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MINIMAL EMBEDDINGS OF THE TORUS
IN 3-MANIFOLDS

JAMES R. WASON

1. Introduction

The study of minimal surfaces has historically concentrated on the Plateau
problem—more recently, much attention has been given to the possibility of
realizing homology classes as minimal submanifolds. Our result here is in the
latter direction.

Let M be a smooth manifold, and g a Riemannian metric on M. We say a
smooth embedding c: N —> M of a submanifold c(N) is minimal if the volume
of N induced by t*g is less than or equal to that induced by any other smooth
embedding ~c: N —> M, with ? homotopic to c. We prove here the following.

Theorem. Let M be a smooth 3-manifold with Riemannian metric g. If
(M, g) has everywhere negative curvature, there is no minimal embedding of
the torus into the interior of M.

2. Notation and conventions

Let M be a smooth manifold of dimension ra, and let x e M. We denote the
tangent space to M at x by TXM, and the cotangent space by Γ*M. If N is
a smooth manifold of dimension n, and f\M—*N a smooth map, then we
denote the associated maps by /* : TXM -> Tf{x)N, /* : Tf(x)N -> Γ*M.

Let ^(M) be the frame bundle of M, and π: J^(M) —> M the natural pro-
jection. Each u e ^(M) may be considered as a linear isomorphism u: Rm —>
Tπ(u)M.

Let GL(m) be the general linear group on Rm. Then there is a right
action Ra: J^(M) -> ^ ( M ) defined by #αw04) = u(aA) yuε ^ ( M ) , 4̂ e Rm,
a € GL(m). Let {E1? , Em} be a standard basis of Rm, and ( , ) the stand-
ard inner product. We define horizontal canonical one-forms θι on J^(M) by
the rule Θ\X) = /th component of urlT*X for X e TU^{M),

If g is a Riemannian metric on M, we set 0(M, g) = {w e J^(M) | G4,5) =

On 0(M, g) we may define the matrix of forms ω), i, j = 1, , n, of the
Levi-Civita connection on 0(M, g), satisfying the following properties:
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(Cl) ω) = -ω{ ,

# m X > * >U Ui = l, ,m}
form a global coframe of 0(M, g) ,

(C3) fi.X= Σ β-ιί

fc,r = l

m

(C4) <#' = Σ β* Λ ω{ .
t = l

We define the Riemannian curvature form Ω) by

TO

β* = d ω j + Σ ωi Λ ωj .

Then β} = Σtr=ιWjkrθk f\θr for some functions flJΛr such that β*fcr =
—βy r Λ. The sectional curvature of the plane spanned by uiE^ /\u(JE3) is

3. Proof of the theorem

Let M be a smooth manifold of dimension 3, and g a Riemannian metric
on M. Let Γ be the two-dimensional torus, and suppose there exists a minimal
immersion c: T->M. Since T is parallelizable, we may establish a section
a: *(Γ) -> 0(M, g) such that **(j*03 = 0. Then the area At(T) of the image is
given by

A,(T) = ί e*σ*(θι A θ2) .
JT

Let 9£ be a vector field on M, and φt: M-^M the associated one-parameter
group of diffeomorphisms. We may vary the map c: T —> M by the variation
^ = ^ o ί , For fixed t, on each image ct(T) we establish a section σt: ^(Γ) —»
0(M, g) such that cfσfθ3 = 0. On a regular neighborhood N of T we may find
a one-parameter group of diffeomorphisms φt: 0(7V, g) —> 0(7V, g) such that
σt°ct = φt°σoc. We let 36 be the vector field associated to φt. Then π#% = 3£.
Let Jδff denote the Lie derivative with respect to 36. Then since c is minimal,

0 = ί c*σ*(&z(θιΛΘ2)) .

Now suppose that, on c(T), π*X = /cσ(E3) for some function K. Then

0= ί
JT
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= ί c*σ*(JS3 J {θz A ω\ Λ 02 - 01 Λ 03 Λ α£))
JT

= [ c*σ*κ(ωlAΘ2 + θιAωl) .
JT

If we set e*σ*ωi

J = Γi

Jijε*σ*θk then, since K is arbitrary,

Γ 3 — — Γ 3

X 11 — •* 22

Since Λ σ*^ = 0, Γz

n = Γ*n.
We set dA = t*σ*(βλ A θ2). Then

f c*σ*Ω\ndA = f c*σ*Ωl = f ι*σ*(da>l + ω\ A a>l)
JT JT JT

= ί (-/VΊ,

Thus I t*σ*Ω\12dA > 0 so that the sectional curvature of (M, g) must be non-
JT

negative somewhere on the image c(T).
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