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Introduction

Lie's theory of the integration for a category Q of differential equations is
composed of the following four kinds of problems:

(1) Determine all canonical forms of differential equations belonging to β.
(2) Discriminate the canonical form of a differential equation belonging to

e.
(3) Translate a differential equation in β to its canonical form.
(4) Integrate all canonical forms in Q.

Problem (1) is a classification problem, and Problem (2) is an equivalence
problem.

For example, let G(M) be the set of local vector fields with no singularity
on a manifold Λf. Then it is well-known that each element X of S(M)
possesses the caonical form d/dx as a germ. That is, in this case, Problems
(1), (2) and (4) are trivial. Problem (3) is to seek for a local transformation of
X to d/dx.

Now we shall pose the following problem: Let § be a pseudo-group on a
manifold Q, and let Gγ be the set of a differential equation E such that the
automorphism pseudo-group &(E) of E is equal to Γ. Then the problem to
consider is to classify the category Sγ.

As the associated problem to this, we consider the reducibility of a
differential equation E to another differential equation Er.

This is similar to the reduction of the classification problem of pseudo-
groups to the primitive case.

Let (Q, Q', π) be a fibred manifold, and let E or Ef be a differential
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equation &tj?(f) G Ja(N, Q) oτ jf(f') G Ja'(N, Q'\ respectively. Roughly
speaking, the pair (E, E') is called a reduced pair if TΓ induces a one to one
correspondence between the solution space of E and that of E'.

The purpose of this paper is to formulate such a reduced pair of differential
equations and to characterize it by their automorphism pseudo-groups and
their resolvent systems.

In §1, we shall introduce the notion of orbit systems of a weak Lie algebra
sheaf.

In §2, we shall state the structure of a differential equation E as a family of
orbit systems of the weak Lie algebra sheaf which is induced from the
automorphism pseudo-group &(E) of E. The family is parametrized by the
solution space of a resolvent differential equation of E (Corollary 2.2.1). E.
Vessiot or H. H. Johnson refers to the contents of this section in [7] or [1].

In §3, we shall reduce the equivalence problem of differential equations to
that of their resolvent differential equations (Proposition 3.3.1). This will be
applied to the compatibility of reduction and equivalence in §6.

In §4, we shall define the reducibility of a differential equation E and prove
that under some conditions the reduction is of orbit-system-preserving
(Lemma 4.1.1). As one of the applications of Lemma 4.1.1, we shall show that
if E is an βg^-orbit system, any reduced form Ef is also an β^^^-orbit
system. Furthermore we shall prove that if E is 6E(is)-automorphic, then E' is
6E(2s')-automorρhic (Proposition 4.1.1).

In §5, we shall state the notion of pseudo-isomorphism of pseudo-groups
(Definition 5.1.1) which is given in [3] in a vague form, and shall characterize
the reducibility of a differential equation £ t o a differential equation E' by
using the pseudo-isomorphism of &{E) to (£(£') (Theorems 5.2.1, 5.2.2).

In §6, we shall study the compatibility of reduction and equivalence of
differential equations, namely, for two pairs (Ev E[) and (E2, E£) satisfying
some conditions, if Eλ is isomorphic to E2, then E[ is isomorphic to E'2 in a
sense (Theorem 6.2.1).

In §7, we shall give an example of a pseudo-group which is Λ:-closed at
(x,f) for some integer k where / is a local immersion (Proposition 7.1.1).

The completeness and the order of pseudo-groups are explained in §8 and
§9 as appendices.

Throughout this paper, we assume the differentiability of class Cω. By a
differential equation at/? G Jι(N, Q), we mean a system of functions defined
on a neighborhood of p. For a pseudo-group Γ, we always assume that any
element of Γ is near to the identity. As to a (weak) Lie algebra sheaf, refer to
[5] or [6].
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Index of notation

Section

I(E): the set of integral points of a differential equation E 4

pk(E): standard k-th prolongation of E 4

S(ZΓ): the set of solutions of E 2

&{E): automorphism pseudo-group of E , 2

Dk(θι, E) = Dk(E): resolvent system of E 5, 6
ΘόSk(βit E): resolvent space of E 4

D|.: involutive distribution induced from a differential equation E 6

9l(Γ): normalizer of a pseudo-group Γ on Q in the pseudo-group of all

local transformations of Q 5

D(θι,% (Γ)) = Z>(ξJl(Γ)): pseudo-group induced from 9l(Γ) via the map

βf = (β[,..., θ>mι 5

F(θι): Γ-differential invariant 3

£ : a sheaf of vector fields associated to a pseudo-group Γ 3

£(/, x, / ) : £-orbit system at (/, xy f) 1

1. Orbit systems

1.1. We denote by Jl(N, Q) the space of /-jets/^/) of local m a p s / of a

manifold N to another manifold Q, and if dim N > dim Q > 1, we denote

by J!(N, Q) the open submanifold of Jι{N, Q) which is the /-jet space of

local submersions. If dim Q > dim N > 1, J'(N9 Q) means the /-jet space of

local immersions which is also an open submanifold of J!(N, Q). In case

/ = 0, J°(N, Q) or J°(N, Q) means the manifold N X β, a n d ^ ( / ) the point

(*,/(*)) GΛTX Q.

Let φ be any local diffeomorphism of Q. Then φ is prolonged to a local

diffeomorphism φ ( / ) of 77(7V, £?), which is defined by Φi0(Jl(J)) = Λ ' ( Φ °/)»

Λ7(/) e J\N9 β ) .

Let X be a germ of a local vector field on Q. Then, by considering the local

1-parameter group of local transformations generated by X, we can easily see

that X is prolonged to a germ Xi0 of a local vector field on Jι(N, Q).

Therefore a weak Lie algebra sheaf £ on Q is prolonged to a weak Lie

algebra sheaf £ ( / ) on /'(JV, Q).

Let °ey> denote the isotropy of the stalk £<'>, and set D™ - ^f)/0^f).

Definition 1.1.1. A weak Lie algebra sheaf £ on β is said to be (/, iV)-reg-

ular if dim Djf* is constant. If £ is (/, Λ/>regular for any integer / > 0, then £

is said to be iV-regular.
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Definition 1.1.2. A function φ given on an open subset Θ7 of Jι(N, Q) is

called a differential invariant of £ at jι

x{f) G Θ7 if there is a neighborhood

%/ c Θ7 of jι

x{f) such that, for any/? G % 7 and any germ Λr(/) of ££7), we have

^ ( / ) # Φ/, = 0 where φp is a germ of φ at/?.

Note that if £ is ^-regular, then a differential invariant of £ at/^(/) is a

first integral of the involutive distribution Z>(/) aty^(/).

Definition 1.13. A fundamental system of first integrals of Z>(7) &tjx{f) is

called a fundamental system of differential invariants of £ at/^(/).

Suppose £ is an iV-regular weak Lie algebra sheaf on Q.

Lemma 1.1.1. Let {θj}'pwml and {θJ}rJtLι be two fundamental system of

differential invariants of £ at jι

Xo{f), and set tyx) = θj{jι

x{f)) and λy{x) =

θjϋ'xif)). We denote by (*/ {respectively (*)7) the system of differential equa-

tions generated by θj - λ, (1 < j < m7) {respectively θj - λj (1 < j < mj)).

Then the set of solutions of (*)7 is equal to that of {*)1.

Proof. We have the analytic expressions θj = ξj{θ[, , 0,̂ ), 1 < j < /w7.

Then we get A, = ^(λ,, , λ^), 1 < j < m7. Let 5 be any solution of (*)7.

Then θj{jι

x{s)) = λj{x\ 1 < } < m7. Therefore we have θj{jι

x{s)) =

|(0ί(Λ'ω))> , <(Λ7(^)) = l / λ ^ ) , , λ^x)) = λ/x), 1 < j < mv

This implies that s is a solution of (*)7. Similarly any solution of (*)7 is also a

solution of (*)7. Hence the proof is completed.

Definition 1.1.4. The differential equation (*)7 is called the £-orbit system

at (/, xo,f) and denoted by £(/, x&f).

2. Structures of differential equations

2.1. Let E be a differential equation at jι

x{f) e J!{N, Q). We denote by

S {E) the set of solutions of E. For any neighborhood $Lk of jx{f), we denote

by §>{E)\%k the set of solutions s of E such that the image of jk{s) c %*.

Definition 2.1.1. A differential equation Eι 8itjx{fι) is said to be isomor-

phic to a differential equation E2 &tjx{f2) if there exist a diffeomorphism ψ of

a neighborhood % ! of f\x) G β to a neighborhood % 2 of f\x) G β and a

neighborhood % of JC G N such that S ^ 1 ) ! 6 ^ X $Ll 3 s if and only if

ψ o j e S (JE 1 2 ) ! 6 ^ X % 2 . ψ is called an isomorphism of Eι to E2.

Definition 2.1.2. If Eι = E2 = E and fι = / 2 = /, we denote by # ( £ )

the pseudo-group on a neighborhood of f{x) generated by the set of isomor-

phisms of E to E. &{E) is called the automorphism pseudo-group of E, and

each element of &{E) is called an automorphism of E.

2.2. Let Γ be a pseudo-group on Q such that Sγ is an iV-regular weak Lie

algebra sheaf, where £r is the sheaf of germs of local vector fields X such that
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the local 1-parameter group of local transormations generated by X is
contained in Γ. Let {θ!}jLι be a fundamental system of differential invariants
o f £r at JljJ). We set θι = (θ[, , θι

m). Then θι is a submersion of a
neighborhood %' of jι

XQ(f) onto a neighborhood W of 0 ^ (/)) =
W[Ul4f)\ , < (Λ' 0(/))) e R"\ Let p/+* be the projection of /'+*°(ΛΓ, β )
onto J'(N, Q) and set % / + * = (p{+ky\^J). Similarly let α' and β1 be the
projection of Jι(N, Q) onto iV and Q respectively. We denote by pkθι the
map of % / + * to Jk(% W) c Jk(N, R"*), where Ύ = «'(%/), defined by/?*0'
C/,/+*(/)) - Λ W ( Λ ) ) . We set <?* =j^θιU\f))y Then «* G /*(Ύ, IF).
For any function F locally defined at qk, we set F{θι) = (pkθι)*F, which is a
function locally defined at Jι

x*
k(Q Let {§J}jL\ be any other fundamental

system of differential invariants of Er at^ o (/). If .y is a differential invariant
of £τ 3itj£k(f) of the form /X^)* then^ is also of the form F(θι).

Definition 2.2.1. A differential invariant of Eγ 2Ltj£k(f) of the form F(θι)
is called a Γ-differential invariant of type / atyjj

+/c(/).
Definition 2.2.2. A family of linearly independent differential invariants

3C - {fy};-i o f £r atΛ7

0

+A:(/) is called a Γ-family at^o

+ Λ(/) of type (/, r) if %
satisfies the following conditions:

(1) ί}j is a Γ-differential invariant of type / 2Ltj£k(f), 1 < j < r.
(2) The differential equation at jι

x*
k(f) generated by ί)y, 1 < j < r, pos-

sesses a solution.
(3) The automorphism pseudo-group of the differential equation is equal to

Γ on a neighborhood of /(xo)
Proposition 2.2.1. Suppose % = {*),};_! is a T-family at jx+

k(f) of type

(/, r). Then Γ is locally determined at f(x0) by %. Namely, assume that each fy

is defined on a neighborhood Vι+k of jι

x*
k(f). We denote by f a pseudo-group

on βι+k(Vi+k) which is defined by the following way f B φ: 6IL-±Ύ if and

only ifφ(ί+krΐ)j = \ (1 < j < r) on Vι+k Π Jι+k(N, % ) . Then we have f = Γ

on a neighborhood % C βI+k( Vι+k) off(x0).

Proof Since ί), is a differential invariant of 0? a\jx+
k(f), it is clear that f

contains Γ on a neighborhood of /(x0). On the other hand, f is contained in
the automorphism pseudo-group of the differential equation generated by t)j
(1 < j < r), which is, by the assumption that % is a Γ-family Sitj^k(f) of
type (/, r), equal to Γ on a neighborhood of f(xQ). Therefore f is equal to Γ on
a neighborhood € c βι+k(Vi+k) of/(JC0).

23. Definition 23.1. A family Θ7 = {0/}J»i of such functions that θj
(1 < j < m) are defined on a neighborhood %J of jι

Xo{f) G Jι(N, Q) is said to
be regular at (xo,f) if the following conditions are satisfied:

(1) We set θι = (0/, , θ^). Then/^07 is of rank constant on a neighbor-

hood 6ίlI+k C §lι+k oijι

x

+\f) for each k > 0.
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(2) We set <¥* = /?*07(9l/+*), k = 0, 1, 2, . For a map λ of a neighbor-
hood Ύ of x0 to Rm such that jk(λ) e %k for any x e Ύ and any integer
A: > 0, there exists a map ^ of a neighborhood Ύ C T of x0 to β such that
9ιUi(s)) = λ(x) on Ύ.

Proposition 23.1. Let Θ7 = {0/}7=i be a family of functions at jι

XQ(f) E
Jι{N, Q) which is regular at (xo,f). Then we have an integer K and a
submanifold ^(θ1) c JK(N, Rm) satisfying the following conditions:

(1) Wtf^B p*θιU£K(f)) and (Wty'λ α*(<¥*(07)), aκ) is a fibred
manifold, where aκ is the projection ofJκ(N, Rm) onto N.

(2) For a local map λof N to Rm, the differential equation θι = λ possesses a
solution if and only ifλ is a local cross secton of(%κ(θι\ a^^ifi1)) ak).

Proof. By the regularity condition (1) of Θ7 at (x0,/), <Ψ = pΨ (%ι+k) is
a submanifold of Jk(N, Rm) and (%'+*, 1̂$*, pΨ) is a fibred manifold.
Moreover it is clear that (%k, α λ ( W ) , ak) is also a fibred manifold. Since
there is a neighborhood GHι+k D f%ι+k of j£k(f) (resp. <%J+k+ι

 D ><%J+k+ι

ofj£k+ι(f)) such that (f%ι+k+\ 'GHι+k, p / ^ + 1 ) is a fibred manifold and
since°(<?l/+*+1, %k+\ pk+ιθι) and (^/+Ac, %k,pΨ) are fibred manifolds,
there exist neighborhoods <¥*+ 1 D ' ^ + 1 of pk+ψ(j£k+ι(f)) and <W* D
/ ( ¥ Λ of pkθι(j£k(f)) such that ( / ( ¥ 1 + A : , '<¥*, p^+ 1) is a fibred manifold. It is
clear that we have p%k D 6DSk+ι and θι(jι(f)) is a solution of ^ for any
A: > 0. Therefore by Kuranishi's prolongation theorem, there exists an integer
K such that, for any k > K, %k is involutive at pkθ\jι

x^
k{f)) and/?6^* =

^ + 1 on a neighborhood ofpk+Ψθ'£k+\f))> We set ^ ( β 7 ) = %*. Let λ
be a solution of %κ(θι). Then λ is also a solution of <¥* for any A: > K.
Therefore, by the regularity condition (2) of θ 7 at (x0, /), for a fixed x0 G Λ̂ ,
we have a local map s of ΛΓ to Q such that j"0(θι(jι(s))) =yjϊ

0(λ) for any
integer a > 0. This implies that if λ is a local cross secton of (6l£κ(θI),
aκ(6lSκ(θi)), aκ), then the differential equation θι = λ possesses a solution.
Clearly if θι = λ possesses a solution, λ is a local cross section of (%κ(θι),
aκ(%κ(θ% <xκ). This completes the proof of Proposition 2.3.1.

Definition 23.2. The space %κ(θι) in Proposition 4.1 is called a resolvent
space of θι. It is clear that if %κ(θι) is a resolvent space of θι, we have a
resolvent space %H(θι) of θι for any integer H > K.

Definition 233. Let Θ7 = {θj}h

jmt λ be a family of functions aty^/) which
is regular at (xo,f) and let %κ(ι) = pψ^^^ be any resolvent space of 07.
We set %κ(θι, E) = pκθι(I(pι+κ~a(E)) n % 7 + / c ) , where pι+κ~a(E) is the
(/ + # - α)-th prolongation of a differential equation E at/£(/). ^^(d 7 , E)
is called a resolvent space of (07, is). Θ7 is said to be is-regular at (x0,/) if
%κ(θι, E) is a regular submanifold of ^(θ1) for a neighborhood ^ / + / : and
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any integer K > Ko where Ko is the minimum integer for which θι possesses a
resolvent space.

Proposition 23.2. Let Θ7 = {0/}*-i be a family of functions at j'lo(f) e

Jι(N, Q) which is regular at (xo,f). Let E be an involutive differential equation
aUx0(f)9 a < I. Suppose that Θ7 is E-regular at (xo,f) and that, for any solution

λ of the resolvent space %κ(θ\ E) of (07, E), we have /(07(λ)) c I(pι-"(E)),

where 07(λ) is the differential equation generated by θj — ̂  (1 < j < A). Then

there exists a generator % = {%•};« i ofpβ(E), β = / + K - a, such that ί)y is

of the form (pκθι)*Fj9 where Fj is a function at pκθι(jχ*k(f)) G Jι+K(N, RΛ),

\<j<r.

Proof. Let {Fx, , Fr) be a family of linearly independent functions at
PKθιϋ^κ(f)) - jRβ'U)) by which %κ{θ\ E) is locally defined atj%β'(f)).
We set ϊ)j = (pκθι)*Fj (1 < j < r). We denote by (•) the differential equation
generated by {f)j}j^v Then it is clear that S(*) D ξ>(pβ(E)). On the other
hand by the assumption, we have /(0;(λ)) c I(pι~"(E)) for any solution λ of
%κ(θι

9 E). This implies that S(*) c %(pβ(E)). Therefore we get S(*) =
S (pβ(E)). Then it is easy to see that /(*) = I(pβ(E)) because E is involutive
and the resolvent space %κ(θι, E) is defined by Fl9 , Fr. This means that
pβ(E) is generated by {ί),}y«i. The proof is completed.

Definition 2.2.4. A differential equation E a t ^ ( / ) G Jk(N, Q) is said to
be Γ-closed if the automorphism pseudo-group &(E) of E is equal to Γ on a
neighborhood of f(x).

Corollary 2.2.1. Suppose £p is an Ή-regular weak Lie algebra sheaf and let

θ 7 = {θj}yL\ be a fundamental system of differential invariants of Qγ atj^Jίf).

Let E be a Y-closed involutive differential equation at j£0(f), where I + K — a

> 0. Suppose Θ7 is regular and E-regular at (Λ:0,/). Then there exists a

T-family % = {\}j-ι at j£κ(f) of type (/, r) such that % is a generator ofβ £ κ

Proof. Since E is Γ-closed, it is easy to see that, for any solution λ of
%κ(θι, E) we have /(07(λ)) c I{pι~a{E)\ where 07(λ) is the ί^-orbit system
generated by θj - λj (1 < j < m,). Therefore, by Proposition 2.3.2, pβ(E)
possesses a generator % = {fyjYj=ι such that fy is a Γ-differential invariant. It
is clear that % = {^j}r

Jwml is a Γ-family dXjι

x+
κ{f) of type (/, r).

3. Reduction of equivalence

3.1. Let Γ be a pseudo-group on Q, such that (^ is an Λ -̂regular weak Lie
algebra sheaf. For a fundamental system of differential invariants Θ7 =
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{θJ^Lx of £τ at ./£(/) G Jι(N, Q), there are neighborhoods %7 of jjjj) and

% of 0 7 (Λ' O (/) ) E°Rm' such that (%7, <¥, θι) is a fibred manifold. Let 9l(Γ)

be the noπnalizer of Γ in the pseudo-group of all local diffeomorphisms of Q.

Then, for φ ( 7 ) e (9l(Γ))(7)|%7, we can induce a local diffeomorphism D(θι, φ)

of <¥ such that 07 o φ<'> = Z>(0', φ) o 0'. We denote by Z>(07, 9l(Γ)) or

simply by Z>(9l(Γ)) the pseudo-group on % generated by D(θι, φ), φ E

91 (Γ). Z>(07, φ) is also simply denoted by Z>(φ).

Let Eι and £ 2 be Γ-closed differential equations atj£(f) and atj£(f)

respectively. Suppose there is an integer K such that / + K — α1 = βι > 0,

i = 1, 2, and such that pβ\Eiy) possesses a generator i^fl7) = {Fj(θi)}rj_ι

which is a Γ-family 8itj£κ(f) of type (/, r). We denote by Dκ(θι, E') or

simply by DK(E() the differential equation at p^'U^^f)) generated by

Proposition 3.1.1. is 1 is isomorphic to E2 if and only if there is an element

φ G 91 (Γ) such that D(φ) is an isomorphism of Dκ(Eι) to DK(E2).

Proof. Let φ be an isomorphism of Eι to E2. Since &{Eι) = Γ on a

neighborhood of f(x0), it is easy to see that φ E 9l(Γ). Let λ1 be a solution of

Dκ(Eι) and consider the differential equation θ1 = λ1. We denote by Sίλ 1 )

the solution space of the equation. Then, since pβ'(E*) possesses as a

generator a Γ-family F f(07) sitj^κ(f) of type (/, r) it is clear that § ( £ " ) =

Uλ<e§(/>*(*.» S(λ z), where S(λ') n S ( j ό ^ 0 if and only if S(λ' ) =

S ( μ ' ) Since φ e 9L(Γ), Φ(/)*»7 = ζ(θι). Therefore θι(jι

x(φ « 5)) -

(Φ^ ί'XA'W) = Kλ1) for 5 E Sίλ1). This implies that φ maps SCλ1) to

S(λ 2), where λ2 = ^λ1), that is, for each λ1 E ξ>(Dκ(E1)), there corresponds

λ 2 E ξ>(Dκ(E2)) such that λ2 = D(φ) o λ1 and such that the isomorphism φ

of i s ! to E2 maps S (λ1) to S (λ2). This means that D(φ) is an isomorphism of

Dκ(Eι) to DK(E2). Conversely, assume that there is an element φ E 9l(Γ)

such that D(φ) is an isomorphism of Dκ(Eι) to DK(E2). Then, for .s E

S ^ 1 ) , if j E Sίλ1), we have 07α7(Φ ° J» = Φ{l)*θι{jι

x{s)) = D(φ) o 0 7 (y>))

= Z)(φ) o λ1 = λ2 E ξ>(Dκ(E2)). Therefore φ ° j G § ( £ 2 ) . This means that

φ is an isomorphism of E1 to is2. This completes the proof of Proposition

3.1.1.

Remark 33.1. Let E be a differential equation at./"(/) E /α(ΛΓ, β ) . Then,

roughly speaking, Corollary 2.2.1 implies that E is a family §F of #(is)-orbit

systems, where *$ is parametrized by the solution space of a differential

equation DK(E). That is, the structure of E is decomposed into that of

&(E)-oτbit systems and that of DK(E). Proposition 3.1.1 implies that the

equivalence problem of Γ-closed differential equations Ex and E2 is reduced

to that of DK(EX) and DK(E2) under the pseudo-group Z>(9l(Γ)).
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4. Reducibility of differential equations

4.1. Definition 4.1.1. Let (β, Q\ π) be a fibred manifold. A differential
equation E at /£(/) G / α ( # , β ) is said to be weakly ^-reducible to a
differential equation E' at j£(ir °/) G /β'(JV, (?') by m if there exist a
nonnegative integer A' and, for k > K, neighborhoods $Lk and %'* of jk(f)
and j£o(ir ° /), respectively, satisfying the following conditions:

(1) (%*, <?!/*, πk) is a fibred manifold, where πk is the map naturally
induced from π.

(2) (i) For any s G S(E)|<?1*, we have TΓ O * G S(£') |%'*. (ϋ) For any
5' G SCE")|9lΛ we have an s G §CE)|<?I* with j ' = IT o j . (ϋi) if j : £/-> F
or s: U ^> V belongs to S (£)!%* with π°s = πosonUn U9 then we have
s = Jon ί/ n £/, where S ( ^ ) | ^ = {g G §(£:); Imy>A:(g) c %*}.

Furthermore if ^ satisfies the following condition (3), E is said to be
^-reducible to E' by π: We set &(E)\9Lk = {g ^ &{E); ψ̂ G &(Efk)\Gllk

such that g ° βk = βk ° ψ}. Then
(3) For any g: U^>V which belongs to £(E)|%*, there is a diffeomor-

phism g' of τr( ί/) to π( V) such that g' ° π = π ° g for k > K.
Then we denote by ££(£% the pseudo-group on a neighborhood of f(x^)

generated by {g' g G <£(£)|<?1*, TΓ O g = g Ό ^ j .
We say that Ef is a (weakly) X-reduced form of £ and the pair (E, E') is

called a (weakly) ^-reduced pair.
Let E be a differential equation at 7^o(/) G /'(Λ ,̂ β). For a neighborhood

^ ofΛ'o(/), we set S(E, W) = U , 6 S ( J J Im^'W Π <?l/.
Corollary 2.2.1 makes the following definition significant.
Definition 4.1.2. A differential equation E aty"(/) G Jα(N, Q) is said to

be /-regular at c if E satisfies the following conditions (1), (2) and (3):
(1) The sheaf t^E) associated to the automorphism pseudo-group &(E) is

an TV-regular weak Lie algebra sheaf on a neighborhood of f(x).

(2) There are an integer tf'and an <£(£)-family %ι = {#•};_! aty/+Λ:/(/) of

type (/, r) such that / + KJ - α > 0 zndpι+κ'-α(E) is generated by 3C for

(3) There is a neighborhood %* of jk{f) such that 5(E, %*) is a regular
submanifold of / * ( # , Q) for A: > I.

We denote by Dκ\θ\ E) the differential equation generated by

F{, - - - ,FJ where ί)j = ^/(ί')- X t i s c a l l e d a resolvent system of E. (Refer to

Definition 2.3.3.)

Remark 4.1.1. If a differential equation E a t ^ ( / ) is /-regular at x, then it

is clear that E is ^-regular at x for any fc > /.
Let Γ1 and Γ2 be pseudo-groups on Q, and/^/) a point of / ' ( # , Q). We
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say that Γ1 = Γ2 on a neighborhood 9ύ oljι

x(f) if Γ 1 ^ 7 =

Definition 4.13. Let Γ be a pseudo-group on Q such that £p is an

JV-regular weak Lie algebra sheaf. Γ is said to be /-closed at (JC, f) if there is

an integer /such that for / > /, (£(£r(/, x,f)) = Γ on a neighborhood oljι

x(f)y

where £r(/, x,f) is the ί^-orbit system at (/, * , / ) .

Remark 4.1.2. When dim N > dim Q, in Lemma 5.1.2 we shall show that

any pseudo-group which is complete at (z0, 1) is /-closed at (xo,f), where

z0 = f(x0), and / is the order of the pseudo-group at (x0, /) . When dim N <

dim Q, in §7 we shall give an example of a pseudo-group which is closed at

(JC0,/) where/is a local immersion of N to Q.

Let / be a local map of a neighborhood of x G N to Q which is an

immersion (resp. a submersion) if dim N < dim Q (resp. dim N > dim Q).

Definition 4.1.4. A pseudo-group Γ on Q is said to be /-automorphic at

(x,f) where / is a nonnegative integer, if the following conditions are

satisfied:

(1) £τ is an iV-regular weak Lie algebra sheaf.

(2) The orbit system £τ(/, x,f) is Γ-automorphic.

As for the definition of "Γ-automorphic system", refer to Definition 9.1.2.

Let (Q, Q\ IT) be a fibred manifold, and let E (resp. E') be a differential

equation at^α

o(/) G Ja(N, Q) (resp. j£(π of) G Ja'(N, Q')). Suppose E and

E' are /-regular at x0, and let {θjc}rjtι (resp. {θj'k}jί\) be a fundamental

system of differential invariants of t^Ey at jk

o(f) (resp. t^E^ at jk

o(π ° /)).

We denote by DE (resp. DE) the involutive distribution on a neighborhood of

jJUX) e / * ( β , β ) (resp. Λ*.Λ a ώ(π » 1) e 7*(β, β')) induced from β ^ ,

(resp. Lβ^/)).

Lemma 4.1.1. Suppose E is K-reducible to E' by m. Then the following two

assertions (A) and (B) hold.

(A) / w any ί > Γ = max(/, AT), we have a fibred manifold (07, Θ/7, Z>7(ττ))

satisfying the following properties:

(1) Θ7 o/ S ' ' / ί f l neighborhood of θι(jι

XQ{f)) G R^" or θrl(jl

xjjr <>/)) G Rm?,

(2) Dι(π) induces an onto map OE of S(DK'(Θ', E))^*' to

ξ>(Dκί(θi E%%'κ* for some neighborhoods <¥*' ofjξϊθ'fj'if))) and %'**'

(3) For any λ G %{DK'(fi!

9E))\%K'9 the space S(07(λ)) is transferred by π

into ξ>(θ'ι(λ')), where λ' = Dι(π) Q λ, 07(λ) is an t^-orbit system generated

by θj — λj (1 < j < w/), and θ'ι(λ') is an t^Eyorbit system generated by

(B) If one of the following two conditions holds, θk(λ) is weakly k-reducible to
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θ'k(λ') by IT for k > /', where λ = 0k(jk(J))9 andλ' = Dk(π) ° λ:

(i) The onto map 0% is one to one.

(ii) dim (π%D% = dim D%,, &(E') and &{E)'k are complete at

(π ° /(*o)> !)» a n d &{E') is k-automorphic at (x0, TΓ ° f) for a sufficiently large

integer k > Γ. Moreover, if (t(E) is k-closed at (xo,f), then θk(λ) with

λ = θk(j\f)) is k-reducible to θ'\\') with λ' = Dk(π)λ by TΓ.

Proof. Let g G &(E)ψti'. Then we have a local diffeomorphism gf of Q'

such that g' o π = TΓ ° g. Let s' G S (E'ψtL'1', and set ? = gf o 5'. Since £: is

/'-reducible to E' by TΓ, we have a n i E S ί i s ) ! ^ ' such that s' = π <> 51.

Therefore we get s' = g°s'*=g°iτ°s = π°g°s. Since g G ffiί^)!^'

and ^ E S(£)|9l/', we have g ° ί G §(E)\9Lr. Thus we get J' - π o g o s G

Sί.E')!^' 7 ' because of the /'-reducibility of E to E' by TΓ. Since ^' is any

element of S ^ ' ) ! ^ 7 ' , we get g' G &(E')^1'.

We set ηj = (π')*θjι (1 < 7 < m/). Then, by the above stated fact, ηj

(1 < j < mf) is a linearly independent differential invariant of t^E) at/ίo(/).

Let {^JJlj be a fundamental system of differential invariants of £^ £ ) at

y^o(/). Then we have expressions ηj = φj(θ{9 , θ^ (1 < 7 < m/). For ^!

and s2 ψ S(θ\λ)), if we set s't = π <> Si, we have fl/C/iC*/)) = ^ ' ( / / ( ^ ° ίr)) =

(Jro/ufa) - Vσί(^)). since 0/αW) = » M ^ ) - v*) <! < '̂ < m^)'
we get e/uiM)) = «;U'(*2» - ^( χ) - φAλi(χ)' : ' V*)) 0 < < w ')
This means that S(β7(λ)) is transferred into §>(0'7(λ')) by π. Since .E is

A'-reducible to E' by TΓ, we have a fibred manifold (%*, %'*, ττΛ) such that

%-* (resp. %/A:) is a neighborhood of jk

o(f) (τεsρ.jk

o(π of)) and such that ir

induces a map of §(E)\9Lk onto S ^ ' ) ! ^ ' * , A: > AT. Therefore, if we set

%# - pή)*^**) and %'κ'~ι = pxVXW1**''1), then Sίβ'ίλ)) with λ G

S(Z>*'(0^ £))!<¥*'_ is transferred into %(θfϊ(\')) for some λ' G

ξ>(Dκ\θfi, E'))\%'κ". We set <f>7= (φ[, , φ^), and denote by/? the pro-

jection of Rm/" onto Rm/ defined by p(xl9 , x^) = (xj, , xm,). We set

©'" = β'(^/), Θ' 7 = β ^ ' ' ) and D~ι(π) = p - φ1. Then (Θ7, 0 / f, Z>7(τr)) is a

fibred manifold satisfying conditions (1), (2) and (3). This proves (A).

If the condition (i) is satisfied, it is now clear that θk(λ) is weakly

λ -reducible to θ'k(λ') by TΓ for k > V.

Now we assume the condition (ii). Since E is A'-reducible to E\ we see that

(πk)*Dis = DE' f o r a sufficiently large k. On the other hand, since (£(£') and

&(E)'k are complete at (TΓ °/(JCO)» 1)> bY I6' Proposition 8.1] we can easily see

that &(E)'k\%'k = Φ(^') |% / A : for a neighborhood % / A : of ^(TΓ o/). Since

<£(£') is A:-automorphic at (x0, TΓ ° /), ^^(λ') is (ϊ^-automorphic.
Since TΓ maps S(0*(λ))|%* into S(θfkQif))\^k

9 and since 0'*(λ') is
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automorphic, S(θkQi))\^lk is transferred onto S(0'*(λ'))|9lΛ Since E is

A -reducible to Ef, we see that θk(λ) is weakly Λ>reducible to 0'*(λ').

If &(E) is Λ>closed at (xo,f), we see that #(0*(λ)) = &(E) on a neighbor-

hood of jk(f). Therefore the condition (3) in Definition 6.1 is also satisfied,

namely, θk(λ) is ^-reducible to θ'k(λ') by π. This completes the proof of

Lemma 4.1.1.

Remark 4.13. For a pair (E, E') which does not satisfy the reducibility,

Dk(π) is also defined if &(E)\9Lk is transferred by m to &(Ef)\^l'k for a

neighborhood %k or %'k.

Proposition 4.1.1. Let (Q, Q', π) be a fibred manifold, and let E be a

differential equation atj"(f) G Ja(N, Q) which is K-reducible to a differential

equation E' at j^'jjr of) e Ja\N, Q') by π. Suppose that E and E' are

l-regular (/ > α, α') at x0. We set Γ = max(/, K). Then the following two

assertions hold:

(1) Ifpr'a(E) is an β^-orbit system at (/', xo,f), thenpl'~a\E') is also an

t^Eyorbit system at (/', x0, π ° f).

(2) // K = 0, and E is &(E)-automorphic, then Ef is &(E'yautomorphic.

Proof By Lemma 4.1.1. Dr(π) induces a map of %{Dκ'\θ1', E))\Gl£κr

onto %{Dκ"\θ'ι\Ef))\%κ"\ Since pr~a(E) is an £^£)-orbit system at

(/'>*o>/)> %{Dκl\θ1', E))\%κl> consists of a single point. Therefore

%(Dκ*'(θ'''9E'))\Gl£κ'r also consists of a single point. This means that

pι ~a(E') is also an Eg^-orbit system at (Γ, x0, π ° /) . This proves (1).

Suppose E is έB^-automorphic. Then any s G §>(E) is of the form g ° f,

g G &(E). Let s' be any element of SiE')]6^'0 where 9l/° is a neighborhood

of (Λ:0, IT O /(Λ:0)) G N X Q'. Then by the O-reducibility of £ to £ ' by TΓ, there

is an s e S(£)|%° such that j ' = π ° i, and that %° is a neighborhood of

(*o>/C*o)) G iV X g. As was proved in Lemma 4.1.1, for any g G ^{E)^,

we have a unique g' G ̂ ( .E") !^ ' 0 with gf <> TΓ = TΓ © g. Therefore we get

s' = π°ss=πog°f=g'°π°f. This implies that £ ' is (£(£^-automor-

phic. This proves (2).

5. Pseudo-isomorphism of automorphism pseudo-groups

5.1. Let (Q, Q', π) be a fibred manifold, and let Γ and Γ' be pseudo-

groups on Q and Qf respectively.

Definition 5.1.1. Γ is said to be Λ-pseudo-isomorphic to Γ' by π at

(<1> *(4)) e Q X Q' if there exist neighborhoods <?L* and %'* of 7^(1) G

Jk(Q> Q) a n d y ^ O ) G / ^ ( ρ ' , β')5 respectively, satisfying the following con-

ditions:

(1) For any g: £/—> V which belongs to Γ l ^ , there exists a map g'\

π(U) -^ π(V) belonging to Γ|%'* such that m o g = g' o π on U.
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(2) For any g': £/'-> V which belongs to F | <?!/*, there exists a map g:
U-+V belonging to Γ|%* such that (U, U', IT) is a fibred manifold and
π ° g = g' ° π on U.

(3) Let g: U^> V and g: ί/-> V be two maps which belong to Γ ^ * such
that (U, £/', v) and (U, U', ir) are fibred manifolds and such that TΓ ° g =
g' ° IT on £/ and TΓ ° g = g' ° TΓ on £/. Then we have g = g on U π tλ

Remark 5.1.1. If Γ is &-ρseudo-isomorphic to F by TΓ at (#, ττ(^)), there is
a neighborhood % of q such that Γ is λ>pseudo-isomorphic to F by TΓ at
(/>> *K/0) for any/7 E <?l.

Lemma 5.1.1. Lei (β, β', TΓ) fee α fibred manifold, and let Γ (resp. F) fee α
pseudo-group on Q {resp. β'), which is complete at (z, 1) (resp. (π(z)9 I)) for
any z G β. Suppose dim iV > dim β, an*/ /e/ f be a local submersion of a
neighborhood Ύ of x0 onto t c β . For a sufficiently large integer /, we assume
that there are neighborhoods %ι of jι

Xo(f) E /7(ΛΓ, β ) anrf 9L'7 O/Λ' 0 0 °/) ^
77(./V, β') satisfying the following conditions:

(1) (9l/, 91Λ 7Γ7) w a//feret/ manifold.
(2) £r(/, JC,/) w weaA:(v K-reducible to £^(7, x, π °f)for any x E Ύ.Then Γ

w Γ-pseudo-isomorphic to V by π at (f(x0), π o f(x0)), Γ = max(/, A').
Proof. We set/ = TΓ ° /. For a map g: U-+V belonging to T\%1\ g ° /is

also in S (6^/, x0,/), ^/') If we set / = g o / and / = TΓ O /, / : f~\U) -*
τr(F) is a solution of £^(7, xo»/) a n ^ is also a solution of £^(7, JC,/') for
Λ: Gf-\U). Since ^ ( 7 , x,/) is, by [6, Theorem 6.1], F-automorphic for a
sufficiently large integer 7, there is a ĝ  e F ^ ' 7 ' such t h a t / = g ^ ° / ' o n a
neighborhood of x. Since /' is a submersion, we have clearly g'x ° π = 77 ° g
on a neighborhood oϊ Ux a U of/(JC). It is obvious that if i/x Π £/>, ̂  0, we
have g_i = ĝ  on ττ(Ux) π 7r(ί^). This implies that there exists a map g':
τr(t/) -^ τr(F) belonging to Γ'1%'7' such that TΓ ° g = g' ° TΓ on ί/.

Conversely let g': t/' -» K' belong to F | % ' 7 ' and set/' = g' o / . Then/' is
a solution of 1̂ ,(7, *,/') for any JC E (/O^ίt/O Since (^(7, JC,/) is weakly
A'-reducible to ( ,̂(7, JC,/), we have an element ^ e S(£r(7, x,/))!^7 ' such
that f = π ° sx. Then since 1̂ (7, JC,/) is Γ-automorphic, ^x is of the form
sx = gx o f on & neighborhood of x, where gx E Γ|%7' and gx is defined on Ux

which satisfies ττ(ί/x) c U'. We set C/ = U x^{fr\U') Uχ- Then w e c a n e a s i l y
see that (ί/, ί/', π) is a fibred manifold. Moreover if Ux Π Uy^0, then we
have π * JX = IT o ̂  on f~\Ux n t/^). For i 6 /^(t/, Π φ , both ^ and sy

are elements of S(£τ(7, Jc,/))|%7'. Therefore, by the reducibility, sx = ^ on a
neighborhood of x. Thus we get sx = sy on f~\Ux Π Uy)9 that is, gx <>/ =
§, © / on f~\Ux Π Ĉ ,). Since/ is a submersion, we get gx = gy on Ux Γ\ Uy.
This implies that we have an element g E Γ|%7' defined on U such that
π ° g = g' ° π.
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Let g: U^> V be another element of T\tyJ' such that g' ° π = π ° g and
( U, U', TΓ) is a fibred manifold. Then for any x G f~\ U Π U),g °f and g o /
are elements of S(£τ(7, JC, f))\W. Since τ r ° g < > / = 7 Γ o g o / e
S(£τ,(/, Λ ; , / ' ) ) ^ ' 7 ' , w e g e t g ° / = g ° / o n a neighborhood of x. Since x is
an arbitrary point of f~ι(U n £/), we have g°f=g°f on f~ι(U n ί7).
Since / is a submersion, we obtain = g on £/ n U. This proves that Γ is
/'-pseudo-isomorphic to F at (/(JC0), TΓ O / (X 0 ) ) .

Lemma 5.1.2. Suppose dim JV > dim (λ Lei Γ be a pseudo-group on Q
which is complete at (z0, 1), and let fbe a submersion of a neighborhood of
x0Ei N to Q with f(x0) = z0. We denote by ϊ the order of £p at (xQ,f). Then,
for I > I, there is a neighborhood %} of jι

XQ{f) such that β(£τ(/, x

Proof Let {ΘJ}JL\ be a fundamental system of differential invariants of
£r ztjϊoif)' W e assume that each θj is defined on a neighborhood °Ψ of j[jj),
and β'CΨ) D Im/. We set % = Im/. Then ^(7" JC,/) is defined for °any
x e %. Let φ: ί / ( 9 z 0 ) ^ F(Bz0) belong to (8(^(7, JCQ,/))^ . Then / -
φ o /is a solution of ^(7, JC,/) for any x G /^(t/) . Since by [6, Theorem 6.1],
£r(7, JC,/) is Γ-automorphic, we have a g x ε Γ such that f = gx ° f on a
neighborhood of c. Since / is a submersion, we see that φ = gx on a
neighborhood Ux c U oi f(x). Moreover we have clearly gx = ĝ  on Ux Π
l^. This implies that φ e Γ|% and any restriction of φ to an open subset of U
belongs to Γ|<?1. This means that ff(£r(ί ^ / ) ) l ^ C Γ|%. Let ̂ /, 7 > 7", be
a neighborhood oijι

Xo(f) such that (%/, %, ττ7) is a fibred manifold. Then we
have #(£r(7~ x0, f))]6^ c Γ|%7. Conversely we have clearly Γ|%7 c
Φ(£Γ(/', JCQ,/))^ 7 . This completes the proof of Lemma 7.2.

5.2. Theorem 5.2.1. Let (Q, Q\ TΓ) be a fibred manifold, and let £ (resp. £')
6e α regular weak Lie algebra sheaf on Q (resp. Q'). Assume dim N > dim Q.
If £(7, JC 0 ,/) w ŵ αA Tμ K-reducible to £'(7, x0, π <> f) by π for a sufficiently
large integer 7, then (J(£(7, JC 0 ,/)) M k-pseudo-isomorphic to #(£'(7, x0, TΓ «>/))
by TΓ α^ (/(JC0), TΓ ° f(xQ))for k > Γ = max(7, ϋΓ).

Conversely, if 6B(£(7, JCO>/)) ^ k-pseudo-isomorphic to έE(£'(7, JC0, TΓ °f))for
a sufficiently large I and an integer k > I, then £(7, xo,f) is k-reducible to

Proof. Let Γ or F be a pseudo-group on β or β ' such that &ς — £ or
ί̂ , = £' and such that Γ or F is complete at (z, 1) or (τr(z), 1) for any z EL Q.
By Lemma 5.1.2 we have <£(£Γ(7, x0, /))|<2l7' = Γ|<?L7' and
<2(β[v(/, xo> * °f))\e&'r = F|9l ' 7 ' for some neighborhoods <%!' and ^ ' 7 ' of
y^(/) and7^(τr o /), respectively.

On the other hand, it is easy to see that there is a neighborhood Ύ of x0

such that, for any x e Ύ, £(7, Λ:,/) is weakly A -̂reducible to £'(7, x, TΓ ° f) by
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7Γ. Therefore by Lemma 5.1.1, the assertion of the former half is obtained.
Since £(/, x0, f) or £'(/, x0, π ° f) is #(£(/, x0, /))-automorphic or
(£(£'(/, x0,7r © /))-autormorphic, the latter half is now clear, and the proof is
completed.

Theorem 5.2.2. Let (Q, Q\ π) be a fibred manifold, and let E (resp. E') be
a differential equation at /£(/) G Ja(N, Q) {resp. J*(π of) e Ja'(N, Q')).
Assume that dim N > dim Q, that E and Ef are l-regular at x0 and that &(E)
or &(E') is complete at (/(x0), 1) or (π ° f(x0), 1). If the following conditions (i)
and (ϋ) are satisfied, then &(E) is k-pseudo-isomorphic to &(E') by π at
(/(*o)>^°/(*o))> mdm D«(θk,E) is weakly k-reducible to Dk(β'k,E') by
Dk{ir)for an integer K:

(i) E is K-reducible to E' by TΓ.
(ii) For a sufficiently large integer k, dim(πk)+DJ£ = dim D% and &(E)'k is

complete at (π ° f(x0), 1).
Conversely, for a sufficiently large integer k, if ($,(E) is k-pseudo-isomorphic

to (t(E') by π at (f(x0), π ° f(x0)), and Dκ(θk, E) is weakly K-reducible to
Dκ(θ'k,Ef) by Dk(π), then E is (k + K)-reducible to Ef by π, and
dim(vk)+Dk = dim Dk,.

Proof. By Lemma 4.1.1 and Remark 4.1.1, for a sufficiently large k >
max(/, K), 0^ is one-to-one, and t^E)(k9 xo,f) is weakly fc-reducible to
^QiEf)Vcy x& π °/) Therefore by Theorem 5.2.1, the assertion of the former
half follows. By Remark 5.1.1 and the fact that t^^ik, x9 f) or
t^^k, x9 π o f) is &(E)- or #(£')-automorphic, the latter hah0 easily fol-
lows, and the proof is completed.

Now we shall modify the condition (i) in Theorem 5.2.2.
Let E be a, differential equation atj"(f) which is /-regular at x, and let

{βJYjL\ be a fundamental system of differential invariants of t^E) atjl(f).
For a subset f c § (E), we set 0f = {λ: k f such that θ'U'is)) = λ}.

Definition 5.2.1. A differential equation E is said to be ̂ -trivial if, for any
λ, μ G ©|, there exists an element Δ G D(θι, 9l(<£(£))) such that μ = Λ°λ.

Let (Q, Q\ IT) be a fibred manifold, and let E and Ef be differential
equations &tjχ(f) and j " (π ° f) respectively. Suppose E is weakly X-reduci-
ble to E' by TΓ and/ G S (E). We set & = {TΓ ° s; s is of the form φ o / φ G

}. Then for a neighborhood %'* of jf(π o /), 9 = Φ\9LK is a subset of

Theorem 5.23. ΓAe condition (i) I/I Theorem 5.2.2 w equivalent to the

following condition (i'):

(i') .E & weakly K-reducible to E' by π, and E' is % -trivial.

Proof. Let φ G &(E)\%K and set g = φ o /. Then g G S (E)]6^. Since ^ '
is ^-trivial, &^EΊ(l9 x, π ° /) is isomorphic to t^^l, x, π ° g) by Proposi-
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tion 3.1.1. Let φ be such an isomorphism. We set/' = π ° f and φ °/' = g".
Then g" G §(£#(£')(/, x, π ° g)). Since t^E^(l, x, m ° g) is (J(^')-automor-
phic, we have an | 6 β(£ ') such that ξ ° g" = π ° g. We set φ' = £ ° φ.
Then we have π°φof=φ'oπ°f. Since / is a submersion, we get π ° φ =
φ' o π. Sine (£, £") is a weakly ^-reduced pair, we see that φ' G &(E'). That
is, £ is ^-reducible to E' by π. Conversely, if we assume (i), it is easy to see
that the condition (i') is satisfied. Hence the proof is completed.

53. Example 1. We set R2 = {(zl9 z2) G R2|z2 Φ 0}, and let E be the
differential equaton at j^fj) G / !(R 2, R2) generated by z2- dzι/dxι -
a(xv JC2) and z2 dzx/dx2 — β(xi9 Xχ)-> where {Λ:15 X2] is the coordinate system
on N - R2, and a(x) = [z2 - dzjdxMlU)), β(x) = l*2' ^xβx2]{jλ

x{f)\
On the other hand, we assume <x(x) ψ 0 and denote by Ef the differential

equation at j'lo(f) G Jι(R2, R) generated by (dzjdxj/idzjdx^ - β/a9

where / ' = π ° /, and π is the projection of R2 onto R defined by zλ =

We shall show the following two assertions:
(1) E is 1-reducible to E' by TΓ.
(2) &(E) is 1-ρseudo-isomoφhic to &(E') by TΓ at (/(x0), f(x0)).
Let £ be the sheaf of germs of local vector fields on R+2 of the form

ξ(zx) d/dzι — £'(zj) z2 3/3z2, where ξ is any local function on R. (£ is
given in [4] and [7]). Then £ is a regular Lie algebra sheaf on R2, and
we can easily see that the family {xv x2, z2 dzι/dxι, z2

dzι/dx2, D(zv z2)/D(xv x^} is a fundamental system of differential in-
variants of £ &tjχ(f), and the order of £ at (xo,f) is 1. Therefore, if we
denote by E the differential equation atj*(f) generated by z2- dzι/dxι — α,
z2 dzx/dx2 - β and Z>(z,, z2)/D(xl9 xj - (da/dx2 - dβ/dxj, then E pos-
sesses a solution, and &(E) = Γ on a neighborhood % ! of jχo(f), where Γ is a
pseudo-group given on a neighborhood of f(x0) such that Γ is complete at
(f(x0), 1) and £τ = £.

On the other hand, it is easy to see that we have S (E) = S (E). Therefore
we get &(E) = &(E).

Now let £' be the sheaf of germs of all local vector fields on R. Then
clearly £ ' is a regular Lie algebra sheaf on R, and
{xv x2, (dzι/dx2)/(dzι/dxι)} is a fundamental system of differential in-
variants of £' at j£(/) G / 1 ^ 2 , R). Therefore £(£ ' ) is the pseudo-group on a
neighborhood %' off'(x0) consisting of all local diffeomorphism of %'. We
set % = π-\%% (βkYιC%>) = W* (βk)~ι(%Ί = ^fk for k > 1. Then
(%*, ^l'*, TΓ )̂ is a fibred manifold (k > 1). Let s G S(£)|%*. Then it is
clear that / = ^ j 6 S(£')|9*Λ Conversely, let s' G S(£ ' ) l^ ' * Then
(ds'/dx^/(dsf/dxι) = β/a. Therefore α/(3j'/3jc,) = β/(d//dxj. We shall



REDUCIBILITY AND PSEUDO-ISOMORPHISM 133

define a local map s of R2 to R2 by zx(s) = s' and z2(s) = a/(ds'/dxx). Then,
since {D{zx{f), z2(f))/D(xx, xJ)χm.Xo Φ 0, there exists a neighborhood Ύ'k C
<3l'* of jϊif) such that, for any s' G S(E0|T*, if we construct s from / by
the above stated way, we have (D(zx(s)9 z2(s))/D(xv X2))x-Xo Φ 0. We set
( i r V ( T * ) = °V*. Then (°V*, Ύ'\ ττk) is a fibred manifold, a n d ^ E ) ^ and
SCE')!^'* satisfy the condition (2) of Definition 4.1.1 for k > 1. This proves
that E and therefore E are weakly 1-reducible to E' by TΓ. By Theorem 5.2.1,
&(E) and therefore 6E(JE) are 1-pseudo-isomorphic to &(E') by m at

Example 2. Let E denote the system of differential equation at j^f) e
Jι(R2,Rl) given by

and let E' be the differential equation at j^if) €. /2(R2, R) given by

= 0,
dxλdx2

where/' = IT ° /, and π is the projection of R2 to R defined by zx = π(zv z^.
We shall prove that E is 1-reducible to E' by π, and that (£(£) is 0-pseudo-
isomoφhic to &(E') by IT at (f(xo)J'(xo)).

It is clear that is is weakly 1-reducible to E' by TΓ.
Now we shall calculate the automorphism pseudo-groups &(E) and (£(£').

Let φ 6 S(E'), and set 7 = φ ° / . Then, if ΘV/ΘXJBJCJ = 0, we have
327/3JC,3Λ:2 = 0. Since

3 2 7 _ 32φ _3^_ _3^ 3φ 3V
SΛ:^^ 9Z2 ΘΛTJ 3Λ:2 3ZJ SA ^Λ J

and 3 2s//dxιdx2 = 0, we get 32φ/3z? 3//3XJ 3^73x2 = 0 for any s* e
S (^') F o r anY (zo» .Po' ^o) G R 3 ' w e h a v e an '̂ G S (E') such that ^(XQ) = ZQ,
(ds'/dxι)(xώ=p0 and (fis'/dxj(xώ = q0. Therefore we get 32φ/3z2 = 0.
This implies that Φ(zι) = α zx + b, where α and b are constants such that
α Φ0. Conversely, let φ be a local diffeomorphism of R such that φ(zx) = α
Zj + b, where α and b are constants such that α φ 0. Then it is clear that

Φ e &(Ey _ _
Next let ψ G # ( £ ) and ^ G §>(/?), and set Z! = zλ © ψ and z2= z2

Q ψ.
Then we have
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9z2(ψ o s)

dx2
'- a ί

vX2 \
d%

az?

ι 8 f l
+ θz,

+ —\
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3z,(Ψ ° s)\

ax, /
3z,(S) az,^) ( 92z, dZι(s) dz2(s)

dxx 9x 2 9zj9z2 9ΛΓ| 9 X 2

θ2z,(.y) ( 92Z! 9z 2 (ί) dzx(s)

dxxdx2 dzxdz2 dxx dx2

x dz2(s) dz2(s) ( 9z"! 9 2 z 2 (^)

• uxx 9x 2 9z2 oxxox2

we get

dzλ(s) dz^s) ^ d% dz2(s)
^ ^ 0

dz2 9xj 9Λ:2 dzxdz2 dxx dx2

Since for any (z?, z$,p%,p%9 q°) G R5 with z\ = /?? φ 0 there is an ^ G

such that

and (dz2(s)/dxλ)(x^ = ^°, we get θ ^ / θ z j - Oand 92z1/9z19z2 = 0, which

implies that ^ ( z ^ z2) = h(z2)zι + fcίzj) and λίz^ = constant α φ 0.

On the other hand, we have

9Z 2 (J) 9z2 dzγ(s) 9z2 9z2(^)

9x2 9zj 9x2 9z2 9JC2

so that (dz2/dzι)dzι(s)/dx2 = 0. Since for any (z?, z\,p§ G R3 there is an

such that s(x0) = (z?, z ^ and (9z1(^)/9x2)(x0) = ^ we have
dz2/dzι = 0 which implies that z2(zv Zj) is of the form ^(z^. Since z^z^ Z2)
= a - zλ + £(z2), we get

9z, 9zt , , v 9z 2

Since z 2 θ) = (dzx/dxx)(s) and z2(ί) = (dzx/dxx)(s) for any ^ G S ( £ ) , we

have η(z2(^)) = a z2(^) + A:'(z2(^)) 9Z2(^)/9Λ:1 for s G S (is). Now for any

(q°, z$) G R2 there is an ί 6 § (E) such that z2(^)(xo) = z\ and

(gzjC^/θx^ίΛ o) = r̂°. Therefore k\z^ = 0, that is, k is also constant ( = 6).

Thus z,(zj, z j = a - zx + 6. Since z2(.s) = (dz^dx^s) = α z2(^) for ^ G

S(is) and for any z° G R there is an s G S(is) with s(x0) = z°, we have

z2 = a z2. This proves that for any ψ G Φ(.E) we have constants a and b
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such that a φ 0, zx(zl9 z2) = a zx + b and z2( zi> z^) = a- z2. Conversely, let

ψ be a local diffeomorphism of R2 such that z 1 ° ψ = α z 1 + 6 and z 2 ° ψ =

a z2, where α and fe are constants and a φ 0. Then it is obvious that

It is now clear that &(E) is O-pseudo-isomorphic to &(E') by m at any

(/>,/?') e R2 X R with/?' = ττ(/?). Therefore £ is 1-reducible to E' by π.

6. Compatibility of reduction and equivalence

6.1. In this section we shall prove the compatibility of reducibility and

equivalence of differential equations.

Let E be a differential equation at./"(/) G Ja(N9 Q)9 and let ξ>(E) denote

the space of solutions of E. Let <?L* be a neighborhood of j£(/), and set

S(£)|<ϊl* = {5 G § ( £ ) ; lmjk(s) c % * } .

Definition 6.1.1. A differential equation Eλ at/"^/1) G 7 α i ( # , β ) is said

to be fc-isomorphic to a differential equation E2 at j?2(f2) G /α2(JV, g),

A: > 1, if there are neighborhoods %f and ^ of j£(fι) and^(/ 2), respec-

tively, and a diffeomorphism </> of % = )8Λ(%ί) onto % = /?*(%£) such

that φ induces a one-to-one correspondence φ* of S ^ ) ! ^ to §(^2)! ̂ 2 ^y

φk(s) = φ ° s. Then φ is called a ^-isomorphism of £j to E2. An isomoφhism

is also called a 0-isomorphism, and "0-isomorρhic" means "isomorphic".

Proposition 6.1.1. If Ex is k-isomorphic to E2, then Ex is l-isomorphic to E2

forl>k.

Proof. Let φ be a λ -isomorphism of Ex to E2 such that φk is a one-to-one

map of S (^) |%ί to S (E^\%. We set, for I >k,6lli

i = (p^)"W). Then it is

clear that φ induces a one-to-one map φ7 of S(£,)|%ί to S ί ^ l ^ . This

proves Proposition 6.1.1.

Let Et and E( be differential equations at/^(/) G /^(iV, β ) and/^ί/') G

/*'(#> 60^ respectively, for / = 1, 2, and let (Q, Q\ TΓ) be a fibred manifold.

We suppose/'1 = π ° f.

Lemma 6.1.1. Assume that Et is weakly K-reducible to El by TΓ, and that

there is a k- isomorphism φ of Ex to E2. If there is a local diffeomorphism φ' of

Q' such that φ' ° TΓ = π ° φ, then φ' is a kf-isomorphism of E[ to E29 k' =

max(A:, K).

Proof. Since Et is weakly A -̂reducible to Ej, for any k > K there exist

neighborhoods %k of jk(f) and %k of jk(f), respectively, such that

(%f, %'k

9 πk) is a fibred manifold and such that TΓ induces a map of

S (Et)\ %f onto 5 ( ^ ) 1 ^ f o r Ϊ = 1, 2. On the other hand, since φ is a

^-isomorphism, by Proposition 6.1.1, φ is a Λ:'-isomorphsim, and kf =

max(Λ, Γ̂). We may assume that φk> is a one-to-one map of S ^ ) ! ^ ' to

Let ^ E S(^ί)l%/A:' Then we have an s G S ^ ) ^ ' such that
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s' = π ° s. Thus we get φ' ° s' = φ' ° π ° s = π ° φ ° s. Since φ ° j G

^', we have π ° φ o s G S ^ ) ^ ' * ' . This proves that φ Ό / G

2*/- Therefore φ' is a A '-isomorphism of E[ to ££, aad Λe proof is

completed.

6.2. Let (ρ, (?', TΓ) be a fibred manifold and let Γ (resp. Γ) be a

pseudo-group on Q (resp. Q') which is complete at (z, 1) for any z E Q (resp.

at(z', 1) for any z' E ρ')

Let Ex (resp. JE/) be a differential equation at £(/) ^ ^ ° W δ ) (resp.

7^(/) e - ^ W β')) s u ch t h a t #(£/) = Γ on a neighborhood of/(Λ:) (resp.

&(Ef) = Γ o n a neighborhood of f(x) with/ = m <> /), / = 1, 2.

Let {^''ijlx be a fundamental system of differential invariants of Ejv at

jι

x(Γ\ and set θ" = (0^, ^, β^), where / > the order of ^ at (/(x), 1).

Lety^(g') be a point of ./̂ (iV, Q') near to jl(f') such that we can choose

sufficiently small neighborhoods Ύ'7 and ^ ^ ofy^(g') and jl(f), respectively,

which satisfy %' 7 3 Λ7(g') and Ύr/ D % / J .

Theorem 6.2.1. Se/ 0"(/(/')) = λ' am/ B'ι(jι(g')) = μ', αnJ αs^me ίAe

following conditions:

(1) dim TV > dim £ .

(3) (Ei9 E() is a weakly K-reducedpair, and E[ is l-regular at x.

(4) There is an m-isomorphism φ of Eλ to E2 such that g' = π ° φ ° f.

(5) There is an element Δ E D(θ'1, 9 l (Γ)) such that A ° λ ' = μ'.

Then we have an m'-isomorphism φ' of E{ to E'2 such that φ' ° π = π ° φ where

m! = max(w, A').

Proof. Since dim N > dim Q\ by Lemma 5.1.2, 0^(1, x, f) and

£r,(/, x, g') which are defined on %/' are Γ"-closed, where Γ" = Γ'|%'7. Since

Δ ° λ ' = μ\ by Proposition 3.1.1 there is a O-isomorphism φ' of ^ ( Z , x , / ) to

£r,(/, x, g') such that Z)(0r/, φ') = Δ. Set g" = φ' o / . Since ^ ( Z , x9 g') is

Γ'-automorphic, there exists an element γ' E F such that g' = γ' ° g". Set

φr = γ' o φ'. Then we have g' = φ' ° / ' and therefore π°φ°f=φ'°π°f

Since / is a submersion, we get 7 r ° φ = φ ' ° 7 r o n a neighborhood of f(x).

Therefore φ' is an m'-isomorphism of E[ to E'2 by Lemma 6.1.1, and the proof

is completed.

6 3 . Example 3. Let £ and Γ be the same as in Example 1. Let φ E 9l(Γ),

and X = ξ(zι)d/dzι — ξ'(zι)z2d/dz2 be a local cross section of £. Then φ+X

is also a local cross section of £, and therefore φ^X is of the form η(zι)d/dzι

- Ί]\Zx)z2d/dz2, where ff = z ; .oφ = ψ1 (/ = 1, 2). Thus we have

\ φ2) ,

D(xv x2) \-Z{zx)z2)
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so that

-r)'(zλ)z2 =

On the other hand,

z2,

•Λϊ-ξ

3z, ty

- f •«'.)•«. ,θz2

dz2

 όz2

Since ξ is arbitrary, we get the following equations

9 V dzx d2φι 3i

3z? 9 î ^λdz2 di

dφι

0.

Therefore φ1 is a function of the form a(z^ and from the first and the second

of the above equations we get

.2
=ΌZ\ dzj σ z i

which are equivalent to

dφ1 dφ2 , c
2 _

3φ2

since βz^βz! = (dφι/dzλ)
 ι. By the above second equation we see that

Φ2(zv z2) is of the form β(z^) z2. Replacing φ\z^ and φ\zl9 zj by a(zx) and

i^(^i) z2 respectively, from the above first equation we get the following
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ordinary differential equation with respect to one unknown function β:

the general solution of which is c/a\zλ). This proves that if φ G 9L(Γ) then φ
must be of the form φι(zl9 z2) = «(^i) and φ2(zj, z^ = c z2/a'(zι).

Conversely, if a local diffeomoφhism φ of R2 is of the form

φ\zv z2) = a(zx), φ\zl9 z2) = 4 r τ ,
a \zλ)

it is easy to see that φ(1)*(z2 θz^θx,) = c (z2- ΰzjdx^ i = 1, 2. Therefore
we get φ G 91 (Γ).

Now we can see such an example that the compatibility of reduction and
equivalence holds. Let Et be the differential equation ntjlfJύ G Jι(R2, R2)
generated by

where

Assume that α^x) =̂ 0, and denote by E{ the differential equation at jχo(f )
/ !(R2, R) generated by

3z, , dzλ

where f/ = π°fi and TΓ is the projection of R2 onto R defined by zx =
7Γ(Z!, Zj).

Suppose £Ί is 0-isomoφhic to E2, and φ is such a 0-isomorphism. Since
^(.E;.) = Γ on a neighborhood of fi(x0), we get φ G 9l(Γ). By the above
calculation of 9L(Γ), we have φ(1)*(z2 dzι/dxj) = a- (z2- dzλ/dxj), where a
is constant =^0. Therefore, if Ex if 0-isomorphic to ^ 2 , there is a constant
6 ^ 0 such that a2 — b ax and β2 = b- βv Consequently we get i82/α2 =
βι/ax and therefore .E,' = E2, in particular, £( is 0-isomorρhic to E2.

7. Closedness of the pseudo-group of isometries

7.1. Let Θα be the sheaf of germs of local Killing vector fields of R*, and
let Γ(θ*) be the pseudo-group of local isometries of R*. Denote by
{x\9 , xn) (resp. {zl9 , zq}) the coordinate system on RΛ (resp. R^),
and set py = Σfβ l (Θ^/ΘJC?)2. Then pj is a differential invariant of θ* at any
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jχ(f) G J2QLn

9 **)• I n the following lemma, as for the property P(29 x9f)9

refer to §8.
Lemma 7.1.1. Γ(θ*) satisfies the property P(2, x, /).
Proof. Let φ be a local diffeomorphism of R* such that φ(2)*jδ2 = Pi Then

we get d%/dzjdzk - 0 and ΣUi 3 φ Λ ' ty/**h = *y 0 < *J> * < A
where φ, = z, ° φ. This implies that φt{z) = Σ^-i <tŷ  + bi9 (θg) G #(#), on
the domain of φ, so that φ G Γ(θ*), that is, Γ(θ*) = {φ; local diffeo. of R*,
φ(2)*pi = pj). Thus θ* satisfies the property P(2, x,f) for any (x,/).

Proposition 7.1.1. If λ̂  is a submersion on a neighborhood of x0for somej,
then Γ(θ*) is 2-closed at (x0, f).

Proof We shall show that Γ(θ^) is 2-closed at (JC0, f)iiλιisa. submersion.
Let V2 be a neighborhood of jχo(f), and set

S{V2)= U graph(/(*)) Π V\

If φ G &(θg(l, JC0, /)), we have Φ{2)*ρx = ρλ on S(V2\ because
φ^2ΆS(V2) is a local transformation of S^F2) and Pι(jχ(s)) =

Pit/xCO) = λiC*) for any two s and t G §>(©*(/, x0, /)). Let
{xv - , *„, zj, , zq9 ,/?/, ,/^, } be the natural coordinate
system on 72(RΛ, R*). Then we may assume that V2 possesses a product
structure % X % X 9 9 where %9 % or 9 is a cubic neighborhood of a point
of RΛ, R* or Rm such that {xl9 , xΛ}, {zj, , z,} or
{W»' ' ' 9Pj9m ' ' >Pjk> * # * } is the coordinate system on X, 2 or 9. More-
over we may assume that 9 possesses a product structure 9ι X Φ2, where 9ι

is a cubic neighborhood of a point of ΈLq such that {/J^, 9pfχ} is the
coordinate system on 9ι and 92 is a cubic neighborhood of a point of Rm~*
such that { 9pj9

 # , /?4> # * * } (Λ ^ 1 or A: =̂  1) is the coordinate
system on 92. Let π be the natural projection of V2->91. We shall prove
that π(S(V2)) is open in 9ι. Let φ G Γ(θ*). Then we have φt{z) =
Σ -i «(,(Φ)^ + */, (%(<!>)) G O(ςr) on the domain of φ. For 5 G

/, JC0, /)), we set s' = φ ° s. Then

9x?

Since λj is a submersion on a neighborhood ^ of x0, λ1(
c5Zlf) is open in R.

Since
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is a point of (q - l)-sρhere Sq~1(λι(x)) in R* with the radius \^(x) . On the
other hand, O(q) acts transitively on Sq~\λι(x)). Since T(θq) 3 φ f y
G O(q) is onto and since θq(l,x0,f) admits Γ(Θ*), {(3 2(φ ° ,y)/a;c2)(jc);
φ e Γ(θ«), x G <¥} is open in R«. Therefore ^ ( K 2 ) ) -
{(32(φ o 5 )/3jcfχjc); φ G Γ(θ*), c G <¥} n Φ1 is open in 9ι. Now ^ is
considered as a function o n ? 1 . Therefore the equality φ^Px = px on 5 ( F 2 )
means the equality φ ( 2 ) *p! = p! on τr(S(F2)). Since T Γ ^ K 2 ) ) is open in <3>1,
we get Φ(2)*Pj = p, as a function. As was proved in Lemma 7.1.1, the
equation φi2)*ρ{ = pλ implies φ G Γ(Θ*). Therefore we have proved that if
φ G <£(©*(/, xo>/))> t h e n Φ E Γ(Θ^). This implies that Γ(Θ*) is /-closed at
(x0, /) for / > 2, and hence the proof is completed.

8. Appendix 1 (Completeness of pseudo-groups)

8.1. Let Γ be a pseudo-group on Q such that Qγ is an ΛΓ-regular weak Lie
algebra sheaf, and let {θj}rpmcl be a fundamental system of differential
invariants of (^ aty^/) e Jι(N, Q).

Definition 8.1.1. Γ is said to satisfy the property P(/, JC, f) (resp.
^(oo, *>/)) if the following statement holds: Let V1 be a sufficiently small
neighborhood of jι

x(f) on which θf (1 < j < m7) is defined, and let φ be a
local diffeomorphism of Q such that φ ( / ) maps an open subset Wι(βjι

x,(f)) of
V1 into F7. Then 'φ, a restriction of φ to a neighborhood 'PΓ c βι{Wι) of

/'(x')5 is in Γ if and only if φ(/)*0/ = β/ (1 < j < w7) on a neighborhood
'ΪF' = (βιTι('W) n W'iBJΪif)) f o r an integer / > 0 (resp. for any integer
/ > 0).

Let Γ be a pseudo-group on Q, and let / be a diffeomorphism of a
neighborhood of x G Q to a neighborhood of f(x) G ζλ

Definition 8.1.2. Γ is said to be complete at (x,f) if the following
conditions are satisfied:

(1) £τ is a regular Lie algebra sheaf around/(x).
(2) Γ satisfies the property P(oo, x, /).
Proposition 8.1.1. Suppose a pseudo-group Γ on Q satisfies the following

conditions:
(i) £ p w α regular weak Lie algebra sheaf,
(ii) Γ satisfies the property P(oo, x, / ) .

Then Γ is complete at (x, / ) .
Proof Let I b e a vector field on a neighborhood U c Q of /(*), and

assume that F2(X(z)) G L(z) for any z 6 ( / . A s for the definition of F2, refer
to [6, p. 462]. Let φ, be the local 1-parameter group of local transformation of
U generated by X. Since the condition that ¥2(X(z)) G L(z) for any z G U
implies that X(/) is a local cross section of D^ defined on a neighborhood of
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jι

x{f) for any / > 0. Since Γ satisfies the property P(oo, x,f)9 we can easily see
that φ, E Γ. Therefore X is a local cross section of £p. This means that Sγ is a
Lie algebra sheaf. Therefore Γ is complete at (x,/), and the proof is
completed.

Now let Γ be a pseudo-group on Q such that £τ is a regular weak Lie
algebra sheaf.

Proposition 8.1.2. Γ is complete at (z0, 1) if and only if Γ is locally defined
at z0 by a system of differential equations {A)1 at //(I) E Jι(Q9 Q) for an
integer I.

The proof is given in [6, Propositions 8.1, 8.2].

9. Appendix 2 (Order of pseudo-groups)

9.1. Let £ be an TV-regular weak Lie algebra sheaf on Q.
Proposition 9.1.1. There is an integer K such that, for any k > K, £(k +

hx,f)=p£(k,x,f) on a neighborhood of j£+ι(J) E Jk+\N, Q), where
pt(k, x,f) is the standard prolongation of £(/c, * , / ) .

The proof is given in [6, Lemma 4.1].
Definition 9.1.1. We denote by Ko the minimum integer K satisfying

Proposition 9.1.1. The integer Ko is called the order of £ at (*,/).
Let Γ be a pseudo-group on Q, and let E be a differential equation at

Jx(f) £ Ja(N> Q) where/is a solution of E.
Definition 9.1.2. E is said to be Γ-automorphic if the following conditions

are satisfied:
(1) For any φ E Γ, ψ ° / is a solution of E if the composite is defined.
(2) Any solution s of E near to / is of the form φ ° / for some φ G Γ .
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