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ABSTRACT PRESTRATIFIED SETS ARE
(ό)-REGULAR

MICHAEL TEUFEL

Introduction

The concept of abstract prestratified sets is central in the proof that
topologically stable maps are dense. It allows the construction of homeomor-
phisms by integrating certain discontinuous vector fields.

One very important fact is that (έ)-regularly stratified closed subsets of
manifolds are abstract prestratified sets. In this paper we give a proof of the
converse: every abstract prestratified set can be imbedded in some R" as a
closed (ft)-regularly stratified subset. This result was independently proved and
used by M. Goresky in [2]. Our proof is different from his and less com-
plicated, and is based on ideas of A. Verona [14]. We use a double induction
on the dimension and the height of the stratification. See also the paper [6] by
Natsume, who published another proof of this result. Precisely we want to
prove

Theorem 1. For every abstract prestratified set (A, S, ?Γ ) of finite dimension
there exist n E N, a closed set B C Rn, and a homeomorphism φ: A -> B such
that

(i) for all strata X E S the map φ \ X is a C00-imbedding,
(ii) B is (b)-regularly stratified by {φ(X) \ X E §},

(iii) for all controlled maps f: A -> R the composition f ° φ"1 is a C°°-map.

1. Preliminaries

We first repeat the main definitions and some properties of abstract pre-
stratified sets. For details see [4] and [13].

An abstract prestratified set (a.p.s.) is a triple {A, S, 9"), where A is a locally
compact Hausdorff-space with countable basis, S is a locally finite partition of
A into locally closed subsets, called the strata, which are C°°-manifolds without
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boundary, and § = {(Tχ9 πχ9 px)\ X Eϊ &} is a system of tubular neighbor-
hoods: πx is a retraction of the open set Tx onto X, px is a distance function
defined on Tx with p~\0) = X. Furthermore, there must hold the well known
commutation relations 77 ° πv = πv and pv o π = pv, whenever these are de-
fined, and some differentiability conditions on πχ9 px. Making the Tx smaller
and redefining px we may assume the following:

(i) For all X, Y E S, X Π ΎΦ 0 iff Tx Π Y ψ 0 .
(ii) For all X, Y E S with Γ x Π Γ ^ 0 w e have X C 7 or Y C * o r X = Y.

(iii) There is an εA > 0 such that for all X E S the map (πχ9 px):
Tx -> [0, ε^) is proper.

(iv) The commutation relations 77̂  ° π = τrx and px ° my — ρx hold on the
whole intersection Tx Π Tyίoτ X C Ϋ\Y (see [11, p. 76]).

So in the following we shall only consider a.p.s.'s satisfying these conditions
too.

For ε > 0 we define

The dimension of A is d(A) := sup {dim X\ X E §}, and the height of the
stratification is σ(A) '.= sup{p E N | there exist strata Xt E S, 1 </</?, with
dim *,<•••< dim Xp).

Let ε ^ εA be given. A continuous map /: A -* M into some manifold is said
to be ε-controlled, if it is of class C00 on each stratum, and there holds
fO7ΐ

x—f o n ^c(ε) f°Γ aH ^ E S. An e-isomorphism between a.p.s.'s is a
homeomorphism /: A -> Λ', mapping strata X of Λ diffeomoφhically onto
strata X' of A1 and Γx

(ε) into Tx,, such that

An important example of an a.p.s. is the mapping cylinder example: Let
(A, S, 9") be an a.p.s. and p: A -> Λf a proper ε-controlled submersion onto a
connected C00-manifold. Then the (open) mapping cylinder

Z^(p):= AX[09e) + M/(a90)~p(a)

is in a canonical way an a.p.s. with strata X X (0, ε) and M and with naturally
defined tubular data.

In [13, Proposition (2.1)] it was shown that for all 0 < 8 < ε < εA and all
X Gc> there exists an ε-isomorphism

r W - Z W ( , , | S i )

which we can get by integrating an arbitrary controlled vector field on Tx

(ε) \ X
which projects by (πx, ρx) to the vector field (0, d/dt) o n l X R . If we choose
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these vector fields compatible with one another, we can get what in [3] is called

a. family of lines (for details see [11, p. 79-84]).

2. (b) -regular imbeddings

For details on Whitney's conditions (a), (b) and (b') see for example [12].

A topological imbedding φ: A -+ R" of an a.p.s. is called a (b)-regular

imbedding, if φ \ X is C00-imbedding for all strata X, and φ(A) is (fc)-regularly

stratified by {Φ(X) \ X G §}. So, if φ is a "stratified" imbedding of A into

some R", for φ to be a (ft)-regular imbedding we have only to test whether

φ(Y) is (ft)-regular over φ(X) for all X C Y. For this point the following

lemma is very useful in our proof of Theorem 1.

Lemma 1. Suppose I J C R " are Cλ-submanifolds, x E X C Ϋ\Y, and Y

is (a)-or (b)-or (b')-regular over X at x. Let A = I U Y and let φ: A -> B C Rm

be a Cx-diffeomorphism of reduced Cx-spaces. Then the triple (φ(Y), Φ(X), Φ(x))

also fulfils condition (a) or (b) or (bf) respectively.

In fact we do not yet need all of our assumptions for these conclusions. The

proof of our lemma needs the most elementary parts of the theory of

differentiable spaces (see [8], [9], and [10] for some more details): A map

/: A -> Rm of an arbitrary subset A C R" is said to be differentiable, if it is

locally the restriction of a differentiable map. Subsets with this structure are

called reduced differentiable spaces. A diffeomorphism is a bijective differentia-

ble map whose inverse is also differentiable. Every subset A C Rn has a tangent

space TgxA
N atx G A:

TgxA
N : = { i ) G R " | df(x)v = 0 for all/of class CN defined in

some neighborhood of x such that /1 ^ Ξ O } .

With these definitions the proof of Lemma 1 is just the same as the usual

proof of the invariance of Whitney's conditions under diffeomorphisms of

open subsets of Rn.

The following two lemmas give us the standard representatives of our

(6)-regular imbeddings. The proof of the first one is elementary, and we omit

it:

Lemma 2. Suppose ( 4 , S,?Γ) is an a.p.s. with A CR", MCR! is a

connected C0 0 -manifold, andp: A -> M is a proper t-controiled submersion. Then

the map φ: Z(ε\p) -> R w + / + 1 given by φ([(a, /)]) : = (/ a, p(a), t) is a strati-

fied imbedding, i.e., a homeomorphism onto some subset, whose restrictions to

strata are C™-imbeddings.
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Lemma 3. Suppose A C Rw is (b)-regularly stratified by SA (i.e., the inclusion

is a (byregular imbedding), M CRι is a connected C™-manifold, andp: A -» M

is a proper C°°-map of reduced C0 0 -spaces, whose restriction to each stratum is a

surjectiυe submersion. Let ε > 0. Then B '•— {(t x, p(x), t)\x EL A,0< t < ε}

is (b)-regularly stratified by %B - {M, {(t x, p(x), t) \ x E X, 0 < t < e}XGSJ.

Proof. Let/: U -> R! be a C00-representative of p on a neighborhood UofA

(which one can construct with a partition of unity), and let g: U X R -> Rn+I+ι

be defined by g(x, t) = (t x, f(x), t). If X,Y E ξ>A with I c f \ 7 and

(x0, t0) G X X (0, e), then for the triple (g(Y X (0, ε)), g(X X (0, e)),

g(*o> *o)) condition (b) holds, because the triple is diffeomoφhic to (Y X

(0, ε), A"X (0, ε), (x0, t0)). So we must only prove condition (b) in the case

where one stratum is M. By Lemma 1 we can assume M — R;. Let X E %A, let

(0, xo,O) E 0 X R7 X 0 C g(X X (0, ε)) ,

and let xv E X, tv E (0, ε) be such that yv — g(xv, tv) converges to (0, JCO,O)

and Tgyg( X X (0, ε)) = dg(xv, tv)(TgxX X R) converges to T (in the Grass-

mannian Gn+ι+λm+v m = dim X). We first want to show 0 X R7 X 0 C T.

We have (tv) converges to 0, and (because p is proper) (xv) converges

without loss of generality to some j>0 ε ^ Π X Theny0 E 7 E § ^ , and we may

suppose that (Tgx X) converges to some subspace T* C Rn. By our assumption

we have TgyY C T*, and because p | Y is a submersion we get 0 X R7 X 0 C

dg(yQ, 0)(TgyY X R), and the assertion is proved.

Let now r: Rn+ι+ι -* 0 X R7 X 0 be the standard projection. Then the nor-

mal directions^ — r(yv) are given by (xv,0,1). If they converge in Gn+ι+lϊto

v E Rw+74~1 with I ϋ I = 1, we may assume

lim ^ 0 ) 1 ^ , = v ( i n R n + / + 1 ) ,

and we get

V =

lΛl2)1 (1 + IJol2)5

Thus we have conditions (a) and (b'), which together are equivalent to (b).

3. Stratified imbeddings of cylindrical type

Let (A, S, ?Γ) be a finite-dimensional a.p.s., and fix a family of lines on A.

In particular, for any given ε > 0 with 3ε < εA and each X E S with dim X <

dimΛ - 1, we have 2ε-controlled retractions φx: Tx

(2ε)\X -* S^ such that
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= m χ i a n d s u c h t h a t t h e m a P Ψx: τx2ε) -* z x 2 ε ) : - z ( 2 e )(fl"jc I •$

for a £X,

is a 2ε-isomoφhism. For I , 7 6 § with I C Y\ Y, φ o φ^ and φx° φ are

defined on Γx

(2e) Π 7;(2ε) \ y, and Φx

oΦy = Φy

oΦx. Furthermore, (Φx, ρx):

γ(2ε) \χ -± s* X (0,2ε) is a 2ε-isomorphism; in particular,

( V p,) o ψx = (φx o v p j on τ;<2ε> n r;2 ε>,

K , px) o φy = fa, Pχ) on T^ nf*\Y.

The following definition gives us a control condition describing how strati-

fied imbeddings φ: A -> R" of a certain type glue together: φ is said to be of

^-cylindrical type (for some given δ > 0 with δ < 2ε) relative to {φx} if for all X

the map

defined by g(φ(a)) = (Pχ(a) φ(φx(a))9 φ(τrx(a)% Pχ(a)) =:Zx

2*\φ)(a) for all

a G T£8\ is a C°°-diffeomorphism of reduced spaces. Then for all

X,(πx, ρx) o φ"1: φ(Tx

iδ)) -» XX R is a C°°-map of reduced spaces, and each

controlled map is differentiable.

We can now formulate

Theorem 2. Suppose (A, S, ?Γ) is an a.p.s. of finite dimension, and {φx} is

chosen as above. Let ε < 8 < 2ε, and let D be open and B be closed in A such

that BCDandMΠ Tx

(δ) = π;\M Π X) Π Tx

(δ) for M = B, D and all X E S.

Le/ y^0\ D ^> W be a (b)-regular imbedding such that ψo(C) w closed in W for all

closed CCA such that C C D. Suppose further that ψ0 w of 8-cylindrical type

relative to {φx \ D). Then for each ε < δ* < δ there exist an integer N > n and a

closed(b) regularimbedding ψ: A -> R^ with the following properties:

ψ = ψ0 (which means " = (ψ0,0)") on B;

ψ is of δ*-cylindrical type relative to {φx}\

for all a E A with πN_n(ψ(a)) — Q we have a E D and \p(a) = ψo(tf), where

for I < k, πk_ι'.Rk -* Rk~ι is the natural projection onto the last coordinates.

Proof. We can assume that d(A) = k + 1 and that the assertion is true for

all a.p.s.'s with dimension < k. If σ(A) — 1, then A itself is a C°°-manifold,

and we have only to show the existence of an extension of ψ0 to a closed

imbedding; it is easily done.

Now suppose σ(Λ) = / + 1, and let Bx, B2 C c l o s e d A with B C Bl9 Bλ C B2

and B2 C D. Making δ smaller if necessary we may suppose that for all Y E §

Bj n rfδ) = πγι(Bj n Y) n τ±8\ j = 1,2.
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Without loss of generality we can further assume that there is only one stratum

Xof smallest dimension. Let δ* < η < δ.

Assertion. There are an integer M>n and a (ft)-regular imbedding

ψf. T^η) -> R M with the following properties:

(1) ψj is of τj-cylindrical type relative to {φy \ Tx

(η)}.

(2) For all C C Γx

(η) which are closed in A, ψ,(C) is closed in RM.

(3)UDΠXΦ0, then ψ, = ψ0 on Bλ Π Tx

(η\ and iτM-n(yp\(a)) = ° implies
a ED Π Tx

(v) and ψ,(fl) = ψo(α). Furthermore: ψ0 U ψ,: J?! U ΓJC

(r?) -> R M is a

topological imbedding.

The proof of this assertion requires several steps. First of all Sx is an a.p.s. in

a natural way (compare for example [13]). Because d(Sx) ^fcwe can apply our

induction hypothesis to Sx together with {φ y | Sx} and ψ01 Sx, and get for some

m > n a closed (fo)-regular imbedding φ 0 : Sx -* Rm such that

( 4 ) φr\ —— ψr\ o n Sy f~Ί B'y,

(5) φ 0 is of η-cylindrical type relative to {φ y | ££}.

mx I Sx is controlled, so πx © φ^1 is a C°°-map of reduced spaces. Now let

g: X -> Rs be a closed imbedding with g | X Π 2?2 = ψ0 | X Π 5 2 . By Lemmas 2

and 3 we get

(6) φ: 7^η^ —> R w + 5 +

 9 φ(a) : = (px(ίz) Φo(Φχ(#))> Si,'ITxia')\ Pχ(a))> i s a (^)"
regular imbedding,

A direct computation shows that φ itself is of η-cylindrical type relative to

{φγ I Tx

(η)}. For this point one needs again the differentiability of πx ° ΦQ1.

In order to obtain (3) we have to redefine φ. Take any C°°-function

/: X-> R such that 0 < / < 1, f\Bx Π X= 1, and support ( / ) CB2Π X.

Then the map

* K. x\ JC /N K. — -K.

defined by ψ,(a) : = (/o ^ ( α ) ψo(α),(l - / o ^ ( β ) ) φ( Λ ) , 1 - / o ^ ( β ) ) is

a stratified imbedding. Because of (4) and the assumption on ψ0 we have

(7) The map F such that

for all a G B2Γ\ T£η) is a C°°-diffeomorphism of reduced spaces. This crucial

point gives us:

(i) ψj is locally equivalent to φ or ψ0 by a C°°-diffeomoφhism of reduced

spaces and is thus a (fc)-regular imbedding (Lemma 1), and furthermore
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(ii) ψ, is of ^-cylindrical type relative to {φy \ T^} (notice that this is a local
question).

It is now easy to see that ψ, satisfies our assertion.
We will now use a second induction on the height of the stratification to get

the theorem. Let A* = A \X9 S* = S \ {X}, and 5"* = 3\ {(Γx, πx, px)}. Take
Z>* = {Bλ U 7;(η)) \ Γ//4, B* = (BU T?) \ 7;(ε/2), and ψ* = ψ0 U ψ, I /)*.
Our assertion and the fact that σ(A*) — /, d(A*) — k + 1 allow us to apply
Theorem 1, and thus we get an integer N>M and a closed (fe)-regular
imbedding ψ2: A* -» R^ such that

(8) ψ2 is of δ*-cylindrical type relative to {φy | Y e §*},
(9) ψ2 = ψ* on 5*, and if πN_M(^2(a)) = 0 f or α G ̂ *, then α G D * and

Ψ2(«) = Ψo(«)
Then the map ψ: A -> R^ given by

ίψ,(α) f o r α G ? ; ^ ,
j/( ^ ) : = <

[ψ2(έi) for f lE^\Γ;/ 2

is a well-defined, continuous and (because of (9)) injective map.
We want to show that ψ is an open map onto its image. Suppose a9 av E A

with l i m ψ ^ ) = ψ(α) If ^ - Λ / ( Ψ ( ^ ) ) ^ 0' w e have limψ2(αJ/) = ψ2(α) and
thus lim av — a.

Suppose now πN_M(\p(a)) = 0. By (9) we have a E D* and ψ(a) = ψ*(β)
First we consider only those av which are in T£δ*\ If these are infinitely many,
we have ψ(av) — ψ\(av), and lim av = a by (3). For all the other #„ we have
av SA\T*/2 and ψ ^ ) = ψ2(αΛ We may suppose that these too are in-
finitely many. Because ψ2 is closed, we get ψ*(α) = Ψ2(^) f°Γ s o m e a ^ A* and
lim av = a & T^2\ Then by definition ψ(5) = ψ2(α) = ψ(α) and α = α. It is
now easy to see that ψ satisfies all conditions of our theorem.
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