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1. Introduction

Let M be a compact oriented C°°-smooth n (—4ra)-dimensional manifold,
and X a smooth vector field on M. Suppose that the vector field X has a set
5 of isolated zero-order zero points. Furthermore, let us assume that we are
given a vector bundle E over M and that the flow, defined by X on M, lifts to
a flow on E. Let Φ(c(Ec)) be a polynomial in Chern classes of the complexifi-
cation Ec of E. Then in certain special cases one can define [1] a singular pair
φφ = (φE, aE) of forms (depending on Φ and E), where aE has S as a set of its
singular points, φE is smooth everywhere, and φE = daE on M — S such that
the residue of this singular pair determines the Chern numbers corresponding
to Φ(c(Ec)), namely,

(1.1) Φ(c(Ec))[M] = Rtsφφ .

This formula can be looked at [5] as a generalization of the classical Hopf
theorem, which says that the Euler characteristic of a manifold is equal to the
number of isolated zero points of a vector field on that manifold—each zero
point taken with appropriate sign. From this point of view formula (1.1) was
derived for various cases (M a complex analytic manifold with X meromorphic
and E a holomorphic vector bundle, and M a riemannian manifold with X as
killing vector field which has a lift to a real vector bundle E) by Baum, Bott,
Cheeger. The case where the set 5 of zero points of X is a collection of sub-
manifolds has also been considered. In all these cases one can assume that Φ
is an arbitrary polynomial in (1.1). The vector fields which have been consid-
ered satisfy obvious elliptic differential equations. The following question
arises: can one obtain formula (1.1) under the assumption that X satisfies
DX = 0 for some elliptic operator DΊ In this case the residue formula (1.1)
can be derived from the general methods of Atiyah and Singer [3] but under
an additional assumption that the 1-parameter group {exp (tX)} is a subgroup
of a compact group. But this fails to be the case even for the holomorphic vector
fields. Therefore it is interesting to find an analogue of (1.1) when the 1-para-
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meter group {exp (tX)} is not necessarily a subgroup of a compact group.
In this paper we consider a compact manifold M together with a first order

elliptic transitive oriented involutive pseudogroup Γ on it. Furthermore we
assume that X is a Γ-vector field with a set S of isolated zero-order zero points
and that the endomorphism Lp of TP(M), defined by the Lie derivative Lx at
p, has the eigenvalues λλ(p), , λn(p) at all points p e S. Let Tc be the com-
plexified tangent bundle T(M), and c(Tc) = ΠΓ=i (1 + J«) the formal factoriza-
tion of the total Chern class. Then we can express the /-th Chern class Cj(Tc)
as an elementary symmetric function of the y/s, and we define the polynomial
φ t o e a c h Φ b y t h e r e l a t i o n Φ(c(Jc)) = Φ ( c x ( T c ) , , c t { T c ) ) = φ(yί9 • - , y n ) ,
2/ = n. In this case (1.1) reads (Theorem 7.1):

(1.2)

where εp = sign det (1 — eLp).
Since Φ can not be arbitrary in formula (1.2), Φ(c(Γc)) has to be the index

cocycle of the (elliptic complex) resolution of the sheaf of germs of /"-vector
fields, so that the denominator (λ^p)- -λn(p))~1/2 can be interpreted as a resi-
due of certain cohomology class (Theorem 5.1); this theorem is a generaliza-
tion of similar residue formula of Bott for holomorphic vector field on a com-
plex manifold.

2. Resolution of the sheaf of Γ vector fields

Let M be an n-dimensional (n = 2l = Am) C°°-smooth manifold with a transi-
tive Λ -th order pseudogroup Γ on it. For all basic definitions and fundamental
properties, concerning pseudogroups and related operators, we refer to [6], [7],
[9]. A vector field Y on M is called a .Γ-vector field if the one-parameter group
of transformations {exp (tY)} belongs to Γ. The vector bundle of r-jets, r > 0,
of all Γ vector fields on M will be denoted by Rr. Rr is a subbundle of the
bundle of r-jets of sections of the tangent bundle T = T{M). There is a well
defined differential operator of order k on T, namely,

(2.1) Fk: T->Jk(T)/Rk .

This operator factors through Jk(T) so that Vk = dk j k , where /'* is the opera-
tor which takes a section into its Λ -jet, and dk is a bundle map. Obviously
Rk = ker dk. If the operator Vk is involutive we say that the pseudogroup Γ is
an involutive pseudogroup. Let us denote by Vr the typical fibre of the vector
bundle Rr and by G r + 1 its structure group. The principal G r+1-bundle associ-
ated with Rr will be denoted by P r + 1 —> M. The group G r + 1 being the structure
group of Rr is in fact a subgroup of GL(dim Vr, R). On the other hand, G r + 1

is isomorphic to the group of (r + l)-jets of all transformations of Γ preserving
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a fixed point 0 e M. The jet projection gives a surjective map Gr —> Gs —• 1,
r > s. We shall denote by π: Rr —> i? s the jet projection, r > ,?. In each con-
jugacy class of the maximal compact subgroups of G r , r > 0, one can choose
a group # r such that the surjective map Gr —> G s, r > .s , carries // r into //5.
In fact we have the following proposition.

Proposition 2.1. The jet projection Gr —> Gs induces the isomorphism

(2.2) pζ:Hr~>Hs, r > s > 1 .

Proof. First, let us show that the map p\ is injective. Suppose that there is
a nonzero element kf e ker pi a Hr (Z Gr. Then there exists φε Γ, φ(0) = 0,
such that jlφ = k', where /J is the r-jet of φ at 0. Let us choose local coordinates
(JC1, ,xn) in a neighborhood U of 0. Then 0 has the components ^ =
φj(x\ ,Λ:n), / = 1, ,/ι. If we denote by φ{1...it the partial derivative
Qφ/dX**- .3JC« ) ( 0 ) , then kf has coordinates (0, δ{, φ{lί2, , ̂ , . . ί r ) /, iΊ, ,
ir = 1, , n where 3/ is the Kronecker symbol.

From the composition of jets it follows that kn — kf-kf has local coordinates

(o,δi,2φili2,2φilί2ί3 + Σφihφ
ι

ili3 + Σφi^, - • o .

By induction we get the local coordinates (0, δ{,N-φili2, •) for &W.
Now we consider the image of ker p{ in the euclidean space of sufficiently

high dimension under the mapping which sends k' to the point with coordinates
(0, δ{9 φ{lU, , φi1...ir). This mapping being continuous and bijective guaran-
tees that the image of ker p[ is closed and bounded. But this is possible only
if φix.m.u = 0, 2 < s < r. This proves that p{ is injective. Surjectivity of the
map p{ follows from the fact that Hr is a maximal compact subgroup.

Definition 2.1. The pseudogroup Γ is oriented if the vector bundle Rr is
an oriented vector bundle for r > 0.

From now on we assume that Γ is oriented. Then the structure group G r + 1

of Rr can be reduced to the maximal compact subgroup Hr.
Moreover, by the Proposition 2.1, the bundle Rr, r > 1, has Hλ as its struc-

ture group. Let us denote by πx: PHl —> BHl the Stiefel H r bundle
SO(N)/SO(N - ή) over the Grassmann manifold SO(N)/(SO(N — n) x Hλ)
for some fixed sufficiently large N.

From the universal bundle theorem and the above proposition, it follows
that the bundles Rr and Ro = T, gr+1 = kernel of the jet projection Rr+1-^Rr,
are pull backs by certain map /: M —> BHl of the vector bundles

Er = PHlχHlVr, r > 0 ,

(2.3) Λ = Eo ,

Kr+1 = PHl X Hl Vr

r

+1 , F Γ 1 = ker ( F r + 1 -> F r ) , r > 0/y
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over BHl. In other words there exists a smooth map / such that Rr =
gr+ϊ = /*^r+i> T ^ f*A, where = stands for bundle equivalence. Moreover,
if we denote by P(#i) the reduction of the structure group of P1 to H19 we have
also P(Hλ) s f*PBι.

Let T* be the cotangent bundle of M. We define a vector bundle morphism

(2.4) δ:Sr+1T*-+T*®SrT* ,

as the composition of bundle maps

where 5 rΓ* stands for the r-th symmetric product of Γ*. Then for any vector
bundle F over M the map d extends to a vector bundle morphism

(2.5) δ: /\ ^ * ® Sr+1^* ΘF-> /\τ*® $rT* ® ^

by sending ί (x) 5 ® / into ( — l)-7"^ (x) ̂ (5 ) (x) /. Notice that a bundle map δ is
well defined if in formula (2.5) we replace Γ* by any vector bundle.

From the construction it follows that gr+1 is a subbundle of S r + 1T* (x) T. It

can be shown [6] that δ(/\ Γ* ® gr+1) c Λ τ * ® £r> r > 0, and in fact that,
for the λ -th order involutive pseudogroup Γ, the sequence

(2.6) 0 > gk+n -^-> T* ® ft^., Λ . . ' Λ Λ T * ® ^ - > 0

is exact.
Because we shall use the explicit structure of the vector bundles to enter

Spencer's resolution of the sheaf Θ of germs of .Γ-vector fields on M, we now
present the construction in the form which is convenient for our purposes. Let
A* be the dual of A, Then there is a bundle map

(2.7) δ: J/\ A* ® Kr+1 -> Λ A* ® Kr , 1 < / < n, 0 < r ,

which can also be defined formally as

(AcXβx Λ Λ aj) = Σ ( - D M ^ i Λ Λ ^ Λ Λ aja,
5 = 1

for any K € / \ ^4* ® Kr+1 and β1? , as e ̂ 4.
The dot operation is induced in an obvious way by restricting to the sub-

bundle /\ A* x Kr+1 the map
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J/\A* X Sr+ίA* x A-> j\A* x SrA* x A ,

which comes from the map

A* x X/4* xA* x xA* xA -+A*χ χ^4*χ^4*χ χA*χA .

" T^i r+l j r

Proposition 2.2. // Γ is a transitive elliptic involutive pseudogroup of order
k, and ^{^ —> BHl, 0 < 1 < n, are the vector bundles defined by

i i-1

then there exists an exact sequence of sheaves

where

e D'Λ1 are first order differential operators.
Proof. For the construction of sequence (2.9) see [6] the exactness of this

sequence follows from the third fundamental theorem (see [7]).

3. Algebraic structure of C\_λ

The Lie bracket [ , ] on the vector fields on M defines a bilinear map
Rr X JRr —• Rr_19 r > 0, which we will denote by I , ] . It can be explicitely
described as follows: Let σl9 σ2 be elements of Rr | q, q e M. Then there are Γ-
vector fields A1 and A2 on M such that σt = ]r

qAu i = 1, 2. Thus [σ15σ2]] =
— / J " 1 ^ ! , ^42]. There is an obvious extension of the operation to the i?r-valued

V

differential forms. Let us denote by R? the bundle /\ Γ* ® Rr. The extension
of I , 1 is the operation (which we continue to denote by the same symbol)
as a bilinear mapping R? x R« —> R^ such that for pi = ax X σi9 ί = 1, 2,
lE î,/o2]l = #1 Λ α 2 ® [o u ^ l Therefore [ , J defines on the projective limit
R* = lim R*, R* = ® R? a structure of graded Lie algebra.

The vector bundles Cj._15 r > k, from resolution (2.9) can be interpreted
as bundles of derivations of degree / of the exterior algebra of differential forms
on P r + 1 . Each element u e C\_λ can be represented by a pair u — (σ, ξ) with
σ 6 2?j.-i a n d ξ = dσ — Dσr, where σr € R). with projection ττ(σr) = σ, and D is
the canonical first order operator from R\ to 2?J£i, [9]. The anti-commutator
α fc — ft a gives a bracket operation on derivations of the exterior algebra on
P r + 1 , which induces a bracket [ , ] on C*_j•= 0 C\_x and defines a structure
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of graded Lie algebra on Cf_v There is a surjective bundle map #: Ri —> C\_x

and an operation [ , ] : R* x Rq -> jR£+« such that for Pl9 p2 e R*, [%p19 #p2] =
#[ft>ftL [8]. The operations [ , I and [ , ] give on R* two graded Lie alge-
bra structures, and are related in a simple way. Let us denote by π the projec-
tion JR* -> Rf, and, for any σeRl and τ e Ri, define Dπσ τ = Dτ 7\ πσ +
(— l)^Z)(r A τr<τ). Then there is the formula

for] 0 . . T (

+ ( 1 ) ^ ^ A τr(Dτ) - (-l)«r A π(Dσ) .

Thus we obtain another Lie algebra structure on R*: Rfx Rq

r -> R?+Q, which
is denoted by the bracket [ , ] and can be defined by the formula

(3.2) [<7,r] = D M r - (-l)p2Dπτ σ + |>, r j , σ 6 JR£, τ € Rί .

The following two propositions follow, by a direct computation, from the defi-
nitions.

Proposition 3.1. For any σ € R°r, τ <εRq

r and any real-valued junction f,

(3.3) [<7,/r] =(df)τππσ + f[σ,τ] .

From (3.3) it follows in particular that if X is a /"-vector field on M with a
zero point /?, then for any σ e Rq and any real valued function / we have
\JrX,fσ](p) = j{p)\jrX,σ~\. Therefore the resolution of the operator Lx\ R*
—> Rq

r, given by

(3.4) LΣ = [;rZ, ] ,

to the fibre of Rq over a zero point of X is an endomorphism of the fibre.
Notice that the endomorphism LΣ is well defined by (3.4) for r > 0, and can
be described even more explicitly.

Proposition 3.2. Let X be a Γ-vector field which is zero at a point p on
M, and let a — jrY for some Γ-vector field Y\ Then

(3.5) (Lxσ)(p) = rp[X, Y] .

Proof. Follows directly from the fact that (Lzfσ)(p) = f(p)(Lxσ)(p) and
from the definition of the "ordinary" bracket [ , ] on vector fields.

Remarks. 1. All the Lie algebra structures defined here on R*, r > k,
are of course well defined already for r > 0.

2. The operator Lx given by (3.4) has a natural extension to f\ T* (x) Rr,
which is given as an operator

(3.6) LX=:LX® 1 + l(x)L x ,
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where Lx stands for the Lie derivative along X. We shall use the notation Lx

also for the extension Lx, unless there could arise some misunderstanding.

4. Singular forms

In this section we use the ideas of the paper [1] in order to relate the singu-
lar differential forms on the manifold M to the cohomology H*(M, R).

Definition 4.1. We call an r-pair (Θ, θ) of forms on M, r > 0, a pair con-
sisting of a smooth (r — l)-form θ, defined on M except a nowhere dense set
e(θ), and an extension Θ of dθ to M — e(β), ei&) being a subset of e(θ). For
r — 0, putting θ = 0 we have e(0) = 0. The sets e(Θ) and e(θ) lie on smooth
locally finite polyhedra of dimensions <n — r — 1 and n — r respectively.

A singular r-chain c on M with real coefficients is said to be admissible for
the r-pair (Θ,θ), if the support \c\ of c has zero intersection with e(θ), and the
support I dc I of the boundary dc of c does not intersect e(θ). Then we define
the residue of (θ, θ) with respect to an admissible r-chain c as the number

(4.1) R[(θ,θ),c] = J θ - jθ .
dc

There can be defined an equivalence relation in the set of all r-pairs on M.
The r-pairs (Θ15 Θx) and (Θ2, θ2) are equivalent if R[(ΘX, θλ), c] = R[(Θ2i θ2), c] for
each r-chain c which is admissible for both pairs. The set of equivalence classes
[Θ, θ] of the r-pairs (Θ, θ) form an ^-module Cr(M, R), r > 0. Define the ex-
terior differential d to be the operation

d: Cr(M,R)->Cr+1(M,R)

given by

d&θ,θ]) = [0,Θ] .

It is immediate that d-d = 0. The kernel of the homomorphism is given by

Zr(M, R) = |[Θ, θ] I for any representation (Θ, θ),

j r + 1 i

If we denote by jf(M9 R) the cohomology algebra of r-pairs, and /?(M, R) the
real cohomology algebra, one prove

Proposition 4.1 [1] Let M be a manifold. Then there is a canonical iso-
morphism

(4.2)
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Let (Θ, θ) be an r-pair, which represents a singular r-cycle [Θ, θ] e Zr(M, R)
and therefore the cohomology class γ of Hr(M, R) via the isomorphism (4.2).
We shall talk about the residue of γ defined by

(4.3) Resγ = R[(θ,θ),c]

for an admissible r-chain c. We also refer to Res γ as to the characteristic num-
ber of γ.

5. Characteristic numbers associated with a vector field

In this section we define the important representatives for certain cohomology
classes in the top cohomology Hn(M, R). Suppose that we are given a Γ-vector
field X on M with the set S of isolated zeros of order 0. It turns out that such
a vector field defines in a natural way a characteristic class a(X) € Hn(M, R),
and that the characteristic number of a(X) is computable in terms of the eigen-
values of the Lie derivative Lx on T(M), restricted to 5.

Because over M = M — S we have a nonvanishing vector field X, the
anihilator X* of X is a well defined subbundle of 1-forms A\M) over M. Then
there is an exact sequence

(5.1) 0 -+ X* -> A\M) -> X* -> 0 .

Now we show that there is a representative π of the class X* in Λ\M) such
that the following theorem holds.

Theorem 5.1. Let X be a vector field {not necessarily a Γ-vector field) on
an oriented manifold M with the set S of N isolated zero points, where X
vanishes up to order zero and the endomorphisms of TV(M), p e S, given by
the Lie derivative Lx have eigenvalues λ^ip), , λn(p). Then there exists a
1-form π on M, with singularities at the points of S, which is a representative
for the class X* in A1(M) such that via the isomorphism (4.2)

[dπ Λ Λ dπ, π Λ dπ Λ Λ dπ\

represents the cohomology class a(X) e Hn(M, R), and

(5.2) RescKX) = Σ (UP)' 'λn(p))-1/2-(2ι-Kl - 1)! Nk(n)) ,

where k(n) is a constant which does not depend on X.
Proof. There are a neighborhood Up of a point p e S and a coordinate

system (x19 , xn) in Up such that the modulo terms which vanish at least up
to the second order are
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X\ Up ~ Σ hxβ/dxt , λi = λt(p) , 1 < i < n .

Then there are functions At such that

Assume that the neighborhoods Up, p eS, are mutually disjoint. Let there be
a riemannian metric on M such that the inner product ( , ) on T(M) \ Up is
given by the formulas

(5.3) (β/dχi9 d/dxj) = δij9 1 < ί, j < n .

In the neighborhood Up, define the new inner product [ , ] by

(5.4) [d/dXi, d/dxj] = (AiAJ-Kd/dXi, d/dxj)

and the endomorphism Λv: T(M) \ Up -> T(M) \ Up by

(5.5) • ,v/d* 2 α = -αα_Aβ)-1/2Λ+Λ1i<1-
13/3jc2β_1,

'. Now let us define a 1-form τrp over

(5.6) πp = [Ap(X),

There exist a smooth function φp and a closed neighborhood Vp C C/p of the
point p such that ^ = 1 on Vp and ^ Ξ 0 on M - C/p. Then define

(5.7) 7Γ = Σ 0p*p

This 1-form is obviously singular at all points of S. But it turns out that the
rc-form d(π Λ dπ A Λ dπ) can be smoothly extended across the singular
points, as follows from the observation: On Up

AP(X) = Σ

= Σ
l

[AP(X), ]= Σ\
a = 0

and due to [X, X] = Σ M2 w e 8 e t
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and finally the formula

In \l

Σ A) πP Λ dπp A Λ dπpu=i /

z μ i ; Σ ( - l ) ί + 1 J t ^ J C 1 Λ ••• Λ ώ , Λ ••• A d x n .

Now it is just a matter of direct computation to check that actually
d(πp A dπp A Λ dπp) = 0.

Let us denote by Bε(p) the ball with the center p and radius ε, B6(p) C Up9

and let its boundary dBε(p) be oriented consistently with the orientation of M.
If we denote by k(n) the area of the unit (n — l)-sphere in M with center in
p e S, then we get from [1] that

(5.8) f Σ (- l ) ί + 1 *<(Σ X)] ldx1 A - AdXi A •- Adxn= +k(n)
J i = l \j = l I

for all small ε. Therefore without any restriction we can assume that
Bε(p) C Vp. If we choose such a ball for all p € S, then Bε = UP€5 ^«(P) *s a

singular «-chain on M with the orientation given by the orientation of M, and
the residue of the w-pair (dπ A dπ A Λ dπ, π A dπ A A dπ) with
respect to Be can be computed. We see that

I dπ A Λ dπ — j π A dπ A Λ dπ
Bε dBε

= — Σ Γ TΓp Λ 6?7Γp Λ Λ ^ π p

3

x ι "" dBε(p)

dxx A A dXi A Λ ***„

= 2^-^/ - l ) ! Nit(n) Σ (UP) - - *n(p))-1/2

6. Topological index

In this section we give an explicit formula for the Euler characteristic χ(M, Θ)
which can be looked at as a topological index of certain elliptic differential
operator associated to the given elliptic pseudogroup Γ o n a compact oriented
manifold M. To be more specific let us put a riemannian metric along the
fibres of the vector bundles T = T(M) and Rk corresponding to the chosen
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reduction of the structure group Gλ to Hv This induces a metric along the fibres
of C[_λ and the global product by its integral. Let D* be the adjoint operator
to D with respect to this global product. Then there is an operator

S=0 S=0

on M. This operator can be extended to the complexification

1-1 ll-l
77 v~i f2s (Ό\ (~* 4% I \~* Q£2s (<?N

Γ — 2_ι ^jfc-i ^> ^ — /
s = 0

as the operator (D + D*) ® id. We shall write briefly

(6.3) D + D*:E-*F ,

and denote by its symbol σ(D + D*). Then we have the Thorn isomorphism

(6.4) 0 # : H%M, Q) -> W+n(B(M), S(M) Q) .

Because the pseudogroup is elliptic, it can be shown that D + D* is an elliptic
operator, and therefore the symbol σ(D + D*) is an injective map from π*E
to τr*F. It has to be pointed out that the homotopy class of the isomorphism
σ(D + D*) does not depend on the choice of the riemannian metric. Then there
is a unique element in the relative X-group

d(π*E, ;r*F, σ(D + D*)) 6 K(B(M), σ(M)) .

If we denote by td T the Todd class of T = T (x) C, and by ch: K(X, Y) -*
#*(X, y β) the Chern character, then the topological index it(D + D*) of
the operator D + D* is defined as the value of the cohomology class

φlι ch (d(π*E, ττ*F, σ(D + £>*))• td T = φ*1 ch (D + D*) td Γ

on the fundamental cycle [M] of the oriented compact manifold M. In order
to get an explicit formula we simplify the expression for ch (D + Z)*). The first
step is done in

Proposition 6.1 [9]. Let E and F be the vector bundles over BHl defined
by (6.2), and let e(A) be the Euler class of the vector bundle A —• BHl. Then

φϊ ch (D + D*) = 0;1 ch (d(π*E9 π*F, σ(D + D*)))

(6.5) =f^chE

We need a little more than just the universality of the symbol σ(D + D*)
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required in the previous proposition in order to get more explicit formula for
the right hand side of (6.5). Let us look at the symbol σ(D) itself. Denote by
V = Fo the real ^-module, and by B\ Lt the typical fibres of #J_ι ® C and
Kk+ι ® C respectively. If we take A*, ^{^ ® C instead of T* and F in formula
(2.5), restrict to a fibre and take / = 1 we get the /7Γmorphism

(6.6) δ: S r + 1F* ® B* -> S rF* ® F* ® Bι ,

r > 0, 0 < / < n. This map, composed with the symbol

(6.7) σ(D): F* ® 5* -^ 5 i + 1 , 0 < / < n ,

gives

(6.8) τ\ = (1®<7(£>)).3: 5 r + 1 F* ® B* -> 5 r F* ® 5 ί + 1 .

The injection

(6.9) iι: Lι^SιV*®B°

(B° = Ffc ® C), r > 1, is obviously also an # Γ map. Notice that i1 = <5. From
the general theory [6] it follows that sequence (2.9) is formally exact, so that
for any I > 1 we have the sequence

t o

which is exact at Rk+t for / > 1 and at Λ-iίC^j) for / > / + 1, 0 < i < r — 1.
The bundle maps Pi^iD1"1) are defined by the commutative diagram

(6.11) U-M U-i

r1-1 D ι l v cι

W - l • ^ * - l

where we write Όι instead D to make clear on which space the operator acts.
The commutative diagram

(6.12) U(D*) \Pι(D*)

0 _> SιT* (g) CJi\ -> /,(Ci+_l)

defines a bundle map
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(6.13) (ji(D*): Sι+1T* ® C\_x -> SιT* ® Q+l

for 0 < i < n - 1, 0 < /, σo(D*) = σ(D), such that σ^D1) = (1
Therefore by restricting to a fibre we get

(6.14)

and from (6.10) and (6.12) we have the exact sequence of vector bundles

( 6 1 5 ) o _ * gk+ι

where ? is an inclusion for / > 1 and iι = δ. Now let us consider the com-
plexification of all the vector bundles in (6.15) with the obvious extension of
the operators so that the new sequence remains exact, i.e.,

(6.16) 0 — > gk+ι (g) C - ί U SιT*

If we restrict this complex extension to the origin 0 € M and use the notation
(6.6), we get an exact sequence of vector spaces, with all the maps being Hr

maps,

0 > U _ϊί-> SιV* ® B° -!ϋ-> S'-1^* ® 5 1 —

Br

All the bundles in sequence (6.15) are associated to the principal # Γ bundle
P^H^ -• M. The complexification of these vector bundles is associated to the
principal bundle Pξ = Pζ{H^) -> M, which is the Λ-extension of Λ(#i) and is
given as follows: Because Hλ is a subgroup of 5O(«) let us consider the natu-
ral homomorphism

h: SO(ή)-> U(n) .

This gives a map

and P ^ is then given by this homomorphism from P^H^ up to the equivalence.
Let us denote the Λ-extension of PHχ by PG

Hl -> BHl. We can certainly find the
representatives in the equivalence classes so that the classifying map / for the
real principal bundle Pλ gives



38 B. CENKL

(6.18) f~ψG

Hi = pc ,

where Pj^ is the Λ-extension of PHl.
Now the complexification of (6.15) is the exact sequence

(6.19) ° > P°XH*LI —^ Pfx^S'V* ® f?° >

and it is the pull beck, by /, of the exact sequence of vector bundles over BHχ9

μ

(6.20) > HlXHl ι >

Notice that P%xxHιS
ιV* ® Br = SU* ® (#£_! ® C), and Hλ acts on SZF* ® Br

by the representation /j^ ® h(H^). If we denote briefly ^ _ x ® C by ^ r , rji*
simply by τι~* and PC

HXXHJ-Ί by J2Ί, we can summerize our results in the fol-
lowing form:

Proposition 6.2.

Γ\ ^ (V? ^ c»ϊ A% |O\ (^0 v Cl — 1 λ% /O\ C/?\ ^

(6.21) ' ^_r

is an exact sequence of vector bundles over BHl9 for l>ί,0<r<L The pull
beck of this sequence, by the classifying map /, is the complexification (6.19)

It is important to remember that while J2?z's and #*'s are complex vector
bundles over BHl, the vector bundles SιA* are real and ® stands for ® Λ .

Lemma 6.1. There are polynomials Pj,0 < j <n,Po= + 1 , in the Chern

characters of the vector bundles A*, , f\ A* such that

(6.22) ch E - ch F = Σ ch &r Pn_j + ch #°- (Pw - 1) .

Proof. From (6.21) we get, for / = r, an exact sequence with the last map
τ°: A* ® <^Pί"1 —* # ι surjective and with all maps bundle morphisms. Then we
can compute ch tfι in terms of ch J2f, and ch (5 ί -M* ® «Ό, 0 < i < /, from
the formula

ch &ι — ch (SιA* ® ^°) + ch (S ι"U* ® ^ ) — + (— I)1'1 ch <gι = 0 .

Furthermore, we have
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ch (Sι-*A* ® C) ch if' - ch ((S ι"U* ® C) ® «")

= ch ((S*-*/4* 0 S1" M*) (x) #*) = 2 ch (S1

observing that S'"Vi* ® C is isomorphic to S'-M* Θ Sι-*A*. This gives

ch V1 = ^"^{2 ch J ^ - ch (SιΛl* (g) C) ch ^° -
(6.23) 2

+ (- l ) i ch(/4*®C) ch^- 1 } .

From the defining equation (2.5) of δ follows the exactness of the sequence

0 _> S U * ® C -> S*-U* ® C -> .(6.24) i-i i

-* Λ * ® (Λ ^4* ® O -> Λ ^* ® c -> o .

Moreover, an inductive procedure gives ch (S ι"M* ® C) in terms of

ch (/\ /4* ® C), / — i > j . This together with (6.23) and the definition of E,
F gives the formula (6.22).

Remark. A direct computation shows that

A*®C) - ich(Λ

ch (Λ A* ® C) {ch 04* ® C)}2 + i jch(Λ A*

7. Fixed point formula for a nondegenerate /"-vector field X

Suppose that X is a Γ-vector field with isolated zeros. Furthermore assume
that Γ has the degree k = 1, and that the Lie derivative <£x in the direction
of X, as an operator on the tensor bundles over M, restricted to the zero point
of X is a nonsingular endomorphism of the fibre. In that case we say that X
is nondegenerate, and only nondegenerate .Γ-vector field X with a set S of
isolated zeros will be considered. The vector field X generates a 1-parameter
group {ft} of transformations ft = exp ίX. The following two propositions show
that all the assumptions on the transformations ft: M -> M are satisfied for the
Atiyah-Bott fixed point theorem to be applicable to this situation. From Prop-
osition 2.2 follows that the vector bundles C\_λ in resolution (2.10) can be
given by
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(7.1) CJ = (Λ Γ* <8> RMA T* ® &) .

The differential of the transformation ft maps Γ vector fields into Γ vector fields.
Hence there is an induced bundle map of Rr, r > k, into itself, covering the
transformation ft. Because gr+1 is the kernel of the projection Rr+1-+Rr9

the induced transformation on Rr+1 maps gr+1 into itself. Furthermore from the
definition (2.5) of δ it follows that the induced transformation commutes with δ.
Therefore ft has a natural lifting

(7.2) Φl f 'CU-tCU, 0<i<n.

If Γft: Cj._i —> ]ϊλC\-\ is the natural transformation of sections of C\_x into the
sections of the induced bundle / ^ C J L I we define an endomorphism

(7.3) T\ = T(ft,φl) = φi Γft: CU -> CU .

We denote by the same symbol the mapping induced on sheaves of germs of
smooth sections.

Proposition 7.1. The first order operator D: C\_λ -» Cl+_\ commutes with
T\, in other words,

(7.4) Ti+1D = DT\ .

Proof. First of all observe that the map Ί\ can be lifted, in an obvious
way, to a map

T\: λτ*®Rk-»ΛT*®Rk

such that Ti(δ(/\ Γ* (x) gk+1))d /\ Γ* g) gk, and that it commutes with the
i

projection p: f\ T* (g) Rk -> Cι

k_λ. Since Ί\ is a composition of two maps,
namely, the natural transformation and the lifting of ft, the commutativity of
the natural transformation with D is obvious. The lifting of ft commutes with
D because D is essentially the sum of two operators, namely, ordinary differ-
ential and δ, which commute with the lifting. Proof of this point is done by
direct computation, using the explicit description of D in [8]. q.e.d.

From now on let us restrict ourselves to the case k = 1. We shall use much
finer description of the lifting φ\: fllC\ —• Cj, 0 < / < n. For this reason we
look at the structure of Cj more closely. The basic observation is that once a
splitting λ of the exact sequence

(7.5) θ-^-^^iίo-0

is chosen, there is an isomorphism [9]

(7.6) c: d -> (A Γ* ® #o) θ ί(Λ Γ*
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Proposition 7.2. A splitting λ of the exact sequence (7.5) can be chosen in
such a way that, when restricted to the fibres over the zero points of X, it
commutes with the transformations induced by the 1-parameter group {/J.

Proof. Let (x1, , xn) be the coordinates of a point x in a neighborhood
U of a zero point p of X, and Y15 , Yn be nonvanishing /"-vector fields on
U. Then define a splitting ^ : RQ \ U -> Λx | £/ by

(7.7) VY,) - jΎt .

By a direct computation it is easy to see that λΌ commutes with ft over the
whole U.

Let U = {t/J be a covering of M such that for each zero point p of X there
is a neighborhood WQ?) C Uip, Uip being the open set of the covering U,
W(p) Π Ut = 0, / =£ /p JF(p) Π W(q) = 0 for p Φ q. This can be done because
S is the set of isolated points. Consider now a partition of unity {φi} associated
to such U. It λi is the splitting over Ui9 defined by (7.7), then λ = Σφiλi splits
(7.5) and commutes with ft on some V(p) c W(p). Therefore the induced trans-
formation Rx(p) on R0(p) commutes with λ also.

Corollary. There exists an isomorphism (7.6) commuting with the natural
liftings of ft over the set S of zero points of X.

Let us denote by

(7.8) (T*)*: H%M, θ) -> H%M, θ)

the endomorphism induced by T\ and by the Jacobian Jp(ft) of ft. The Atiyah-
Bott fixed point theorem gives the formula

(7.9) Σ Σ (-1) 4 trace (Γ{)* = Σ Σ ( ~ D
*=ov | d e t ( l - / p ( / t ) ) |

Similarly as in the previous section we can give a more explicit form to the right
hand site by considering the special situation arising from the given /^-structure
on M.

The lifting φ\ (7.2) is an operator on (/\ Γ* <g) Ro) 0 δ(/\ Γ* <g) ̂  up to
the isomorphism (7.6). Let us denote by π19 π2 the projections of this vector
bundle onto the components, and define the operators (over V(p)—see the proof
of Proposition 7.2)

<** = cφΐf^rW A τ * ® ̂ o V(p) -> Λ r * ® ̂ o V(p) ,
(7.10)

βί = iφί

tfΐ
ιc~1π2: δ(f\ T* (x) gx) V(p) —+ δ(/\ T* ® ^i) V(p) .

Then
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(7.11) trace φ\{p) = trace a%p) + trace βl(p) .

Trace aj(p) is easy to compute because

so that

(7.12) trace a\(p) = trace A ft(p) trace ft(p)* .

From the exact sequence of vector bundles (2.6)

by inductive procedure it follows that

(7.13) trace β\(p) = £ (-Vk trace /\*/? trace /*+1 ,
Jfc=0

where /J+ 1: ^rΛ+1 —• gk+1 is induced by / ί ? /?(/?) = /,(?)#. This shows that

Σ ( - D * trace φ\{p) = Σ ( - D * (trace A /f(p) trace fi(p)

+ Σ Q ( - Dfc trace /\*/f (p) trace /f+XJ .

The Lie derivative Lx in the direction Z induces on the fibre TP(M), p e S,
nonsingular endomorphism Lp = LX\TP(M) given in (3.4). Then a direct
computation shows that ft\p) = exp tLp, and ft* = exp tLp*. Denote by Lk

p

+ι

the transformation induced by Lx on the fibre gk+1(p) defined by (3.4). Then
fk+1(p) = exp tLk

p

+1. Assume furthermore that Lp has, for each p e S, n non-
vanishing eigenvalues λλ{p), , λn(p). If there is no danger of confusion we
shall write simply λ19 , λn. In a suitable local coordinate system around p the
endomorphism Lp is represented by a matrix with the only nonzero elements
λl9 , λn in the diagonal. These observations make it possible to give the
Lefschetz number (7.9) in a more explicit form

Lemma 7.1. The Euler characteristic

χ(M,Θ) = Σ e, , / Σ (-D1

P€S det (1 — e p) i=o
(7.14)

trΛ

Σ (-l)*tr%/\etL>.tieίLk>+1\
k = 0 J

constant term)
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where εp = sign det (1 — etL*).
It turns out that we can get formally similar expression for the topological

index it(D + D*). Notice, first of all, that the isomorphism t in (7.6) extends
tothe complexification of the bundles involved. Identify C\®C with the -̂iso-

morphic bundle (ΛT*(8)i? 0 )(g)CΘ^(Λ^®^i)® C. Then recall that there
are bundles #*, i > 0, <£?,, / > 1, and A over BHl such that Q®C = ]~X(€\
i>0,gj®C = f-i&j, / > 1, and T = f~lA. Then from (7.6) we see that
(6.22) has the form

chE-chF- Σ(-l)*chC*
ί = l

= Σ (-1)' {ch (A A* ® in + ch δ(/\ A*

The complexification of the δ-sequence

0 — > i f i + 1 - i > ^ * ® JSP, - ^ • -1+ Λ ^ 2

gives

i) = Σ (-D*
Λ; = 0

J2? i + 1 ,

because (/\ ^4*) ® C = /\ (A* ® C). Then the topological index it(D + £)*)
= 2χ(M,θ) = χ(M,θ c), where

0 > Θc > σ®C - ^ > C ® C ^ > -̂> CB ® C > 0 ,

is given by the formula

itφ + D*) = f** ltd (A ® C) c h £ - c h f l [ M ]I e(/l) J

(7.15) = 1 / * * \ t d ( A ® C ) Σ (~l)*(ch A 04* ® C) ch

+ Σ ( - D * ch Λ* (A* ® C) ch J2?ί+1)|

If we denote the weights of the real # rmodule V by xl9 , jct, then
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td(4 (8) O = Π Λ ~~Xί

 Λ

 Xi— , e(A) = Xι.. .Xι .
ί=i 1 — e x i 1 — e**

The complexified Hrmodule V (x) C has weights ± * i , , ± * ι , so that

ch Λ U* ® O =* Σ e±Xί^'"±Xir .
l<il< <ir<ί

Because C° = /I (x) C, we get

ch C° = Σ e±Xi .
i = l

Finally if ±w19 , ±>vs are the weights of the ̂ -module Lk+19 we have

ch J2P4+1 = Σ e*«* ,
i = l

where the weights wt are polynomials in the jt/s. See, for example, [4].
Let us write, for a moment, JC€ instead +jc ί, and jc4+i instead — Xi, for z =

1, •••,/. Plain substitution of all these expressions into the right hand side of
(7.15) shows that there is a polynomial g(jr15 ••• ,jcn) in the indeterminates

Xl9 , xn such that

= 1/**
2

Then from Proposition 6.1 it follows that there are polynomials Qk(Xl9 , xn)
of degree k > 0 such that

A; = 0

Finally, we get

(7.16) /,(D

We can write \] ι-— = Σ Φk(.χ)> where ώk(x) is a homogeneous polyno-
i = l 1 — βXi k=0

mial in the jt/s. Because in formula (7.16) only the term of degree I in the Jt/s
contributes, we see immediately that

(7.17) it(D + D*) = i/**{0o(*)j2,(jc) + + ̂ W β o

writing shortly Qs(x) instead of Q8(Xl9 , jcn).
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On the other hand, using a special coordinate system so that X ~
Σ λixKd/dx*) up to the higher order at the point p e S, we can write (7.14) in
the following form:

χ(M, Θ) = Σsh(λt\λγ/2 jft χ ^etλi

-tι Σ Qk(t*i> ' * * 9 tλn) (the constant term).

In order to compare the right hand side of the above equation with that of
(7.16), the explicit form of the obsolute term is needed.

Because

n 2

and β f cU) = Qk(λl9 , λn) is homogeneous of degree & where 0,(Λ) is a homo-
geneous polynomial of degree s in the Γs, we get the constant term

χ(M,Θ) - Σ εp. ^

+ + φι(λ)Q0(λ)) .

Moreover, since ίt(D + D*) = 2χ(M, Θ), we have

/ * * { Λ W G Ϊ W + + K ^ W

= Σ 4 £ P - l^

Let Φίc^ΓoCM)), , ̂ (ΓσίAί))), Γc(Λf) - T(M) ® C, be the index cocycle
(its evaluation on the fundamental cycle [M] is the topological index) of the
operator D + D*. With the formal factorization c(Tc(M)) = f]?-i (1 + ) 0 o n ^
can express the Chern classes in the usual way as the elementary symmetric
functions in yt

9s. Then there is well defined polynomial φ such that

Φ&i, , yn) = ΦfeίΓ^M)), , ct{Tc{M))) ,

so that we can summarize now to obtain
Theorem 7.1. Lei M be a compact n(=4m)-dimensional differentiable

manifold, and Γ a first order elliptic transitive oriented ίnvolutive pseudogroup
on M. Let Φ{cλ{T^, , c2m(Γc)) be the topological index cocycle of the com-
plex (2.9) (k = 1) (resolution of the sheaf of germs of Γ-vector fields on M).
Let Φ and φ be polynomials related as above. Suppose that the Γ-vector field
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X on M has a set S of isolated zero points and that the endomorphism of TP(M)
induced by the Lie derivative Lx has the eigenvalues λλ(p), , λn(p). Then

Φ(c(τ) . . . c m i - Vc Φ0>\(p)> ->Φ(c(τ) c m i V

where εp = 4 sgn det (1 — eLv).
I wish to thank H. Goldschmidt who has pointed out to me that recently he

has given the most complete proof of the third fundamental theorem for
pseudogroups (used in Proposition 2.2), and that the fundamental properties
of the brackets (used in § 3) and the proof of Proposition 7.1 can be found in
the forthcoming paper of B. Malgrange. Both these papers will appear in the
Journal of Differential Geometry.
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