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THE FIRST BETTI NUMBER OF A COMPACT
ALMOST TACHIBANA SPACE

SEIICHI YAMAGUCHI

0. Introduction

It is well known that the p-th Betti number of a compact Kahlerian space is
zero or even if p is odd [2]. A similar result is known for a compact Sasakian
space [1], [6], [7]. In particular, the first Betti number is zero or even in a
compact Sasakian space.

The purpose of this paper is to give the analogy for the first Betti number
of a compact Tachibana space (=nearly Kidhler space [3], = K-space [4]).

1. Preliminaries

Let M be an n-dimensional almost Hermitian space with positive definite
metric g = (g;;) and almost complex structure J = (J;9), (i, j,---=1,-.-,n).

A 1-form u in M is called a covariant almost analytic form [4] if it satisfies
the equation

Vj(JZ’uT) = MTVZ'J]'T - erV,rui )
or equivalently
V,J;ru) —ViJu) =170 — V),

where V' denotes the operator of covariant derivative with respect to the Rie-
mannian connection.

An almost Hermitian space is called an almost Tachibana space (resp. a
Kihlerian space) if the associated 2-form J = $J;,dx’ A\ dx* is a Killing 2-
form (resp. parallel), where we put J;; = g;,J;” and {x} is a local coordinate
system of M.

Then the following theorems are known:

Theorem A [9]. A necessary and sufficient condition for a 1-form u in a
compact Kahlerian space to be covariant analytic is that the 1-form u be har-
monic.

Theorem B [4]. In a compact almost Tachibana space, a necessary and
sufficient condition for a 1-form u = (u;) to be covariant almost analytic is that
u and i = (J;"u,) both be harmonic.
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Throughout this paper, we shall deal with an almost Tachibana space M,
that is, an almost Hermitian space satisfying

(11) Vj]ih-f-Vith:O.

We shall recall the identities in M, which are necessary for later use.
The following relations are well known [4], [8], [9]:

1.2) J7R,; +JR,; =0,

1.3) Vg, = R;J7 — 3R

Next, let u be any 1-form. Then by virtue of the Ricci’s identity we can obtain
1.4 IV Vau, = —3™ R, 'u, .

If u is a harmonic 1-form, then we have

(1.5) Viu, — Pu; =0, rv.u, — R,/ u, =0,

which are valid in any Riemannian space.

2. Theorems

Let us prove the following theorem.

Theorem 2.1. In a compact almost Tachibana space M, if u is a harmonic
1-form, then 4 = (J,"u,) is also so.

Proof. Since u is a harmonic 1-form, we have

V. u) — VUi u) =2ulVJ; + J7V,u, —J7V,u,
and therefore

W,V Julis + 307V u; — IV u)J5V ! — T3V ub)

— WV I+ (V) IV ad — (J77 ,u)JoV

= (w7 ;Wi u) — uV.J ;)0 iu,
+ (VY u) V! — (77 udIe0 u

= Vo Widiru,) + (7 u)V*(Jru,)
— (P uVi(lJiru,) + 3w,V 1) ut

= P u DWW U fu,) — IV u,] + 3,V J,0)J77 u

= —(uVV,(J;u,) + (JudV IV u,) + 3@,V ;JJ)T ul
+ W (ud u,) — ViJud, 7 u,) .

On the other hand, making use of (1.1), - - -, (1.5) we easily see that
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Vi V) = Vv,J u) , v JJIeru =0 .

Hence, by Green’s theorem and the obvious fact that F'7(J,’u;) = 0, the theo-
rem is proved.

As a corollary of this theorem, we obtain

Theorem 2.2. The first Betti number of a compact almost Tachibana space
is zero or even.

By virtue of Theorem B and Theorem 2.1, we get

Theorem 2.3. In a compact almost Tachibana space, a necessary and suf-
ficient condition for a 1-form u to be covariant almost analytic is that u be
harmonic.

The author would like to express his hearty thanks to Professors S. Tachi-
bana and Y. Ogawa for their criticisms and advices, and also to the referee for
his suggestions regarding the revision of this paper.
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