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THE ABSOLUTE AND RELATIVE BETTI NUMBERS
OF A MANIFOLD WITH BOUNDARY

GRIGORIOS TSAGAS

1. Consider a compact manifold M with a boundary B, so that M is the
closure of an open submanifold of an n-dimensional orientable Riemannian
manifold V/, and B is a compact orientable (n — 1)-dimensional manifold. Let
H, (M, R) and H,_,{(M, B), R} be respectively the pth Betti group of M and
the pth Betti group of M(mod. B). Then by Lefschetz duality theorem the pth
Betti group H,(M, R) and the (n — p)th Betti group H,_,{(M, B), R} are dual,
so that the absolute Betti number 4, and the relative Betti number R,_, of
the manifold M are equal. For a k-pinched manifold M, the numbers 4, and
R, for p = g = 2 are zero, when the number Xk is greater than a number 2
and the second fundamental form on B satisfies some conditions. We can
improve the number 2, when the dimension of the manifold M is 5. These re-
sults are a generalization of those given in [8].

2. If a, B are two tensors of the manifold M of order p, then the local inner
product of the two tensors «, § is defined by

1 G1eeei _ 1 CARERY
(a, P = F“ PRy = F“h-ni;ﬁ r,
and the local norm of the tensor « is defined by
|a|2 — L!aill"ipail"'ip .

If 7 is the volume element of the manifold M, then the global inner product of the
two tensors «, 8 and the global norm of the tensor « are defined, respectively,

wpy = [@pn, laf= [lars.

If @ is a p-form, then we have [6, p. 187]
(2.1 {da,a)y = ||da|’ + | oal|P ,
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where da,da and da are the Laplacian, the exterior differentiation and the
codifferentiation of « given by [7, pp. 1-2]

2.2 da = doa + dde
(23) (da)jx"-.ip+1 = —pl—'sz'l;‘.‘....;g_l_lVlail...ip 5
(24) (aa)iz"'ip = —Vlali,...ip .

The following relation is also valid [7, p. 4]:

1 1
2.5 —dlaP) = (a, da) — [Paff + — * ,
where
(2.6) \Paf = LVLail---i Plaiv=iv |
p! ?

2.7 Qp(a') =({— 1)Rijhlaijis.“ipahlign-ip - 2Rhlahi2.“ipalia~nip .

For a point P on the boundary B, let (¢!, - - -, u*"") and (v, - - -, ™) be two
local coordinate systems of the point P considered as a point of B and M re-
spectively. Then the boundary B is represented locally by

(2'8) ,vizfi(ul,,..’un—l), i:l,---,n,

in U(P) N M, where U(P) is a coordinate neighborhood of V. Denote by N
the normal vector field of the boundary B and choose the coordinate system
@', - -, u™"") such that the vector fields N, d/du’, - - -,3/ou™"" form a positive
sense of M with respect to the basis 9/du’, - - -,d/ou™. Then Stokes’ theorem
can be stated as follows. If y = (y,) is an arbitrary vector field on M, then [9,

p- 589]

2.9) [a.mm =~ [ora,

where
p=Ahdui \ -  Ndurlp=+gdo' A\ --- A\ dor,

h being the determinant of the metric on the boundary B, which is obtained
under the assumption that the mapping F defined by (2.8) is an isometric im-
mersion of M into B.

A p-forma = (a; ) is tangential to B if it satisfies the relation [10, p. 431]:

1°0+ip
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aittie — (av“/auﬁ) - (a,vip/aujp)c—(jl...jp ,
or
o sN; =0,

on B, where & = (@;,...; p) is a p-form defined over B. The p-form « satisfies
also the relation [10, p. 434]:

higerrip NIl —i
Vi@niy...i)a™ PNt = pH, ', ol "»

(2.10) o
-+ l)(V[lah,ia-nip])a”z“.leh s

where
(p + I)V[Lahiz~‘-ip] = Vlahiz--'ip - Vha“r,,ip
— Vigahlia---ip —_ —Vipamg,,,ip_ll .

A p-form a = (a...;,) on the manifold M is normal to the boundary B, if
it satisfies the relation [10, p. 432]:

U..s, OV [OUI) « - (BV2 [Guir) = 0,
from which we obtain [10, p. 435]

(Vn“uz---ip)“”z"'ipNh — P(Vnahig...ip)a”""i"Nz

(2.11) . . I
+ PHLLaigmipa"m”’ — (- l)pHijazis”-ipa”s”'lp >
where @ = (@;,...;,) is a (p — 1)-form defined by

L — =
alie---ipN = ah"‘jp

@’ /qus) - - - (JvI»|quir) .

3. Assume that the manifold M is of odd dimension n = 2m + 1 and
admits a metric which is positively k-pinched, and let & be a harmonic 2-form
on the manifold M. Then for any point P of the manifold there is a special
basis (X¥, - - -, X¥) in the vector space M} such that at the point P, « can be
written as

B a=a X¥NXF+ o XFNXE+ - + aZ'm.-l,‘Z’m.X;km—l N X%, .
Now consider the 2m-form 8 defined by

(3.2) = La A «+- A a, (m times) ,
m!

which becomes, in consequence of (3.1),

(3.3) B = a0 - azm-l,sz;k N N XS,
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Since the manifold M is k-pinched, Q,(«) and Q,,,(p) satisfy the inequalities [8]:

(3.4) 20:e) < =22m — DKlaF + 21— ko,
1
3.5 P — m < _2mk ? )
(3.5 SO ® < —2mkl)
where
(3.6) laf = aly + af + - + agm—l,?m,’ Iﬁlz = ah0l - 'agm—l,Zm s
0= ayos + -+ + Qlm _19m T **° + Com_3 am—2®m_1,m -

Applying the Laplace operator 4 to the function |S[, we get 4(|f[") = dd(|8F)
and therefore

[ aaser = [aaqerr .

By means of (2.5) and (2.9), the above relation becomes

1

S BT Qm(ﬁ)]f/ :

-1 f ™. dqepr = || 629 - 17r +

M

which takes the form, due to (2.1),

1 2\ _ 2 2 2 sz(ﬁ)
(3.7 EBf(lv,dqﬁl))v = J[ dBP — 108F + PP — - 2Py

By virtue of (3.5) and the relation df = 0, a consequence of (3.2), from
(3.7) it follows that

(3.8) %Bjav, d|ppP)7 > Mj [— |88F + 2mk|8FTy .

For a harmonic 2-form « tangential or normal to the boundary B, formula
(2.5) becomes [10, pp. 435-436]

SUlap) = —IFaf + S0
from which we get
Slafnd(af) = —laf"*Pal + Slaf"QLa) .

or
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2 Jlabmtatapn = [|~latm=1Pat + Zlap-Qu@]y
M M 2
which together with (3.4) gives

—mj[a|2m‘2A(|a|2)v > f [2m|al““2|l7a|2 + 4m@2m — Dk|af™
3.9 " "
(3.9 16 .
- Tm(l — k)5|0(| m :|77
It is well known that the following relation holds:
Al((aP™] = m|a™ 2 4(aP) — m(m — D]af™ *d(aP))?,
which implies the inequality

Al(aP)™] < mlaP™?4(af) ,
or

(3.10) f Al(laP)™1p < f mlaf™ 2 4(|ef)y .
M M
By means of (2.9), the relation (3.10) takes the form
(3.11) f(N, dl(leP)™D7 > —fmlalz"“zd(lalz)ﬂ :
B M
From (3.9) and (3.11) follows immediately the inequality

1

(N, |af™2d(aP)] > laf™ 2|V — —(l — k)o|af™2
oim 73 Jl
+202m — 1)k|a|2’"]7)

By means of the inequality

(3.13) opp < = Dm =1 e pmes

mm—Z

proved in [8], from (3.8) we obtain

mm

22m — )(m — 1) f(N d(| )7 ﬂ_wlzla,m_z
(3.14)

2mm—1 .
Fam— Dm = 1) “9']’7
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Thus addition of (3.12) to (3.14) gives readily

% f 3N, mm-2d( 8P + @m — 1)(m — Dlafm—d(aP)7

> f 2[32m — 1)X(m — Dk|af™ — 42m — 1)(m — DA — k)8|af™?

+ 3m™ 7 k|BFly ,
or
f3[mm_z(Vl‘Bhiz"-izm)ﬁhir“igmNL, h < iz < e <K izm)
B
aasy T @m = Dm— Dl )N (<l

> f 2[32m — 1¥m — Dk|af™ — 42m — 1)(m — 1)k — 1)5|af™

+ 3km™ |81y .

If the harmonic 2-form « is tangential to B, then by means of (2.10), da = 0
and dB = 0, (3.15) becomes

f3H”[2mm-lpiia_,.iwfgm'ooum, (i, < v <ipw)
B

(3.16) +22m — D(m — D] ai@ie)

> f 203@2m — 1)%(m — Dk|af™ — 42m — 1)(m — 1)5|ap™

+ 3km™ 1 |Blly .
We can prove with the same technique as in [8] that if k satisfies the inequality
(3.17) k>2=22m — (m — 1))m/[Im(m — 1)2m — 1)(8m — 5) + 3],

then the second member of (3.16) is positive. Hence we have the following
theorem and corollary.

Theorem I. Let M be a compact k-pinched Riemannian manifold of dimen-
sion n = 2m + 1 with boundary B. If k > A, given by (3.17), and the second
fundamental form on the boundary is semi-negative, then the second absolute
Betti number A, of the manifold vanishes.

Corollary I. For a compact k-pinched Riemannian manifold M of dimen-
sion n = 2m + 1 with a totally geodesic boundary, A, = 0 if

k> 202m — 1)(m — 1)'m/[m(@m — 1)(2m — 1)(8m — 5) + 3] .
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If the harmonic 2-form « is normal to B, then by means of (2.11) and d«
= 0, (3.15) takes the form

f 6{m™ (7 B, )Y N
B

+ HYlm™ B, .., B m + 2m — 1)(m — D|af™*a,a"]
— H ;[Cm — Dm™ '
+@2m— Dm — Diapr@ally, (G, <ig < -+ <iy)

> f 2032m — 1)%(m — Dk|af™ — 42m — 1)(m — 1)(k — 1)8|apm?

Biir"izm

(3.18)

+ 3km™ |BFly -
Denote the following quadratic form by L(«, @):
L(a,a) = m™'(V,p",....,, ) B mN*
+HY[m™ B, B+ 2m — D(m — D)]af™ a0
— H,;[Cm — Dm™'g¢, .,
+ @2m — D(m — DjaP™a@ta?l, (U, <ip < -+ <) .

(3.19

B]‘is. ~ediam

Therefore from (3.18) and (3.19) we conclude the theorem:

Theorem II. Let M be a compact k-pinched Riemannian manifold with
boundary B. If k > 2 given by (3.17), and the quadratic form L(«, o) defined
by (3.19) is semi-negative, then the second relative Betti number R, of the
manifold (mod. B) is zero.

4. In this section we use the same technique as in § 3 to improve the num-
ber 2 if the dimension of the manifold is 5. By estimating the norm |58 at the
point P and using the inequality

2(AB + CD)* < A*(3B* + D?» 4+ C¥B* + 3D?»
we obtain
4.1 [6BF < S|Val |al/2 .

By means of (4.1) and m = 2, the inequality (3.8) becomes
@2 Lf@dgn > [[-1rariar+ Skigr]y.
5 B M
Moreover for m = 2, (3.12) is reduced to

1 2 2))5 2 2 _ 8 _ 2 4
(4.3) E!(N,Ial d(ja))7 > J[Ial Vel — (1 Kilaf* + 6kl0f|]77,
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which together with (4.2) implies

f (N, 6d(8P) + 15]afd(aP)y
> f[180k|a|4 — 80(1 — k)d|af + 48k|B[ly ,

or

f (607 iBrisiai) B2 N* + 15|af(V s )a N7, (b <i, <iy < 1)

B

4.4)
> f[90k|a[‘ — 40(1 — K)3|af + 24k(BPTy .

M

If the harmonic 2-form « is tangential to B, then (4.4) takes the form
f 3H, (8B B0 + 10]af@ @]y, (G, < i, <i)
B
> f[90k|a|4 —40(1 — K)dlaf + 24k| 81 -
M

If £ > 10/58, then the second member of the above inequality is positive.

Thus we obtain the following theorem and corollary.
Theorem IIl. Let M be a compact k-pinched Riemannian manifold of di-

mension 5 with boundary B. If k > 10/58 and the second fundamental form

on B is semi-negative, then A, = 0.
Corollary II.  For a compact k-pinched Riemannion manifold M of dimen-

sion 5 with a totally geodesic boundary, if k > 10/58, then A, = 0.
If the harmonic 2-form « is normal to the boundary B, then (4.4) becomes

f BI85 aiat) BN, + HY(8B i B%¢ + 10|, )
B

@.5) — H Q45 B+ 0afaadly, G, < iy <i)
> f[90k|oc|‘ — 40(1 — k)3|af + 24k|BFly -
M

From the relation (4.5) and the quadratic form
Gla, @) = 81" 1 )B N, + HY(8Biy0:, 7 + 10|af’e,,a'™)

(4.6) — H, (248, B/ + 10|affa’a’),
G, <iy<i),
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we thus have

Theorem IV. Let M be a compact k-pinched Riemannian manifold of di-
mension 5 with boundary B. If k > 10/58 and the quadratic form G(a, )
defined by (4.6) is semi-negative, then the second relative Betti number R, of
the manifold M (mod. B) vanishes.

5. If the boundary M = B = ¢ and the dimension of the manifold is 5,
then from the relation (4.4) we obtain the following theorem and corollary:

Theorem V. Let M be a compact orientable k-pinched Riemannian mani-
fold of dimension 5 without boundary. If k > 10/58, then H (M, R) = 0.

Corollary III. If a compact orientable k-pinched Riemannian manifold M
of dimension 5 without boundary is homeomorphic to §* X S°, then k < 10/58.
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