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RIEMANNIAN SUBMERSIONS COMMUTING
WITH THE LAPLACIAN

S. I. GOLDBERG & T. ISHIHARA

1. Introduction

Let M and TV be smooth Riemannian manifolds. Let ΔP

M = dδ + δd: f\p (M)
—» f\p (M) denote the Laplace-Beltrami operator on the differential /7-forms of
M. Define the set

ΩP(M, TV) = {φ: M —• N\φ is a smooth surjective mapping with
rank φ* > 1 and φ*Δp

NA = Ap

Mφ*A for all A e /\p (TV)}

of/7th Laplacian-commuting mappings. If ΩP(M, TV) is empty, it is said to be
trivial. The condition on the rank is not necessary in defining Ω\M, TV) because
any surjective mapping φ: M —• TV with φ*ΔNf = ΔMφ*ffoτ all smooth functions
f on N satisfies rank φ^ = n = dim TV. In this paper, we ask for the mappings
contained in ΩP(M,N). Watson [4] showed that φ: M ^ N is contained in
Ω°(M, N) if and only if it is a harmonic Riemannian submersion. He also proved
that the nontriviality of ΩP(M, N), p>0, implies that the elements of ΩP(M, N)
are Riemannian submersions. We therefore ask for the Riemannian submersions
which commute with the Laplacian. It is an immediate consequence of our main
result that Ω\M, N) = Ω\M, N) = = Ωn(M, TV).

In § 2, the basic facts of a Riemannian submersion will be described, especially
its structure tensor. Several relations between the curvature tensors of M and TV
and the structure tensor are given in § 3 .The set Ω\M, TV) is studied in § 4, and
in the last section the set ΩP(M, TV), p > 2, is examined.

2. Riemannian submersions

Let M (resp. TV) be an m (resp. «)-dimensional manifold with Riemannian met-
ric ds\ (resp. ds2

N), and let φ: M —>TVbe a Riemannian submersion. Then we may
assume n < m; for, if m = n, a Riemannian submersion (Riemannian covering)
commutes with the Laplacian [4]. We choose local forms ωl9 , ωm on M and
θ19- 9θnonN such that ds\ = Σω2

a, ds2

N = Σθl and

(2.1) φ*(θi) = ω t 9 / = 1 , •••, n .
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(In the sequel, the indices i,j, k, run from 1 to n; a, b, c, from 1 to m,
and a9 β9 γ, from n + 1 to m.)

The structure equations of M are

(2.2) dωa — Σωb A ωba , dω α δ = Σωac A ωcb — l ^ ^ c ^ c Λ ωd ,

where ωab = —ωba and the Rabcd are the components of its curvature tensor.
The components of the curvature tensor of TV will be denoted by Kίjkl.

Taking the exterior derivative of (2.1), we get

Σcύj A (φ*θji — o)ji) — Σωa A ωai = 0 .

This allows us to put

= ΣLJiaωa , ωίa = ΣLiaaωa ,

where LiJk = 0, Lija = —LJta9 Lίja = Lίaj and Lίaβ^ = Liβa. In the sequel, we
will drop φ* from such formulas when its presence is clear from the context.
We call the tensor, whose components are the Liab, the structure tensor of φ. If
ΣLίaa = 0, that is, if ΣLίaa = 0 (resp. Liaβ = 0), φ is called a harmonic (resp.
totally geodesic) mapping.

The inverse image φ'^x) of a point x of N is said to be & fibre of p. A fibre
of φ is a closed submanifold of M of dimension m — n. It is evident that ωt =
— ωn = 0 on the fibres, and that the restriction of Σω\ to a fibre gives the in-
duced Riemannian metric. The Liaβ may be regarded as the second fundamental
forms of the submanifold ψ~\x). Hence, if ΣLίaa = 0 (resp. Lίaβ = 0), then
^)-1(x) is a minimal (resp. totally geodesic) submanifold of M. Suppose M is
complete. Then M becomes a fibre space in Ehressman's sense. If, moreover, the
fibres are totally geodesic, φ: M —•> TV is a fibre bundle with structural group the
Lie group of isometries of a fibre [1], [2]. The horizontal distribution, which is
defined by ωn+1 = = ωm = 0, is integrable if the Lija = 0. If M is com-
plete, and the Liaβ and Lija vanish, then M is locally the Riemannian product of
a fibre φ~\x) (x is any fixed point of N) and TV, that is, there is an open covering
{UA} of N such that φ~\UA) is isometric to the Riemannian product φ~\x) X

3. The covariant differential of the structure tensor

The components Liabc of the covariant differential of the structure tensor Lίab

are given by

(3.1) ΣLίabcωc = dLiab + ΣL^abθn + Lίcbωca + ΣLίacωcb .

This yields, in particular, by means of (2.3),
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(3-2) Lijka = — Σ(LikaLjaa + LijaLkaa) .

Differentiating (2.3) and using the structure equations (2.2), as well as their analo-
gues in N, we get

(3-3) Liabc Liacb = Riabc ^^aj^bl^ck^ijlk

From this and (3.2) it follows that

(3.4) Rijki K-ίjki = ^\LnaLjka LikaLjta + 2LίjaLιka) .

Contracting (3.3), we obtain

aa ~ Liaaj) = Rtj — Ktj , Σ(Liaaa — Liaaa) = Ria ,

where Rab (resp. Ki3) is the Ricci tensor given by ΣRacbc (resp. ΣKikjk). Since
ΣLίaa = 0 implies ΣLίaab = 0, the above equations lead us to

Lemma 1. 7/* 9 w a harmonic mapping, then

(3.5) ΣLijaa = Rij — Kij , ΣLίaaa = i? ία .

If the L^α vanish, then the Lίabc have a simple form. In fact, from (3.1) we get
Lemma 2. If the Lija = 0, ί/ze«,

(3.6) Lίjka = 0 , Lijak = 0 , Lί</α^ = —ΣίarLjβΐ .

4. The Laplacian on functions and 1-forms

In this section we study the set Ω\M9 N). The sets β p (M, N), p > 2, will
be discussed in the next section.

The following lemma is useful in finding conditions for a mapping to com-
mute with the Laplacian.

Lemma 3. Let x be a point of N. For given 1 < iλ < < ίp < n and 1 <
k < n, there exists a smooth p-form A = ΣAjl...jpθjl Λ Λ θjp, where the
sum is taken over all j l 9 -,jp with j \ < < j p , such that Ah...jp{x) = 0,
^•ii" ίpΛx) — 1 and all other Aju...Jp^ vanish. The AjlimmmJpil are the coefficients
of the covariant differential of A.

Proof. Let ({xj, U) be a normal coordinate system at x, and let V be an
open subset of U. For given constants Co, Cl9 , Q , there is a smooth function
h on TV satisfying h(x) = Co, dh/dx^x) = Cί9i=l, ., Λ, and A = 0 on M - F.
Since {xj\ is a normal coordinate system, covariant differentiation at x with
respect to djdx1 is identical with ordinary partial differentiation. Thus a smooth
/7-form can be constructed whose covariant differential takes arbitrarily given
values at x. The desired result now follows easily.

Let/be a smooth function on N, and put df = Σfβi. The covariant differ-
ential of df is given by Σfjθj = df + ΣfsθSi. Then ΔNf= -Σfu. Similarly,
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ΔMφ*f = —Σfu — ΣfjLjaa. The commutation condition φ*ΔNf = ΔMφ*f m a Y
then be expressed by ΣfύLjaa = 0. Applying Lemma 3, we obtain

Theorem 1. Let φ be a smooth mapping from M onto N. For any smooth func-
tion/on N, ΔMψ^f— φ*ΔNf if and only if φ is a harmonic Riemannίan submersion.

This was first proved by Watson [4].
Let A = ΣAiψi be a 1-form on N. The components Ai5 of the covariant dif-

ferential VNA are given by ΣAifij = dAi + ΣAjβji9 and the components Aίjk

of the second covariant differential V\A of A are given by ΣAίjkθk = dAtj +
ΣAjcjθjci +JSAikθkJι Set φ*A = ΣAaωa and FMφ*A = 2^ία δωα Λ ωδ. Then
^ = ^> ̂ « — 0? ̂ o ' ~ ί̂y» Λia = ΣAjLjia, Aaί = ΣAjLjai, Aaβ = ΣAjLjaβ,
i — 1, , H; α = n + 1, - - -,m. Moreover, the components of F^^*^4 are

,M - j x Aiaβ — 2AιLlίaβ + ΣAuLlaβ ,

A — y A T 4- y Λ T -i- y Λ T

To deduce the first equation of (4.1), we use (3.2). Since ΔMφ*A = —Σ(Aabb —
ΆbRba)ωazndφ*ΔNA = —Σ(Aίj:j — AjKj^i9 formula (4.1) yields

Lemma 4.

(4 2) Δ M ^ A ΨΔNA ΣiAj(RJi ~ KΠ - ΣLJiaa) -

+ Σ μ ^ - ΣLjaaa) -

We introduce the operator H: /\ι (M) -> f\λ (M) defined by H(ΣBaωa) =
ΣB^i. This definition does not depend on the choice of the local forms ωa.
Using Lemmas 1 and 3, we obtain from Lemma 4

Proposition 1. Let φ: M —> N be a Riemannίan submersion. For any I-form A
on N, H(ΔMφ*A) = φ*ΔNA if and only if φ is a harmonic Rίemannian submersion.

If ΔMφ*A = φ*ΔNA for any 1-form A, then ψ is harmonic, and ΣLjaaa = RJa

by Lemma 1. Hence the coefficient of ωa in (4.2) vanishes if and only if the Ljίa

= 0. Conversely, if ΣLiaa = 0 and the Lίja = 0, then (4.2) implies ΔMφ*A =
φ*ΔNA for any 1-form A. Thus we have

Proposition 2. Let ψ: M —> N be a smooth surjective mapping with rank φ^ >
1. For any l-form A on N, ΔMφ*A = φ*ΔNA if and only if φ is a harmonic
Riemannίan submersion and the Lίja vanish.

5. The Laplacian on /?-forms

Let A = ΣAil...ipθil A Λ θίp be a p-ϊoτm on TV, and set φ*A =
ΣAai...apωai A Λ ωap. Then Λiχ...ip = Atl...ip, and all other components
vanish. Denote the components of VNA (resp. VMφ*A) by Aiim..ipiJ (resp. Aai...apib)
and the components of V\A (resp. V\φ*A) by Aix..Λi jk (resp. Aaχm..a be). We have
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( V
V Λ V V A K

2-ί Άi\'"ip,33 2-1 Lλ ̂ ii' ίp-ijίp + i ip^jip

3 P = 1 3

V \

+ Σ Σ Aii — ip-iiip + i — iσ-i3iσ + i "ip^iipjiσ)^ii ^ ' ' ' ^ @iP

as well as a similar expression for ΔMφ*A. Put

(5.1) ΔMφ*A - φ*ΔNA = ΣBai...apωaί Λ Λ ωap .

As in the previous section, Aai...aptbe can be expressed in terms of the Ailt.mip9

Aiι ~ip,3> Aii'..iPtjk> Liab and Lίabc. For example,

2 A V Y 1 ^ (T T T T Λ
-Λi1...ip,ίj — Λ-ii 'ίpΛj Δ Zj /±iχ "ίp-χkip + 1' ip\J^ίjaJ^kίpa J^kίaJ^ίpja) '

Employing relations of this type, we get
Lemma 5. The coefficients in (5.1) may be expressed as

V / \

D Ύ"1 v"1 A I j? jζ Ύ"1 T 1

<5 2 ) <I'"""'-1; fa-*-ιi*+i-*v - M- . "' v
I yi y^^ . L L • J"1^ X

α

K -ip-iaίp + l-'ip = Σ Ai....ip-Xiip+1...ip{Ria ~ Σ Liaaa)

(^ Vi 9 V V / 4 ί/? -J- Y1 T T \
σ = l j P P ° ° P \ σ β ° J

- 2 Σ Ai1...iP-1aP+1...ipjLij« >

( 5 4 ) = - Σ ^ i ' / « . ' . * •* . . . ι U . +2ΣLimL -Λ,

i^ ii —ip nip+i iσ i3iσ + i — ιPy ιj«β ^ laa jβaj J

(5,5) Baι...a...p...ap = 0 .
If for any p-fovm A, the corresponding Bil...ip vanish, then from (5.2) and

Lemma 3 we have ΣLiaa = 0. If, in addition, the Biim..ip_iaip+1...ίp = 0, then (5.3)
implies that the Lija = 0. Conversely, assume ΣLiaa = 0 and the Lίja = 0. Then
by Lemmas 1 and 2 we conclude that the Bai...ap = 0 for any /7-form A. Taking
account of Proposition 2, we obtain

Theorem 2. Let φ: M-+ N be a smooth surjective mapping with rank φ% > 1.
Let p(>l) be fixed. For any p-form A, ΔMφ*A = φ*ΔNA if and only ίfφ\M-+N
is a harmonic Riemannίan submersion with integrable horizontal distribution.
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Corollary 1. Ω\M, N) = Ω\M, N) = - - = Ωn(M9 N).

It was shown in [4] that if ΩP(M, N) is nontrivial for a fixed p, then bp(N)

< bp(M), where bp denotes the p-th betti number. Thus

Corollary 2. Let φ: M-+N be a smooth surjective mapping with rank φ*>l.

Then a necessary condition that φ be a harmonic Riemannian submersion with

integrable horizontal distribution is bp(N) < bp(M) for all p = 1, , n.
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