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SOME PROPERTIES OF NEGATIVE PINCHED RIEMANNIAN
MANIFOLDS OF DIMENSIONS 5 AND 7

GRIGORIOS TSAGAS

1. Let M be a compact orientable Riemannian manifold, and denote by
KP(M, R) the vector space of Killing p-foπns of the manifold M over the field
R of real numbers. It has been shown [3] that if the manifold M is negative k-
pinched and of even dimension n = 2m (resp. odd dimension n = 2m + 1),
and k > 1/4 (resp. k>2(m- l)/(8/w~5)), then K2(M, R) = 0. In this paper,
we have improved the above result for negative pinched manifolds of dimen-
sions 5 and 7.

2. We consider a compact orientable negative Λ-pinched Riemannian mani-
fold M. If a, β are two exterior p-forms of the manifold, then the local product
of the two forms or, β and the norm of a are defined by

(a,β) = Λ-f ipβ^, = -La^..

..., .

If 9 is the volume element of the manifold Λί, then the global product of the
two exterior p-foπns a, β and the global norm of a are defined by

JΓ

It is well known that the following relation holds [1, p. 187]:

(2.1) <α, Δa) = ||δα||2 +

We also have the formula [2, p. 3 ] :

(2.2) l j ( | α | 2 ) = ( « , J α ) ~ | Γ α | 2 +

where
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βp(α) = (p -

-2/ί

(2.4) |F*|2 = p ,

If α 6 KP(M, J?), then it is easy to prove, using the property of a [4, p. 66]:

FMY, *„•••, *p) + Fy«(*, * 2 , , Xp) = 0 ,

for Y.JJf.A^eTXAf),

and the relation

(2.5) («, Jα) = - ( p + l)Qp(α)/p! ,

where / = 2, , p.
Let P be a point of the manifold M, and consider a normal coodinate system

on the manifold with origin at the point P. It is well known that there is an
orthonormal basis {Xu , Xn) in the tangent space Mp such that its dual basis
{Xf, , X*} has the property that the exterior 2-form a at the point P takes
the form

(2.6) a = anXf Λ X* + α34*3* Λ * ? + • + α2 w.1,2 T OZ*m. ι Λ **m .

where m = [π/2].
Since the manifold Λί is negative Λ-pinched, the components of the Rieman-

nian curvature tensor at the point P satisfy the relations and the inequalities [3]:

(JR\Xiy Xj)XU Xfι/ = R-ijhl >

(2.7) - 1 < ^ < - Λ , | Λ < i t i | ^ y ( l - * ) , \Rijhί\ < j(l - k) ,

where iφjφhψl.
3. Suppose that the manifold M is of dimension 5, and let a be an element

of the vector space K\M, R). Then we form the following exterior 4-form

(3.1) β= ~aAa.

In this case, the formula (2.6) takes the form

(3.2) a = anXf A Xf + a2AXf Λ X* .

The relation (3.1) by virtue of (3.2) becomes
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(3.3) β = a^X* A X* A X* A X* .

From (3.2) and (3.3) we obtain

(3.4) \«\2 = <x2n + ccl, |j3| = « i A 4 .

For the exterior 4-foπn β the formula (2.4) becomes

(3.5) \Fβ\2 = Fψ^Ψtβ^u , h < i2 < i3 < i* -

In the general case, the coefficients βUUiiU of the exterior 4-form β are given by

(3.6) βuiήu = aiιi2auu + aiiu<Xui2 + auuai%u

By means of (3.6) and from the fact that a is a Killing 2-form, the relation
(3.5) becomes

(3.7) \Fβ\2 < alJ, + c&Γt,

where Tλ and T2 are linear expressions of terms of the form (P^,,)2 whose

coefficients are 0,1,4. Since a is a Killing 2-form, we have

(3.8) . \V«\2 = 3(Fλaμv)
2.

i<μ<»

From (3.7) and (3.8) and the property of 7\, T2 we obtain the inequality

(3.9) i<

If we estimate \Q2(ά) from the formula (2.3), we have

—Q2M = — (σ13 + σu + σl6 + σ23 + σz<

~ (σ3 i + σ32 + ̂  + <τ41 + σ42

which gives the inequality, by means of (2.7) and (3.4),

(3.10) I β 2 ( α ) > 6k \af - - | ( 1 - k) \β\ .

If we also estimate £β4(j8) from the same formula (2.3), we obtain
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which implies the inequality, by means of the first of (2.7) and the second of
(3.4),

(3.11) ^QXβ)>4lk\β\2.

It is clear that the above calculations have been done at the point P with
respect to the special orthonormal frame in the tangent space MP.

4. If we integrate the formula (3.9), we obtain

(4.1)

The relation (2.2) for the exterior 4-form β becomes

Ij(|/3f) = (β,Jβ) - IF/312 + -J^-
L o 2

from which we have

(4.2) 0 = C(β, Δβ)η - ||F/3||2 + 1 (±-Qt(β)V

By means of (2.1) and (3.11), the above equation (4.2) gives

or finally

(4.3)

It is well known that the following formula holds

i j ( M ' ) = |α|2J(k|2) - W(|α|2))2,

from which we obtain

(4.4) J\afΔ(\a\2)η = JV(|α|2))2? ^ 0 .
M M

Since a is a Killing 2-form, (2.2) takes the form, by means of (2.5),
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which, by integration of the manifold M and the inequalities (3.10) and (4.4),
gives the inequality

(4.5) 3JV|2 ψafη < J[4(l - k) \β\ \<x? - 9k \a\*]η .
M M

The inequality (4.5) together with (4.1) and (4.3) implies

9 \\β\\2k < J [ 4 ( l - k) |j9| W2 - 9* H ^ ,

or

f [9* |*|4 - 4(1 - *) \β\ \a\2 + 9 \βfk]η < 0 .

Let / be the function defined by

which at the point P takes the form

(4.6) / = 9k{a\2 + ah)* - 4(1 - *)* 1

It is easy to show that if k > 8/53, then / ^ 0, where the equality holds if

From the above we derive
Theorem I. Let M be a compact orientable negative k-pinched manifold

of dimension 5.1fk> 8/53, then K\M, R) = 0.
5. We assume that the manifold M is of dimension 7. In this case, the

relation (2.6) becomes

(5.1) a = a12X* A X* + aZAX* A X* + aMX* A X* .

Let γ be the exterior 6-form defined by

γ = — α Λ a A a ,

which by means of (5.1) becomes

(5.2) r = avPtftJCt A . Λ Xf .

From (5.1) and (5.2) we obtain

(5.3) |α|2 = αj, + ά^ + α& , |jr|
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If we apply the same technique as in § 3, we obtain, in this case, the in-
equalities

(5.4) l β t ( α ) > 10* |αr|2 - 1 ( 1 - k)θ ,
** ό

(5.5) yββ(r)>6!*|rl2,

where

(5.6) θ = al2a3i + auabfi + Λ5βαr12.

In the general case, the coefficients γvχ...vt of the exterior 6-form γ are
given by

(5.7) γvχ..mu% = avιV2A + avχvfi + avιViC + avχvβ + ctvιυβ ,

where

C =

The formula (2.4) for the exterior 6-form γ becomes

which, by means of (5.7) and from the fact that a is a Killing 2-form, is re-
duced to

(5.8) |Γ r |
2 < aWu Σ i + αϊ aϊ. Σ2 + flioi Σ s ,

where Σi> Σ2> Σa a r e linear expressions of the terms of the form (Pλaμvy whose

coefficients are 0,1,2,5.
From (3.8), (5.8) and the property of Σi> Σ2> Σa w e derive the inequality

which, by means of the inequality

takes the form
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(5.9) |P r P< J-IPαpN4-

6. From (5.9) we obtain

(6Λ) -I

It is well known that the following relation holds

]«P)-2k|2

529

/KK)

which implies

(6.2) J |α|4 Δ{\af)η ̂  0 .
M

Since or is a Killing 2-foπn, then the relation (2.2), by virtue of (2.5), becomes

or

2 " l α ! 4

from which by integration on the manifold M and by the inequalities (5.4) and
(6.2) we obtain

(6.3) 3 f |«p \Va\2η < f [4(1 - k)θ\a\4 - 15* \a\*]η .
M M

The formula (2.2) for the 6-form γ becomes

ijflrl2) = (r, ir) - \?rt + jγ

from which by integration on the manifold M we have

0 = f <r> j r ) , - || Γ r ||
2 + - 1 - f l

which, by means of (2.1) and (5.5), takes the form
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or

(6.4)

From the inequalities (6.1), (6.3) and (6.4) we derive the inequality

[75 |αr|β k - 20 \a\A 0(1 - *) + 162* \γ\2]η < 0 .

We denote by F the following function

F = 75 |aί|β k - 20 M 4 0(1 - *) + 162/: | r | 2 ,

which, by means of (5.3) and (5.6), takes the form, at the point F,

F = 75fc(<4 + <& + α ϋ s - 20(1 - *)(<& + αL + α?β)2

- « δ β α i 2 ) H

It is easy to show the inequalities

(6.6)

From (6.5) and the inequalities (6.6) we conclude that if k > 20/101, then
F > 0, where the equality holds if al2 = α34 = aw = 0.

From the above we derive

Theorem II. Let M be a compact orientable negative k-pinched manifold
of dimension Ί.Ifk> 20/101, then K2(M, R) = 0.

The author is deeply indebted to Professor S. Kobayashi for many helpful
suggestions.
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