condition (*) of
Lusternik-Schnirelmann theory, since (x) is satisfied by E and ¢. A/A is also
locally contractible for any A in O(2), but A /A is not a Hilbert manifold since
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the action of O(2) on A(M) is neither free nor smooth. The fact that O(2) does
not act freely is the main difficulty in computations of H,(A/A). In fact,
H,(A/0(2)) is unknown, even for M = S”. For any subset X C A(M) we will
denote the quotient X/0(2) by X, in particular A = A/O(2).

For each ¢ € A we define the iterates ¢, ¢ € Z, by c(t) = c(qt). ¢ is called
prime if ¢ = d“ implies ¢ = = 1. The main difficulty in the applications of
critical point theory to the energy functional arises from the fact that c?is a
critical point if c is, but is considered geometrically the same as ¢. Thus (1.4)
cannot be used directly to show the existence of more than one closed geodesic.

Let ¢ € A(M) be a curve which is fixed under some nontrivial element
X € 0(2), i.e.,, xc = c. If ¢ is not a point curve, and x € SO(2), then c is an
iterate ¢ =d9, g > 1. If x € O(2)\SO(2), then c satisfies ¢ = ¢! or some
reparameterization xc, X € SO(2), satisfies (xc)™' = Xc.

Let P = P(M) be the set of curves ¢ € A(M) such that no element of
O(2), except the identity, keeps ¢ fixed. Let V' = V(M) = {c € A(M) |
lim,_,  E(¢,c) = 0}. P and V are invariant under the gradient flow of the
energy functional and the action of O(2). Both P and V are also open, and
hence P/A and V /A are locally contractible for any subgroup A of O(2). Note
that the energy flow retracts ¥/A into V™ /A for any « = 0. In the next section
we will prove that (P, ¥ N P) contains the appropriate number of subordinate
homology classes.

1.5. Lemma. Let L be the length of a shortest closed geodesic on M. Assume
that (P,V N P) contains a chain h,,- - -,h, of subordinate homology classes with
w,Nh =h, o, € H*P).

() If for every closed geodesic ¢ € A and any sufficiently small neighborhood U
of ¢ in A we have «;|U N P =0, then there exist at least k/m geometrically
different closed geodesics on M with lengths in [L,,\2x(h,)], where m

< 2k(hy) /Ly<m+ 1.

(i) If k(h,) < 2L}, then there exist at least k geometrically different closed
geodesics on M with lengths in [ Ly, 2k(h,) |. These closed geodesics do not have
self-intersections if k(h,) <2I(M)*, where I(M) is the length of a shortest
geodesic loop.

Proof. (i) If ¢ € A has energy < L2/2, then ¢ € V since there is no closed
geodesic of energy < L3/2. Hence k(h,;) = L}/2 since the h, are nonzero
homology classes. If k(h,) <k(h,) < --- <k(h,), then there are k distinct
critical points of energy k(h,),---,k(h;). These critical points are prime or
iterate closed geodesics. Since a closed geodesic has length = L, and
(m + 1)Ly > 2k(h,), at least k/m of these are geometrically different. If
k(h;) = x(h,,,) for some i, then there exist infinitely many closed geodesics of
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energy k(h,). Otherwise there would exist a neighborhood U of {c € Alcisa
closed geodesic with E(c) = k(h;)} in A such that «,|]UN P =0 by the
assumption made on w;. But this would contradict (1.3).

(i) If ¢ € A is a closed geodesic with E(c) <2L2, then the length of ¢
is <2L,. It follows that c is contained in P. Since P is open and locally
contractible, the first statement in (ii) follows from (1.4). Since a closed
geodesic with a self-intersection is the union of two geodesic loops, and since a
geodesic loop has length = /( M), the second statement is clear. q.e.d.

If ¢ is a closed geodesic, O(2) - ¢ is a submanifold of A(M). c is called
nondegenerate if its orbit O(2)-c is a nondegenerate critical submanifold of
E: A(M) - R. The index of ¢ (resp. nullity of ¢), denoted by ind(c) (resp.
null(¢)) is equal to the index (resp. nullity — 1) of ¢ as a critical point of
E: A - R. Wealso set ind(c) = ind(c) + null(c).

1.6. Lemma. Let L be the length of a shortest closed geodesic on M, and let
satisfy k < 2L3. Assume that all closed geodesics of energy < k are nondegener-
ate. If there exist k linearly independent homology class h,,- - - ,h, in H (P*~ ,V
N F“_) of dimensions r,,- - - ,r, respectively, then there exist k distinct closed
geodesics c,,- - -,c, with lengths in [ Ly,V2«x), and ind(c;) = r.. These closed
geodesics do not have self-intersections if k < 2I(M)?.

Proof. Since P*~ contains only nondegenerate critical circles, there are
only finitely many critical levels which we denote by a; and on each level only
finitely many critical circles. Hence there exists an & > 0 such that all critical
points in P*** — P79~ have energy a,. Let O(2)v,; be the finitely many
critical orbits of energy «; and let 7;; be a submanifold of A transversal to
O(2)-v;; at v;;. Then v,; is a nondegenerate critical point of E | 7;,. Let Uj; be a
Morse chart for E | T;; around v,;. Then we have

0, m##ind(y;),

o te pai—e) =

But since all closed geodesics in P*~ are prime, the projection Uj; - 7 ;s a
homeomorphism onto a neighborhood of ¥, in P*™ if U, is sufficiently small.
k < 2L? implies as in (1.5) that a closed geodesic in A"~ is contained in P*~ .
Hence (*) is satisfied on X = P*~ and therefore also on P*”. Since the
gradient flow on P*~ induces a flow on P*~, this can be used to show that
Hm(}_)—a,+s, Fa,»—e) — @ Hm((—];';,'+e, U;l;.-_t).
J
Using the exact homology sequence of a triple as in [24, §5], it follows that

dimH,(P*~, P*) < 3 dim H,,(Ta, To*).
i, J
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It follows from the definition of V' that the gradient flow retracts ¥ N P*~
onto P*. This proves (1.6).

§2. Topological results

The space of biangles on the sphere

Let S” be the n-sphere with the metric of constant curvature 1. We assume
that S” is embedded in R**' in the usual way, ie., S"= {x € R"*!|x}
+ --- 4+x2 = 1}. A great circle is a closed geodesic of length 2. The set G of
all great circles is a closed subset of A(S") and invariant under the action of
0(2).

G = G/0(2) C A(S") is called the set of unparametrized great circles. A
great circle ¢ € G is determined by the orthonormal two-frame (c(0), c¢(1/4))
in R"*!. With respect to this identification G is isomorphic to the Grassman-
nian of unoriented two-planes in R"*!. The homology and cohomology of G
with Z, coefficients can be described as follows:

For any pair of integers a,b such that 0 <a<b=<n—1, the set of
unparametrized great circles contained in S°*!' = {x € $"|x,,, = - = x,
= 0} which meet the subsphere S° = {x € $"|x,,; = --- = x,, = 0} is the
carrier of a cycle [a, b] of dimension a + b. The homology class of [a, b] is
also denoted by [a, b]. Theset of all [a, b],0 <a<b<n—1l,a+b=k,isa
basis of H,(G). The dual class of [a, b] with respect to this basis is denoted by
(a, b). Note that the number of linearly independent homology classes is
n(n+1)/2.

Define s =0 by 2K+ s =n <2**! and set g(n) =2n—s— 1 =n+ 2%
—1. Using formulas of Chern [12] for the cup product of G, Alber showed that
O, )" 272y (1,1 =(n— 1,n— 1), see e.g., [20, p. 50]. Hence the se-
quence of cohomology classes w;, 1 <i =< g(n) — 1, such that w;, = (0, 1) for
1<i<2n—2s—2 and w, = (1,1) otherwise, gives rise to a chain of sub-
ordinate homology classes &, - -,h,,, inductively defined by A, = [n —
1,n—1}, @, N h,., = h, Since H(G) = Z, and (0,1)>"~2*~! = 0, any chain
of subordinate homology classes has length < g(n). The chain of the k,’s can
be altered by changing the ordering of the w,’s.

Set = (}_9) € O(2). We denote both the action of § on A and its
restriction to G by 6. Notice that fc = ¢™'. The S' bundle G/8 — G is the
sphere bundle of the canonical two-dimensional vector bundle over G. Hence
we obtain the following which will be crucial later on:

The Stiefel-Whitney classes of the S' bundle G/6 —» G
(2.1)  generate the cohomology ring of G. The first Stiefel-Whitney
class is (0, 1), and the second is (1, 1); see [12].
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A circle on S" is an injective curve c: S' —» S”, parametrized proportional to
arc-length, such that im(c) = S” N o, where o is a two-plane in R"*! with
d(0,0) < 1. The set C of all circles is a subset of A(S") which is invariant
under O(2) and contains G. C = C/0(2) is called the space of unparametrized
circles.

For any two-plane o in R"*! there is a unique parallel two-plane ¢’ such that
0 € o’. This defines for any circle ¢ on S$” a unique great circle a(c) on S”
parallel to ¢. a: C — G is O(2)-equivariant and an open (n — 1)-disc bundle.
For any ¢ € (0,2) let C*® be the subset of C consisting of circles ¢ such that
llc(0) — ¢(1/2)ll <e. &:C - G is an open (n — 1)-disc bundle, and one can
use the Thom isomorphism 7 to compute the homology and _cohomology of
(C, C¥). Define {a, b} to be the unique homology class in H,(C, C*) such that
T{a, b} = [a, b), and set (a, b)’ = a*(a, b). From the definition of T (see [25,
p. 259)]) follows (a, b)Y N {c,d} = Z {e;, f;} if and only if (a, b) N [c,d] =
S[e;, f]. Hence (C, C*) contains a chain of g(n) subordinate homology class
whose dimensions lie in [n — 1,3(n — 1)]. It follows from (2.1) that (0, 1)" and
(1, 1Y’ are the Stiefel-Whitney classes of the S'-bundle C/8 — C.

Remark. Let i:(C,C®) - (A —A° A’ — A% and j: C—> A —A° be the
inclusions, where A = A(S"), A® is defined with respect to the energy of some
metric, and ¢, § > 0 are sufficiently small. The lemma of Alber states that i, is
injective and carries subordinate classes into subordinate classes, see [2] and
(2.3.5) in [20]. This is equivalent to the surjectivity of j* and i,{0,0} # 0. On
the other hand, it follows as in the proof of (2.2) below that A — A > A is a
weak homotopy equivalence. Hence (A — A°) =~ 7,(A). The canonical fibra-
tion A - M has a section and hence m(A) =~ 7 (M) ® =, (M). Therefore
m(A — A°) = 0 if n > 3. Using (6.3) in [10, p. 91], it follows that (A — A°)
= 0 if n > 3. This contradicts the surjectivity of j* since (0, 1) cannot be in the
image of j*. One can also show that (1, 1) is not in the image of j* if n = 4. The
lemma of Alber becomes true if we replace A —A° by P and A® — A® by
PN A or PN V. The proof is similar to the proofs of (2.3) and (2.4) below.

In the proofs of Theorems A, C, and D it will be essential to replace the
small circles by biangles. This was already used in [19] to push the cycles {0, i}
under the 872 energy level. We will only consider the space of great circles and
biangles with initial point on the equator. It will be possible to control the
lengths of these curves in the geometric constructions in Chapter 4. This space
is only invariant under the subgroup I' of O(2) generated by 6 = (}, 9) and
n = (73_9), which turns out to be sufficient for our topological considerations.
Notice that fc = ¢! and (nc)(2) = c(t + 1/2).

A closed curve ¢ on S" is called a biangle if ¢|[0,1/2] and c|[1/2,1] are
half great circles and if ¢(1/4) # ¢(3/4). Let B be the set of all biangles. B is
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invariant under the subgroup I' of O(2) defined above. B contains the space G
of great circles. Let B, be the set of all biangles ¢ such that ¢(0) lies on the
equator S"!' = {x € §" | x, = 0} and let G, be the set of great circles in B,.
B, and G, are invariant under I" and I' operates freely on both spaces. Hence
G,/T is a compact manifold since G, is. We have dimG,/T =2(n—1) =
dim G, where G = G/O(2) as in Chapter 1. The preimage of an unparame-
trized great circle in G transversal to S"~' with respect to the projection
p:G,/T - G consists of one point. Hence p has degree 1 mod?2, i.e., p maps
the fundamental class [n — 1,n — 1] of G,/T on the fundamental class
[n—1,n— 1]of G.

For any [a, b] there exists a unique cohomology class w such that w N
[n—1,n—1]=]a, bl Set [a,blr=p*w N[n—1,n— 1]y and (a, b); =
p*(a, b). Then p,la, bl = [a, b]. In particular, p, is surjective and p* is
injective. From the naturality of cup and cap product it follows that (a, b) N
[c, d1r = Zle;, f]rif and only if (a, b) N [c, d] = Ze;, f].

For ¢ >0 set Bf = {c € B, | llc(1/4) — 3/4) <&}. A biangle c € B, is
determined by the triple (c(0), c¢(1/4), c(3/4)) and ¢ € G, is determined by
(c(0), ¢(1/4)). The map

c(1/4) — c(3/4)
le(1/4) = 3/ )’

defines a I' equivariant projection y: B, » G,. v/I': B,/T - G,/T is an open
(n — 1)-disc bundle. Thus we may use the Thom isomorphism 7 to identify the
homology of (B,, B;)/T" with the homology of G,/T" for 0 <& < 2. There is a
unique homology class {a, b}y of (B,, B;)/T such that T{a, b}y = {a, b}r. Set
(a, b)g = (v/T)*(a, b)p. From the definition of the Thom isomorphism and
properties of cup and cap product it follows immediately that (a, b)z N
{c,d}y = Z{e;, f}p if and only if (a, b)r Nc, d]r = Zle;, f;]r- Hence
(B,, B)/T contains a chain of g(n) subordinate homology classes whose
dimensions lie in [n — 1,3(n — 1)].

Remark. Let i:(B,, B))/T - (P,V N P) be the inclusion. Our next step
will be to show that i, is injective on the subspace generated by the {a, b},. It
is clear that i {a, b}z = j,{a, b} where j:(C,C®) > (P,¥ N P) is the inclu-
sion. In particular, it will follow that j_ is injective and maps subordinate
classes into subordinate ones.

On the topology of the space of closed curves

For any subgroup A C O(2) set Ay = Ay(M)={cEA|IxEA x+#id
such that xc = ¢}. As in section 1, P = P(M) = A(M) — A, (M).

2.2. Lemma. Suppose U C A is open. Then the inclusion U — Ay > Uis a
weak homotopy equivalence for every subgroup A of O(2).

(¢(0), c(1/4), ¢(3/4)) — | c(0),
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Proof. We have to show that the inclusion induces isomorphisms on all
homotopy groups. Suppose f: S™ — U is a continuous map. Since im( f) is
compact, it is contained in some A, k < 0.

Let k be an integer such that k > 2k/i(M)* There is a deformation
retraction 7, (k): A~ - A", 0 <u <1, which deforms A"~ into the finite
dimensional approximation A(k, k), see [24, §16]. Here A(k, k) consists of
geodesic polygons ¢ : S' —» M with breaksin i/k, 0 < i < k, such that E(c) < k.
For all 0<u<1, lim,_ o r(k)o f=f by the definition of r, hence
im(r(k) o f) C U independently of u for k sufficiently large. Then
ri(k) e f: S™ - Uis homotopic to f and im(r (k) o f) C A(k, k).

We will now show that A, N A(k, k) is the union of finitely many submani-
folds of codimension = kdim(M)/2 if k is chosen appropriately. Since every
closed geodesic has length = 2i( M), we can choose k such that the multiplicity
of every closed geodesic in A(k, k) divides k. Then, if c € A, N A(k, k), there
exists a x €EA with xc=c and x €EANZ, or x € AN OZ,. Therefore
x(A(k, k)) C A(k, k), and the fixed point set of x | A(k, k) is a submanifold
of codimension = k dim(M)/2. We can now choose k such that this codimen-
sion is also greater than m + 1. It then follows from transversality arguments
that r (k) o f can be deformed away from A,. This shows that the inclusion
U — A, — U induces surjective maps on the homotopy groups. Similarly one
shows that it induces injections. q.e.d.

A C® map f:S*—> M induces a continuous map B(f): B— A. If
B(f)(B,) C P, then we obtain a continuous map

B(f):(B,, B;) »(P,VNP)
for & sufficiently small, and a map
B(f)/T:(B,, B;)/T (P, VN P)/T.

If 7: B/T — P is the projection, we denote 7 o B(f)/T by B(f):(B,, B?)/T
- (P,¥V N P).

2.3. Lemma. Suppose M is simply connected and H(M) =0 for 0 <i <k.
If f: S¥ > M is differentiable, Z,-homologically nontrivial, and B(f)(B,) C P,
then B(£),{0,0}, 0.

Remark. One can always approximate a map g: S¥ - M by a C® map f
such that f ~ g and such that f is injective on an open set, which, after a
reparameterization, contains an open hemisphere of S¥. Then B(f)(B,) C P is
satisfied.

Proof. Under the projection (B,, B;) - (B,, B;)/T, {0,0} is the image of
a homology class Z which is represented by the fundamental class of (F, F*),
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where F is a fibre of the (n — 1)-disc bundle y: B, — G, defined above. Let
Sk = I*/9I*, where I = [0, 1]. To the C* map f we associate a continuous
map F;:(I*7',I*7") - (A, p) by E(x)(t) = f(x, ). We also denote by
F, € H,_,(A) the image of F;under the Hurewicz homomorphism. By (2.2) the
inclusions P — A and V' N P — V are weak homotopy equivalences, and under
the isomorphisms H,_,(A)>H,_(A,V)<H,_(P,VNP), F; represents
B(f),Z.

The S' action on A gives rise to natural homomorphism H,(4) - H, ,,(4)
for any O(2) invariant subset 4 of A. The image of a homology class 4 is
denoted by S'h. Let p: A > A/6 be the projection and e: A/6 - M the
evaluation ¢ — ¢(0). Since e*p*S'Ff is equal to the homology class of f, it
follows that p,S'F; # 0 in H,(A/6).

Since H,_,(P)>H,_,(P,V N P), there exists a homology class X in
H,_,(P) which represents B(f),Z. Let p: P - P be the projection and
T: H(P) - H,(P/6) be the transfer of the Gysin sequence of the S'
bundle ¢: P/8 - P. It follows from the definition of 7 that 7p, X = p,S'X.
Since p,S'X is not zero in H,(A /), it is a fortiori not zero in H,(P/8). Hence
P« X #0.

To prove B(f),{0,0}z # 0 in H,_ 1(P V' N P) it now suffices to show that
p,X is not in the image of H,_ 1(V N P) - H, _ I(P) Now H/(V N P)
S H(V)<H (A", and since A° ~ M we get H(V N P)=0 for 0 <i<k.
Let Q be the set of all c € V' N P such that lim, _, , ¢,c is a point curve in some
fixed open convex ball in M. By (2.2) we have H,(Q) = 0 for * = 1, Hy(Q) =
Z,. Q is invariant under the gradient flow of E and the action of O(2). From
the Gysin sequences associated to Q > Q/0, P » P/f and Q/0 - Q,P/0—>P
it follows that H(Q) - H, (V N P) is an isomorphism for i < k — 1. Hence
p,X is in the image of H, ,(Q) - H,_ (V' N P) if it is in the image of
H,_(V N P) - H,_(P). But then 7p, X = p,S'X is in the image of H,(Q/0)
- H(P/6) by the naturality of 7. On the other hand, the composition
H,(Q/6) - H,(P/0) > H,(A/0) is obviously zero, whereas p,S'X is not zero
in H,(A/6).

2.4. Theorem. Suppose M is simply connected and H(M) = 0 for 0 <i < k.
If f: Sk > M is C*. Z, homologically nontrivial, and B(f)B,) C P, then
B(f), maps the subspace of H,((B, B?)/T') generated by the {a, b}p, 0 < a <
b < k — 1, injectively, and the tmage of B(f)*: H*(P) » H*(B,/T) contains
the subspace generated by the (a, b)g, 0 <a <b =<k — 1. In particular, (P,V
N P) contains g(k) subordinate homology classes.

Proof Since B(f)G,) C P we have B( f)(G) C P, and hence f induces a
map G(f): G — P. The pullback of the S' bundle P/§ — P is the S' bundle
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G/8 — G. Since the total Stiefel-Whitney class of the latter bundle generates
H*(G) by (2.1), G(f)* is surjective by naturality. From the definition of
(a, b)r it follows that the subspace generated by these is contained in the
image of (7 o G,(f)/T')*, where G,(f): G, — P is the map induced by f and
m: P/T - P is the projection. Since (y/T)* is an isomorphism, im B( f)*
contains the subspace generated by the (a, b),. B(f ),{0,0}5 # 0 by (2.3). Let
x be an element in the subspace of H,((B,, B:)/T') generated by the {a, b}. It
follows from the relation we have with the cap product of elements in H*(G)
and H,(G) that there is a cohomology class  in the subspace of H*(B,/T)
generated by the (a, b)p such that w N x = {0,0} 5. Thereis a classn € H*(f)
such that B(f)*n = » by what we proved above. Hence we have B( f )x{0,0}5
= E(f)*(w Nx)=xnN E(f)*x, and therefore E(f)*x # 0. The same argu-
ment shows that B(f ), maps subordinate classes into subordinate classes.
q.e.d.

Let w, € H'(P) and w, € H%(P) be the Stiefel-Whitney classes of the S'
bundle g: P/ — P. We saw in the proof of (2.4) that the pullbacks B( f )*w,
and F(F )*w, generate the subspace of H (B,/I') generated by the (a, b);.
Therefore, if homology classes 4, and A, in the subspace of H ((B,, BZ)/T)
generated by the {a, b}, are subordinate with respect to a cohomology class in
the subspace of H*(B,/T') generated by the (a, b),, then B(f),(h,) and
B(f),(h,) are subordinate with respect to some polynomial in w, and w,. In
order to apply (1.5)(i) we have to investigate whether a closed geodesic ¢ € A
has a neighborhood U such that w,| U N P = 0.

2.5. Proposition. Suppose ¢ € A is a closed geodesic.

() If U is a sufficiently small neighborhood of ¢ in A, then w, | UNP=0

(ii) There exists a neighborhood U of ¢ such that W, | UNP=0 if and only if
the multiplicity of c is odd.

Proof. Let U be a neighborhood of a closed geodesic ¢ in A which lifts to a
tubular neighborhood U of O(2)- ¢ in A. U has two connected components W
and @W. The S' bundle (U N P)/8 — U N P is equivalent to the oriented S’
bundle W N P > UNP.Hencew, |UNP = 0. :

It follows from (2.2) that H°(U N P)/6) = H'(U N P)/0) = Z,. Hence
also H%(U N P) = Z,. We consider the Gysin sequence

wy N

> H(UNP) > Ho(ﬁﬂﬁ)LHl(WﬂP) - H(UNP)-0.

Let m be the multiplicity of ¢. Then {xc I 0 < x < 1/m} is homeomorphic to
S'! and represents a generator of H,(W). Hence the S' orbit of anyy € W N P
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represents m times a generator of H,(W N P). Since the transfer 7: Hy(U N P)
— H,(W N P) maps the point class to the fundamental class of the fibre, it
follows that 7 is an isomorphism if m is odd and zero if m is even. Hence
H,(UNP)=0if mis odd and * = 1. Therefore also H*(U N P) = 0 in these
cases. For m even we obtain H,(U N P) = 0 if * is odd and H(UNP) = Z,
if = is even and = 0. It follows that H*(U N P) = Z, if = is even and = 0, and
), is a generator of H(U N P).

Remark. Using similar arguments it is also possible to calculate the integer
homology and cohomology of U N P. In fact, it is not hard to see that U N P
has the homotopy type of a classifying space B, where m is the multiplicity of
c. Similarly ¥ N P has the homotopy type of M X B, and P has the
homotopy type of the homotopy quotient A X, E. This shows that our
theory is analogous to the critical point theory on the homotopy quotient,
compare [17].

3. Some existence theorems for closed geodesics

3.1. Theorem. Let (M, g) be a simply connected, compact Riemannian
manifold with I(M) = 2, where I( M) is the length of a shortest geodesic loop,
and H(M) = 0 for 0 <i < k. Suppose there is an injective differentiable map
f: S¥ > M which is not Z, nullhomologous and satisfies f*(g) < a’g, for an
a € [1,2), where g, is the metric of constant curvature 1 on S*. Then (M, g) has
at least g(k) closed geodesics without self-intersections and with lengths in
[27,2am] C [2m,4m7). If all closed geodesics of length < 4w are nondegenerate,
then there exist at least k(k + 1)/2 such closed geodesics.

If M = S” we can apply (3.1) toid: S” - S™. If M = P™C, P™H, of P*Ca
respectively, and g, is the canonical metric on M with maximal sectional
curvature 1, then M contains totally geodesically embedded spheres S* of
constant curvature 1 which represent a generator of H,(M), where k = 2,4,
and 8 respectively. Since H(M) = 0 for 0 < i < k we get:

3.2. Corollary. Suppose M = S", P™C, P™H, or P?Ca respectively. If g is a
metric on M such that (M) = 2@ and g < a’g, for an a € [1,2), where g, is the
standard metric on M with maximal sectional curvature 1, then (M, g) has at
least g(k) closed geodesics without self-intersections and with lengths in [27,2aw],
where k = n, 2,4, 8 respectively.

Remarks. (a) The Z, Hurewicz theorem [18, p. 305], implies that there
exists a map f: S¥ > M which is not Z, nullhomologous for kK = min{i > 0 |
H,(M) # 0}. f can be chosen to be smooth, but not necessarily injective.
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(b) The length of a shortest geodesic loop is a lower-semicontinuous function
on the space of metrics with the C' topology, and hence an appropriate
renormalization of g lies in the C' interior of metrics satisfying g < 4g, and
I(M) = 2. Notice that i(M) is only upper-semicontinuous in the C' topology
(but continuous in the C? topology).

Proof of (3.1). The assumptions on f guarantee that B(f): (B,, B))/T -
(P,V N P) maps g(k) subordinate classes into subordinate ones by (2.4).
Since f*(g) < a’g,, the critical values of the homology classes B(f ).{a, b}p
are < 2a’7%. The first claim in (3.1) now follows from (1.5)(ii). Since the
k(k + 1)/2 classes B( f),{a, b} are linearly independent homology classes in
(P2 ¥ N P2"*), the second claim follows from (1.6).

3.3. Theorem. Let M be a simply connected, compact Riemannian manifold
which is not a L, homology sphere. Let k be the first dimension in which a
nontrivial homology class appears.

() If 1/4p> <8 <K <, p some integer =2, and i(M) = =, then there
exist at least 1k/(p — V)| closed geodesics with lengths in [27, /8. These
closed geodesics do not have self-intersections if 8§ > 1/16.

(i) If1/16 <d<K<1,i(M)=m,and 3(k — 1) < n — 1, then there exist
at least g(k) closed geodesics without self-intersections and with lengths in
[27, m/ V8] C[2m,4m).

Remark. The theorem applies to the projective spaces P™C, P™H, P*Ca
with k = 2,4, 8 respectively. Here i(M) =« follows from the curvature as-
sumption since dim M is even. The condition 3(k — 1) < n — 1 is satisfied for
P™Cand P"Hif m = 3.

Proof. 1t follows from the Poincaré duality that kK <n/2. By the Z,
Hurewicz theorem [18, p. 305], there is a map f: S* - M which is Z,
homologically nontrivial. We can assume that f is smooth and that it is
injective on an open subset of S, which after a reparametrization contains a
closed hemisphere. This prevents a biangle from being mapped into A, ,, and
hence B(f X B,) C P.

There exists an & > 0 such that B(f)(B;) C V, and hence we get an induced
map B(f):(B,, B5)/T - (P,V N P) which maps subordinate classes into
subordinate ones by (2.4). Hence (P, V N P) contains g(k) subordinate classes
with dimensions in [k — 1,3(k — 1)].

We want to show that k of these classes have a representative under the
72 /28 energy level in the proof of part (i) of the theorem and g(k) in the proof
of part (ii).

It follows from [8, (1.8)] that any closed geodesic ¢ with L(c) > #//§ or
E(c)>w?/28 has index = n — 1. Hence critical point theory implies that
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H(A,A*")=0 for i<n—1, where k> 72/28 is arbitrary. E.g., apply
[24, p. 121] to a finite dimensional approximation of A. Hence by (2.2),
H,(P, P*" ) =0 for i <n — 1. The Gysin sequences of the covering (P, P*~)

- (P, P*")/6 and of the S' bundle (P, P*~)/6 —» (P, P*") imply
H( P,P*")=0fori<n— 1 The homology sequence of the tnple (P, P*~
¥V N P*") then implies that H(P"_ VN P )—>H(P VN P<") is an
isomorphism for i <n — 2 and surjective for i =n — 2. Since VNP~
a deformation retract of P N ¥, it follows that any homology class in
H(P,VNP), i<n—1, has a critical level <k, and since k > 72/28 was
arbitrary, a critical level < 72/24.

We first prove (ii). In this case all g(k) homology classes have critical
levels < 72 /28 since 3(k — 1) < n — 1. Since § > 1/16 we can apply (1.5)(ii).

In part (i) we can choose k subordinate homology classes in dimension
k—1,---,2(k — 1), which are subordinate with respect to the first Stiefel-
Whitney class o, of P/6 — P. Indeed, the g(k) subordinate homology class in
(B,, B!)/T are obtained by applying the one- and two-dimensional cocycles
(0, 1)z and (1, 1) to {k — 1, k — 1} . Since these cocylces can be applied in an
arbitrary order, and since there exist at least k one-dimensional ones among
them (see §2), the claim follows. Since kK <n/2, we have 2(k — 1) <n — 1.
Hence these k classes have critical level < 72/28. It follows from (2.5) that
(1.5)(ii) applies. This proves (i).

Remark. In (3.1) we had to assume that f is injective, since changing f as in
the present proof could violate f*(g) < a’g,.

If M is simply connected and a Z, homology sphere, then the Z, Hurewicz
theorem implies that there is a map f: S” — M which is Z, homologically
nontrivial. With arguments as in the proof of (3.3) we get

3.4. Theorem. Suppose M is a simply connected compact Z, homology
sphere. Assume that 1/p*> <8 < K <1, p an integer =2, and i(M) = n. Then
M has at least (n — 1)/(p — 1)[ geometrically different closed geodesics with
lengths in [2m,27/ 8 ). In particular, there exist two such closed geodesics if
8>1/(n— 1)*andi(M)=m.

Remarks. (a) Any compact Riemannian manifold has a closed geodesic of
length <27/ /8 if K=8> 0.

(b) (3.4) implies that any metric with (k — 1)/(n — 1))’ <8 <K <1 for
some integer k <n — 1 and i(M) = = has at least k geometrically different
closed geodesics with lengths in [27,27/ V8 ].

(¢) If also follows from (3.4) that any metric with 1/4 < K < 1 has at least
n — 1 closed geodesics. Arguments as in the proof of (3.3)(ii) show that any
metric with 9/16 <K <1 has at least g(n) — 1 closed geodesics. Using a
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result of Tsukamoto, see [28], it follows that the proofs also work if 1 /4 < K <1
and 9/16 < K < 1 respectively. Notice that these proofs are, in contrast to the
proof of the better result in (4.1), much more elementary.

4. Closed geodesics on 1/4-pinched manifolds

4.1. Theorem. Suppose M is homeomorphic to S" and 1 /4 <§ <K< 1.

(1) M has at least g(n) closed geodesics without self-intersections and with
lengths in [27,27/ 8| C [2m,47]. If all closed geodesics of length < 2w/ Ve
are nondegenerate, then there exist at least n(n + 1)/2 such closed geodesics.

(ii) If all closed geodesics with lengths in [2m, 27/ /8 | have the same length I,
then all geodesics are closed of length 1. If the closed geodesics with lengths in
[27,27/ V8] have only two different length values, then there exists a family of
closed geodesics of equal length in 27,27/ /8 | such that every point of M lies in
the image of some geodesic in the family.

Remark. It is easy to find surfaces of revolution which satisfy the condition
in the second part of (ii)) with two different length levels. There also exist
surfaces of revolution such that all geodesics are closed of the same length /,
but K is not constant, see [9]. In particular, there exist perturbations of the
standard metric with this property.

The sphere theorem states that M is homeomorphicto S"if 1/4 <d<K <1
and 7 (M) = 0. This is proved by showing that one can cover M with two
balls: for each point p and a point g furthest away from p, two balls of radius p
with 7,/2/8 < p <= around p and g cover M. One can then cover M with
geodesic quadrangles with corners at p, ¢ and on the equator consisting of
equidistant points from p and g. This enabled Klingenberg to represent the
classes {0,0},---,{0,n — 1} by curves with energy < 272/8 if § > 1/4; see
[19].

In [27] Thorbergsson used the fact that one can cover M by balls of radius =
around the endpoints of a geodesic segment of length = if 4/9 < K< 1.
Choosing a fixed ball of radius 7 /2 one can then perform the above equator
construction for each pair of antipodal points on the boundary of this ball.
Thorbergsson attempted to use this construction to push the classes {i, n — 1},
0<i<n—1, under the energy level 272/8. However, the deformations
involved were only I' equivariant and not O(2) invariant as claimed in [27].
Klingenberg observed that this is still sufficient to bring all the classes {a, b}
below the energy level 272 /8 if § > 4/9; see [21].

To extend Thorbergsson’s idea to 1/4 < § < K < 1 we need the following.
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42 Lemma. Let K=8>0andy:[0,7/V8]~ M a normal geodesic. Set
p =(0), ¢ = y(n/V8).

(i) Any r € M satisfies min{d(p, r), d(q,r)} < 37/ V5.

(ii) Suppose 1/4 <8 < K <1 and p # q. If ¥ is a normal geodesic emanating
at p, then there is precisely one t € (0,272 /8] such that d( p, ¥(t)) = d(q, ¥(2)).

4.3. Lemma. Suppose 1/4 < K < 1 and assume that K is not constant. Given
a > 0 there exist a B > 0 and a constant a, 0 < a < 1, such that for every p, q
with d(p, q) < m + P there exists a curve c, (1), 0 < ¢ < 1, from p to q such that
(p, g, 1) = ¢, () is continuous, smooth on {(p, q) | d(p,q) <=+ B} X[0, a]
and on {(p,q) | d(p,q) <= + B} X [a,1], and such that E(c,,) <7*/2 + a.

Remarks. (a)If1/4 <8 <K <1landw(M)=0,theni(M)=n>n/2/5.
Then (4.2) implies that M can be covered by two balls around p and g with
radius p, where 272 /8 < p < &, which proves that M is homeomorphic to S”.
This proof differs from the usual proofs of the sphere theorem.

(b) In the proof of (4.3) we associate, as in [15] and [16], vector fields to
distance functions, such that the associated flow shortens distances. Our
presentation follows [15]. The essential observation is that the distance func-
tion does not have any critical points (in the sense of [15]) at distance # if
1/4< K <. The curves c,, in (4.3) will be used to replace the minimal
geodesics connecting p and ¢, which are not uniquely defined if d( p, q) = 7.

Proof of (4.2). (i) Let ¢, be a minimal geodesic joining ¢ and 7, and ¢, a
minimal geodesic joining r and p. If min{d(q, r), d(r, p)} > m/2/§, then
(¢, €5, Y) is a generalized §-triangle of parameter > 27/ 8. This is a con-
tradiction by the Toponogov comparison theorem, see [11].

(ii) This follows from (i) as the corresponding statement follows in the proof
of (6.4)in [11].

Proof of (4.3). As in [15] we say that g is a critical point of the function
x — d(p, x) if for every unit vector v at g there exists a minimal geodesic y
from g to p such that < (y(0),v) <#/2. It follows from Klingenberg’s
injectivity radius estimate that there is no critical point ¢ with 0 < d( p, q) < 7.
We now prove that there is also none with d( p, q) = #:

Suppose ¢ is a critical point with d(p, q) = #. Let C be the set of unit
tangent vectors at g tangent to minimal geodesics from g to p. It follows from
Lemma 6.9 in [11] that C is convex in the sense that the shortest great circle arc
joining v, w € "~ ! is contained in C if v # —w. Since we assume that K is not
constant, there is no closed geodesic of length 2# on M by a result of
Tsukamoto; see [28]. Since (M) = 7 there also does not exist a geodesic loop
of length 27. Hence —v & C if v € C. But a closed convex subset of $"!
containing no antipodal points is easily seen to be contained in an open
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hemisphere. This is a contradiction since ¢ was assumed to be a critical point.
Therefore there exists no critical point g with d( p, q) = 7.

We conclude that there is a 8, > 0 such that there is no critical point g with
0 <d(p,q) <w+ B,.If g is not a critical point, then there exists a C* vector
field X, in a neighborhood of g such that || X, Il <1 and such that J (X, v)
< ar/2 for all v tangent to a minimal geodesic from p to g, and, hence for all v
tangent to a minimal geodesic from p to a point sufficiently close to g. Using a
partition of unity we get a smooth vector field X,(¢q) on {(p, q) | dip,g)<m=
+ B} such that || X,(¢)ll <1 and such that d( p, ¢,,(s)) is strictly monotoni-
cally decreasing for p # g, where ¢, () is the integral curve of X, starting at g.

Choose 0 < a < 1 such that 72/a + 1 — a < 72 + 2a. There exists a 8 > 0
such that d(¢, (1 — a), p) < for all p, g with d(p, g) < = + B. Define

o (1) = {y(t) for 0 <

¢,,(1 —1) fora<

where y: [0, a] - M is the unique minimal geodesic from p to ¢,,(1 — a). Then
E(c,,) <m?/2 + a, and the lemma is proved.

Proof of (4.1). (i) We first prove this part of the theorem under the
assumption 8 > 1/4, since the main ideas of the proof seem to be clearer
without the additional arguments needed for the case 6 = 1/4. We then
explain the changes which have to be carried out in the case 6 = 1/4.

Choose a point py € M and set R = {r € M| d(py,r) =7/2/8}. Ris a
smooth submanifold of M diffeomorphic to $"~! since 7/2/8 <7 < i(M).
For any r € R there exists a unique normal geodesic vy, such that y,(0) = r and
Y(7/2/8) = p,. Set I(r) = y(w//8) € R. I defines an involution of R.

We now construct a homeomorphism 4: S” - M which maps the equator
of $” onto R. Let N =(0,---,0,1) be the north pole and S = (0,---,0,-1)
be the south pole of S”, and let 4:7,S" — 7},0M be an isometry. Let
qo €E M be a point at maximal distance from p,. Then by (6.3) in [11],
min{d( p, py), d(p, qy)} <7/2/8 <= for any p € M. Hence we can define
h:S" > Mby

’exppo((A ° exp;\/l(x))/\/s_)’ ifx e Bﬂ/Z(N)’

d(x,8) . m/2 A o expy(x)
h(x) = equo 77/2 equo exppo ‘/5 |4 o CXPI_VI(JC)“

if x € B, ,(S) — S,

s

| 9o> ifx=3S,
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where B,(y) denotes the closed ball of radius ¢ around y in the corresponding
manifold. By (6.10) in [11] the complement of the ball B, ,,5(p,) is 7/ V5 -
convex. Hence any geodesic of length <m/2/§ starting at g, meets the
boundary of the ball at most once. Therefore h is injective and hence a
homeomorphism. However, 4 is not necessarily differentiable. We make &
differentiable by reparametrizing s close to the equator and around g, along
the geodesics emanating from p, and g,. Denote this new map by f. fo c is in
P(M) for ¢ € B, since f is a homeomorphism.

f induces a continuous and I' equivariant map B(f): B, » P(M). There is
an & > 0 such that B(f)(B;) C V. Note that f is Z, homologically nontrivial
since f is a homeomorphism. By (1.5)(ii), (1.6), and (2.4) we will be done if we
can show that the classes B( f),{a, b} have critical levels < 272/8 < 872 It
suffices to show that the classes (B(f)/T),{a, b}y have critical levels < 272 /8
in (P,V N P)/T. To do this we define a deformation of these cycles which
possibly brings a curve into a § invariant curve. By excision we then bring
these cycles back into (P, ¥V N P)/T.

We first give some definitions. For r € R set

E(r)= {p IS M| d(r, p) =d(Ir, p)}

Since 7 and Ir are connected by a geodesic of length 7/ V8, it follows from
(4.2) that E(r) divides M intotwocells B, (r) = {p EM | d(r, p) <d(Ir, p)}
and B(r)={p € M| d(r, p) < d(Ir, p)}. E(r) is diffeomorphic to $" ! and
depends smoothly on r: U, _, E(r) is the set of zeros of the function g: R X
M - R, g(r, p) =d(r, p) — d(Ir, p). gis C*® in a neighborhood of g~'(0) and
it follows from the Gauss lemma that g has 0 as regular value. Let D, , r € R,
0 <s =<1, be the radial projection of M — {r, Ir} into E(r), which is well
defined by (4.2)(ii). The s parameter is chosen such that D, (p) is smooth in
r, s, and p and such that D;, (p) = D, ( p).

We will deform fo ¢ into the geodesic quadrangle with corners f o c¢(0),
Dy, 1(foc(l/4), foc(1/2), and Dy, ), 1(f° c(3/4)). We choose the
parametrization of the quadrangle such that the corners occur at i/4, i =
0,1,2,3. Notice that this construction is I' equivariant and that the geodesic
quadrangle has energy < 272/ since each side has length < 7/2V§ . Since it
can happen that Dy, ), 1(f° c(1/4)) = Dy, «0),1(f° c(3/4)), this geodesic
quadrangle can be an element of Ay = {c € A | 0c = c}. Ay is invariant under
T.

We now define the desired homotopy of B(f)/T. Choose n > 0 such that
2n < 1/4 and d(f o ¢(0), fo c(t)) <d(foc(1/2), foc(2)) for all c € B, and
all t €[-27,2n]. By the T equivariance of B(f) this also implies
d(foc(1/2), foc(t))<d(foc(), foc(t) for tE[1/2 —2n,1/2 + 27].
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Define H,: B, X I - P U Ay by

feoelt), if 1 € [0, 7],
H(c,s)(t) =Dy oy, sa—mym( foc(2)), ift € [n,2n],
Dy, ), +(f° c(1)), if 1 € [2n,1/4].

Extend this definition to ¢ € [0, 1] such that H; is I' equivariant. ¢ = H(c, 1)
then satisfies d(&(0), &(¢)) < 7 /2/8 < fort € [-1/4,1/4], d(&(1/2), &1)) <
7/2Y8 <= fort € [1/4,3/4], and &0) = fo c(0), &(1/2) = fo c¢(1/2), &(1/4)
= Dy, o 1(fo c(1/4), €3/4) = Dy. 0. 1(f ° c(3/4)). Thus we can define a
further I’ equivariant homotopy of H( ,1), H,: B, X [0,1/4] = P U A4, by

H,(c,s)(t) = Yao.as0 i1 E[0, 5],
2(¢s &), ifre[s,1/4],

where v, , is the unique shortest geodesic connecting p and g and & = Hy(c, 1).
H, is extended to ¢ € [0, 1] such that it becomes I' equivariant. H,(c, 1/4) is
now the desired geodesic quadrangle. H; and H, are continuous since B( f) is
continuous, D is differentiable, and Yp.q and its derivatives depend continu-
ously on p and ¢ if d(p, q) <. Throughout the homotopy, 0 is the only
parameter value mapped into f o ¢(0). Therefore the multiplicity of all curves in
the deformation is equal to one. By compactness we can choose ¢ > 0 such that
H(c,s) € V for all c € B, all 5, and i = 1,2. Hence we have a homotopy
between B(f)/T and Hy( ,1/4)/T as maps from (B,, B)/T = (P U A,,
(VN P)U A /T. But (P,VNP)/T>(PUAyp(VNP)YUA/T is an
excision map which induces an isomorphism in homology since A /T is closed
and (VN P) U A,)/T is open with respect to the topology of (P U Ay)/T:
A4/T is closed since it is closed in A/T. (V' N P) U Ay)/T is open because
V/T is open in A/T and V/T' N (P U Ay)/T =V N P)U Ay)/T. Simi-
larly we have an excision map (P*, ¥V N P*)/T - (P*U Ay, (VN P*)U

%)/T.x = 2m?/8. We can thus first map a cycle (B(f)/I),{a, b}y into
(PUAy (VN P)U Ay)/T and apply the above deformation to bring it into
(P*U A5, (VN P*) U A%)/T. Using the inverse of the second excision
map we get the cycle into (P*, ¥V N P*)/I. This cycle is homologous to
(B(f)/T),{a, b}g. Hence the critical level of (B(f)/T),{a, b}z and therefore
also the critical level of B(f),{a, b} is < 272/8.

We now explain which changes have to be made in the case § = 1/4.

We can assume that K is not constant. By a result of Tsukamoto, see [28],
there does not exist a geodesic loop of length 27. Choose p,, g, € M such that
d(po>qo) = d(M) and set R = {p € M| d(p, p,) = m}. Note that R is not
necessarily a submanifold of M in contrast to the case § > 1/4 above. By (6.5)
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and (6.6) in [11] we have 7 < d(M) < 2#, and the proof of (6.6)(1) in [11] then
implies that d(r, q)) <= for any r € R. Let S" be the sphere of constant
curvature 1 with north pole N, south pole S, and equator R,. Let 4 : T,S”" >
T, M be an isometry. Define h: §” > M by

rexppo(2A o expy(x)), ifx €B,,(N),

A o expy)
ww—),ifx € B, ,(S),
|4 o expy(x)ll

d(x,S)
h(x) = { ®XPq| — / €XPq, ° €XPp,
and x # S,

| 90> ifx=3S5.

Since d(r, q,) < 7 for any r € R, h is well defined but not necessarily injective.
As above we make h differentiable by reparametrizing 4 close to the equator
and around ¢, along the geodesics emanating from p, and g,. Denote this map
by f. f clearly has degree 1 and hence is Z, homologically nontrivial. f can
possibly map a biangle in B, into A 4. To overcome this difficulty we consider a
continuous family F,: S" - S”" of diffeomorphisms where ¢ € [0, 1], F, = id,
and F, maps the equator into the open northern hemisphere for 7z # 0. f o F,
maps B, into P for ¢t # 0 since fo F, is a diffeomorphism on an open set
containing the equator and the northern hemisphere. Set f = f o F,. Then (2.4)
applies to f. To prove the theorem for & = 1/4 it suffices to show that the
images of the homology classes {a, b}, under f in (P,¥V N P)/T can be
deformed under the energy level 872, As in the proof of the case 8§ > 1/4 it
follows by an excision argument, that it suffices to deform them in (P U
Ay, (VN P) U Ay)/T under the energy level 872, Now f o F, defines a defor-
mation of the images of the homology classes {a, b}, under f to those under f
in (PUAy, (VN P)U Ay)/T. Hence it suffices to deform the images of the
homology classes {a, b} under f under the energy level 8«2

Since K is not constant, there do not exist closed geodesics of length 47 by a
result of Tsukamoto-Sugimoto [28], [26], and therefore none of energy 872
Hence there exists some a > 0 such that there is no closed geodesic with energy
in [87% — 16, 872 + 16a]. Therefore it suffices, using the gradient flow of E,
to show that the critical level of any B( f),{a, b} is < 872 + 16a. We will do
this by representing these classes by curves consisting of four of the curves c,,
in (4.3).

Notice that R does not necessarily have an involution as in the case § > 1/4.
But we have a corresponding involution I on R, which will suffice for our
purposes. As before we can use (4.2) to define the equators E(r) = {p € M |
d(f(r), p) = d(f(Ir), p)} for r € R, which divide M into two regions B, (r)
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and B_(r). Note that f(r) # f(Ir) for every r € R, since these points are
connected by a geodesic of length 27 by the definition of f. Thus E(r) is never
the whole manifold M. E(r) is not necessarily a submanifold of M since there
may exist points p such that d( f(r), p) = d( f(Ir), p) = «. Similarly the radial
deformation retractions D, , r € Ry, s €[0,1], of M — {f(r), f(Ir)} into
E(r) are well defined by (4.2)(ii) and also continuous, but may not be
differentiable. To make these retractions differentiable we proceed as follows:
Let N = {(r,v)|r € Ry, v € Tj,,M, llvll =1}, and let g(r,v) € (0, 7] be
the unique parameter such that vy, (g(7, v)) € E(r). Choose a smooth map
h:N X (0,7) % [0,1] - (0, 7)

such that A(r,v,t,0)=1t, h(r,v,t,1)=g(r,v) — B, and h(r,v,t,s) =1 if
t = g(r,v) — B/2, where 8 > 0 is chosen with respect to a as in (4.3). Define
(yu(h(r, v,1,5)), ifp=1y,(t),0 € T,M,lvll=1
andd(p, f(r)) <g(r,v),

D/ (p) = {v,(h(Ir,v,1,5)), ifp=1,1),0 € Ty, M, lloll =1

and d(p, f(Ir)) <g(Ir,v),
P> otherwise.

It is clear that D/ ( p) is differentiable in r, s and p, and that D/ (p) defines
deformations of M — { f(r), f(Ir)} such that D/ = Dy, ., d(f(r), D] (p)) <
m+ B if d(f(r), p) < d(f(r), p), and d(f(r), F(p) <7+ B,
d(f(Ir), D/ (p)) <7 + B. We replace D by D’ in the deflmtlon of H, above.
¢ = H(c, 1) then satisfies d(é(0), é(z)) <« + B for t € [-1/4,1/4],
dié(1/2),¢ét)<a+ B for t €[1/4,3/4], and &) = fo c(0), é(1/2) =
f o ¢(1/2). Furthermore, throughout the homotopy, 0 is the only parameter
value mapped into fo ¢(0). Therefore the multiplicity of all curves in the
deformation is equal to one. In the definition of H, we replace the segments
Yz0),as) DY the curves czg) ~,) in Lemma 4.3. It is clear that H, and H, are
continuous. The energy of Hy(c, 1/4) is less than 872 + 16a and hence the
critical level of B( f),{a, b} is < 8«2. The rest of the proof is as above.

(i) The images A, and h, of the homology classes {0,0}gand {n — 1, n — 1},
are subordinate classes in (P, V N P ), and it follows from the proof of (i) that
k(h,) < k(h;) <272/8 < 8«2 and < 8« if K is not constant.

Let ¢: P/8 — P be the projection. In the proof of (2 3) it was shown that
there exists an 4, € H,_,((P,V N P)/8) such that q,(h)) = h,. We first show
that H,_ ((P, Vﬂ P)/0) = Z, since we will need that hl is uniquely de-
termincd. Since M is homeomorphic to S”, we have H, (P,V N P)=

H, (P)=H,_\(A). Because m(A) =0 fori<n— 1 and w,_,(A) =7 (M)
=17, it follows from the Hurewicz theorem that H, ,(A) = Z,. Now the
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Gysin sequence of (P,V N P) - (P,V N P)/0 implies H, _,((P,V N P)/0)
=17,

Clearly k(h,) = k(h,). Since q is an S' bundle, we have the transfer map
r: H(P,VNP)—H,, (P,VNP)/8) of the associated Gysin sequence.
Define /3 = 7h,. It follows from the naturality of the transfer that k(k,) <
k(h;). We will now show that i, and %, are subordinate, which implies
k(h;) = k(h,). Hence k(h,) < (k) < k(h,) < k(h,).

We first compute the cohomology of G/6 = T,S"/60, where 6 : T\S" —» T,S™
is defined by 6(v) = —v. H(T,S")=1Z, for i=0, n— 1, n,2n— 1 and
vanishes otherwise. The generator of H"!(T,S") is dual to the fundamental
class F of the fibre "' of T\S" - S”. Under T,S" — T,5"/6, F is mapped
into twice the fundamental class of the fibre P"~'R of T,S"/8 — S". Hence
H" Y(T,S"/0) - H" \(T,S™) is the zero map. The generator of H*(T,S") is
the pullback of the fundamental coclass [S”] of S”. Since T;S” — S”" factors
through T,S" /6 the pullback w, of [S"] to T;S" /6 is nonzero. From the Gysin
sequence of T,S” —» T,S"/8 we conclude that H(T,S"/0) =Z, for 0 <i <
2n — 1 with generator |, for0 <i<n-—landw, U o\ "forn<i<2n—1,
where w, is the Stiefel-Whitney class of 7,S" — T,S"/6. In particular w, U

W' = [T;5"/8). ) )

w, and w, both have preimage under (G(f)/0)*, where G(f)/0: T,S"/0 =
G/0 — P/8 is the map induced by f (f as in the proof of (i)): Let &, be the
Stiefel-Whitney class of the covering P —» P /6. By naturally (G(f)/0)*&, =
w;. The evaluation e(c) = c(0) defines a map e: P/ - M such that
e°G(f)/0:G/0 - M coincides with G/0 — S” /.M. Hence @, = e*[M]
satisfies (G(f)/0)*w = w,.

Setf =&, U &7~ '. Then (G(f)/0)*¢ = [G/0). Letn: H*(G/8) - H*'\(G)
and 7j: H*(P/8) —» H*"'(P) be the transfers in cohomology of the corre-
sponding Gysin sequences. Then 7[G/8] =[G], and hence ¢=#j(§) €
H?"~2(P) satisfies G( f)*¢ = [G]. As at the end of the proof of (2.4) it follows
that £ N h; = h,. By the definition of 7 and 7 and (12.14) in [13, p. 240], it
follows that ¢,(¢§ N th,) = 7i(€) N k3, and hence

q*(g n };3) = q*(g N Th3) =énN h3 = h]-

Since H,_,((P,V N P)/6) = Z, it follows that § N A, = k. Set hy = &, Nk,
€ HZ(,, ,)((P V' N P)/B). Then &' N h, = h, and hence k, is subordinate
to h, and #, is subordinate to /.

Assume first that all closed geodesics whose lengths lie in [27, 27/ V& | have
the same length /. Then «k(/,) = k(k,) = I?/2. From (1.3), applied to X =
A/8,Y =P/ and Z = (V N P)/8, it follows that £ | U + 0 for any neighbor-
hood U of K = {c¢ € P/0|c closed geodesic with E(c) = I?/2} in P /6. Since
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P /8 is a locally contractible metric space, it follows that H*(U) is naturally
isomorphic to H*(U) for any open subset U of P/@, where H denotes
Alexander cohomolgy, see [25, (6.9.5)]. Since K is closed we have H*(K)
= lim H*(U), where the direct limit is over all open neighborhoods U of K,

ordered by U< V if ¥V C U; see [25, (6.6.2)]. Hence £ defines a nonzero
element in H2"~!(K) and therefore H>"~(K) # 0. On the other hand, K can
be embedded into T;M /6 since a closed geodesic is determined by its initial
vector, and the topology induced on K by T, M /6 coincides with the topology
induced by P/6. We have again that H*(K) = liin H*(U), where the limit is
over all open neighborhoods U of K in T\M /6. If U is not all of T\ M /6, then
U is an open (2n — 1)-dimensional manifold which implies H>"~'(U) = 0.
Hence H2"~(K) = 0 if K is not all of T,M /0. Therefore K = T\M /6 and all
geodesics are closed of length /.

If the closed geodesics with lengths in [27, 27/ /& ] have only two different
length values, then K(};,) = x(h~2) or n(h~2) = K(};3). Assume first k = x(h~2) =
k(h;). From (1.3) it follows that &,| U+ 0 for any neighborhood U of
K={ceP/b | ¢ closed geodesic with E(c) = k}. Suppose there is a point
x € M such that no ¢ € K meets x, i.e., given any representative ¢ € P of any
¢ € K, then ¢(t) # x for all t € S'. Then there is also a neighborhood U, of K
such that no ¢ € U, meets x. U, contains a cycle z such that &,(z) * 0. Since
@, is the pullback e*[M] of the fundamental class [M] of M, e (z) is a
fundamental cycle of M. Hence the carrier of e, (z) contains x, a contradiction
to the choice of Uj,.

To discuss the case (k) = k(h,) = k, we first define a map H, (P/8) -
H, . (M): Let ¢ be a singular k-simplex in P/6. o has a lift 6 to P since
P - P/8is a covering. Then e o (S'-6)is a (k + 1)-chain of M, where S'-§ is
defined as in the proof of (2.3). ¢ has exactly two lifts, 6 and 66, to P. Since we
use Z, coefficients we have e o (S'-6) = e o (S'-606). Hence 0 — e o (S'-6)
induces a map ¢ of the singular chain complexes. é commutes with differentials
since 3(S'-6) = S'-96. We denote by ¢é also the induced map of the homol-

ogy groups.

Assume that there is some x € M such that no geodesic in the set K, defined
as above, meets x. Let U, be a neighborhood of K in P /8 such that no curve in
U, meets x. Then there is a cycle z in U, such that &7 '(z) # 0 by (1.3). It
follows that z represents the unique nonzero element in H, ,(P/0) = Z,. On
the other hand, it is also clear that ¢ maps the nonzero element in H,_,(P/6)
onto the fundamental class of M. Therefore the carrier of é(z) is equal to M,
contradicting the choice of Uj,.
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Remarks. (a) In all three cases in the proof of (ii) it is essential to work in
(P,V N P)/8. For example, in the first case we use the embedding of K into
T, M /0. Note that there is no such natural embedding of K.

(b) As claimed in Theorem B, one can prove (ii) also under the assumption
g < a’gy, 1 <a <2, and /(M) = 27, where the lengths of all closed geodesics
considered are in the interval [27,27a). This follows as in (i) since the
assumptions imply x(h~]) = K(h~3) and n(h~|) = K(l‘;z) or x(h}) = n(h~3) respec-
tively.

(c) The method of the proof of (ii) can also be used to prove the following
result claimed by Lusternik and Schnirelmann; see [22, p. 82]: If the closed
geodesics without self-intersections on S? with respect to some Riemannian
metric g all have the same length a, then all geodesics on (S?, g) are closed of
length @ and have no self-intersections. If the lengths of the closed geodesics
without self-intersections only take on two values, then there is a family of
closed geodesics without self-intersections and of constant length which meets
every point of 2.

(d) It is interesting to note that one can easily prove the following perturba-
tion version of (4.1)(1):

Let g, 0 <t <1, be a C? family of metrics on S” such that g, has constant
curvature 1 and such that the sectional curvature K, of g, satisfies 1 /4 < K, < 1.
Then g, has g(n) closed geodesics without self-intersections and with lengths in
[27,47].

To see this let C be the set of metrics g such that 1/4 < K ¢ < 1, endowed
with the C? topology. Let g € G. If g has a closed geodesic of length 47, then
K, =1 or 1/4 by a result of Tsukamoto-Sugimoto; see [28] and [26]. Hence
there exists an a« >0 and a nelghborhood U of g such that no g’ € U has a
closed geodesic with length in (872 — a, 872). It follows that (P’”’ =, P{) has
exactly as many subordinate homology classes as (Ps" P ). Therefore the
set A of metrics g € G such that (Ps” - P‘) contams g(n) subordinate
homology classes is open and contains g,. The same arguments imply that
G — A is open, and hence A contains the connected component of g, in G.

Similarly it follows that the number of subordinate homology classes of
(P}~ Pf) depends only on the connected component of g in G.

5. Stability properties

In this section we discuss some properties of the linearized Poincaré map of
the closed geodesics found in the previous sections. For definitions we refer to

(8].
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5.1. Theorem. Let § < K< 1. Suppose that ¢ is a closed geodesic with
L(c) = 27 and ind(c) < k, where k is some integer withn — 1 <k <2(n — 1).
Then the following hold.

() 8 = (k/2(n — 1))? implies that c is nonhyperbolic.

(i) 8 = ((2s + 3)/(2s + 4))?, s =k — (n — 1), implies that the linearized
Poincaré map of ¢ has at least 2(n — 1) — k Jordan blocks Jg(e'®, m, o) with
0<o¢<wmando=0.Ifp # 0, thenmis odd and o = +1.

(iii) 6 = 9/16 and k < 3(n — 1) /2 implies that there exist at least 3(n — 1) —
2k Jordan blocks with0 < ¢ <7 and o = 0.

5.2. Theorem. Let 6 < K< 1. Suppose that c is a closed geodesic with
L(c)<2m/ V8 and indy(c) = k, where k is some integer with 2(n — 1) < k <
3(n — 1). Then the following hold.

(i) 8 = (2(n — 1)/k)? implies that c is nonhyperbolic.

(i) 8 = ((2s + 4)/(2s + 5))2, s = 3(n — 1) — k, implies that the linearized
Poincaré map of ¢ has at least k — 2(n — 1) Jordan blocks Jg(e'?, m, o) with
O0<¢<mando<0.If¢ # 0, thenmis odd and o6 = -1.

(iii) 6 = 16/25 and k > 5(n — 1)/2 imply that there exist at least 2k —
5(n — 1) Jordan blocks with0 < ¢ < 7 and o < 0.

Proof. Notice that for all pinching assumptions 8 = 1/4. Hence by results
of Tsukamoto and Sugimoto we can assume L(c) > 2# (see [28]) and L(¢) <
27/ V8 (see [28] and [26]).

(5.1)(i) then follows as at the end of the proof of [8, (3.9)].

Assume now that V& >p/2q. Then L(c?) >2wq=pw/ V8, and hence
ind(c?) = p(n — 1) by [8, (1.8) As in the proof of [8, (3.3)] it
follows that there exists a z with z9=1, z # 1, such that I(z) — I(1) =
(p(n—1)— kq)/(q — 1). To prove (5.1)(ii) choose p = 2s + 3and g = s + 2.
Then I(z) — I(1)>2(n— 1) — k — (s/(s + 1)), and hence (5.1)(ii) follows
from [8, (3.2)]. Similarly, for (5.1)(iii) choose p = 3 and ¢ = 2. This implies
I(z) — I(1) = 3(n — 1) — 2k.

To prove (5.2)(i) choose a rational number p/q such that L(c) <pw/q <
27/ V8. Then L(c7) < pm, and hence ind(c?) <p(n — 1) <2q(n— 1)/V8
< gk < qind ,(c) since V§ = 2(n — 1)/k. Therefore ¢ is nonhyperbolic by [8,
(2.3)].

Assume now that V8§ =2g/p. Then L(c?) <2mq/ V8 <pm, so that [8,
(1.9)] implies ind y(c?) < p(n — 1). Hence there exists a z with z9 =1, z # 1,
such that Ij(z) — I(1) < —(kqg — p(n — 1))/(q — 1). To prove (ii) let g = s
+2 and p=2s+ 5. This implies Iy(z) — (1) < —(k —2(n — 1)) +
s/(s +1), and (ii) now follows from [8,(3.2)]. To prove (iii) let ¢ =2 and
p =5.Then I(z) — I(1) < —(2k — 5(n — 1)).

=
=
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Remark. As in [8, (3.3)] and [8, (3.4)] one could estimate the number of
Jordan blocks with eigenvalues on the unit circle and their angles as &
increases.

In Remark (b) following [8, (4.2)] we gave a local example with K = 1,
ind(c) =k, n — 1 <k <2(n — 1), such that all eigenvalues of the linearized
Poincaré map are on the unit circle, but £ — (n — 1) of them could be chosen
to be —1. Notice that Jordan blocks with eigenvalues —1 cannot be detected
with our methods. This shows that in (5.1) one cannot obtain more than
2(n — 1) — k Jordan blocks on the unit circle with our methods. A similar
remark applies to (5.2).

In Chapter 4 we showed that there exist g(n) closed geodesics with lengths
in [27,27/ V8] if m(M) =0 and 1/4 <8 <K < 1. In order to apply (5.1)
and (5.2) we have to find estimates for their index.

If all closed geodesics of length < 47 are nondegnerate, we can apply (1.6):
For each a, b,0 < a < b < n — 1, there exists a closed geodesic ¢ with length
in [27,27/ /8] and ind(c) = ind(c) = a + b + n — 1. Hence ]n?/2[ of these
closed geodesics have ind(c¢) = indy(c) # 2(n — 1). Using (5.1)(i) and (5.2)(i)
they are nonhyperbolic if § is sufficiently large. The strongest pinching which
we need occurs if ind o(¢) = 2(n — 1) + 1, and hence we obtain ]n%/2[ nonhy-
perbolic closed geodesics if § = ((2n — 2)/(2n — 1))

To get an estimate for the number of nonhyperbolic closed geodesics in the
general case we need the following two lemmas.

5.3. Lemma. Suppose i(M) =« and x < 8x2. If h € H(P*",V N P*) is
nonzero, then there exists a closed geodesic of energy k(h) satisfying ind(¢) < k
< indy(c).

Proof. Let k(h) = a. If (5.3) is not true, then every closed geodesic of
energy a satisfies ind(c¢) > k or indy(c) < k. Given ¢ > 0 we can approximate
the metric g by a metric g, in the C? topology such that g, has only
nondegenerate closed geodesics and such that (1 —e)g<g, < (1 + ¢)g, see
[1]. If we set P2 = E;'[0, B], where E, is the energy of g,, we have

F:(l—e)z C Pe1-9 c pa c pall+e) — F:(l+e)z.

We can furthermore assume that all closed geodesics of g, in P2(0*9" —
P20=9"~ satisfy ind(c) # k. Otherwise we can take a sequence ¢ — 0 and
metrics g; — g such that all closed geodesics of g; are nondegenerate, and such
that g, has a closed geodesic ¢; with ind(c;) = k and E(c;) € [a(l — ¢;)%,
a(1 + ¢;)?]. But then a subsequence of the ¢, converges to a closed geodesic ¢
of g with energy a, and by continuity of the eigenvalues of the Hessian,
ind(c) < k <indc).
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As in the proof of (1.6) it follows that H(P(*9", Pa(i=9%) = ( since there
exist no closed geodesics of g, of index k in P21 +9" — pa(1—9°~ But by the
definition of a, there exists a representative of 4 in (P09, ¥ n p«(1+9) and
since ¥ contains no closed geodesics, also one in (P*!+9, ¥ N P*). But since
(Pe0+9 7 0 ey C (P29’ pai=9%) the above implies that / has a repre-
sentative in (P2 9", 7' N P?) C (P*'~9, ¥ N P*) which contradicts the defi-
nition of a.

54. Lemma. Suppose i(M) = and k < 872 Let h, and h, be two sub-
ordinate homology classes in (P*,V N P*) with k(h,) = k(h,) = a. Then
there exist infinitely many degenerate closed geodesics of energy a.

Proof. If there exist only finitely many degenerate closed geodesics v,,- - -, v
of energy a, let U, be pairwise disjoint contractible neighborhoods of v; in P*.
Then there exist only finitely many nondegenerate closed geodesics o,,- - -, 0, of
energy a which are not contained in U,,---,U,. By choosing the U, ap-
propriately, we can assume that none of the g;’s lies in dU;. Choose contractible
neighborhoods W, of o; such that the U,,---,U,, W,,---, W, are pairwise
disjoint. Then U,,---,U,, W,,---, W, cover the set of closed geodesics of
energy a, and one obtains a contradiction to (1.3) since the cohomology of
Uu---uUU,U W, U --- UW,vanishes in positive dimensions.

Remark. One could expect that the existence of / subordinate homology

classes h,---,h; in (f"',Vﬂ 17"') of dimension k,---,k, implies the ex-
istence of / closed geodesics c,,- - -,c; with E(c;) = k(h;) and ind(¢;) < k; <
indy(c;).

5.5. Theorem. If M is homeomorphic to S™ and (2n — 2)/2n — 1))* <8 <
K < 1, then there exist at least g(n) — 1 nonhyperbolic closed geodesics on M
without self-intersections and with lengths in [2m,2m/ 8 ). If n # 2*, then there
exist at least g(n) such closed geodesics. If all closed geodesics of length < 4 are
nondegenerate, then there exist at least 1n*/2[ such closed geodesics.

Proof. The g(n) homology classes in (4.1) have dimension in [n — 1,
3(n — 1)]. By (5.4) we can assume that the critical levels of these g(n)
homology classes are all different, since null(¢) = dimker(P — id) implies that
a degenerate closed geodesic is nonhyperbolic. Unless the homology class has
dimension 2(n — 1), (5.3) together with (5.1)(i) and (5.2)(i) implies that the
corresponding closed geodesic is nonhyperbolic if the pinching is appropriate.
The strongest pinching we need occurs if Kk =2(n— 1)+ 1, hence & =
((2n = 2)/(2n — 1))* suffices. This implies the existence of g(n) — 1 nonhy-
perbolic closed geodesics as claimed.

If n # 2%, the sequence of g(n) subordinate homology classes is obtained by
applying at least once the cap product with a two-dimensional cohomology
class. Since the cap product with cohomology classes can be performed in
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arbitrary order, we obtain a sequence of g(n) subordinate homology classes
none of which has dimension 2(n — 1).

The case where all closed geodesics of length < 47 are nondegenerate was
discussed above.

5.6. Theorem. Let M be a simply connected compact Riemannian manifold
which is not a Z, homology sphere. Assume that 1/16 <6 <K <1andi(M) =
a. Let k be the first dimension in which a nontrivial homology class appears. If
4(k — 1)<n — 1, then there exist at least k nonhyperbolic closed geodesics
without self-intersections and with lengths in 27, 7w/ 8. If 6(k — 1) <n — 1,
then there exist at least g(k) such closed geodesics.

Proof. The homology classes considered in the proof of (3.3)(i) (resp. (ii))
have dimensions <(n —1)/2 if 4k —1)<n—1 (resp. 6(k — 1) <n—1).
The proof now follows from (5.3), (5.4), and [8, (3.8)].

Remark. This theorem applies to P"C and P"H if 1/16 < K < 1. There
exist two (resp. four) nonhyperbolic closed geodesics on P"C (resp. P"H) if
n = 3 (resp. n = 4), and there exist three (resp. seven) such closed geodesics if
n = 4 (resp. n = 5). Notice that in [8, (3.9)] we obtained the existence of one
nonhyperbolic closed geodesic on these spaces under weaker pinching assump-
tions.

=
=
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