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QUATERNION KAHLERIAN MANIFOLDS

SHIGERU ISHIHARA

A quaternion Kéhlerian manifold is defined as a Riemannian manifold whose
holonomy group is a subgroup of Sp (m)-Sp (1). Recently, several authors
(Alekseevskii [1], [2], Gray [3], Ishihara [4], Ishihara and Konishi [5], Krainse
[6] and Wolf [10]) have studied quaternion K#hlerian manifolds and obtained
many interesting results. In the present paper, we shall study those manifolds
by using tensor calculus. To do so, it is rather convinient to define a quater-
nion Ki#hlerian manifold as a Riemannian manifold which admits a bundle V
of tensors of type (1, 1) having some properties. The bundle V is 3-dimensional
as a vector bundle and admits an algebraic structure which is isomorphic to
that of pure imaginary quaternions.

In §1, we define quaternion Kihlerian manifolds in our fashion and give
some results proved in [6]. § 2 is devoted to the establishment of some formulas
required in the following sections. In § 3, it is proved among some other
theorems that any quaternion K#hlerian manifold is an Einstein space
(Alekseevskii [1]). We prove in § 4 that a quaternion K#hlerian manifold,
which is of constant curvature or conformally flat, is of zero curvature, if the
manifold is of dimension >8. In § 5, we define Q-sectional curvatures and
determine the form of the curvature tensor of a quaternion Kihlerian
manifold when it has constant Q-sectional curvature (See Alekseevskii [1]).

Manifolds, mappings and geometric objects under discussion are assumed
to be differentiable and of class C*. The indices Ah,i,j, k,1, p,q,r,s,t, u, v run
over the range {1, - - -, n}, and the summation convention will be used with
respect to this system of indices.

1. Quaternion Kihlerian manifolds

Let M be a differentiable manifold of dimension n, and assume that there is
a 3-dimensional vector bundle V consisting of tensors of type (1, 1) over M
satisfying the following condition:

(a) In any coordinate neighborhood U of M, there is a local base {F, G, H}
of V such that
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FF=-1, G=-1, H=-1I,

(D GH= —-HG=F, HF= -FH=G, FG= —-GF=H,
I denoting the identify tensor field of type (1, 1) in M.

Such a local base {F, G, H} is called a canonical local base of the bundle V'
in U. Then the bundle V is called an almost quaternion structure in M, and
(M, V) an almost quaternion manifold. Thus an almost quaternion manifold is
necessarily of dimension n = 4m (m > 1).

In an almost quaternion manifold (M, V), we take intersecting coordinate
neighborhoods U and U’. Let {F,G, H} and {F’,G’, H'} be canonical local
bases of V' in U and U’ respectively. Then F/,G’ and H’ are linear combi-
nations of F,G and H in U N U’, that is,

F' = s, F + 5,G + s;H
(1.2) G = syF + 5,G + s,H ,
H = s, F + 5,G + s,,;H

with functions s,; (7, 8 = 1,2,3) in U N U’. The coefficients s,, appearing in
(1.2) form an element S, ;» = (s,,) of the proper orthogonal group SO(3) of
dimension 3, because both of {F, G, H} and {F’, G’, H'} satisfy (1.1). Thus any
almost quaternion manifold is orientable.

If there is in an almost quaternion manifold (M, V) a global base {F, G, H}
of the bundle V which satisfies (1.1), then (M, V) is what is traditionally called
almost quaternion manifold. Such a global base {F,G, H} of V' is called a
canonical global base of V.

Let (M, V) be an almost quaternion manifold, and {F, G, H} a canonical
local base of V in a coordinate neighborhood U of M. We now assume that
there is in each U a system of coordinates (x*) with respect to which F, G and
H have numerical components of the form

0 —E O 0 0 0 —E O
E 0 O 0 0 0 0 E
F: 0 0 0 —E|’ G: E O 0 0]’
0 0O E O 0 —E O 0
(1.3)
0 O 0 —E
0O 0 —E O
H: 0O E O 0/’
E O 0 0

where E denotes the identity (m, m)-matrix (dim M = 4m). In such a case, the
given almost quaternion structure ¥ or such a canonical local base {F, G, H}
is said to be integrable.
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We denote by Sp (m) the real representation of the symplectic unitary group
acting on a unitary vector space C*™, that is, Sp (m) is the subgroup of SO(4m)
which leaves the tensors F, G and H invariant, where F, G and H have respec-
tively components given by (1.3) with respect to an orthogonal base of a real
metric vector space R'™. We denote by Sp (m)-Sp (1) the subgroup Sp (m) X
Sp(1)/{x1} of SO(4m), and by Sp (m) the subgroup Sp (m)-I, where I is the
identity transformation of R'™.

Remark. A (4m,4m)-matrix 4 = (A4,") belonging to the Lie algebra sp (m)
X sp (1) of Sp (m)-Sp (1) is an element of the subalgebra sp (m) X 0 of sp (m)
x sp (1) if and only if

A =0, ArG,i=0, AMH,} =0,

where (F;"), (G;*) and (H;") are respectively the matrices F, G and H given by
(1.3).

In any almost quaternion manifold (M, V), there is a Riemannian metric g
such that g(¢X,Y) + g(X, ¢Y) = 0 holds for any cross-section ¢ of V', X and
Y being arbitrary vector fields. A pair {g, V'} of such a Riemannian metric and
an almost quaternion structure V is called an almost quaternion metric structure,
and {M, g, V} an almost quaternion metric manifold. Thus a manifold M admits
an almost quaternion structure if and only if the structure group of the tangent
bundle T(M) over M is reducible to Sp (m)-Sp (1), where dimM = 4m. A
manifold with almost quaternion structure admits a canonical global base of
V if and only if the structure group of T'(M) is reducible to Sp (m).

Let {F, G, H} be a canonical local base of V' in a coordinate neighborhood
U of an almost quaternion metric manifold (M, g, V). Since each of F, G and
H is almost Hermitian with respect to g, putting

(1.4)

for any vector fields X and Y, we see that @, ¥ and 6 are local 2-forms in U.
However, by means of (1.2),

(1.5) Q=0NO+TANT +ON0O

is a 4-form defined globally in M. Using (1.2), we easily see that

1.6) A=FQF+ GG+ HRX®M

is a global tensor field of type (2, 2) in M.

Now, let us assume that the Riemannian connection /' of (M, g, V) satisfies
the following conditions:

(b) If ¢ is a cross-section (local or global) of the bundle V, then V¢ is
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also a cross-section (resp. local or global) of ¥, X being an arbitrary vector
field in M.
By means of (1.1), the condition (b) is equivalent to the following condition:
(b) If {F,G, H}is in U a canonical local base of V in U, then

VxF = rX)G — q(X)H ,
.7 VG = —r(X)F + p(X)H ,
VxH = qX)F — p(X)G

for any vector field X, where p, g and r are certain local 1-forms defined in U.

If an almost quaternion metric manifold (M, g, V) satisfies the condition (b)
or (b)Y, then (M,g,V) or M is called a quaternion Kdihlerian manifold and
(g, V) a quaternion Kihlerian structure. Thus a Riemannian manifold is a
quaternion Kiahlerian manifold if and only if the holonomy group is a sub-
group of Sp (m)-Sp (1) (see [11,[2], 3], [4], [5],[6],[10]). In a quaternion
Kihlerian manifold, we easily have

(1.8) 7Q =0, FA=0

because of (1.7). Conversely, if we have one of equations (1.8) in an almost
quaternion metric manifold, then it is a quaternion K#hlerian manifold. Thus
we have )

Theorem 1.1. An almost quaternion metric manifold is a quaternion
Kdhlerian manifold if and only if V2 = 0 or V4 = 0 (See [4], for example).

From Theorem 1.1, we have /{2 = 0 in a quaternion K#hlerian manifold.
Thus £ is a nonzero harmonic 4-form and hence 2% (1 < k < m) is a non-
zero harmonic 4k-form, where dim M = 4m. Therefore, when a quaternion
Kihlerian manifold M is compact, B,; > 1 for 0 < k < m, where B, is the
r-th Betti number of M, because M is orientable. Using the harmonic form £2,
Kraines [6] proved inequalities B, < B,,, < --- < B, ,,forr +4p<m + 1,
r=20,1,2 or 3.

2. Some formulas

In this section we establish some formulas, which will be required in the
sequel, concerning quaternion Kéhlerian manifolds. We denote a quaternion
Kéhlerian manifold by (M, g, V), and assume that dim M = 4m.

In a coordinate neighborhood {U ; x"} of M we denote by g;; the components
of the metric tensor g, and put (g/*) = (g;)~'. Take a canonical local base
{F,G,H} of V in U, and denote by F;*, G,* and H;" respectively the com-
ponents of F, G and H in {U, x"}, where {F, G, H} is a canonical local base of
V in U. Thus (1.7) is written as
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h h h
VJFi = erz' —q;H",

(2.1) VjGih = —erih' + ijih 5
Vsz'h = quih - Psz'h ,

where p;, q; and r; are respectively the components of p, g and r in {U; x*}.
Using the Ricci formula, from (2.1) we have

Kkjtth't - chjisth = ijGz‘h - Bijz'h ’
(2.2) KkjthGit —_— KkjisGsh = ""‘ijFih + Aijih Py
KkjchHit - KkjisHsh = _BkjFih - Aijih 5

K, ;" being the components of the curvature tensor K of the quaternion
Kihlerian manifold (M, g), and A4, B, C being defined by

23) A=dp+qAr, B=dgq+rAp, C=dr+qgAp,
where 4;, = —A,;, B;; = —B,;, C;; = —C;; and
(2.4) A =3Audx? Ndx*, B =}B;dx) Ndx', C=3C;dxI N\dxt.

Thus A4, B and C are local 2-forms defined in U.
We now obtain, from (2.2),

KX, Y),F] = CX,Y)G — B(X,Y)H ,
(2.5 [K(X,Y),G] = —C(X, Y)F + AX,Y)H ,
[KX,Y),Hl = BX,Y)F — AX,Y)G

in a coordinate neighborhood U, X and Y being arbitrary vector fields in M.
In another neighborhood U’ we may have

KX, Y),F] = CX,Y)G' — B(X,Y)H’,
[K(X,Y),G'l = —C'(X, V)F + A'(X,Y)H" ,
[K(X,Y),H]l= BX,Y)FF - AX,Y)G,

where F/,G’, H' form a canonical local base of V' in U’. Because Sy . =
(s55) € SO(3), by means of (1.2) we thus find in U N U’

A" = syA + 5,B + 5,C
(2.6) B’ = 5,4 4 s,B + 5,,C
C' = s34 + s,B + 5,,C .

Using (2.6) we easily see that the local 4-form



488 SHIGERU ISHIHARA

2.7 2=ANA+BAB+ CAC

determines in M a global 4-form, which is denoted also by ;. This }] is, in
some sense, the curvature tensor of a linear connection defined in the bundle
V by means of (1.7). Now, using (2.3) and taking account of Theorem 3.3
proved in § 3, we can easily prove

Lemma 2.1. Let (M, g, V) be a quaternion Kdhlerian manifold. A neces-
sary and sufficient condition for the 4-form ), to vanish identically in M,
provided that dim M > 8, (or for all of the local 2-forms A, B and C to vanish
identically in each coordinate neighborhood U) is that in each coordinate
neighborhood U there be a canonical local base {F,G, H} of V satisfying V'F =
VG =VH = 0, i.e., that the bundle V be locally parallelizable.

Assuming that a quaternion Kihlerian manifold satisfies the condition stated
in Lemma 2.1, we see that the functions s,, appearing in (1.2) are all constant
in a connected component of U N U’, U and U’ being coordinate neighbor-
hoods, if we take {F, G, H} such that F/F = VG = FVH = 0 in each U. In a
quaternion Kihlerian manifold (M, g, V), if M is simply connected, and the
bundle V is locally parallelizable, then V' has a canonical global base.

Transvecting the three equations of (2.2) respectively with F;,, = F,'G,, G,
= G,'g,, and H,, = H,'g,, and changing indices, we find respectively

— Ky jisFi'Fy* 4 Kijin = CisHin + BiiGip »
(2.8) —Ki;:sGi'Gy* + Kijin = AwjFin + CrjHyp s
_KkjtsHitHhs + Kkjih = Bijz'h. + AkjFih ’
where K, = Kiji'8sn, and Fy, = Fi'8oy Gin = G’y Hiyp = H/g,, are

the components of @, ¥, © defined by (1.4) respectively.
Transvecting the second equation of (2.8) with Fi* = g#F . we have

—Ky115G' G F" + Kkijih = 4mA,; ,
from which it follows that

1
Ay = 2m

Kkjthih s

where dim M = 4m. Similarly, we obtain

1 : 1
Akj == om Kkijm ’ Bkj == m

1 i
Ck] = 2m Kk]ZhH h .

Ky G

2.9

Next, using (2.9) we have
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KysnF” = %(Kktsh —‘Kksth)Fts = %(Kktsh + Ko n)F®
= —§Kype sl = —mAy, ,
where we have used the identity Ky ;;, + Kjixn + Kixjn = 0. Similarly we find

ts —
KisnF* = —mdy, , Ky1snG* = —mBy, ,

(2.10)
Ky = —mCy, .

On the other hand because of (2.10), transvecting (2.8) with g’¢ gives K,
= —mAyF,* — B;G,* — Cy,H,* where K, = K;;;,87" are the components
of the Ricci tensor S of (M, g). Similarly we obtain

Kkh = _mAkths —_ Bkans - CksH)Ls >
Ky = —AFy' — mBy G, — Cy H,'
Kin = —AsFy® — BisGy' — mCyH,®°

from which, it follows that for m > 1,

Kin = —(m + 2)AF,° , Ky = —(m + 2)By,G,*

(2.11)
Ky = —(m + 2)CyH,*

and for m = 1,
(2-12) Kkh == —Akths - BksGhs - CksHhs .

We find from (2.11) that if m > 1, then

1 1
Akh = Kkths ) By = KksGhs s
m+ 2 m+ 2
(2.13) )
Ckh = KksHhs .
m+ 2

Substituting (2.13) in (2.8) we have for m > 1,

1
m+ 2
1
m +
1
m +

—Kkast‘chs + Kkjih = Kkt(Gthih + Hthz‘h) )

(2-14) _KkjtsGitGhs + Kkjih =

2 Kkt(Hleih + thFih)y

—KyisH'Gy® + Kijon = 2 Ky (Fi'Fi + G;#Gyp) -

Since Ay, B;; and Cy; are all skew-symmetric, using (2.13) we find, for
m>1,
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(2.15) KtsttFjs = Kk] Py Ktsthst = Kkj Py K”HktHjs == Kkj .
Now using (2.3) we have the identities

d4A +gNC—-rAB=0, dB+rNA—-pANC=0,

(2.16)
dC+pAB—qNA=0.

Next by means of (2.13) we see that K, F;°, K;G;* and K;H;* are all skew-
symmetric if dim M = 4m > 4. On the other hand, use of (2.1) gives

ViK;F*) = Vi K;)F* + riK;G — qiK;H*®

from which it follows that (7.K;)F;* + (V.K;)F ;= 0. Thus, if dimM =
4dm > 4, then

(217) VkKji - (Vths)thFis .

3. Some theorems

First, we prove

Lemma 3.1. For any quaternion Kihlerian manifold of dimension > 8,
the Ricci tensor is parallel.

Proof. By means of (2.1) and (2.13), from the first identity of (2.16) it
follows that if dim M > 8, then

3.1 WK;)FF + VK OF + (VK )F =0 .
Transvecting (3.1) with F,¢ gives
_Vchjh + (VjKts)thst + (Vths)thFjs =0.

Substituting in this equation (V,;K;,)F,‘F,* = V ;K,, which is a consequence of
(2.17), we thus obtain

Vjchh - Vkth = _(VLKks)thFjs .

If we substitute in this equation V,K;, = (V,K,,)G:*G* which will be proved
in the same way as (2.17), then we find

ViKin — ViKjn = VKy)F,*G°H .
Similarly we obtain
ViKin — ViKjn = — (Ve Kpo)GH P F ¢ = —(V Kyo)H, F G o .

Combining these equations gives
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3.2) VK,FG;*H;* = (V.K,,)G°H;°F* = (V K, )H,°F *G,;* .
In particular, we have
VKo )F°G*H,* = (V K,)G°H °F
from which by transvecting with H,*G,/F,* we obtain
(3.3) —(V .Kyo)G,°H'F )¢ = (V ,K,o)F,*G,"H ,* .

Thus from (3.2) and (3.3) it follows that ( .K,,)F;°G,°H;* = 0 which implies
V.K,, = 0 proving Lemma 3.1.

Next we prove

Lemma 3.2. Let (M, g,V) be a quaternion Kdahlerian manifold of dimen-
sion > 8. Then the Riemannian manifold (M, g) is irreducible if (M, g) has
nonvanishing Ricci tensor.

Proof. Suppose that (M, g) is reducible and has nonvanishing Ricci tensor.
Since (M, g) is not flat and the Ricci tensor S is parallel because of Lemma
3.1, we can take a coordinate neighborhood U of M such that the Riemannian
manifold (U, g) is decomposed into a Riemannian product of certain number
of Riemannian manifolds (W, g,), - - -, (W,, g,), p > 2, in such a way that

? P
G4 X, Y) = ) gumsX,n,Y) , SX,Y) = X 04844 X, 74Y)

for any vector fields X and Y, where p, are constants such that o, < - - - < g,
and w,: U— W, are the natural projections which denote at the same time
their differential mappings.

On the other hand, since (F, g) is an almost Hermitian structure in U, we
have g(FX,FY) = g(X,Y) and S(FX, FY) = S(X,Y) from (2.15). Thus using
(3.4) we obtain in U

M

3.5)

Il

P
guw F X, FY) = AZ_:1 84w X, 7,Y)

A=1

P p
(3.6) AZ_:I pAgA(n'AFX’ nFY) = AZ pAgA(n'AXa 74Y)

=1

for any vector fields X and Y. Since p, < --- < p, and each of g, is positive
definite, we have, from (3.5) and (3.6),

(3.7 84w FX,n,FY) = g4 X,n,Y) (A=1,---,p)

for any vector fields X and Y.
From now on for simplicity we assume that p = 2, i.e., that (U,g) =
W, 8) X (W,,8,). Let °) = (', ---,¥) and (2) = (z"*', - - -, 2*) be coordi-
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nates systems in W, and W, respectively. Then (x*) = (y°,z") are naturally
coordinates in U = W, X W, (the indices «, 8, 7 run over the range {1, - - -, r}
and the indices 2, p, v over the rang {r + 1, - - -, n}). With respect to (x*) =
(%, 2", g has components of the form

@0 = (% ;’)

where (g,,) and (g,,) are respectively the components of g, and g,, (g,,) and (g,,)
being independent of the variables z* and y* respectively. From (3.7) we have
F,»=0and hence 4,, = B,; = C,, = 0 by putting h = «, i = 5, j = 2 and
k = p in (2.2). Similarly, we find 4,, = C,, = D;,, =0 and 4,, = B,, =
C,, = 0. Therefore we have A = B = C = 0, which implies S = O because
of (2.11). Since this is a contradiction, the Riemannian manifold (M, g) is
necessarily irreducible and Lemma 3.2 is proved.

From Lemmas 3.1 and 3.2, we have the following theorems.

Theorem 3.3. Any quaternion Kihlerian manifold of dimension > 8 is
an Einstein space (see Alekseevskii [1]).

Theorem 3.4. When a quaternion Kdihlerian manifold (M, g, V) of dimen-
sion > 8 has nonvanishing scalar curvature, the Riemannian manifold (M, g)
is irreducible (see Alekseevskii [1]).

Theorem 3.5. When a quaternion Kihlerian manifold (M, g, V) of dimen-
sion > 8 has zero scalar curvature, (M, g) is locally a Riemannian product of
a flat quaternion Kdaihlerian manifold and irreducible quaternion Kdhlerian
manifolds with vanishing Ricci tensor (see Alekseevskii [1]).

Now from (2.9) and (2.13) we have

2m s . 2m
Kkjthih = m+ 2 Kkst 5 Kim'nG P = m+ 2 Kksts 5

(3.8)

; 2
Kkijm = m T_ ) chsHjs )

if dimM = 4m > 8. Thus, if the Ricci tensor vanishes identically, then we
obtain, for succesive covariant derivatives of the curvature tensor,

Kkjth“’- = Kkjih,Gih = KkjihHih' = 0 5
(V Ky jin)F* = (V Ky j)G™ = (V Ky jsn)H* = 0,

3.9 e .

Py ViKiji)F* = s+ - ViKyjin )G = s - Vi Ky yn)H* = 0,

provided that dim M > 8. Therefore by means of the remark stated in § 1 we
see that the restricted holonomy group of (M, g, V) is a subgroup of Sp (m).
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Conversely, if the restricted holonomy group is a subgroup of Sp (i), then we
have (3.9) and hence K,, = O by taking account of (3.8). Summing up, we
have

Theorem 3.6. The restricted holonomy group of a quaternion Kdihlerian
manifold of dimension > 8 is a subgroup of Sp (m) if and only if the Ricci
tensor vanishes identically (see Alekseevskii [1]).

When dim M = 4, taking account of (2.10) and (2.12), we have

Theorem 3.7. If the restricted holonomy group of a quaternion Kdhlerian
manifold of dimension 4 is a subgroup of Sp (m), then the Ricci tensor vanishes
identically.

Taking account of (2.13), from Lemma 2.1 we have

Theorem 3.8. For a quaternion Kihlerian manifold (M, g, V) of dimension
> 8, the bundle V is locally parallizable if and only if the Ricci tensor vanishes
identically. When a quaternion Kdhlerian manifold (M, g,V) is of dimension
4, the Ricci tensor vanishes identically if the bundle V is parallelizable.

Now suppose that a quaternion Kéhlerian manifold (M, g, V) of dimension
> 8 is of zero curvature. Then by Theorem 3.8 the bundle V is locally paral-
lizable. Thus, if (M, g, V) is further simply connected, then the bundle V
admits a cannonical global base (i.e., M admits an almost quaternion structure
in traditional sense). If we now take account of a theorem proved in [7] and
[9], concerning the integrability of almost quaternion structure in traditional
sense, then we have

Theorem 3.9. If a quaternion Kidhlerian manifold (M, g, V) of dimension
> 8 is complete, simply connected and of zero curvature, then (M, g,V) is a
Euclidean space with standard quaternion structure V.

Let (M, V) be an almost quaternion manifold. Consider a linear connection
D in the vector bundle V. If we take a canonical local base {F,G,H}of Vin
a coordinate neighborhood U of M, then taking account of (1.1) we can put
in U

D,F = p(X)G — g(X)H , D,G = p(X)H — FX)F ,
D.H = g(X)F — p(X)G

for any vector field X in M, where p, g and 7 are local 1-forms defined in U,
which are called connection forms of D in U with respect to {F,G,H}. Now
inUweputz=AANA+BAB+ CAC, where A =dp + g/A\F, B =
dg + 7N\ p, C = df + p A\ q. Thenr is a global 4-form in M, which is brieafly
called the curvature form of D. We can easily verify that dz = 0, so that the
curvature form 7 is closed.

Let there be given another linear connection D’ in the vector bundle V, and
denote by #’ its curvature form which is obviously closed. Then, according to
a well known theorem due to A. Weil, the two curvature forms 7z and 7’ deter-
mine the same cohomology class €. We now denote, in the vector bundle V,
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by D the linear connection defined by DyF = V' xF, DxG = V xG and DyH =
VyH,X being an arbitrary vector field in M, when a quaternion K#hlerian
structure (g, V) is given in M. Then, in a quaternion Ki#hlerian manifold
(M, g, V) of dimension > 8, the curvature fromz=AANA+-BAB+CANC
=a@AND + ¥ NY¥ + 0 ABO) determines the cohomology class €, where a
is a constant and z is harmonic, since (M, g, V) is an Einstein space.

When, for an almost quaternion manifold (M, V), there is a canonical local
base {F,G, H} of V in each coordinate neighborhood U of M in such a way
that the coefficients s,, appearing in (1.2) are all constant in every connected
components of U N U’, we say that the almost quaternion structure V is trivial.
If we assume that the bundle V is trivial, then there is a linear connection D
in V satisfying D, F = 0, D;G = 0, DyH = 0O for any vector field X in M, and
the curvature form z of D is trivially zero. Thus, in such a case, the cohomo-
logy class % is zero.

Now we suppose that for a quaternion Ké#hlerian manifold (M, g, V) the
bundle V is trivial. Then the cohomology class ¥ is zero and therefore the
harmonic 4-form = is cohomologous to zero. Thus, if M is compact, then « is
necessarily equal to zero, and hence the scalar curvature vanishes identically.
Conversely, if (M, g, V) has vanishing scalar curvature, then the Ricci tensor
vanishes, and hence the vector bundle V is locally parallelizable. Consequently,
in such a case, V is trivial. Summing up the arguments developed above, we
have

Theorem 3.10. A necessary and sufficient condition for a compact quater-
nion Kdihlerian manifold (M, g, V) of dimension > 8 to have a trivial almost
quaternion structure V is that the scalar curvature vanish identically.

4. Quaternion Kihlerian manifolds of constant curvature

Let (M, g,V) be a 4m-dimensional quaternion Kéhlerian manifold, and as-
sume that (M, g) is of constant curvature ¢. Then the curvature tensor of (M, g)
has components of the form

4.1 chjih, = c(gkhgji — gjhgki) .

Thus we obtain
“4.2) KkjtsF'tchs = C(FkhFji - thFki) .

Substituting (4.1) in (2.9), we find
Akj = —Lij .
m

Similary,
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c c c
(4.3) Aka —‘4ij, Bk]: ——-—-ij, ij= _—ij .
m m m

Substituting (4.1), (4.2) and (4.3) in the first equation of (2.8) we have
_C(FkhFji — thFki) + c(glchgji — gjhgki)
= ——C—(ijHin + ijGih) ’
m

from which by transvecting with g/¢ we obtain c(m — 1)(2m + 1)g;,/m = 0.
Thus, if ¢ # 0, we get m = 1. Consequently, we have

Theorem 4.1. If a quaternion Kdhlerian manifold (M, g, V) is of nonzero
constant curvature, then (M, g, V) is necessarily of dimension 4.

By Theorem 3.3, any quaternion Kihlerian manifold is an Einstein space.
If a quaternion K&hlerian manifold is conformally flat, then it is of constant
curvature. Thus from Theorem 4.1 we have

Theorem 4.2. If a quaternion Kihlerian manifold of dimension > 8 is con-
formally flat, then it is of zero curvature.

5. (-sectional curvatures

We have already known that the curvature tensor of a quaternion projective
space HP(m) of dimension 4m, which is the base space of the Hopf fibering
Sim+3 . HP(m), where $'™*® is a unit sphere of dimension 4m + 3 (m > 1)
(See [11, [41, [5)), is given by

Kijin = 8xn8j1 — 8jn8ri + FkhFji - thFki_“ 2ijFz'h
G.D + GinGjs — GjnGry — 2G4;Gip
+ Hy,H;; — HyHyy — 2H Hyy,

Let X be a tangent vector of HP(m) at a point P of HP(m), and Y a linear
combination of X, FX, GX and HX, which is linearly independent of X. Then
by means of (5.1) we obtain ¢(X, Y) = 4, where ¢(X, Y) denotes the sectional
curvature of HP(m) with respect to X and Y. In this connection we shall define
(O-sections and Q-sectional curvatures in a quaternion Kdhlerian manifold.

We take a point P in a quaternion Kéhlerian manifold (M, g, V) of dimen-
sion 4m and a tangent vector X of M at P. Then the 4-dimensional subspace
Q(X) of the tangent space of M at P defined by

QX)) ={Y|Y = aX 4+ bFX + ¢cGX + dHX} ,
a, b, c and d being arbitrary real numbers, is called the Q-section determined

by X.
If we denote by o(X, Y) the sectional curvature of (M, g, V) with respect to
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the section spanned by X and Y at a point, then by definition we have

Ky X YI XY™

dX,Y) = —
XY P — 8X, Y)?

b

where || X || and || Y || are lengths of X and Y respectively. Since (M, g, V) is an
Einstein space, using (2.14) we obtain, for a unit vector X,

oX,FX) = K x|} - KX,FX,GX,HX),
dm(m + 2)

(5.2  oX,GX)=_ K yxp— KX, GX, HX,FX),
dm(m + 2)

oX,HX)= K x| —K@G,HX,FX,GX),
dm(m + 2)

k being the scalar curvature of (M, g, V), where we have put K(X,Y,Z, W) =
g(K(X,Y)Z, W) for any tangent vectors X,Y,Z and W of M at P.

Now we suppose that for any Y, Z ¢ Q(X) the sectional curvature ¢(Y, Z)
is a constant p(X), which will be called the Q-sectional curvature of (M, g, V)
with respect to X at P. Then, putting Y =X, Z=FX; Y =X, Z=GX
and Y = X, Z = HX, we have respectively

(5.3) o(X,FX) = o(X,GX) = o(X, HX) = p(X) .
Thus, if we take account of the identity
KX,Y,Z,W) + KX,Z,W,Y) + KX,W,Y,Z) =0

and use (5.2), we obtain

k

5.4 X)=—_— =~ __|X|F,
(5.4 p(X) dmim = 2) X1l
5.5 K(X,FX,GX,HX) = K(X,GX,HX,FX)

= KX,HX,FX,GX)=0.

Next, from the assumption we find ¢(X, aFX + bGX) = p(X), a* + b* # 0,
which together with (5.3) implies K(X, FX, X, GX) = 0. Similarly,

K(X,FX,X,GX) = K(X,GX, X, HX)

(5.6)
= KX,HX,X,FX)=0.

Thus, using (5.5) and (5.6), we find
5.7 K(Y,2)Y — p(X)Z € Q-(X)



QUATERNION KAHLERIAN MANIFOLDS 497

for any Y, Z € Q(X), where Q+(X) denotes the orthogonal complement of Q(X)
in the tangent space of M at P.

Conversely, if we assume that (5.7) is established for any Y, Z € Q(X) at P
of M, then we easily see that the sectional curvature ¢(Y, Z) is constant for any
Y,Z e Q(X). Thus we have

Lemma 5.1. Let Q(X) be a Q-section at a point P of a quaternion
Kdhlerian manifold (M, g, V). Then the sectional curvature o(Y,Z) with re-
spect to the section spanned by any Y,Z ¢ Q(X) is a constant p(X) if and
only if K(Y,Z) — p(X)Z ¢ QX(X) for any Y, Z e Q(X), and in such a case we
have

k

(5.8) P =

X1
where k is the scalar curvature of (M, g,V), and dim M = 4m.

In Lemma 5.1, p(X) is called the Q-sectional curvature of (M, g, V) with
respect to X at P, and the Q-section is said to have Q-sectional curvature p(X).

It is easily verified that a Q-section Q(X) at P has Q-sectional curvature p(X)
if in (M, g, V) there is a totally geodesic submanifold N of dimension 4 and
constant curvature p(X) such that N is tangent to Q(X) at P. When dimM =
4, there is only one Q-section Q(X) at each point P of M, X being anarbitrary
tangent vector of M at P. Thus, when dim M = 4, this Q(X) has Q-sectional
curvature c if and only if (M, g, V) is of constant curvature c at P.

Let (M, g, V) be a quaternion Kéhlerian manifold and assume that each Q-
section Q(X) at each point P of M, X being an arbitrary tangent vector to M
at P, has a Q-sectional curvature p(X). Moreover, if we suppose that the
sectional curvature p(X) is a constant ¢ = ¢(P) independent of X at each point
P, then we say that the quaternion K#hlerian manifold (M, g, V) is of constant
Q-sectional curvature c¢(P). Taking account of (5.1) we see that a quaternion
projective space HP(m) is a quaternion K#hlerian manifold of constant Q-sec-
tional curvature 1. In the sequel we shall determine the form of the curvature
tensor Ky, of a quaternion Kéhlerian manifold of constant Q-section curva-
ture c(P).

Let (M, g, V) be a quaternion Kdhlerian manifold of constant Q-sectional
curvature ¢ = c(P) of dimension > 8. Since (M, g, V) is an Einstein space,
we may put

Akj = ——4aFkJ Py Bkj = —4aij Py ij = —4aij 5

a being a certain constant. Therefore substituting these equations in (2.8) we
have

5.9 —KyjisF'Fr* + Kyjin, = —4a(Gy;Gyy, + Hy3Hyp)

Transvecting (5.9) with F,*F,"” and F,/F,"* we obtain
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(5.10) —vasthvFis bt va”FkahS = 4a(ijGih + Hk]th) )
(5.11) _KktshthFz‘s - KktsithFhs = _4a(ijGih + ijHih)
respectively, where we have changed indices.

From the assumption we have ¢(X, FX) = c for any tangent vector X, taking
account of the definition of sectional curvatures, so that
Ky jsnFiPF P XXX X" = (841855 — gjﬁgvs)FkaiSXkaXiXh
= _nghgkiXkaXiXh s
X" being the components of X. Since X is arbitrarily taken, from the above
equation we obtain
KoyjsiF ' F* + KoionF °F* + Koo F''F 5 4+ Ko joiFo'Fy’
+ KonsiF ;°F* + Koo 2 'F 4+ KogonF °F + KyisnF(OF §°
+ KyjsnFi'Fi* + KousiF °F° 4+ KppoiF o'F 4 KoyjoiF' 2 Fy’
= _4c(gkjgih + 8;:8kn + gikgjh) ’
which, together with (5.10), implies
KojsiF'Fif + KyonF °F* + KyponF°F
= —c(8rs8in + 85i8kn + 8ir&in) — 4a(Gy;Gyp + Hy;H;p)
— 2a(ijGih + Gjinh + Giijh + chjHih + Hjinh + HikHjh) .

If we transvect the above equation with F,*F,?, then we obtain

qupk - Kvuthvaju - vathquju
= —c(Fy;Fpn — ForFjp + 8408in)
— 2a(G,/Gon + GnGip + GopGin + HyHpn + HypHjp + HypHyp)
Substituting
Kvuthquju = ijqn + 4A(Gj;anh + ijth) >
which is a consequence of (5.9), in the above equation we get
Kyipn — Kjgpn — KpourFo"F * — 4a(G3Gqn + HjpHyp)
= _C(quth — FonFjp + ga:vgjh)
— 2a(Gy;Gpn + GnGjp + GpGin + HyHpn
+ thij + quHjh) .

(5.12)

On the other hand, using (5.9) we find
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vathquju - Kputhquju
(5'13) = (vauh - Kpuvh)quFju = _KvupthvFju
= —Kyjpn — 4a(G;Gpn + HyHp) -

Taking the skew-symmetric parts of both sides of (5.12) with respect to g and
j, and substituting (5.13) in the resulting equation we obtain

2K 4ipn — Kjpan + Kopjn + Kojpn + 4a(Go;Gpn + HosHypr)
— 4a(G,Gon — GopGin + HjpHon — HopH )
= —CQFy;Fp, — FonFyp + FinFop + 80p8n — 81p8an)
- 4a(quGph + quth) ’

from which it follows that

Kyjpn = 56(8qn81p — 8in8ap + FanFjp — FijnFqp — 2F¢5F 31)
+ a(GnGjp — GinGyp — 2G4 ;G + HynHp
- Hthqp - 2quH1:h) .

If we now take account of ¢(X, FX) = c, then we have a = Jc and therefore

Kkjih = ic(gkhgji — 818k + FurFj — anFm - 2ijFm
(5.14) + GGy — GGy — 2Gy,Gyy + HinHy,
— H;Hy; — 2H, ;Hy,)

Summing up, we have

Therem 5.2. A quaternion Kdhlerian manifold of dimension n > 8 is of
constant Q-sectional curvature ¢ = c(P) if and only if its curvature tensor has
components of the form (5.14) (see Alekseevskii [1]).

Transvecting (5.14) with g/¢ we find K;; = c(m + 2)g;; which implies k =
4m(m + 2)c, so that ¢ = c(P) is necessarily constant in M. Hence we have

Theorem 5.3. For a quaternion Kdhlerian manifold (M, g, V) of constant
Q-sectional curvature ¢ = c(P), P e M, the function c(P) is constant in M if
dimM > 8.

Let X and Y be two mutually orthogonal unit tangent vectors of (M, g, V)
at a point P. If (M, g, V) is of constant Q-sectional curvature ¢, then by (5.14)
we obtain

(X,Y) = c[1 + 3 (cos*a + cos® B + cos’7)] ,

where cos @ = g(FX,Y), cos 8 = g(GX,Y), cosy = g(HX,Y). Thus we have
the inequality 0 < cos? @ + cos? 8 + cos?y < 1, where the first equality holds
if and only if Y ¢ Q(X), and the second equality holds if and only if Y € Q+(X).
Therefore we arrive at (see [6])
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Theorem 5.5. Denote by K a general sectional curvature of a quaternion
Kdhlerian manifold of constant Q-sectional curvature ¢ (¢ #+ 0). Then

lce<K<c forc>0, and c>K>c forc<O0.

If we denote by A;,/* the components of the the tensor field 4 defined by
(1.6) and put Ay, = A4,°8:;8:n, then (5.14) reduces to

Kijin = %C(gkhgﬂ — 8in8ki + Akhji - Ajhki - 2Akjih) .

Since /4 = 0, we get V,K,;;, = 0. Thus a quaternion Kahlerian manifold of
constant Q-sectional curvature is locally symmetric.
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