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POINCARE’S PROBLEM AND THE LENGTH
OF THE SHORTEST CLOSED GEODESIC
ON A CONVEX HYPERSURFACE

CHRISTOPHER B. CROKE

0. Introduction

In this paper we discuss two different but related problems.

The first problem is that of finding upper and lower bounds on the length L
of the shortest nontrivial closed geodesic on a convex hypersurface M” C R**!,
We show that if M encloses a ball of radius r,, then L = 27r, (Theorem 1.5).
We also show (Theorem 1.7) that

27 [ 5, (ai(x). - a2(x)) s,
Jna(n) 'm

where a(n) is the volume of the unit n sphere, {a,(x)} is the set of principal
curvatures of M at x, and S, _, is the (n — 1)st symmetric polynomial. Further,
if equality holds (in the upper bound), then M is a round sphere. The upper
bound is interesting in that it is in terms of an integral of curvatures rather
than bounds on curvatures. The lower bound is used in the proof of the second
problem.

The second problem was posed by H. Poincaré, in 1905, in a well-known
paper [6]. In [6] it was suggested that one could find the shortest simple closed
geodesic on a convex surface M by minimizing the arclength functional over
the set & of all simple smooth closed curves which separate M into two pieces
of equal total curvature. Here we establish that this suggestion in fact works.

In 1980 using the methods of integral currents M. S. Berger and E. Bombieri
[1] showed that the result holds for metrics C* close to the standard metric.
The reason for this restriction comes in showing that the minimum which they
get is connected. They suggest that by complicating the proofs and using the
theory of varifolds one may be able to extend their proof to cover all convex
surfaces.
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In this paper, we take a completely different approach. We consider compact
finite dimensional approximating spaces Q7",,(M) of closed piecewise geodesic
curves. The main difficulty with this approach is to show that the minima
achieved are simple.

One should note that if y is a nontrivial simple closed geodesic on M, then
by Gauss-Bonnet y splits M into two pieces of equal total curvature so y € &.
On the other hand the first variation formula (see [1, §2]) shows that if 1 € @
and the length of 7 is the infimum L of the length functional on @, then 7 is a
simple closed geodesic. Thus we will show (Theorem 3.2) that there is a simple
closed geodesic y with length L. (The fact that L >0 will follow from
Corollary 1.4.)

In the first section we prove the upper and lower bounds on the length of the
shortest nontrivial closed geodesic.

In the second section we define the approximating spaces 2’,(M) and state
some properties of these spaces. Unfortunately, although most of the proper-
ties are geometrically intuitive, the proofs are often long and tedius. Therefore
the proofs of the lemmas in §2 are included in the appendix at the end of the
paper.

In the third section we show that Poincaré’s suggestion works.

The author would like to thank Wolfgang Ziller and Werner Ballmann for
bringing the Poincaré problem to his attention. He would also like to thank
Eugenio Calabi for helpful conversations.

1. The length of the shortest closed geodesic on a convex hypersurface

In this section we prove an upper and lower bound on the length of the
shortest closed geodesic on a convex hypersurface M"” C R**!. In the process
we will derive a result, Corollary 1.4, which will be needed in the proof of
Poincaré’s problem.

We begin with two lemmas.

Lemma 1.1. Let M C R""! be a convex hypersurface which encloses the ball
of radius r,, centered at the origin. Then for all x € M we have {x, N(x))=r,
where N(x) is the image of x under the gauss map (i.e., N(x) is the unit outward
normal to M at x). Further equality holds if and only if x lies on the sphere of
radius r,.

Proof. (x, N(x)) is the distance from the origin to the tangent plane P of
M at x. Since M is convex, P lies outside M, hitting M only at x. Hence P lies
outside the sphere of radius r,, hitting the sphere only if x lies on the sphere.
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Lemma 1.2. Let v be a closed piecewise C' curve in R**! of length L. Then
there is a point x, € R"*! such that for all t, | xo — v(¢)|< L/4. Further we
may choose x, so that the inequality is strict unless vy is a line segment of length
L /2 transversed twice.

Proof. Let y: [0, L] > M be parameterized by arclength. Let x, = (v(0)
+ v(L/2)) (ie., xo is the midpoint of the line segment between y(0) and
Y(L/2)). Now for all t € [0, L]

2| xo — ¥(2) |=] (2% — ¥(2)) — ¥(2) |
<|(2x, — (1)) = ¥(0) | +|¥(0) — () |
=|v(L/2) — y(2) | +[v(0) — ¥(2)|
<L/2.

It is not hard to see that if equality holds above for some ¢, € [0, L/2], then
Yjt0,2/2) 18 the line segment from y(0) to y(#,) followed by the line segment
from y(t,) to y(L/2) and that these line segments lic on the same line (see the
first inequality). If equality does not also hold for some #, €[L/2, L], then
one could make the inequality strict by moving x,, slightly. The above shows
that y must be the line segment from y(z,) to y(t,) transversed twice except in
the case where x, = v(0) = y(L/2) and the line segments from x, to y(¢,) and
X, to y(¢,) make an angle at x,. In this case we could again move x, slightly to
achieve strict inequality.

Theorem 1.3. Let M" be a convex hypersurface in R**! which enclose a ball
of radius r,. Then every closed piecewise C' curve y on M, whose image under the
gauss map hits every closed hemisphere of the unit sphere, has length greater than
4r,.

Proof. We may assume that the origin is the center of the ball of radius 7.
Let x, be as in Lemma 1.2. There are two cases.

Case 1. x, = 0. Since y(¢) lies on M which encloses the ball of radius 7,, we
have ry <|y(?)|=|¥(?) — xo|< L/4. Now if equality holds in the first in-
equality for all ¢, then v lies on the sphere of radius r,. But in this case Lemma
1.2 says equality cannot hold in the second inequality, so L > 4r,.

Case 2. x, # 0. Since the image of y under the gauss map hits every closed
hemisphere, there is a ¢ such that {(x,, N(y(¢)))< 0. Thus

L/4=[y(1) = x| = (¥(1) = x0, N(v(1))) = (¥(2), N(v(1))) = r,,

so L = 4r,.

If equality holds, then Lemma 1.1 says that y(¢) lies on the sphere of radius
ry, and since (y(t), N(y(2)))=ry, v(t) = roN(¥(2)). So (xo, v(¢))= 0, and
xq 7 0 shows that | y(t) — x4 |> r,. Thus equality never holds and L > 4r,.
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Example. The following example shows that 4r, is the best possible lower
bound in Theorem 1.3. One might suspect at first that the lower bound is 2r,,
as this is the lower bound in the case that M is the sphere.

Let y be the ellipse in R® described by z = 2, x2/(1 + &)> + y2 /> = 1 for
some small ¢ > 0. Let K be the convex hull of y and the unit sphere centered at
the origin. By perturbing K slightly below z = 2 and rounding off above z = 2,
we can construct a smooth convex two-manifold M enclosing K such that M is
symmetric with respect to x and y, y C M, and the z component of the normal
is positive at (0, ,2) and (0, —¢,2), and negative at (1 + ¢0,2) and (—1 —
£,0,2).

If ¢ is a parameter for vy: [0, 1] —» M which is symmetric with respect to x and
y (e, dt > —dt under x - —x and under y - -y) and N(y(¢)) =
(x(1), y(), z(t)), then [} x(t)dt = [} y(t)dt =0 by the symmetry. Further,
since z(¢) < 0 at some ¢ and z(¢) > 0 for some ¢, we can choose a symmetric ¢
such that [] z(¢#) = 0. With this parameter [} N(y(¢)) =0, and hence we see
that the curve N(y(¢)) hits every hemisphere.

To finish the example one needs only note that as € goes to 0 the length of y
approaches 4.

Corollary 1.4. Let M be a convex surface in R, and vy a closed piecewise C'
curve on M such that M — y consists of two open sets Mt and M~ (not
necessarily connected, but of course the union of connected components) of equal
total curvature. Then the length of v is greater than 4r,.

Proof. Since M is convex, the gauss map G: M — S?, where S? is the unit
sphere, is a diffeomorphism. Now the volume of G(M*) (and G(M ™)) is 2,
the total curvature of M* (and M~ ). Hence the curve N(y(?)) hits every closed
hemisphere, and the theorem gives the result.

Remarks. In some special cases one is able to improve the constant 4r, in
Theorem 1.3 to the more natural constant 2wr,. In [4] it was shown that this is
the case if v is a closed C' curve on M such that [ N(y(s)) ds = 0, where s is
the arclength parameter. Another case is the following theorem.

Theorem 1.5. Let M" C R"*! be a convex hypersurface enclosing a ball of
radius ry, and let y C M be a nontrivial closed geodesic. Then L(y) = 27r,, with
equality holding if and only if v is a great circle on the sphere of radius r,.

Proof. Let s be the arclength parameter for vy, and k(s) be the curvature of
y as a space curve. Since y is a geodesic on M, y”(s) = —k(s)N(y(s)) where
N(v(s)) is the unit outward normal to M at y(s). Thus '

L) = [* o) ds = [NV (r0) v ()Y do— [* (). v (5)) ds
= [ (r(s) = 17()) ds = [*Vk(5)(1(5), N(x(s)) s
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By Lemma 1.1, {y(s), N(y(s)))= r,. So

L
L(y) > rofo Dk(s) ds = 2r,.

If the equality holds in the above formula, then it also holds in Lemma 1.1, so y
lies on the sphere of radius r,. To see that y is a geodesic on this sphere, we
need only note that at y(s) the tangent space to the sphere and the tangent
space to M coincide, so y”(s) is perpendicular to the sphere.

We now prove that the length of the shortest closed geodesic on a convex
hypersurface has an upper bound which is an integral of a function of the
principal curvatures.

Let M" C R"*! be a convexX hypersurface, and G: M" — S” be the gauss
map. Since M is convex, G is a diffeomorphism. If y is a geodesic (a great
circle) on S”, then the smooth closed curve G~ !(y) on M is called a shadow
curve.

Lemma 1.6. Let L be a length of the shortest closed geodesic on a convex
hypersurface M, and L the length of the shortest shadow curve. Then L = L.

Proof. Let y be a great circle on S” such that L(G~'(y)) = L. Let P be the
plane in R**! determined by v.

We claim that if P is any plane parallel to P, then the length of P N M is
less than or equal to L. To see this, let m: R"*' - P be the orthogonal
projection. 7(P N M) is a convex curve 7 in P, which is contained in the
convex region 7( M), and further L(71) = L(}T N M). By the definition of the
gauss map, the boundary of w(M) is precisely (G~ '(y)). Hence L =
L(G™\(y)) = L(m(G~\(y))) = L(r) = L(P N M), and the claim follows.

Let P* be the (n — 1)-dimensional plane in R"*! perpendicular to P, and let
S C P* be the orthogonal projection of M to P*. For x € S, let y, be
P_N M, where P, is the plane parallel to P through x. Let C, € P, be the
center of mass of v,. Fix an orthonormal basis e, e, for P, and let ef, 5 be the
parallel translate of this basis to C,. For ¢ € [0, 2] let ! be the ray in P, from
C, making an angle ¢ with e} where the angle is determined such that rJ/2
corresponds to e5. We now parameterize v, such that y(z) =y, N r/, if v, is
not trivial, and parameterize the trivial curves in the only way possible. This
construction clearly makes the parameter vary continuously with x.

Thus we have constructed a continuous map from S to (M), the free loop
space of M. Let Q(M) represent the trivial loops on M. Then the map x — v,
gives rise to a homotopically nontrivial map of $"~! to Q(M)/Q,(M). Now a
standard minimax procedure (see [3]) gives rise to a closed geodesic ¢ on M
such that L(o) < max,c, L(¥,).
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Hence combining this with the claim we have

L=maxL(y,) = L(o) = L.
XEs

Theorem 1.7. Let L be the length of the shortest nontrivial closed geodesic on
a convex hypersurface M" C R**!. For x € M let a\(x), ay(x)," - -,a,(x) be the
principal curvatures of M at x. Then

f ‘/ al(x) a (x),"',a,z,(x))dx

a(n)x/_

where a(n) represents the volume of the unit n-sphere, and S,_, the (n — 1)st
symmetric polynomial. In particular, for n = 2 we have

L <—/ ai(x) + a3(x) dx.

Further, if equality holds, then M is a round sphere.

Proof. Let G: M - S" be the gauss map. Let I be the space of great circles
on S" with the usual measure, that is, the measure such that for any function f:
US" — R, where US" is the unit sphere bundle, we have

[ Jrdo= [ [ f(v(e))drav.

In particular, Vol(T') = &a(n)a(n — 1).
Let g(-, - ) represent the metric on M. Then by Lemma 1.7 we have

L< ——

vol(I‘)
B W(%—T)frf:ﬂ V8(621(v(1)), 63 (v(2))) de dy
= e [ @ T

a(n

E(T)%&Tﬁfs [fu Y((6G1)*g)(v, v) dv] dp

where U, is the unit tangent sphere at p € S”.
Now we have

[, (61 8) (0, 0) do < |1, ((6")*8) (0, 0) do fa(n = 1),

i@ LG ()dy
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[, (67 y8)(o, 0)do = =D ai((6-yrg)(p)

(iif) _an—1) 2 1
n i=1 aiz(G_l(P)).

Combining (i), (ii), and (iii) we get

L< a(:)‘/; fﬂ[zla?(G"(p))]—mdp

n —1/2
= a('zl;/; fM igla?(x)] al(x),"'»an(x)dx

__ 2w T 2 2
= W/M\/Sn-l(al(x)" -,an(x)) dx.

It is clear that equality holds at each step for a round sphere. On the other
hand, in order for equality to hold we must have L = L(G~!(y)) for every
great circle y. Tracing through equality in Lemma 1.6 we see that G~ '(y) is a
closed geodesic for each y. Hence M is a Blaske sphere and is thus, by the
theorem of Berger, Kazdan, Weinstein, and Yang (see [2, Appendices D and
E]), isometric to a round sphere.

Corollary 1.8. Let M and L be as in Theorem 1.1. Then the following hold:

@) L<2m/a(n)fpya,(x) -+ a(x)dx where a\(x) is the smallest principal
curvature at x. Equality holds if and only if M is a round sphere.

(b) L < 27/a(n)A [y S, y(a\(x), - +,a,(x))dx.
In particular forn = 2

1
L< —EIMH(x)dx,

where H(x) is the mean curvature of M at x.
Proof. This follows directly from the theorem and the fact that a,(x) >0
foralxeMandi=1,2,---,n.

2. The approximating spaces Q7’,,( M)

We let M be a given convex surface, and c be 1/3 the convexity radius of M.
For fixed m the most natural approximating space would be the closure of the
set of all simple closed piecewise geodesics with m breaks which split M into
two pieces of equal total curvature and have the length of each segment less



602 CHRISTOPHER B. CROKE

than or equal to ¢. However, in order to simplify the (nevertheless tedious)
proofs we define 2" ,(M) in a more complicated way.

We begin by defining a larger space.

Definition. Q™(M) is the set of all closed curves y: [0, 1] - M(y(0) = y(1))
satisfying the following conditions:

(a) If y" is Yz, 25 then y™: [%5:L, 2] > M is a geodesic segment (para-
meterized proportional to arc length).

(b) Let /, be the length of y". Then /, < c.

(c) v is the limit of simple piecewise smooth closed curves. That is, for every
¢ > 0 there is a simple piecewise smooth closed curve ¢: [0, 1] = M such that
for all ¢ € [0, 1] we have d(y(t), c)(t)) <&, where d represents the distance in
M.

Although we will speak of y as a map from [0, 1] we think of it as a map
from S! in the usual way. In particular when we speak of the parameter ¢ or
the points n/m we mean them modulo the integers in the usual way.

The topology on 2™(M) is the one induced by the embedding Q"(M)
- M X --- XMwhere y is mapped to (y(1/m), y(2/m),...,y(1)).

m times

The energy E and length L functionals are given by

tm=3n Em=m3 W

(Notice we do not include the usual factor of 1 /2in E.)

Another useful parameter for y € Q™(M) is the arclength parameter s. If
Y € Q™(M) is such that /, > 0 for all i, then the parameter ¢ can be thought of
as a function of s, that is, y(z(s)) is the same curve only with the arclength
parameter.

Lemma 2.1. Q™(M) is compact and contains the simple curves y which
satisfy conditions (a) and (b) of the definition.

Proof. To see that Q™(M) is compact let y, » y in M X - -+ X M. Clearly
conditions (a) and (b) are satisfied by y. To check condition (c), fix ¢ > 0 and
choose i so large that d(v,(?), v(¢)) < /2. Consider the curve CY}, which exists
since y; € Q™(M). We then have

d(¥(1), C(1)) < d(¥(1), v(1)) + d(1:(1), Cla(1)) <,

hence vy satisfies property (c).
The other part of the lemma follows from the fact that any simple curve
satisfying (a) and (b) automatically satisfies (c), i.e., just let CY be vy itself.
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Lemma 2.2. Ify € Q™(M) is such that for somei,l, = 0andl, |, # 0, let

¥(1) el ,’“]

m

R |

Then

(a) ¥ € Q"(M),

()1, # 0,1, # 0, E(Y) < E(y),and L(Y) = L(),

(c) v is homotopic to ¥ inside v([0, 1].

Proof. See appendix.

A curve y € Q™(M) is said to make a 180° turn at i/m if [, # 0, [,,, #0
and y(i/m — t/ml)) = y(i/m + t/ml, ) for all 0 < ¢ < min{/,, [, ,}.

Lemma 23. Let y € Q"(M) be such that I; 7 0 for all j and such that y
makes a 180° turn at i /m for some i. Then there is a curve Y such that

(@)Y € Q™(M),

(b) L(¥) < L(y), E(Y) < E(v),

(c) ¥ is homotopic to vy inside y([0, 1]).

Proof. See appendix.

For c: [0,1] » M a simple closed curve then M — ¢ consists of two open
connected components M* (¢) and M~ (c¢), where M (¢c) is the component for
which the orientation of c is the same as the orientation of dM ™ (¢).

A curve y € Q™(M) is said to be nondegenerate if there is a § > 0 such that
for all sufficiently small ¢ >0 and for all piecewise smooth simple closed
curves c¢: [0,1] > M with d(c(2),y(t)) <e we have Vol(M*(c))>8 and
Vol(M™ (¢)) > 8.

Definition. Given y € Q™(M) nondegenerate we say that x is in M™* (y) if
x € M — v and for all sufficiently small € and all piecewise smooth curves ¢
such that d(y(¢), c(¢)) < e we have x € M (¢). Similarly we define M~ (7).

Lemma 24. Fory € Q™(M) nondegenerate, the following are true.

@M (Y)UM (y)=M—v.

(b) If K is a component of M — v, then K C M* (y) or K C M~ (¥).

(©) If f: M — R is any continuous function, we have [yr+ ) f = lim,_¢ [yr+(cxy f-
Similarly for M~ (7).

@ Ifxe M (y),y € M (y) andy € Q™(M) such that ¥ is homotopic to y
in M — {x, y}, then ¥ is nondegenerate, and x € M* (y) andy € M~ ().

Proof. See appendix.

A curve y € @™(M) is said to be regular if y is nondegenerate, /, > 0 for all
i, and y makes no 180° turns.
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For y € Q™(M) regular and i = 1,2,---,m we define Ext(i) to be the
exterior angle at y(i/m) between y' and y'*!. Since y makes no 180° turns, we
see —m < Ext(i) <. iis called a + vertex if Ext(i) > 0, and a — vertex if
Ext(i) <O.

Later in this paper we will want to make the deformations indicated in
Fig. 1.

Fi1G. 1
However, these deformations may not be allowed for a couple of reasons.

The first thing which can go wrong is that the piece of the curve y shown in
the figure may be transversed many times by y. In this case only the
“innermost” parameter piece of y can be so deformed, since the deformation
of another parameter piece of y will lead to a curve which is not the limit of
simple curves.

The other thing that can go wrong is that another piece of y could prevent
the deformation (see Fig. 2).

B B

( A
Y ®) 4 ©

F1G. 2
One should note that in Fig. 2(a) one can still make a length decreasing
deformation (see Fig. 3); however, this deformation may increase energy. This
“half” deformation will also be important.

F1G. 3
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We will now be precise about which vertices of y can be so deformed (or half
deformed) so that the resulting curve is still the limit of simple curves.

Let y be a regular element of Q™(M) and ¢,1t, € [0,1] —
{0,1/m,2/m,---,1} such that t, # ¢, and y(¢;) = v(¢,). Let ¥V, be the unit
tangent vector to v at ¢,. Note that the unit tangent vector to y at ¢, is either ¥}
or — V¥, as y cannot have transverse self intersections and still be the limit of
simple curves. Let S, and §,, be the arclength parameters corresponding to ¢,
and 1, respectively; ie., 1(S,) = ¢, and «(S,)) = t, where y(#(S)) is y para-
meterized by arclength.

Let [Sy(2,, £,), Si(¢,, ;)] be the maximal compact interval (Sy(¢,, ¢,) <0 <
Sy(#, 1)) such that for all S € [Sy(,, 1,), Si(#), 1,)] we have y(¢(S, + §)) =
¥(#(S,, + ) (or if the unit tangent vector to y at ¢, is —V, we have
Y(#(S,, + 8)) = v(#(S,, — S))). The only thing which needs to be verified here
is that the maximal such interval is bounded. We look at the two cases. If the
unit tangent vector to y at ¢, is ¥, and the length of the interval is greater than
the length of v, then y: [0, 1] - M must transverse its image at least twice and
hence cannot be the limit of simple curves. If the unit tangent vector to v at ¢,
is — ¥V}, and the length of the interval is greater than the length of vy, then there
would be a 180° turn somewhere in [0, 1], but this cannot happen since vy is
regular.

Given V a unit vector at y(¢;) = y(¢,) perpendicular to ¥, we will now
define an ordering > on {t, t,}, i.e., either ¢, >nort, >t

Define the unit vectors 170, v, Vi, V, at the point y(1(S, + Sy(1,, 1)) =
Y(#(S,, = S\(1), 1,))) as follows. Let ¢, = 1(S, * Sy(¢,, t;)). Then: '

Vo is tangent to —y,; _, -, '

V) is tangent to v, ; 1.y

V, is tangent to v, ;. (or to vy, . -, if the unit tangent to y at 1, is — V),

V is the unit vector perpendicular to ¥, such that the orientation given by
( 70, V) is the same as that given by (— Vs, V). (See Fig. 4.)

F1G. 4
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We notice that ¥, # ¥, since equality would contradict the maximality of
[So(t1s 25), Sy(1;, 1,)). We also notice that ¥, # V,, ¥, # V, since y has no
180° turns.

Now measure angles from 170 (either clockwise or counterclockwise) so that
the angle at ¥ is 7 /2. We then say that ¢, >t if the angle from ¥, to V; is

smaller than the angle from ¥, to V,. Intuitively #, > 1, says that for simple

approximating curves the piece corresponding to ¢, will be more “inner” (with
respect to V') than the piece corresponding to ¢,.

We could have looked instead at unit vectors (the signs appropriately
chosen, see Fig. 5) at y(#(S,, + So(?), £,)). The ordering on ¢,, t, would be the
same for if not (see Fig. 5), ¥ could not be the limit of simple curves.

Vo Vo
vee v,
IV 3
F1G.5

(This cannot happen unless 13, and Iz.are interchanged.)

Also the above reasoning shows that the ordering does not depend on which
of the parameters was labeled ¢, and which ¢, (even though the definition
proper does depend on the label).

Lemma 25. Let y € Q"(M) be regular and let x € ¥([0, 1]) —
¥({0,1/m,---,1}). Let V be a unit vector at x perpendicular to y. Then the
ordering on the finite set Y~ '(x) has the following properties:

(a) Fort, t, € Yy~ \(x) either t, >h, >, 00t = 1.

(b) If 1, >t then L3>

(© If ¢, ? t, and ¥((S, + S)) = v(«(S,, = S)) for all S in some interval about
0, then 1(S, + S) ? «(S,, = S) for all S in that interval where V is the unit vector

at Y(1(S, + S)) perpendicular to y and giving the same orientation which V gave.
@ Ift, >t and t, >t then t| >t
Proof. Properties (a), (b), and (c) follow directly from the definition.
Property (d) also follows from the definition by checking the three cases:
D) Si(1;, 1) < Si(1,, 13),
(D) §,(2), 1) > S\(8,, 13),
(i) Sy(2y, 1) = Sy(1y, ).
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For case (i) we see that Si(z,,1;) = S,(¢,,1,), and the measured angles
corresponding to ¢, and t; are the same as those for ¢, and ¢, respectively.
Hence ¢, > 1. The others are similar.

Let K be a connected component of M — y[0, 1], and (x, V') be such that
x € 9K — y({(i/m)|i = 1,---,m}) and Vis an inwardly pointing (towards K')
unit vector perpendicular to y at x. (Note for given x it could happen that both
V and —V point inward toward K.) Then the boundary parameter for K at
(x, V) is that element of Y~ '(x) which is maximal with respect to 5 .

If K is a component of M — v, and an open interval (a, b) are boundary
parameters for K, then we define a and b to be boundary parameters for K at
v(a) and y(b) respectively. This is to take care of the case x € y({i/m|i =
1,2,- - -,m}). One should note that for such an x there may be many boundary
parameters of Kin y~'(x).

Lemma 2.6. Let K be a connected component of M —y. If K C M™" ()
(where v is regular) and {a, b is a boundary parameter interval for K, then the
orientation of Yy, ,) agrees with the orientation of the boundary of K. If K C M~
(), then the opposite is true. In particular, if i/m € (a, b) and i is a + vertex
(resp. — vertex) and K C M™* (y) (resp. M~ (Y)), then the angle at i/m is
convex to K.

Proof. See appendix.

Let y be a regular element of 2™(M), and i a + vertex. Then i is called a
free + vertex if [<5;1, L£1] is a boundary parameter interval for a component
K C M™ (). Similarly define a free-vertex.

If i is a + vertex of y and for some ¢ >0, [£ — ¢, 1) or [, L+ elis a
boundary parameter interval for a component K C M™% (y), then i is called a
half free + vertex. Similarly define a half free-vertex.

A component K of M — vy is called a cul-de-sac if the set of boundary
parameters of K consists of a single interval [a, b] (hence 4K = y([a, b])).

Lemma 2.7. Given a regular y € Q™(M), then either M* (y) is connected or

there are at least two cul-de-sacs K, and K, in M™ (). Similarly for M~ ().
Proof. See appendix.

Lemma 2.8. Lety € Q™(M) be regular.

(@) If M (y) is connected, then all + vertices are free, and 2w = I ' Ext(i)
+ [u+(y) kK(x)dx (Gauss-Bonnet), where k is the gaussian curvature of M.

(b) If K C M* () is a cul-de-sac with boundary parameter interval [a, b],
then y(a) = y(b) and (after reparameterization) vy, ») € Q"(M) for some m,
Y|(a,5) S regular, and Mt (Y|ta,51) = K. Further one of a or b is a vertex of v, say
a =i/m. Let j be the largest integer such that j/m € [a, b]. If i <k <j, and k
is a + vertex, then k is free. If j/m 5 b, and j is a + vertex, then j is half free.
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If we let A represents the exterior angle for Yita,) @ Y(a) = Y(b), then —m < A4
< and (assuming j/m # b) 2o = 3/_, | Ext(k) + A + [x k(x) dx, where
k(x) is the gaussian curvature of M.

Proof. See appendix.

Lemma 29. Lety € Q™(M) be regular, and A = 0 a fixed number. Let i be
a half free + vertex (or — vertex) such that |, <c, I, <c, and Ext(i) > A.
Then for small € > 0 define the closed piecewise geodesic curve ¥, by y(j/m) =
Y(j/m) for j #*i and y(i/m) = y(¢(S; /m * €)), where the + is determined by
whether [51, £ + €] or [£ — &, 5] is the boundary parameter of a component.
(This is the deformation shown in Fig. 3.) Then for sufficiently small e, ¥, satisfies:

@7, € Q"(M),

(b) L(7,) < L(v),

(c) Ext(i) > A, and i is a half free + vertex.

Proof. See appendix.

Lemma 2.10. Let y € Q™(M) be regular, and i be a free + vertex (or —
vertex) such that I, < c and l;, | < c. (The condition 1, < c and 1, , < c is not
needed.) Define ¥, to be the piecewise geodesic with Y(j/m) = y(j/m) forj # i
and Y(i/m) = (&) where T is the unit speed geodesic emanating from y(i/m)
such that {V, 7'(0)) = (V,, 7'(0))< w /2, V| and V, being unit tangent vectors at
Y(i/m) tangent to — Yz iy and Y. i, respectively. (This is the deformation in
Fig. 1.) Then for sufficiently small e, ¥, satisfies:

@7, € 2"(M),

(®) L(7,) < L(¥),

(©) E(,) < E(v).

Proof. ¥, can be achieved by making two deformations as in Lemma 1.9
(with 4 = 0) hence y, € Q™(M). The first variation formula shows that I <1,
and [, | </, ,, hence both b and ¢ follow for small ¢ > 0.

Definition. Q7,(M) = {y € Q™(M) |y is nondegenerate, and [+, K =
Jm-(yy K = 27} where K is the curvature of M.

Lemma 2.11. SZ{"/Z( M) is compact and contains the simple closed piecewise
geodesics y with L; < c and such that [y+,, K = [, K.

Proof. See appendix.

Remark. For y € Q;"/Z(M ) both Lemmas 2.2 and 2.3 hold with y €
Q{”/z(M ). This follows, since by Lemmas 2.2 (c), 2.3 (c) and 2.4 (d) we see that
7 is nondegenerate, and Mt (Y) — M* (y) and M~ (Y) — M~ (y) are sets of
measure 0 (they are subsets of y[0, 1]). Hence [j+; K = [~; K and Y €
Q7 (M).

Lemma 2.12. Let y € Q),(M) be regular, and A = 0. Assume that there
are vertices i and j such that i is a free + vertex, or a half free + vertex with
Ext(i) > A, andj is a free — vertex, or a half free — vertex with | Ext(j) |> A.
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Assume further that 1;, 1, ,, |, and I, are all strictly less than c. Then by using
deformations as in Lemmas 2.9 or 2.10 at the vertices i and j one can construct
curves Y, € Q7,(M) for sufficiently small € > 0 such that L(y,) < L(¥).

Proof. See appendix.

Lemma 2.13. Let 7: [0,1] - M be a simple smooth closed curve such that
S+ sy K = Jm~(r) K- Then for every € > 0 there is a simple curve y € Q7',(M)
for some m such that L(y) < L(7) + e.

Proof. See appendix.

3. Proof of the Poincare’s problem

We begin with a result which holds for all compact riemannian manifolds.

Proposition 3.1. Let M be a compact riemannian manifold, and L > §, > 0.
Then there is a number Q(M, L, 8,) > 0 depending only on M, L and §, such
that for all closed piecewise geodesics T with 8y < L(7) <L and 3/_, | a;|<2Q
we have |ay|<m — Q, where a,(i = 0,1,2,- - -,r) represents the exterior angle
at the ith vertex of T (ay corresponds to the vertex at 7(0) and 7 has r + 1
vertices). Further if M is a convex two-dimensional riemannian manifold, we can
find a Q(M, L) (no 8, dependence) which works for all regular € Q"™(M) such
that M* (1) or M~ () is connected.

Remark. The important part of the above proposition is that Q is indepen-
dent of the number of vertices of 7. In general the § dependence is not
important, as for Q small enough there should not exist arbitrarily short closed
piecewise geodesics T satisfying 2/_, | @;| < Q. Here we only show this for the
case we are interested in.

Proof. Consider the following 4 spaces of curves. In each space the curves y
are parameterized on [0, 1] proportional to arclength and L = L(y) = §,,.

Q(M) = space of piecewise geodesics on M.

((TM) = space of broken lines y such that y C 7, M for some p € M and
y(0)=0€e T,M.

Q,(M) = space of geodesic segments in M.

§2o(TM) = space of line segments y such that y C 7, M for some p € M and
y0)=0€ T,M.

Let UM be the unit tangent bundle of M with the usual metric, and let UTM
be the unit tangent bundle of TM with the usual metric.

The ¢! topology on the above spaces is the same as the topology induced by
the distance function:

o 0.

d Y1, Y- = max d( B s ’
(. 7) 0,11 \ | 1(2)| |vs(2) ]
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where d on the right-hand side represents the distance in UM or UTM as
appropriate. (The fact that we can use the normalized unit vectors follows from
the fact that the curves y, are parameterized proportional to arclength and
8 < L(yv;) < Lso g, <|y/(1)|<L)

Now let D be the development map (see [5] for a definition). We have that
D: QTM) - QM) and D: Q(TM) - Qy(M) are homeomorphisms (all
spaces with the ¢! topology). We also note that Q(TM) (resp. Qy(M)) is a
compact subset of Q(TM) (resp. Q(M)). Thus for every ¢ >0 there is a
8(e) > 0 such that if y, € Q(TM) and v, € Q(TM) such that dg 1p(7;, 72)
< 8(e), then we have dg5,(D(11), D(1,)) <e.

Now let F: Qy(M) - R be given by F(y) = dy,(y'(0)/] y'©0) ],
—¥'(1)/|¥’(1) ]). F is continuous on the compact set Q,(M) and is never 0, as
no geodesic segment ever has y'(0)/|y'(0)|= —y’(1)/] ¥’(1)| , hence F has a
minimum g on Q,(M).

Now choose Q(M, L, §,) small enough such that 2 Lsin(Q) + 20 < 8(q/2),
Q<g/2and Q <w/4.

Let 7 be as in the theorem, and let y € Q,(M) be the geodesic segment with
the same initial tangent vector as r and the same length as 7. Let ¥ € Qy(TM)
and 7 € Q(TM) be D~'(y) and D~ '(7) respectively.

By the definition of D the sum of the absolute values of the exterior angles
of 7 is the same as that for 7 (except for a, which does not exist in 7 as 7 is not
necessarily closed) in particular the sum is less than or equal to 2Q.

Let 7 be a line segment in T,M (where p is such that y, 7 C T, M) which
makes an angle of 2Q < /2 with ¥ (see figure), and has the same length as ¥
and 7.

It is a simple exercise in euclidean geometry to show that dg (7, ¥) <
dormy(T, ¥) <2Lsin(Q) + 2Q. Thus dgrp (7, ¥) <8(q/2), and by the
definition of 8(q/2) we have dg . (7,v) <g/2. In particular we have
du(Y'D) /| YD, 7'(1)/| 7’(1) |) < g/2. Now using the fact that y'(0) = 7'(0)
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we get

dym |1"(0)| > IT’(])I |'Y,(O)| ' |Yl(l)|

(0 _ (1) )> dUM( r(©) () )

4 (_ v (1) )
MU v 1)
>q9—-4q/2=49/2>0.

Thus the absolute value of the interior angle at 7(0) is greater than Q, and
hence |ay | <7 — Q.

To prove the second part of the proposition assume M is convex and two
dimensional. Let 8(M) = sup{r <c| [p(, k <m/2 for all p € M}, where
¢ = 1 convexity radius and let Q(M, L) = Q(M, L, §,(M)).

Let 7 be as in the second part of the proposition. If L(7) < §,(M) < c, then
7 lies inside Bg (5 ,,(7(0)). Hence either M (1) C Bs,my2(7(0)) or M —
By (uy2(1(0)) C M * (7). Thus by the definition of 8, and the convexity radius
of M, [p+yk>Tn/2 or [pp+(;yk <m/2. Now the fact that 3[_,|e;|<
2Q0(M, L) <w/2 and that |a,|<7 gives a contradiction to Gauss-Bonnet
(Lemma 2.8).

Hence we can assume that L(7) = §,(M). In this case the result follows
from the first part.

Theorem 3.2. Let M be a convex two-dimensional manifold, and let L be the
infimum of the lengths of the smooth simple closed curves on M which split M into
two pieces of equal total curvature. Then there is a simple closed geodesic of
length L > 0.

Proof. Let L =inf(L(y)|y € ,,(M) for some m}. By Lemma 2.13 we
see that L = L. By Corollary 1.4 L = 4r, > 0 where r, is the radius of the
largest ball enclosed by M (when M is isometrically embedded in R?). In
particular if we find a simple closed geodesic y of length L, then v is nontrivial
and, by the Gauss-Bonnet theorem, y splits M into two pieces of equal total
curvature, hence L(y) = L=L > 4r, > 0 (in fact 277, by Theorem 1.5).

Lete =1+ cos(m — Q(M, 21_,)) where Q(M, 2E) (henceforth referred to as
Q) is defined as in Proposition 3.1.

Choose L, such that

(i)2L>Ly,> L, and
(i) (1 + L)Ly, — L) < Lec, where ¢ = 1 convexity radius.

Let v, € Q7),(M) for some m be such that L(y,) < L,. By splitting each
segment of y, into more pieces, we may assume

(iii) m > E(yo)(1 + L3)/c*L3.

Let © be Q7,,(M) N {v|L(Y) < L(v,)}. © is compact (since Q7,,(M) is
compact by Lemma 2.11) and nonempty as y, € .
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Let F: € >R be the functional F(y) = ;XE(y) + 2L(y). Let 7 be a
minimum point of F on £. By the definition of Q, L(7) < L(y,). We will now
show that 7 is a simple closed geodesic of length L.

Let/, = L(7z1 +y). We claim that /; < ¢ for all 7.

To see this we note that F(1) < F(y,), so

1 2 1 2
%E(T) + ;L(7) < ;;;E(Yo) + ;L('Yo)-

Hence

E(r) < E(vo) + 22 [ Ly — L(1)] < E(x) + 22[ L, - L],

so by (i) and (ii)
E(r) <mc®L3/ (1 + L) + mc2/ (1 + L3) = mc>.

Thus we have mE™ , I? = E(7) < mc? and so for each i, /; < ¢ and the claim is
shown.

We next note that 7 is regular. For if not, by the remark following Lemma
2.11 and by Lemmas 2.2 and 2.3, there would be a 7€ Q7),(M) with
L(7)<L(7) and E(7) < E(7). But then 7 € © and F(7) < F(7) which con-
tradicts the definition of 7.

We now claim that for either + or —, without loss of generality we will say
+ (if need be reverse the orientation of y), there are no free + vertices and no
half free + vertices with exterior angle greater than Q.

To see this, assume it is not true. In which case there are vertics i and j such
that i (resp. j) is a free + (resp. —) vertex or a half free + (resp. —) vertex
with exterior angle greater than Q (resp. less than — Q).

By Lemma 2.12 and the fact that /; < ¢ for small § there is a 7, € Q7),(M)
such that L(7;) < L(7). Thus 75 € § for each §. If both i and j were free, we
also know (Lemma 2.10) that E(7;) < E(7) which contradicts the definition of
7. If one or both of i and j are half free, then E(7;) could be larger than E(7).
To get a contradiction we must show F(7;) < F(7). Since 7, is built out of
deformations described in Lemma 2.9, it is enough to show that these deforma-
tions are F decreasing. To do this we compute F’(0) for this deformation
applied to vertex i. ’

i+1
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LO)=0+1,,=-1+1,,<-1+(1— &) = -¢ where the inequality fol-
lows from the first variation formula, the fact that the exterior angle is greater
than Q, and the definition of ¢. Since

E'(0) =mQLl + 21, i) <2ml, I, <2mcll,, <2mc(1 — &) < 2mc,

we have
F(0) = —E(0) + 21/(0)<2-2=0
" me € ’

The above argument shows that the deformation is F decreasing as long as
l;+, <c, and the exterior angle stays less than Q. Since 75 is constructed from
such deformations, where /;,; stays less than ¢ and the exterior angle stays
larger than Q, we see that F(7;) < F(7). This contradicts the definition of T,
and the claim follows.

We now show that M™* (7) is connected. Assume not, then by Lemma 2.7
there are at least two cul-de-sacs K, K, C M™" (7). Hence for at least one of
these, say K, we have le K<a.

Since K, is a cul-de-sac, 0K, = t[a, b] where [a, b] are the boundary
parameter values for K,. By Lemma 2.8 we may assume that a = i /m, and we
let j be the largest integer such that j/m < b. For i < k <j we have Ext(k) <0,
since there are no free + vertices and by Lemma 2.8 any such k which is a +
vertex must be free. Also by Lemma 2.8 and the previous claim, if j/m # b
then Ext(j) < Q. Let A be the exterior angle of Tita, 5y 8t T(@) = 7(b). A < 7 by
Lemma 2.8.

We consider two cases. First assume that b = j/m (i e., bis a vertex of 7). In
this case Gauss-Bonnet (Lemma 2.8) gives 27 = Z/_!, | Ext(k) + 4 + |, kK<
0 + 7 + 7 = 2. This gives a contradiction. Now we assume that b 5 j/m. In
this case Gauss-Bonnet gives (Lemma 2.8)

j—1 =1
(iv) 2= S Ext(k)+Ext(j)+4 + / k< 3 Ext(k)+ Q+ 2.
k=i+1 K, k=i+1
So 221, Ext(k) > —Q. Since Ext(k) < 0 for each k we see 3/}, | Ext(k)|
< Q.Thus 3/_,, | Ext(k) |< 2Q. Thus by Proposition 3.1 we have 4 <7 — Q.
Using this in (iv) we get 27 <0 + Q + (7 — Q) + = = 2, again a contradic-
tion. Hence we have shown that M* (1) is connected.

Since by Lemma 2.8 all + vertices are free, and since by a previous claim
there are no free + vertices we see there are no + vertices at all. Thus by
Gauss-Bonnet (Lemma 2.8) there are no — vertices either and 7 is a geodesic.

The fact that 7 is simple follows from the fact that 7 is the limit of simple
curves and hence does not transverse itself more than once nor does it have
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any transverse self intersections, thus it can have no self intersections since it is
a geodesic.

To see that L(7) = L, assume not. Let L, be such that L < L, < L(7) < L,,.
The same procedure as above gives rise to a simple closed geodesic T with
L(7) < Ly < L(7). But such a 7 can be thought of as an element of QU (M)
(the same m as above), and we have 7 € Q since L(7) < L(7) < L(y,). But
under the arclength parameter F(7) < F(r), which contradicts the definition.
Thus we have L(7) = L = L, and the theorem is proved.

Appendix

We begin by introducing some notation and preliminary lemmas which will
be used throughout the appendix.

Lety € Q"(M)havel,# 0 foralli = 0,1,---,m — 1. Let {¢,, ¢,," - -,tp} be
Y '(v({0,1/m,2/m,- - - ,(m — 1)/m})) where 0 = t, <1, <1, < --- <1, (of
course p = m — 1). Define an equivalence relation ~ on the set {0, 1,---,p} by
i~jify[e,, t; 4] = y[tj, t;11] Let {1,,---,I,} be the partition of {0, 1,---,p}
induced by ~ . For each k € {1,2,---,q}, v(I,) will represent the geodesic
segment y[¢;, t,, ] fori € I,.

Define A(y) = min{d(y(i/m), y(1,)) | v(i/m) & v(1,)}. The only case
where A(y) is not defined is when v is a single geodesic segment transversed
back and forth. In this case let A(y) be the length of the segment.

Define the normal exponential map F: [, ,]XR—->M for i €
{0,1,---,p} by F(¢, s) = Exp,, sY,, where Y, is the unit vector perpendicular
to v’(¢) and such that the orientation given by (y’(¢), Y,) is the orientation of
M.

Let B(y) = sup{r| F|, .. ,)x(~rn 18 & diffeomorphism onto its image for all
i=0,1,---,p. For r <B(y) let T,(r) = F((t;, t;+,) X (—r, r)), the normal
tube around y((¢, ¢, ,)) of radius r.

A number ¢ > 0 is said to be small for y if ¢ < min{44(y), B(y)}. For a
given small ¢ a number § > 0 is said to be much smaller than ¢ if for all i,
j €{0,1,---,p} with i = j we have T,(8) N T(8) C UL' B, 5(v(i/m)).

For all small e and all j € {0,1,---,p} we define the numbers a;(e),
b,(2) € (1), t;4,) such that d(¥(1,), ¥(a,())) = e and d(¥(t;), ¥(b(e)) = e.
We note here that a;(&) < b,(¢) since ¢ is small.

Lemma A.0. Let y: [a, b] > M be a minimizing geodesic segment para-
meterized by arclength, and c: [a, b] » M a piecewise smooth curve such that
d(c(t), y(2)) <8. If ty, t, € (a, b) such that d(y(t,), c(t,)) <8, then one can
reparameterize the curve ¢ (we let ¢: [a, b] > M be the curve with the new
parameterization) such that c¢(t,) = c(t,) and for all t € [a, b], d(y(2), c(2)) <
5é.
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Proof. Assume without loss of generality that ¢, <. We see
d(y(ty), Y(2,)) < d(v(ty), c(t})) + d(c(t,), ¥(¢,)) < 28. Further since y is mini-
mizing, we have d(y(t,), v(¢)) <28 for t € [t,, t,]. By the strict inequality
there is an ¢ > 0 such that d(y(,), y(¢)) <26 for all t € [t, — ¢, ¢, + £]. We
also see that for t € [t, — ¢ ¢, + €], d(c(?), v(tp)) < d(c(2), ¥(t)) +
d(y(1), v(2,)) < 38.

Let

c(1) t&ty—e 1, +el,
e(t)=1c(Ly(1)) t€lto—enl
c(Ly(1)) teE[r, 1, +el,

where L, is the linear transformation from [¢, — ¢, #;] to [{, — ¢, ¢,], and L, is
the linear transformation from [¢, t;, + €] to [¢,, ¢, + €].

By the definition ¢(¢,) = c(t,). Let t € [a, b). If ¢t & [ty — &, ¢, + €], then
d(y(1),c(2)) = d(y(2), c(2)) <8 <58. If t €[ty — & t; + €], then there is a
{ € [ty — &, t; + €] such that ¢(¢) = (). Hence

d(y(1), &(1)) = d(x(2), (1)) < d(x(1), v(15)) + d((1,), (7))
<26 + 386 =56.

Lemma A.1. Let y € Q™(M) be such that I, # 0 for all i, and let € > 0 be
small for y. Then for every 8§ > 0 much smaller than ¢ we can find a piecewise
smooth approximating curve cg as in the definition of Q™(M), such that for each
J € A{0,---,p)} there is a § with —8 <&, <8 such that ci(t) = F(t, §;) for all
t € [a,(e), b(e))

Proof Choose § < 8/5, and let c; be an approximation as in the definition
of Q"(M).

We will assume for simplicity of argument that y(¢;) = y(¢;) and y(¢,,,) =

¥(t;4,) for i, j € I*. (In fact this will not be true if I* consists of more than
one element. What we are doing is reversing the orientation of some of the
segments. The new approximating curve will also have the wrong orientation
on these segments, so to complete the argument one simply reverses the
orientation of those segments back to the original orientation.)

For each j € {0,---,p} let a; be the number in [¢;, a;(¢)] such that
d(v(a;), v(a,(¢)) = 8. Similarly defme b € [b(e), t;11] Now since e > 8§ > 58
we have

() d(v(a)), ¥(1,)) = € — § > 43,

(i) d(Y(a ), Y(t D=e—8>¢e/2+35,

Gif) d(v(B)), ¥(t,41) = & — § > 43,

@iv) d(y(b ) Y(tiy) =€e— 5> e/2 + 5.
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Foreachj € {0,1,---,p} let Ta, be the unit speed geodesic 7; : [—§, 8] > M
perpendicular to y at g, ('r‘;j(O) € v). Similarly define 75 We note that if i ~ J»
then 7; = =15 and 75 = 7.

Since c8|[1 Gl isad approxunatlon 10 ¥i1,.1,,,1» and by (1) above we see that
there is a smallest number 1% € ( Liv1) such that cg(t = 1--[ 5, 8]. Simi-
larly there is a largest number % such that c4(¢ ,) € 'Tb[ 5, 8] By applying
Lemma A.0 many times (disjointly) we see that there is a reparametenzatlon c
of ¢; which is a § approximation and such that t% = a; and th b for all j.

Let §; be the number such that 1--(8 ) =c(a;), and let 8 be such that
T, (8 )= c(b ). Now define

Fj(t 8) if E[
F(1,L(r)) ift E[bj,bj]

where L;(¢) is the linear transformation from [, J] to [§;, J]

It is clear that cs(¢) is piecewise smooth and a §-approximation to y (since
§ < 8 <& and 6_1 < & < &) so we need only show that c, is simple. Assume
cs(to) = cs(t;). We will show ¢, = ¢, by considering all the cases.

We first note that for i = j

16)v Usafr(3))

This follows from the fact that & is much smaller than & and properties (ii) and
(iv). Now if t €[1;,1,,,], then cx(1) € [T(8) U Uy OIBE/Z(y(z/m))] This
follows since cg() is 8 close to y(1) for some i € [#;, t,+1] ( need not be ¢ since
we reparameterized the original approximation).

Thus by the above and property (v) we may assume that 7, € [¢,, ¢;,,] and
t, €[, t;,,] where i ~ j. Since i ~ j by the definitions, we have y(a,) = v(a)),
v(a;) = y(a ), Y(b;) = v(b)), v(b,) = (b ) T3, = 75, and 75, = 75 Since ¢ was
simple we have 6, # §; and 8, + 8 Also since ¢ had no self 1ntersect10n if
§, <4, then 8, <8 From this it is easy to see that either ¢, & [a,, b,] or
4L $[ bl or 1y = 1,.

Now assume ¢, & [a;, ,] Then by the definition of c(a;) (that is the
reparameterization of cg) csty) & E(a,, b] X [—8,8) = F(a,, j] X
[—8,8]), hence ¢, & [a, j] Thus we may assume that ¢, ¢, & Uk ol@w byl
but then cs(2,) = c(2,) and cg(¢;) = ¢(¢,) so that t, = ¢, since c is simple.

We now prove the lemmas of §2.

v)
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Proof of Lemma 2.2. By the definition of ¥ it is clear that it satisfies the
conclusions (b) and (c) of the lemma. It is also clear that to show y € Q™(M)
we need only show that ¥ is the limit of simple curves.

Fix ¢ >0, and let c,,, be an approximation to y as in the definition of

Q™(M). Choose a € [, L] so small that d(y(%), y(3(a — 55 1) + L) <e/2.
It is clear that d(y(2,), v(t,)) < ¢&/2 for ty, t, € [‘51, 3(a — 51 + L]
Define ¢ (1) by
( [i—1 i+1
Ce/z(t) t&_ m ’T]’
) (i — 1
(1) = {e. (L) re|=1.4]
1 i—1 i [ i+
Lce/z(z(t——m )+;) tEha, - ],
where L is the linear transformation taking [£5:1, a] to [55:1, 1(a — 51) + £

Since ¢ (¢) is just a reparameterization of c, ,, it is simple. Thus we only need
to show that d(¥(t), c (1)) <efort €0, 1].
Fort &[5, 5]
d(7(1), (1)) = d(¥(1),c. o(t)) <e/2<e.

Fort € [a, &

a0, e0) =d(v(}(- )+ 5 ) enlt- 57 ) +2)

<e/2<e.
Fort € [, a]

a3 (), e(0) = d1(3 (=51 + 5 ) e a(20)
ol -5 2 veoo)

m
+d(y(L(t)),cE/2(L(t)))
<e/2+e/2=

Proof of Lemma 2.3. Let t; =i/m. Since y makes a 180° turn at i/m,
Yt —1s i, D) = YAty i1 i, ip = 1T~ Let T € (I', I%---,19} be the
set containing iy, i.e., j € I if j~i, Let I, CI be {j € I|y(t;) = v(¢;),
Y1) = v(ti,41) and y(¢,_;) = v(t; 1)}, ie., if j € I, then y make a 180°

turn at ¢, in particular ¢; = k/m for some k € {0,1,---,m — 1}.
Fix &€ > 0 small relative to y. For all integers N such that 1/N is much
smaller than e (see definitions at the beginning of the appendix for the
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definition of “small” and “much smaller”), let C,  be a simple piecewise
smooth approximation to y as in Lemma A.1.

Let Y be a unit vector perpendicular to y at y(%(t,.0 + 1, 41)) (same as
Y(3(¢; + t,1))) for j € I). Then by Lemma A.1 for each j € I there is a &
such that C; , N(%(tj +0))= o(b‘jN ), where ¢ is the unit speed geodesic with
¢’(0) = Y,and —1/N < 8" < 1/N. Further §" = 6,’:’ impliesj = k.

Choose jiy € I, such that for all j € I0 we have [8N_ —8V|<|8Y, —8"].

We claim that for all i € 1, 8" & (8 M. To see th.lS let T be the simple
closed curve constructed by joining

—1’ Jn

CI/N[%(’jN—l +1,), 3t + ’jN)] to "([8;1:—1’ 8]X])

T splits M into two disjoint pieces since it is a simple closed curve. Now assume
that 8¥ € ( _,, M M), and further without loss of generality that y(z;) =
Y(t,—1) and y(t,+l) ¥(t;,)- (If not, reverse the orientation in the following
argument) By the definition of C, y (see Lemma A.1) and the fact that
8N € (8_,, 8)) we see that for small £>0,C, y(3(t; + t;y)) + &) isinside
while C, ,y(t;) and C, ,5(¢,,,) are outside since they are both near vertices of y
which are not y(i/m)). Thus ¢, ,uy,, ,,,,) Must intersect T again. Since ¢, , is
simple, it must in fact intersect o |(a';', 8% again. This point of intersection
must be ¢, ,y(3(2;4, + 2,5,) by the deflmtlon of ¢; ,y (Lemma A.1) again. This
implies that i + 1 € I, and &Y}, 8 € (8_,, 8)) contradicting the minimal-
ity of j;. Thus we have shown the claim.

Since I, is a finite set, there is a j € I, such that J =Jjy for an infinite
number of N. Let k be such that k/m = 1 (such a k exists since j EI,). We
thus have [¢;_,,¢,,,] C [52, £+L.

Now we can define

( . [k—1 k+1
y(1) lfti_T,‘—m— )
. [(k—1 k
v(1) = {v(L,_,(z)) ift E__m_’;]’
. [k k+1
(L) ive| A,
where L,_, is the linear transformation from [“7, %] to [451, 3(¢;—, + ¢)L,

and L, is the linear transformation from [, “51] to [3(¢; + 2;4,), ",ﬁ 1].
It is clear that in order to complete the proof of the lemma the only thing to
verify is that ¥ is the limit of simple curves.
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Let £ > 0. Choose N so that 1/N is much smaller than ¢, 1/N <¢, and
Jy =J- Now define

P

[k—1 k+1
e Py
[k — 1
Cl/N(Lk—l(t)) tel—— ‘_8]
- [ k k
&) = 1B L0, L)t -8, %],
[k k
F}(Lk(t), Ly(1)) te | ,‘n‘ 82]
[ k k+1
C]/N(Lk(t)) tE_;+82,—m ],
where Lk and L,_, are as above, L, is the linear transformation from [%— 8, %

to [§ N ,0], and L, is the linear transformatlon from [%, £ + 8,] to [0, 8%]. 8,
and 8, are chosen so small that d(y(L,_,(z — 8,)), Y(L,— (%)) < l/N and

d(Y(Li(% + 8,)), Y(Li(7))) < 1/N (see figure).

8’!_ 7(Lk 1 i_

/ 7 J+l
N =
57 V(L"m +6

\

It is easy to see that C; is simple (since jy = 7). Also d(y(t),é{t)) < 1/N<¢&
for ¢ € [0, 1]. Thus the lemma follows.

Before proving Lemma 2.4 we prove a useful lemma.

Lemma A.2. Let v, and v, be simple curves on M. Assume x, y € M are such
that x € M* (v,), y € M~ (v,) and v, is homotopic to v, in M — {x, y}. Then
x €M™ (v;) andy € M™ (1,).

Proof. Since the Gauss map is a diffeomorphism, we may assume that M is
the unit sphere. For y € M let S, represent stereographic projection from y.
Since y € M~ (y,) and x € M™* (y,), we see that the winding number of S(¥,)
about S(x) is +1. Since y, is homotopic to vy, in M — {x, y}, S/(1,) is
homotopic to S,(v;) in R — {S,(x)}. Hence the winding number of S,(v,)
around S(x) is +1. Thus x € M* (y,) and y € M~ (v,).

Proof of Lemma 2.4. Let §,>0 and ¢, >0 be as in the definition of
nondegenerate. There is an ¢ > 0 such that &, > ¢ and such that Vol{x € M|
d(x,y) < &} <8,/2; we will denote {x € M |d(x,y) <&} by T(y). Letcbea
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piecewise smooth simple closed curve such that d(y(¢), c(¢)) < e (which exists
since y € Q™(M)). By the definition of &, and the fact that ¢ <e, and
Vol(T(y)) < 8,/2, there are an x, € M (¢) — T(y) and a y, € M (c) —
T(y). Now let x € M — y and let ¢ < min{e, 3d(x, v)}. Let 7, and 7, be two
piecewise smooth simple closed curves such that d(y(¢), 7,(¢)) <¢&,i = 1,2. To
prove part (a) of the lemma we need only show x € M* (7,) or x € M~ (7)),
i=12.

We first note that 7, is homotopic to 7, inside T(y) since they are both
homotopic to y inside T(y), and further 7,(i = 1,2) is homotopic to ¢ inside
T(y). Now Lemma A.2 tells us that x, € M* (7,) and y, € M~ (7,).

Assume that x € M* (7). Since 7, is homotopic to 7, in T(y) C M —
{x, %}, we see that x € M* (7,) (Lemma A.2). Similarly if x € M~ (r,), then
x € M~ (7,). Thus we have shown part (a) of the lemma.

For part (b) assume x, y € K where X is a connected component of M — y.
Assume further without loss of generality that x € M* (y). We need to show
y € M* (7). Let g, be such that for every simple closed piecewise smooth curve
o such that d(y(?), a(t)) < &, we have x € M (o) (this exists by the definition
of M* (y)). Let 7 C M — y be a curve from x to y, and let ¢ < min{e,, d(y, 7)}.
We need only show that y € M* (o) for any piecewise smooth simple closed o
such that d(y(¢), 6(¢)) < e. But this is clear, since r € M — ¢, x and y lie in the
same component of M — ¢, and since & < ¢y, x € M* (o) and hence y € M~
(o).

To see part (c) of the lemma it is sufficient to notice that by the previous
arguments for sufficiently small ¢ >0, M*(y) N (M — T(y)) = M*(c?) N
(M — T(v)) for all ¢} which approximate y within e. Now since Vol(7(y)) - 0
as ¢ - 0, and since M is compact and thus f bounded, we have [+, f=
lim_o fyr+ e f-

Part (d) is also similar. Let F: [0, 1] X [0, 1] » M be the homotopy from y to
yin M — {x, y}. Let e < ymin{d(x, F([0, 1] X [0, 1])), d(y, F([0, 1] X [0, 1]))}.
Then if ¢! and ¢! are & approximations to y and y respectively, they are
homotopic in M — {x, y} (¢! is homotopic to vy in M — {x, y}, etc.). Since
xEM*(c))andy € M~ (c?) by Lemma A2, x € M*(c¢Y)andy € M~ ().
Since this was true for any choice of c?, we have x € M* (y) and y € M~ (7).
To see that ¥ is nondegenerate, we note that the same argument as for part (b)
shows that for all such ¢! we have B(x) C M*(c?) and B(y) C M~ (c)).
Thus in the definition of nondegenerate take & to be this ¢ and § =
min{Vol(B(x)), Vol(B(»)}.

Remarks A.3. (a) Let y € Q™(M) be regular, and let O(y) > 0 be a number
such that there exists x,, yo €M —y with xo € M*(y), yo € M (y),
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d(yy, v) > 0(v), and d(xg, v) > 0(y). Then the preceding arguments tell us
that forx € M — y and 8, 0 < 8 < min{0(y), d(x, y)}, we have x € M* (y) if
and only if x € M™ (c;) for all piecewise smooth simple closed curves cz such
that d(y(¢), cs(¢)) <48. This follows since all such curves are homotopic in
M — {x, y,}. A similar statement holds for x € M~ (7).

(b) Let y € Q™(M) be regular, x € y[0,1] — y({m | i = 1,2,---,m}), and V
a unit vector perpendicular to y at x. Let ¢ be small for y such that ¢ <
d(x,y({%|i = 1,2,- - -,m})), and let 6 be much smaller than & (see the beginning
of the appendix). Let c; be an approximation to y as in Lemma A.l. Then for
each + € y~!(x) there is a 8, > 0 such that cg(¢) = Exp, §,V. Using the fact
that c; is simple and the definition of ¢, >t it is easy to see that ¢, >t if and

only if §, > §, . Thus we can use §, > §, as a definition of ¢, > 1
It should be noted that ? is only defined when vy is regular. In fact this

alternate definition has the same restriction as the ordering §, > §,, could be
reversed for different approximating curves c;, if Y has a 180° turn.

Lemma Ad4. Let vy €Q™(M) be regular, and x € y[0,1] — y{% |i =
1,2,---,m}. Let t € vy~ (x) = {t,,---,t,}), and let V be the unit vector at x
perpendicular to y such that the orientation given by (y'(t), V') is the orientation
of M. Let 7 be the unit speed geodesic with initial tangent V. Then t is a boundary
parameter of some component K of M™ (v) (respectively M~ (v)) if and only if t
is maximal (resp. minimal) in y~'(x) with respect to 3 Furthermore if the

above holds then K is the component of M* (y) (resp. M~ (v)) towards which V
(resp. — V') points.

Proof. We will prove the M () case. The M~ () case is similar.

Let K be the component of M — y towards which ¥ points. We need only
show, by the definition of boundary parameter, that if ¢ is the boundary
parameter of K C M* (y) then K = K, and that if 7 is maximal with respect to
> then KC M (y).

Assume that ¢ is the boundary parameter of K C M (y), and let ¥ be the
unit vector perpendicular to y at x pointing towards K. We need to show
V = V. Let ¢ and & satisfy the conditions in Remarks A.3. Let 7 be the unit
speed geodesic with initial tangent V. Let y = 7(8). Let c, be an approximation
as in Lemma A.1 and let §, be such that 7(8,) = c4(¢). By the definitions and
Remarks A.3 we have 7(s) & y and 7(s) & c; for §, <s <, and in particular
y = 7(8) € M* (y) C M" (c;). Thus the orientation given by (c5(¢), 7'(8,)) is
the same as the orientation of M (by the definition of the + side of a simple
curve). On the other hand the orientation given by (y’(), V') is the same as the
orientation given by (cz(2), 7'(8,)), and hence V=vV.
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Now assume that 7 is maximal with respect to 3 . Let e, 6 and ¢; be as in the

previous section. Let 7 be defined by V. By the choice of € and §, 7(8) € K.
Let §, be such that 7(8,) = c4(¢). By the maximality of ¢ with respect to > and

by Remark A.3(b), for §, <s <48 we have 7(s) & c¢;5. Since the orientation
given by (Y(#),V) is the orientation of M, so is the orientation given by
(c5(2), 7'(8,)) and hence 7(8) € M* (c;). Now by Remark A.3(a) 7(8) € M™
(v), and we see K C M (y) since 7(8) € K.

Proof of Lemma 2.6. By continuity we need only consider ¢ a boundary
parameter for K C M* (y), with y(¢) & Y({% |i = 1,---,m}). But this follows
directly from Lemma A 4. The argument also works for K C M~ (y).

Lemma A.5. Let y € Q™(M) be regular, and assume that M (y) (respec-
tively M~ (7)) is connected. Then every t € [0, 1] is a boundary parameter for
M7 (v) (resp. M~ (v)).

Proof. Let {ty, t),"-,1,} be Yy~ '(y({m |i = 1,---,m})) as at the beginning
of the appendix. It is clear, since the set of boundary parameters is closed, that
we need only show the result for ¢ & {¢,, ¢, - -,2,}. It is also clear from the
definitions that if for some ¢ € (¢,, ¢;,,), t is not a boundary parameter for
M™ (), then no element of (z,, ¢, ,) is a boundary parameter for M* (y). Let
=30t + 1) (t 2(t + 1)) fori = 0,1, - -,p. By the above we need only
show that 7, is a boundary parameter for M* (y) for each i.

Assume that some £, is not a boundary parameter of M* (y). We will show
that y has a 180° turn contradicting the regularity of y. Let ¥ be the unit
vector perpendicular to y at y(Z,) such that the orientation given by (Y'(7;), V)
is the orientation of M. By Lemma A .4, 7, is not maximal with respect to >
By the definition of the 7, and the fact that y is parameterized proportional to
arc length on [z, t,,,], we see that if t € y~'(y(f,)), then ¢t = t'j for some j.
Choose f; € Yy~ '(¥({,)) such that t_f? f; and such that there is no t € v~ '(y(#,))
such that t}? t=> t;. Now considering c; for sufficiently small § as in Lemma
A.1 and by Remark A.3 we see that the orientation of y at /; is opposite to that
of y at #,. In particular since 7; > t we see that 7; is also not a boundary
parameter of M™* (y). Let S = {¢ € {tO, f,,-++,f,} | tis not a boundary param-
eter of M* (y)}. We define a function f: S — S by f(f,) = f; where {; was
defined as above. f is a fixed point free involutive function such that y(¢;) =
Y(f()).

We claim that for all 7, € S and for exactly one of the intervals [£,, f(7,)] or
[f(i)), £;] (here if f(7,) > i,, then [ (7,), ;] means [ £(i,),1] U [0, 7)), call that
interval I(#;), we have for any ¢, € {f,,...,1,} if {; € I(f,), then #, € S and
f(i)) € IE).
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Before proving the claim we show this proves that y makes a 180° turn
giving the desired contradiction. Choose #; € S so that I(¢,) is minimal (i.e., if
t; € S and I(f}) C I(t;), then I(¢;) = I(1))). If i, € I(7)), {; # {, and 1; # f(1}),
then f(f;) also satisfies these conditions, hence by the claim I(£)) is strictly
contained in I(7;) contradicting the minimality of I( f(7,)). Hence f(7,) = ,,,
(or 7,_,), and thus y makes a 180° turn at ¢, , (or ¢,).

We now prove the claim. Since y is regular, M (y) is nonempty, and hence
there is some boundary parameter interval for M* (y), so both intervals in
question cannot have that property. Assume ¢; € [#,, f(£,)], f, € [ f(t,), t,], and
both are boundary parameters for M* (y). Let V;and V) be as in Lemma A 4.
Choose € and 8 small as in Remarks A.3 and Lemma A.4, and let y; = Exp 81/;,
Vi = Exp 8V,. As in the proof of Lemma A4, y;, y, € M (y) and y,, y, €
M (cp) for all 8 approximations to y. Let ¢ be a curve in M (y) from y; to y,,
and let § = 3d(y, 0) < 3. Let cg be an approximation as in Lemma A.1. We
have ¢ C M (¢5). Let 7 be the minimizing geodesic segment from cs(t,) to
cs( f(7,)), and let 7, be the simple closed curve given by 7 U c4{7;, f(7;)] and =,
the simple closed curve given by 7 U c4f f(¢;), t;]. The orientation on 7; is
chosen to agree with that of cj. It is easy to see that M* (1)) U M* (7,) = M™*
(c3) =7, M* (1)) N M* (1) = @ and y, € M* (1)), y, € M* (7,). Since the
curve 6 C M* (cg) goes from y; to y,, we see that o intersects 7 but that implies
that ¢ comes within & of y(f;) contradicting the definition of §. Thus we have
shown that one of these intervals, called I(%,), has the property that if 7, € I(7;)
thent; € S.

We now need to show that f(#;) € I(#,). Choose & and 8 small as in Remarks
A.3 and Lemma A .4, let ¢; be as in Lemma A.1, and let 7, and 7, be as in the
previous paragraph (we assume 7, corresponds to I(f;)). Let V be the unit
vector at y(¢;), perpendicular to y and such that the orientation given by
(Y'(#;), V) is that of M. Let 7 be the unit speed geodesic determined by V. Let
8, and §, be such that 7(8,) = c4(¢;) and 7(8,) = c5( f(£})). By the definition of
f and Remarks A.3 we have 7(s) € M — ¢; for s € (8,, 8,). By the choice of V
and 7, we see that 7(s) € M* (7)) for s € (8,, 8,). This says that 7(8,) € OM™*
() so that ¢s(f())) = 7(8,) € c5(1(£,)) and hence f(f;) € I(£,). Thus the
claim and hence the lemma are proved.

Let y € Q™(M) be regular, and let K C M (y) (resp. M~ (y)) be a compo-
nent which is not a cul-de-sac, and let [a, b] and [¢, d] be two disjoint maximal
intervals of parameter values for K (such intervals exist since K is not a
cul-de-sac). Choose ¢, € (a, b) and t; € (c, d) such that ¢, t; € (£, £, -,1,}
where the 7, we defined at the beginning of the proof of Lemma A.5. Then
there exists a simple piecewise geodesic 7: [0, 1] » M, which will be called a
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separating curve for K, such that

@10, )CKCM-—y,

(®) 7(0) = y(#,) and 7(1) = y(1,),

(c) after reparameterization the closed piecewise geodesics T =1 U Y[ty 4]
and 7, =7 U y[t}, £,] (the orientation chosen to agree with that of Y) are
regular elements of 2™1(M) and 2™2( M) respectively.

(d) if x € M~ (y) then x € M~ (7)), i = 1,2, and if x € M* (y) — r, then
X € M*(1)and x €M (7)fori+#jandi=1or2.

Define 7 to start at y(#,) orthogonal to v, being a geodesic to length §,, and
end at y(¢,) orthogonal to v, the last geodesic segment having length §,, such
that between it lies inside K and is defined to have breaks in such a way that
each geodesic segment has length < c.

Properties (a) and (b) are immediate from the definition of 7. To see
properties (¢) and (d) we need to approximate the curves 7, by simple curves.
Let € and & be as in Remarks A.3 and Lemma A.4. Now for every 8 such that
§< min{8, 8,, 8,} we define approximating curves c to 7 as follows: Let c5 be
an approximation to y as in Lemma A.1, and construct ¢} by joining cs(ty) to
¢s(¢,) via 7 (the joining curve may be a slight extension of r or not all of 7; see
Fig. A.1). It is easily seen that by choosing an appropriate parameter for cj it is
a & approximation to 7.

Cg (to)

7(’0)
\ % \{ v
’ or
¥(t) " v Cs(t0)” G
T T
Fig A.1l

Since we can construct ck for all sufficiently small §, we have that 7, €
Q™i(M) for some m,. For all such § it is easy to see that M* (cg) — 7 (or the
slight extension of 7) = M* (c§) U M*(c}) and MT (cH N M* () =@
Also since 7 splits K into two pieces, let x, and x, be in different pieces of
K — 7, and choose x € M~ (7). Since above is true for all small § it is easy to
see that M* (y) —7=M" (1) UM* (1), MY (1) N M* (1) = &, M (v)
=M (r)NM (1), and M* (7)) # &, M* (1) # & since x, € M* (1))
and x, € M (,). Thus property (d) follows.
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To see that 7, is regular we note that by the definition of = we have no 180°
turns in 7, (7 is simple and orthogonal to v), and also all segments of 7 have
nonzero length. To see that 7, is nondegenerate we simply note that x, € M* (1)
and y € M* (1) and see that the proof of Lemma 2.4 shows that 7, is
nondegenerate.

Lemma A.6. Lety € Q™(M) be regular, and K C M (y) (resp. M~ (y)) be
a component which is not a cul-de-sac. Let T be a separating curve of K. Let
(K, K,, - -,K,} be the components of M* (y) (resp. M~ (y)). Then for i = 1,2,
M™ (7)) is not connected, M* (1) N M" (1) = @, M (1) U M" (1)) = M"
(Y) — 7. Further if K is a + component . of =, then KCKorKe {K,,---,K,},
and if K & K is a cul-de-sac of 7, then K is a cul-de-sac of y.

Proof. 1t follows directly from Property (d) of separating curves that
MY (r)NM*' (1) = @and M™* (1) UM"(7,) = M*(y) — 7. Itis also clear
that if K is a connected component of M* (7;), then KCK or K€
(Kp.K,).

Using the arguments similar to those in Lemma A.4, and considering the
approximating curves cj it is not hard to see that if K is a component of
M™ (7)), then ¢ is a boundary parameter for K (if K C K we mean K here) as a
component of M™* (v) if and only if ¢ € [#,, ¢,] and the corresponding parame-
ter of 7, is a boundary parameter of K as a component of M™* (7). Similarly
for ,.

The above shows that if K C M™ (r,) is a component such that K ¢ K and
K is a cul-de-sac of M* (7,), then K is a cul-de-sac of M* ().

The only thing left to show is that M™ (7,) is not connected. Assume M™* (7,)
is connected. Then M™* (7;) C K. By Lemma A.5 and the preceding statements
we see that every ¢ € [¢, ;] is a boundary parameter for K as a component of
M7 (). But t, and ¢, were chosen in disjoint maximal boundary parameter
intervals of K, giving the desired contradiction.

Proof of Lemma 2.71. We prove this by induction on the number of
components of M* ().

Assume M™ (y) has two components K, and K,. If both K, and K, are
cul-de-sacs, there is nothing to show. Assume K|, is not a cul-de-sac, and let 7
be a separating curve for K,. Let 7 separate K, into two components K| and
K}?. By Lemma A.6 each M* (7)), i = 1,2, has at least two components in
(K}, K%, K,}. But since this set has only three elements and M* (r,) N M*
(7,) = @, we get a contradiction.

Assume the lemma is true for all m and all regular y € Q™(M) having fewer
than n > 2 components in M™* (y). Let y € Q™(M) be regular such that
M* (y) has n components. Since n>2, we may assume that there is a
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component K C M™ (y) which is not a cul-de-sac. Let 7 be a separating curve
for K. By the definition of * and Lemma A.6, 7, € Q™i{(M) is regular, and
M™ (1,) has fewer than n and at least 2 components. Thus by the induction
assumption for i = 1,2 there are at least two cul-de-sac’s in M (7,), and by
Lemma A.6 for each i = 1,2 at least one of these cul-de-sacs is a cul-de-sac in
M7 (y). Since M* (1)) N M* (7,) = @, there are at least two distinct cul-de-
sacs in M (y). The result now follows.

Lemma A.7. Let y € Q"(M) be regular, and K a connected component of
M?*(y). Let {ty,t,, - “,1,} be as in the beginning of the appendix (ie.,
{to, 1, - -',tp} =y (y({£|i=0,1,---,}))). Assume that for some i, [t,_,, t,, ]
is a boundary parameter interval for K, and that j # i is such that ¥(t;) = y(1,).
Let y* = Yt e for kK €{0,1,---,p}. Then (y/)(t;) does not lie between
(Y**YY(t,) and —(¥')(t;), where between means a counter clockwise sense as
defined by the orientation of M. A similar statement holds for K C M ~(Y).

7(’i+l) 7(’,'_1)

1 1)

Fic. A2
(This does not happen)

Proof. Assume (y/)(t;) is between (y'"'y(z,) and —(y')(z,). Let 7,_,
=3(t,_y+¢) and {;,=3(¢t; + t,,,), and V,_, and ¥, be the unit vectors at
v(f;_,) and y(f;) perpendicular to y and such that the orientation given by
(Y'(F,_), Vi_y) and (Y'(7)), V;) s that of M.

Choose 8, so small that

(a) Exp(sV;_,) € K and Exp(sV;) € K forall 0 <s < §,

(b) the minimizing geodesics from y(#,) to Exp(sV,_,) and Exp(sV}) lie in K
(except for the point y(¢;)) for 0 <s < §,.

Such a §, exists, since [#,_,, ¢;,,] is a boundary parameter of K (see Lemma
A.4), and y has only a finite number of geodesic segments, and since all
geodesic segments have length less than c.
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Let x = Exp(8,- V;_,), y = Exp(8,- V;), and let 7, be the minimizing geo-
desic from x to y(¢;), and 7, the minimizing geodesic from y(¢;) to y. Since K is
connected, so is K — (1, U 7,). Thus let 7; be a simple curve in K — (7, U 1,)
from x to y, and 7 the simple closed curve 7, U 7; U 7,. 7 intersects y only at
y(¢;). By construction y[t;_,, t;) and ¥(¢;, t;,,] lie in M™ (7), while ¥(¢;, ¢;,,]
lies in M~ (7). We assume without loss of generality that ¢; > ¢,.

Fi6. A3

Let i = sup{t|y(s) € (M" (7)) for all s € [t,,t]}, where (M* (7)) is the
closure. Clearly y(f) = y(¢;), hence 7 = ¢, for some k € {0,1,---,p}. By the
definition of ¢ and 7 we have y([#,_,,t,)) C M" (7) and y((¢,, t,+,]) C M~
(7). If y[t,_,, t,] coincides with y([7,_,, ¢;] or Y[z, ¢, ,], then the fact that
¥((t> ty+1]) € M~ () contradicts the fact that 7, and 7,_, are maximal with
respect to > and V> respectively. On the other hand by the construction of

T we see —(y")’(tk) lies between —(¥')(t;) and (y*'Y(t;), while (y**1Y(¢,)
lies between (y*!)(¢;) and (v')'(¢;) and hence y cannot be the limit of simple
curves. This contradiction gives the lemma.

Proof of Lemma 2.8. We first show part (a). Since M* (y) is connected,
Lemma A.5 says that all ¢ € [0, 1] are boundary parameter values for M (),
and hence all + vertices are free. To show the second part we need only note
that since y is connected, each component of M — v is simply connected, and
then apply Gauss-Bonnet to M (y). There are many ways to see that one can
apply Gauss-Bonnet even though y may not be simple. One way is to consider
the closed simple piecewise geodesic curves v,, for sufficiently small ¢, defined
by v,(i/m) = 7,(¢) where , is the unit speed geodesic with initial tangent vector
half way between (in the counter clockwise sense) (y'*'Y(%4) and —(v")' ().
Now for & > 0 sufficiently small using Lemma A.7, the fact that /; < ¢, and
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standard convexity arguments, one can obtain that (a) y, is simple, (b)
M7 (y,) C M*(y), (¢ lim,_ ¥y, =7, and (d) lim,_o M (y,) = M" (y). Thus
one can apply Gauss-Bonnet to y, and letting e — 0 to y.

We now show part (b). We first need to show that y(a) = y(b). Let
{to 1,y =y "¥({%|i=0,---,m —1}) and v*=v|,,_ ,, as usual. We
have a = ¢, and b = ¢, for some i and j in {0,---,p}; otherwise the boundary
parameters of K would form a larger interval. Let S = {k|y{t,) = v(¢;)}, and
for each k € S'let V' and ¥V, be the unit vectors at y(z, ) defined by

SN €000 (O M ¢ U £

COLOEY @) )L

Let V € (V" or Vi |k € S} be the vector making the smallest nonzero
angle (in the counterclockwise sense) with V;* . Since v |, , . ; € 3K, if V=V,
(or Vi), theny|,, ., (ory lieot, 1) is contained in the boundary of K. Thus
we can assume (by choosing an appropriate representative for V') that V' =V,
where [t,_,,?,] is a boundary parameter interval for K (by orientation
consideration it must be ¥, and not ¥;} ). We also note here that ¥, # V;*
(representing an angle 27 # 0), for this would imply ¥,” = V;*, and hence y
would make a 180° turn at ¢,. Since [¢,_,, t,] is a boundary parameter for X,
[tk—1> ] C[a, b].

We claim that b = ¢, (i.e., j = k). Assume not. Then [¢,_,, t,,,] C[a, b],
and hence [7,_,, t;,,] is a boundary parameter for K. By the definition of
V(= V; ) we have V; is not between ¥V, and ¥, . Further V;} % V, , since y
makes no 180° turns, and ¥, # V;*, since then both [z, ¢, ] and [, 1]
could not be boundary parameters for K (see Lemma A.4). Thus we arrive at a
contradiction to Lemma A.7. Hence b = ¢,.

Since b = ¢,, we have y(b) = y(a). Further since V;" # V;~, the exterior
angle 4 satisfies —7 < A4 < . Also since no V; or ¥, lies between V" and
V,”, we can define approximations ¥,, as in part (a), to the closed piecewise
geodesic v |, ;- Thus v is the limit of simple curves. It is easy to see that
M™ (y) = K since each t € [a, b] is a boundary parameter for K, and that
¥ |{a,5) 1S regular. The Gauss-Bonnet formula follows now from part (a).

To see that one of a and b is in fact i/m for some i = 0,1,---,m — 1 one
need only note that since V" #* V;~ we cannot have both V= -Vt and
Vj+ = -V, for then y would intersect itself transversely at y(a) = y(b) and
hence not be the limit of simple curves. Thus the exterior angle at either a or b
must be nonzero, and hence one of a and b is a vertex of y. Assume a = i/m
and let j be as in the lemma. If i <k <j, then we have [“7, %] is a
boundary parameter interval for K C M* (y). Hence if k is a + vertex, k is a
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free + vertex. If j/m # b, then [}, b] is a boundary parameter interval for
K. Since b > j/m, if j is a + vertex, then it is a half free + vertex. Thus the
lemma is shown.

Proof of Lemma 2.9. Assume [51, % + €] is the boundary parameter for a
component K C M* (y). The other case is similar.

We claim that for e sufficiently small, the minimizing geodesic segment 7.
[544] » M from y(51) to y(& + €) lies inside K (except for 7(*5!) and
7(:5)). To see this we f1rst note that smce iis a + vertex (and /; < c) for small
€, =) (measured counterclockwise) is small
and positive. Thus if e is small enough, we can assume that O, is smaller than
any positive angle from y’(:52) to y/(¢) for any ¢ such that y(¢) = y(:52).
Hence if 7,(:57, %) intersects y for arbitrarily small ¢ > 0, we see, using the
fact that y has only a finite number of geodesic segments, that there is a
segment y[c, d] such that y(c) € y(:51, 4] and y’(¢) lies between y’(¢) and
—v'(¢) (in the counterclockwise sense) where ¢ € (51, 4] is such that y(¢z) =
v(c) (if t = % then y'(¢) is to be interpreted as (y’“)’(t) and —vy'(¢) as
—(¥")(t)). But this contradicts Lemma A.7.

Thus for & sufficiently small (5, %) C K. It is also clear, from the fact
that /; < ¢ and Ext(i) > A, that for &€ small enough ¥, satisfies /,(y,) < ¢ and
Ext(i) > A.

Choose ¢, so small that for e <g, all of the above holds and further
0, <m/2

Every part of the lemma is now clear for y(¢ < ¢,) except that ¥y, is the limit
of simple curves.

Fix e <¢g, and 6§ > 0. We need to find a simple piecewise smooth closed
curve ¢; such that for all + € [0,1] we have d(c(?), Y(2)) <4. To do this
choose the following numbers (see Fig. A.4):

P <2< <id<ss,
sO<sl<s?<sd<st<ssd,

wheres® = 0= i1 g2 =3 = £ 5= = £l y(53) = y(£3) = y(%), and
v(s*) = y(¢*). We further assume they were chosen to have the following
properties:

(a) y(s"), ¥(1"), and y(s°) = ¥(¢°) = y() have pairwise distances less than
8/4, and the minimal geodesic 7 from ¥(s') to ¥(¢') is perpendicular to y at
y(s"). (We can do this since O, < 7 /2.)

(d) v(s?) = 7(2%) = 7(&), 7(t?), and y(s*) = 7,(¢*) have pairwise distances
less than § /4.
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7(5%)

75%) = 7.

N

7(5*) = 7.0%

=5
L 75 = 7.

Fic. A4

Choose & < 1d(y, ¥/[t', t*])) and ¢ less than half the distance between any
pair of distinct points in {y(s') or ¥(¢')|i =0,1,---,5} and such that £ is
small for y. Choose 8§ much smaller than z (as in Lemma A.1), and let csbe an
approximation to y as in Lemma A.1.

We now define ¢;.

For ¢ & [t°, 3] let ¢5(t) = c4(t). Thus for ¢ & [¢°, t°] we have d(Y(1), ci(t))
= d(y(1), 1)) <5 <8.

For t € [¢°, 1'], let the curve ¢4[z°, '] be cs[s%, s'|U T, - -, cs(s") to Y(¢1).
By our choice of y(s') and Lemma A.1 this geodesic coincides with 7 (but may
be slightly shorter or longer). We choose the parameter on this segment of c;
(of course in [°, ¢']) to be proportional to arclength. By our choice of & and 5
(and s', ¢') we have for all ¢ € [¢°, ¢'], d(¢4(t), (%)) < 8/2 and d(Y(1), v(£))
< 8/4 and hence d(y(1), ¢5(2)) < 6.

Fort € [¢', %], let c5(¢2) = Y(2).

For t € [t?, t*] there are two cases. In the first case there is a 7 € [¢2, ¢*] and
an § € [s?, 5*] such that y(¢) = cg(s). In this case, ¢4[¢% ¢*] is the curve
Y.[%, f] U &[5, s*] parameterized proportional to arclength. If the above does
not happen, then ¢s[¢2, t*] is the curve ¥,[t2, 3] U 6 U c4s>, s*], where o is
the minimal geodesic from y(s*) to cs(s*), and ¢s[¢?, t*] parameterized by
arclength. In the above both cases we have

d(7.(1), &(1)) <d(7(0), 7)) + d(7.(%), &(1)) <§+ 3 <8

by choice of &, 8, ¢ and s
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For t € [t*, 17), let ¢5(¢) = c(L(t)), where L(¢) is the linear transformation
from [¢4, £°] to [s*, s°]. In this case d(¥,(2), ¢5(¢)) = d(Y(L(2)), cs(L(2))) <&
<34.

The only thing left to check is that ¢, is simple. To see this we note that
Gy =TU Y[, (U cgls, s'Tor TU 3,[1', £*] U 0 U ¢41s°, s']. Each individual
curve above is simple, and the fact that they only intersect at the endpoints
follows from the choice of ¢ and Remarks A.3.

Proof of Lemma 2.11. The fact that Q7’,,(M) contains the simple closed
piecewise geodesics y with /; < ¢ and [j+,) K = [p-(,) K is clear. To see that
Q7,(M) is compact let {y;} be a sequence in Q7),,(M). Since Q7),,(M) C
Q™(M) and 2™(M) is compact, we may assume, by taking a subsequence, that
y; - Yy where y € Q"(M).

We need to show that y is nondegenerate and [j+(,y K = [p-(,) K = 2.
Since M is compact its curvature is bounded and hence there is a number V'
such that for all i, we have Vol(M* (y,)) > V and Vol(M~ (y,)) > V. Since
L(y,) (and L(¥y)) are bounded (by mc), y; has m vertices, and the curvature of
M is positive, there is an £ > 0 such that the volume of the tube of radius &
about v, (and y) has volume less than V' /2. By Remarks A.3(a) if ¢ approxi-
mates y; within ¢ (¢ a simple closed piecewise smooth curve), we have
Vol(M™ (¢)) > V/2 and Vol(M~ (c)) > V/2. Let ¢ approximate y within /2.
Choose i so large that y; approximates y within ¢/2. Then ¢ approximates ¥,
within ¢ so Vol(M™ (¢)) > V/2 and Vol(M~ (c)) > V /2. Since this is true for
all e /2 approximations to y, we see that y is nondegenerate.

By Lemma 2.4 for each i we can find a simple closed piecewise smooth curve
¢; such that ¢; approximates y; within 1/i and such that 27 — 1 /i < [+, K
<2x + 1/i. Now ¢; » v and lim,_, o [y+(.,) K = 2. Since y is nondegenerate,
Lemma 2.4 gives [+, K =27 = [p-(,) K. Hence y € Q) ,(M).

Proof of Lemma. 2.12. We first consider the case where j i+ 1 and
j#i— L

By Lemma 2.10 (or 2.9 if i is half free) there is an ¢ > 0 such that for all
e < ¢, there is a curve ¥, € £™(M) which differs from y only on [*51, £51] and
satisfies the conclusions of Lemma 2.10 (or 2.9). Let S;(¢) be the set between
the curves y[‘51, 51 and ¥,['51, “51] (i.e., the lying inside the ball of radius
2¢ about y(%)). By construction (see the proof of Lemma 2.9) we have
S,(¢) C M* (y). On the other hand, by orientation considerations (Lemma
A.4), we see that S;(¢) C M~ (7,). In fact, it is not hard to see that up to a set
of measure 0 (i.e., y[0,1] U ¥,[0,1]) we have M™ (¥,) = M™* (y) — S,(¢) and
M~ (§,) = M~ (y) U Se).
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Similarly there is an ¢; such that we can define y, -ye and S(e) for alle <¢;. In
this case, up to a set of measure 0, we have M* (,) = M+ (Y) U Si(e) and
M~ (¥,) =M () — S(e).

Since S(¢,) C M~ (y) and S(e;) C M (y) for ¢, <e¢; and ¢, <¢,, we have
S;(g) N Sj.(ez) = @. Since M is convex 5, K> 0and [ ,K >0, further,
as g, and ¢, go to 0, the integrals go to 0.

Assume without loss of generality that f, ., K> /., K. Then for every
& <g; there is an ¢ <g¢, such that [, ., K = [, K. Now define y, by making
an e-deformation at j/m and an e-deformation at i/m. Since j #i+ 1,
J#i—1, and s,(¢) N s,(e) = &, we see that these two deformations can be
made completely independent of each other. Hence by previous lemmas v, is a
regular element of Q™(M), L(y,) < L(y), and if i (or j) was half free with
Ext(i) > A (or —Ext(j) > A), then the same is true for v,. It is also clear from
the choice of ¢, from ¢ and from the fact that M™* (y,) = M* (v) — s,(¢)) + s,(¢)
(up to a set of measure 0) that [y« ) K = 27. Hence y, € Q7 ,(M).

The only thing left to show is that a similar construction can be made if
j=i+ lorj=i— 1. We assume without loss of generality thatj =i + 1.

Let gy > 0 be so small that for all 0 < ¢ < ¢, the following hold:

(a) One can make the deformation of y at i/m to a curve o, as in Lemma
2.10 or 2.9.

(b) The exterior angle of o, at j /m is negative.

(c) If j is a half free-vertex of y such that —Ext(j) > A, then we have
—Ext,(j) > A.

Let K; C M~ (y) be the component which defines j as a free (or half free) —
vertex of y. By previous arguments we have M~ (y) C M~ (g,), so we can
choose the component I? C M~ (o) such that K, C ]? It is not hard to see
that if 1 € [,:,, Ellisa boundary parameter of K for vy, then ¢ is a boundary
parameter of K for o,. In particular since j was a free — vertex (respectively a
half free — vertex) of v, j is a free (resp. half free) — vertex of o,. (If j was half
free for v, it could be free for a,, but we still consider it to be half free in what
follows.)

Let f(e) > 0 be such that for all 0 < & < f(¢) one can deform o, at j/m, as in
Lemma 2.9 or 2.10, to y®. We can choose f to be a continuous positive function
on [0, g,] this is clear from the proof of Lemma 2.9. Now consider the function
g(e, &) = fM+(y:|2)K, defined for 0 < ¢, < ¢, and 0 < ¢, < f(¢,;). By construc-
tion of ;2 we see that g(e,, ¢,) is continuous and g(0,0) = 2, (0, &,) > 27 if
g, > 0, and g(¢,,0) < 2= if ¢ > 0. Since g(0, f(0)) > 2, there is an € > 0 such
that g(e, f(€)) > 2 for all 0 < & < &. Since g(¢,0) < 2, for each ¢ there is an
0 < g/(&) < f(¢) such that g(e, &) = 2a. Thus it is easy to see that for ¢ < ¢,
¥, = v5® will satisfy the conclusions of the lemma.
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Proof of Lemma 2.13. Let 7 be as in the statement of the lemma, 7
[0, 1] » M parameterized proportional to arclength. Let V(¢) be the unit vector
perpendicular to 7'(¢) such that the orientation given by (7/(¢), ¥(¢)) is the
orientation of M. Fix ¢ > 0 and choose > 0 so small that the following hold:

(a) F: [0,1] X[—24,28] > M is a diffeomorphism where F(t, s) =
Exp, (s - V(2)).

(b) If 7(¢) = F(¢, 5), then L(7,) < L(7) + e foralls € [, §].

()0 <c/4.

We will let 7, represent the curve 7, with the parameter proportional to
arclength.

Let m > §(L(7) + €). Define v, to be the closed piecewise geodesic curve
such that y,: .y is the minimizing geodesic from 7,(z) to 7,(5:1). We note that
d(7,(5), T(5) < mL(1,) < m(L(1) + &) <8 <c for all s €[—8,8], thus
the length of each geodesic segment v, . . is less than c.

Fix s, € [—8, 8]. We now show that v is simple. Let 7, € [0, 1] be such that
7,(1) = 7,(k/m). Since the sets F, = F((t;, t,4,) X (—28,28)) are disjoint,
it is sufficient to show that Vol(4,22) is contained in F, fori = 0,1,---,m — 1.

Since d(y,(1), 7(2,)) < d(¥; (1), Yo (=) + d(¥, (=), 7(2,)) < 28 for t €
[, 5541, we see that y, C T = F([0,1] X (—28,25)).

Let o,(s) = F(t;, s) for s € [—28,28]. Now T — (¢;[—28,28] U
0;,1[—20,28]) consists of two connected components F; and T — cl(F) (the
closure of F;). Now since the geodesic segments v, . =1y, 0;, and o, all have
length less than ¢, and since v, (=) = 0,(s,) and v, (* 1) = 0,,,(sy), we have
that v, (G, 5:1)) is disjoint from o; and o,,,. Thus v,((z, 1) C F, or
YSO((#,%)) CT — cl(F). We need only show that ys'o(#) points inward to-
wards F,. To see this let W(¢), for ¢t € (4, 51), be the unit tangent vector at
1‘-30(#') which is tangent to the minimal geodesic from 7, (5;) to 7, (). Since
d(ﬂo(#), 7,(1)) <c, W(t) varies continuously with ¢. For ¢ near 5;, W(t) points
inwards towards F,. For ¢ € (&, 51), W(t) # a'(sy) and W(t) # —o'(s,),
hence by continuity W(5;') points inwards towards F,. Thus y, (s, 5') C F,
and v is simple.

So far we have shown that for s €[4, ], v, € @"(M) and is simple.
Further L(y,) < L(7,) < L(7) + &. Thus we need only show that there is an
5o € [—8, 8] such that /M+(7:0)K =2m.

We have for all ¢),1, €[0,1] that d(vs(¢)), 7(2,)) = d(75(¢)), 7(8,)) —
d(vs(t)), Ts(t,)) > 8 — 8 =0, hence y4(¢)) # 7(¢,), ie, ys N 7= B. Since
v5(;) € M* (1), we see that y; C M " (1), and by orientation considerations
M (y5) C M* (7). Similarly M* (1) C M™ (y_;).
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Thus, by the convexity of M, [y, K< [yr+(sy K = 27 < [p+(,_,, K, and
we can find an s, € [—8, 8] such that fM+(y,0)K = 2m. Hence y, € Q7)»(M),
and the proof is completed.
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