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SECOND ORDER CONNECTIONS. 1T

ROBERT H. BOWMAN

1. Introduction

The purpose of this paper is the development of certain implications of the
second order connection, introduced previously by the present writer [1]. If M
is an n-dimensional C* manifold, we show that a linear second order connec-
tion on M determines a “covariant derivative” I’/ on TM, which satisfies the
usual conditions over the ring §'(TM), the vertical lift of the ring F(M) of C~
functions on M. Using the properties of [/, we obtain equations analogous to
those of Gauss and Weingarten, and an analog of the second fundamental form.

If 4, B, C ¢ ¥'(TM), the module of C* vector fields on TM over the ring
&'(TM), then we obtain the maps Tor (4, B) and R(A, B)C which are F'(TM)
multilinear analogs of the torsion and curvature tensors. From the components
of R we obtain equations analogous to those of Gauss and Codazzi, as well as
an additional equation which defines a ‘“‘vertical curvature tensor” on M.
Finally, we obtain an invariant which we call the second order curvature of
M ; this yields as a special case the usual (first order) curvature of M.

2. Preliminary remarks

In this section we will briefly outline the main results of [1] utilized in the
main body of this paper. The notation employed is essentially that of [1] and
[2], with the summation convention employed on lower case Latin indices.

A second order connection on M is a connection on the bundle i/1: *M — M
which naturally induces a (first order) connection on M. If {/1, is the tangent
map of ;//:TM—M, and D is the connection map of the induced connection,
then TTM and consequently 2M may be given a vector bundle structure over
M, such that if HTM and VTM are the horizontal and vertical subbundles of
TTM determined by the vector bundle structure, then

$1,: HTM, — TMz;, ,  D: VIM, — TMy,,

are isomorphisms at each p e TM.
Given a coordinate chart (U, ¢) of M there are determined two sets of bases,
relative to the induced coordinates x®, - - -, x™; x*, - .., x'* on ;[[ (D),

Communicated by K. Yano, August 23, 1971. Partially supported by an Arkansas State
University research grant.



76 ROBERT H. BOWMAN
(1) Xt =9/ox" — I'ix'*g/oxV,  X? = 9/ox"

respectively spanning HTM,, and VTM,, at each p e ;II7'(U). Similarly, there
are two sets of bases

Xt =3/ox" — Ijjoxi, X7 =03/oxtt

spanning the vertical and horizontal subbundles of }/7:* M — M at each x ¢ U.
We call these subbundles the horizontal and vertical bundies over M.

A second order connection on M determines a covariant differentiation of a
section A of 2II: M — M with respect to a vector field X on M. The local form
of this differentiation in terms of local coordinates on M is

(2) D A — Sj aAM + I"QiAOk Xh + éj aA” + l.i AOk + I"li Alk Xl]
X - ax"f Jk i ax°f JOk Jlk i

where X = £%9/0x% and 4 = A"X? + A"X?.

3. The {’-derivative

Theorem 1. A second order linear connection on M determines a C* map
V' X (TM) X X(TM) — X' (TM) such thatif A, B, C ¢ X'(TM) and f ¢ F(TM),
then

D VyB+C=VB+7V,C,

2) Vi sC=V,C+ ViC,

3) 7B = VB,

4) VyfB = (ANB + {V',B.

We call 7’ an §'-derivative.

Proof. Form the map

M, ®D: TTM - TM ® TM .

Since *M ~ TM @ TM, we may regard }/1, @ D as a map of TTM onto *M
which is an isomorphism of TM,, onto M1y, at each p e TM. Suppose that

A, B e X'(TM) and that B* € X/(TM) is the vector field obtained by taking the
horizontal component of B, at each p ¢ TM. If ¢,(¢) is an integral curve of B*
through p e TM, then {11, B! is tangent to ;/I-o,(¢) at ;/I(p). Since I/, D(A)
is a well defined section of }//: *M — M along {11 -a,(0),

Dy 311, @ B(A)
is defined and we take

(3) 734), = G, ® D);'(Digupy il ® D(A)) ,
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where (I, @ 5);1 denotes the inverse of the isomorphism /7, @ D: T™M p—
*Miy). That P34 is C* on TM follows from the fact that o,(#) is C~ as a
function of p. Conditions 1)-4) follow from the fact that if f ¢ F(TM) is the
vertical lift of f ¢ F(M) and B ¢ X'(TM), then {I1,(f'B), = fGI1(p)) /1B, and
(Bf), = GII,. B,)f, together with the local expression (2).

Lemma 1. If pe TM,, then (F;A) depends only on the value of B* at p
and the values of A on TM,,.

Proof. If pe TM, and B e X'(TM), then the integral curve ¢, of B"
through p lies entirely in the zero section TM, of j}II: TM — M. Hence
311, ® D(A) depends only on the values of 4| TM,. That (7;,4), depends only
on the value of B” at p follows from (3).

Since the restriction of jII to TM, is a diffeomorphism {/7: TM, — M, the
restriction of (/1 to T(TM,) is an isomorphism /I, : T(TM,) — TM. Because
the second order connection is linear, the induced first order connection is also.
This means that if we choose a point of M and a coordinate neighborhood
containing it, then the induced local bases for HTM and T(TM,) coincide on
TM,. Thus we may identify the bundle {/7: TM — M with the subbundle
Hl: HTM, — TM,.

If X,YeX(M) and £ e X°(M), the module of vertical vector fields on
TM, ~ M, then we may utilize the above identification and the fact that
Lemma 1 implies that I’/ may be restricted to TM, ~ M to decompose V'Y
and V’.¢ into horizontal and vertical components. Thus using (2) we have, on
™, = M,

(4) VY =DxY + a(X,Y), Vi =Vx§.

Theorem 2. If X, Y e X(M), and & ¢ X*(M), then

1) the horizontal component DY of VY is the usual covariant derivative
of the induced connection,

2) the vertical component a(X,Y) of VY is bilinear over F(M),

3) V:X(M) X X°(M) — X°(M) satisfies the usual conditions (1)-4) of V')
of a covariant derivative over F(M).

Proof. 1) D is obtained by taking the horizontal component of the re-
striction of F’ to horizontal vector fields on TM,. The induced (first order)
covariant derivative may be obtained by taking the horizontal component of
the second order covariant derivative restricted to horizontal vector fields of
I :*M — M. Since 1, D D may be viewed as an identification of TTM | TM,
with *M we see that D is the induced (first order) covariant derivative on M.

2) That « is bilinear over (M) may be seen by noting that since

WY — DyfY = a(X, fY)

and
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ryY + (XY — DY — (XY = f(a(X, Y)) ,
we have
X, 1Y) = fa(X, Y) .
Similarly, we see that
«(fX,Y) = fa(X, Y) .

3) The fact that I satisfies conditions 1)-4) over F(M) follows from the
fact that P’ satisfies these conditions over F(TM), and the fact that if
f’ € §'(TM) then it is the vertical lift of some function f e F(M) with f' | TM, = f
(since TM, =~ M).

In analogy with the equations of Gauss and Weingarten we call « the second
fundamental form of the second order connection, and note that V' represents
covariant differentiation with respect to a connection in the vertical bundle over
M, and that the Weingarten map vanishes identically.

If A, B e X'(TM), we define

(5) Tor (4,B) =V,B — VA — [A, B] .

Theorem 3. The map Tor: X'(TM) X X'(TM) — X'(TM) is skew-sym-
metric and bilinear over F'(TM).

Since Tor is bilinear over §'(TM) but not over F(TM), Tor (4, B), depends
in general on the behavior of 4 and B in a neighborhood of p; however, we
may localize Tor on TM,.

Lemma 2. If A, Be X(TM) are horizontal, and p e TM,, then [A, B],
depends only upon the values of A and B on TM,.

Proof. If (U, ¢) is a coordinate chart at }//(p), then 4 = a’X}, B = b'X?%,
at, bl e F(TM). Thus [A4, Bl, = (@*(X:b)X" + a'bi X2 X" — b/(X2a) X} —
bia'X"X?"), Since p e TM,, (X}), = (3/0x")(p) and thus we have

(6) [4,Bl, = [4|TM,, B|TM,], .
Theorem 4. If pe TM, and A, B ¢ X'(TM) are horizontal, then
Tor (4,, B,) = Tor (4, B), .
Proof. 1If A and B are horizontal vector fields on TM, and (U, ¢) is a co-
ordinate chart at i/1(p), then A|TM, = a'X?|TM,, B|TM, = biX"|TM,
where a?, b7 ¢ F(M). Extend these to the vector fields

A=a'X:, B=0b'X",
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where a*’ and b?" are the vertical lifts of a* and b7 respectively. For p e TM,
we have by Lemmas 1 and 2

Tor (4, B), = Tor (4, B), = Tor (a*X?, b"'X"), = a*b? Tor (X}, X"), ,

and we see that if A or B vanishes at a point p e TM,, then Tor (4, B), = 0.
Hence we may take

(7) Tor (4,, B,) = Tor (4, B), .

Remark. This implies that Tor induces a tensor on TM, ~ M, since the
restriction of F'(TM) to TM, may be identified with F(M).

Theorem 5. If '’ is torsion free (Tor = 0 on TM,), then the induced (first
order) covariant derivative is torsion free and « is symmetric.

Proof. Suppose that X, Y e X(M). Since Tor may be restricted to
TM, = M, it follows that if Tor = 0 and p ¢ TM,, then

Tor (X7 Y)p = (V,XY)p - (V/YX)p - [X, Y]p ’

so that

(DXY)p + (X(X, Y)p - (DYX)p - a(Ya X)p - [Xa Y]p =0.

Thus we see that Tor, (X,Y) = 0 and a(X, Y) = a(Y, X).

Definition. An §’-metric on TM is amap G: ¥ (TM) X X'(TM) — F'(TM)
which is C~, symmetric, positive definite, bilinear over §'(TM), and has the
additional property that if 4, Be X¥/(TM) and p e TM,, then G(4,, B,) =
G(4, B),.

We will say that /"’ is Riemannian with respect to the §’-metric G if on TM,

where X ¢ ¥(M), A, B, C, E ¢ ¥ (TM), and A, B are horizontal.

Theorem 6. If V' is Riemannian with respect to an §'-metric having the
property that horizontal and vertical vectors are orthogonal on TM,, then D is
Riemannian with respect to the induced metric in the horizontal bundle over
TM, = M, V is metric with respect to the induced metric in the vertical bundle,
and a = 0.

Proof. From the definition of an §’-metric it is clear that by restricting G
to horizontal and vertical vector fields on TM, ~ M we obtain metrics on the
horizontal and vertical bundles over M. Suppose that X, Y, Z ¢ X(M) with
extensions A, B, C respectively to horizontal vector fields on a neighborhood
of pe TM,. If V' is Riemannian with respect to the metric G, then on TM,

AG(B,C) = G(V',B,C) + GB,V,C) .
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If p e TM,, then by Lemma 1 and the definition of an §’-metric we have
X,G(Y,Z2) =GWVyY,2), + GY,V%2), .
Thus on TM, ~ M we have
XG(Y,Z) = GDyY + a(X,Y),Z) + GY,DxZ + a(X, 2)) .
Also we see that if & e X°(M), then G(Y, &) = 0 so that
XG(Y,$§) = G(DxY + aX, Y), 8 + G(Y,Vx§) = G(a(X,Y),§) =0,
which implies that « = 0. Thus
XG(Y,Z) = G(DyY,Z) + G(Y,DxZ)

on TM, = M. That Tor,, = 0 follows from Theorem 5. Finally, if &, 7 € X°(M),
then on TM, ~ M

Suppose that the covariant derivative D: X(M) X X(M) — X(M) is Riemann-
ian with respect to the metric g on M, and that the covariant derivative
V:X(M) X X°(M) — X°(M) is metric with respect to the fiber metric 4 in the
vertical bundle over M. If X € X(M), and A is a section of 3/1: ,M — M, then
we define the second order covariant derivative

DxA = DyA" + V xA°®
and the corresponding §’-derivative, using (3),
(9) 73A)p = G, @ D);' (D1 ill A + VigsD(A)
If A, Be X/(TM), and we take
(A, B>, = gCIl Ay, 1 ,B,) + h(D(4,), D(B,)) ,
then ¢ , > is an §’-metric.
Theorem 7. I’ is Riemannian with respect to { , >.

Proof. 1If A, Be ¥(TM) and X ¢ X(M), then we have on TM,

X{A,B) = g(Dx il A,ill B) + Gl A, Dy 1 B)
+ h( xD(4), D(B)) + h(D(A),V xD(B)) ,

since D is Riemannian with respect to g, V/ is metric with respect to s, and
1, (A|TM,), D(A|TM,) are vector fields. Since
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Dy i A = 31,011, @ D) (D M, A + VxD(4)) on TM,
and a similar expression holds for I/, we see that
X{A4,B) = {JxA,B) + {A,V4B>

on TM,. If A,B e X/(TM) are horizontal and have the restrictions X and Y
respectively to TM, ~ M, then for p e TM,

Tor (4,B), = Tor (X,Y), = (DxY — DyX — [X, YD), .

Thus Tor = 0 on TM, since D is Riemannian.
If A, B, C e X¥(TM), we define

(10) R(A,B)C =VF3C — Vl',C — V{45C .
Theorem 8.
R(A,B)C = —R(B,A)C,
and R is §'(TM) multilinear.

Theorem 9. If A, B, Ce X¥/(TM), and A, B are horizontal, then for
peTM,

R(4,,B,)C, = (R(4,B)C), .
Proof. 1In terms of a coordinate chart at ;/I(p) we have

A|TM, = a“X}|TM,,  B|TM, = b%X*|TM, ,
C|TM, = C%X}|TM, + C"X?|TM, ,

where a", b%, C%, C'* ¢ F(M). Extend these to the vector fields
A=a"X!, B=>b"X", C=C¥X4 C¥X?,

where the accent denotes vertical lift. From Lemmas 1 and 2 and the definition
of R we see that for p ¢ TM,, R, depends only upon the values of 4, B, and
C on TM,. Consequently, we have on TM,

R(4, B)C = R(4, B)T = R(a" X", b X")(C** X? + C*'X2)
= @%b C¥R(X®, XM)X! + a® b7 W R(XE, XM)X? .

Thus we see thatif 4, B or C vanishes at a point p € TM,, then (R(4, B)C), =0,
and hence we may take

R(4,, B,)C, = (R(4, B)C), .
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Remark. This implies that R induces a tensor on TM, =~ M, since the
restriction of F'(TM) to TM, =~ M may be identified with F(M).

Using the fact that F/ may be restricted to TM, ~ M we have for
X,Y,ZeX(M)

ViVYZ =V(DyZ + a(Y,Z)) = DyDyZ + Vya(Y,2Z) + a(X,DyZ) ,
(1n ViV%Z = DyDxZ + Vya(X,Z) + a(Y,DxZ) ,
VixviZ = Dix viZ + o([X,Y1,2) .

If D is torsion free, then
DY — DX =[X,Y],
so that
Vix,v1Z = Dix viZ + a(D3Y,Z) — a(DyX, Z) .
Using (11) we see that the horizontal component of R is
(12)  (RX,Y)Z)* = DyDyZ — DyDxZ — Dy yiZ = R(X,Y)Z ,

where R is the curvature of the (first order) induced connection. (12) is analo-
gous to the equation of Gauss. The vertical component of R is

RX,NZ) =Vxa(Y,Z) + a(X,DyZ) — a([X, Y], Z)
—Vya(X,Z) — a(Y,Dx2) .

Taking

Vya(Y,Z) =Vza(Y,Z) — a(DxY,Z) — a(Y,DxZ)
we have in the case where D is torsion free
(13) RX, V2 =VxaY,2) — Vya(X,2),

which is formally the same as the equation of Codazzi. Finally, we have for
§e X (M)

Vﬁr /YE=VXVY$’ /Yfong}’VXEa VEX,Y]§=V[X,Y]$,
and hence
(14) R(X, Y)f = VXVYS - VYVXE - V[X,Y]E = R(X, Y) .

We call R the “vertical curvature tensor” of M.
If {, > is an §-metric on TM, and J’ is Riemannian with respectto {, >,
then we define, for 4, B, C, D ¢ X'(TM),
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(15) R(A,B,C,D) = {A,R(C,D)B) .
Theorem 10. If A, Be X' (TM) and X, Y ¢ X(M), then
R(A4,B,X,Y) = —R(4,B,Y,X), R(4,B,X,Y) = —R(B,4,X,Y) .

Proof. The first of these follows from the skew-symmetry of R(X, Y)B,
and the second from the fact that, since { , > is Riemannian,

XY{A, BY = (V' 7yA, B> + FA, VB> + (VA VB> + (A, V' VB>,
[X9 Y]<As B> = <VEX,Y]A’B> + <A7VEX,Y]B>

on TM, ~ M. Hence

XY —-YX—-[X,Y]=0
= (R(X,Y)A,B> + {(A4,R(X,Y)B> .
Let G(4, B) = (A, AX{B,B) — {4, B)?, and
(16) K(A,B) = R(A4, B, A*, B*)/G(A, B) .
Theorem 11. If pe TM, ~ M and A, B € *M,, then the scalar K(A, B)

depends only upon the hyperplane of *M,, spanned by A and B.
Proof. We see that

K(A,B) = K(B,A) = K(rA,sB) = K(4 + tB,B) .
Thus if ad — cb + 0, then
K(A,B) = K(aA + bB,cA + dB) .

Corollary. If « =0and A, B e X(TM) are horizontal with A|TM, = X,
B|TM, = Y ,then

K(4,B) = K(XY) ,

where K is the curvature of the induced (first order) connection on M.

If XeX(M), let X*e X°(M) denote the vertical vector field having the
property that D(X*) = X. Then to complement the first order or horizontal
curvature K we define the vertical curvature

(17 K(X,Y) = R(X*, Y*,X,Y)/G(X,Y) .
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