
J. DIFFERENTIAL GEOMETRY
3 0969) 289-308

DEFORMATIONS OF SUBALGEBRAS OF LIE ALGEBRAS

R. W. RICHARDSON, JR.

Introduction

In this paper we shall be concerned with "deformations" of subalgebras of
Lie algebras. More generally, we are interested in deformations of subalgebras
in which the ambient Lie algebra is also allowed to vary. Precisely, we consider
the following situation. Let Jί be the algebraic set of all Lie algebra multipli-
cations on a finite-dimensional vector space V (taken over R or C for
simplicity), and Γn(V) the Grassmann manifold of all ^-dimensional subspaces
of F . Let Sf be the algebraic subset of Jί x Γn(V) consisting of all pairs (η, W)
such that W is a subalgebra of the Lie algebra (V, η). Let c\ = (V, μ) be a Lie
algebra and ί) a subalgebra of c\. We are interested in geometric properties of tf
in a neighborhood of (μ, ί)). Our main result, Theorem 2.5, states that if the Lie
algebra cohomology space //2((), c\/h) vanishes, then a neighborhood of (//, ί))
in £f is isomorphic (as an analytic space) to the product of a neighborhood of
μ in .4 and an open ball in Rk (or C*), where k — dim Z !(ί), fl/l)).

As easy consequences of Theorem 2.5, we obtain the results discussed in
(a)-(c) below. These results complement and extend the results of two earlier
papers [11], [12].

(a) Let ί) c c\ be as above. Then ί) is a weakly stable subalgebra of c\ if,
roughly speaking, for every one-parameter family (g£) = (K, μt) of Lie algebra
structures on V with cj0 = cj, there exists a one-parameter family (ί)t) of
subspaces of V with ή0 = 1) such that ht is a subalgebra of c\t for t sufficiently
small. It follows from Theorem 2.5 that if //2(ί), β/l)) = 0, then 1) is weakly
stable.

(b) Let ί) = (U, η) and g = (V, μ) be Lie algebras, and ~V (resp. .d) the
set of all Lie multiplications on U (resp. V). A homomorphism p: f) —• c\ is
stable if, for every rf € . V near rj and every μf 6 Λ near μ, there exists a
homomorphism p': (U, ηf) —> (K, μ') which is near p. We show that p is stable
if H2(t), g) = 0. If f) is a subalgebra of c] and p the inclusion map, we obtain
a strengthened form of Theorem 6.2 of [11] on stable subalgebras.

(c) Let I) c $ be Lie algebras. If ([),) is a one-parameter family of
subalgebras of c] with tι0 = ί), then it was shown in [12] that the "initial tangent
vector" of the family (ί)£) is an element of Zι(t), c\/tj). We show that if
f/2(ί), β/f)) = 0, then every a e Z](ίj, g/Γ)) occurs as the initial tangent vector of
a one-parameter family of subalgebras. In a sense, the elements of //?(l), c\/tj)
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occur as "obstructions" to finding one-parameter families of subalgebras with
a given initial tangent vector. (This result was also obtained by A. Nijenhuis
[8].)

In a slightly different setting we also obtain a result on "relatively stable"
subalgebras of Lie algebras. This result has applications to the study of the
variation of isotropy subalgebras for differentiable transformation groups which
are discussed in § 10.

Our proofs use only elementary methods, primarily the implicit function
theorem. The proofs carry over with no essential changes to the case of
subalgebras of associative algebras. Here, Lie algebra cohomology is replaced
by the cohomology of associative algebras. Our results are also valid with only
minor modifications for Lie and associative algebras over algebraically closed
fields.

In conclusion, we would like to point out the remarkable formal analogy
between our results and the (much deeper) results of Kodaira on stability and
deformations of compact submanifolds of complex-analytic manifolds [4], [5].
Except for the fact that Lie algebra cohomology is replaced by the appropriate
sheaf-theoretic cohomology, the statements of many of the main results are
almost exactly the same.

1. Preliminaries

Throughout this paper F will denote either the field R of real numbers or
the field C of complex numbers. An analytic manifold will be either a real
analytic manifold or a complex manifold, depending on whether F = R or
F = C. Similarly, Lie groups will be either real or complex depending on F.
If X is an analytic manifold and x e Xy then T(X, x) denotes the tangent space
of A" at x. If / : X-+Y is an analytic map of analytic manifolds, then
dfx: T(X, x) -» 7(Y, /(*)) denotes the differential of / at x € X. If X is an
analytic submanifold of an analytic manifold Y, and x e X, we shall usually
identify T{X, x) with a subspace of T(Y, JC). If V is a finite-dimensional vector
space over F9 and v € V, then T(V, v) is identified with V in the usual manner.

Analytic spaces and analytic maps of analytic spaces are as in [16]. (The
definitions of [16] are given for complex analytic spaces, but they can be
carried over with no changes to the real analytic case.)

An algebraic set (over F or an algebraically closed field) is a Zariski-closed
subset of an affine space, a projective space, or of a product of such spaces.
An algebraic set over F is, in particular, an analytic space.

If V and W are vector spaces, then we denote by A"ι(V, W) the vector
space of all alternating m-linear maps of V X X V (m times) into W. We

A representation p of a Lie algebra c\ on a vector space W defines on W the
structure of a g-module. If xe c\ and we W, we shall often denote ρ(x) w
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simply by x-w. If W is a g-module, then we let C(g, W) = ®m:>0C
m(g, W)

denote the usual cochain complex used to compute the cohomology of g with
coefficients in W; see, e.g., [1, p. 282]. (If V is the underlying vector space
of g, then C(g, W) is identical as a graded vector space with A(V, W).
However, since we shall frequently consider several different Lie algebra
structures on the same vector space F, it is sometimes convenient to distinguish
between C(g, W) and A(V, W).) As usual, Z™(g, W) (resp. B™(Q, W)) denotes
the space of m-cocycles (resp. coboundaries), and HTO(g, W) denotes the m-th
cohomology space of g with coefficients in W.

Let A be an associative algebra with identity element e over the field K. A
representation of the algebra (with identity) A6 — A ®κ Aop (where Aov denotes
the opposite algebra of A) on a vector space W determines on W the structure
of an Λ-bimodule. In computing the cohomology of the associative algebra A
with coefficients in the Λ-bimodule W, it is convenient to use the "normalized
standard complex" of Cartan and Eilenberg [1, p. 176]. Precisely, we define
Cm{A, W) to be the vector space of all m-linear maps φ of A x . . . x A (m
times) into W which satisfy the following condition: ψ{aλ, , am) = 0 if there
exists an index / such that as = e. The coboundary operator on C(A, W) =
®m ô Cm(A, W) is just the usual Hochschild coboundary operator. We denote
by Zm(A, W) (resp. Bm(A, W)) the corresponding space of m-cocycles (resp.
m-coboundaries), and Hm(A, W) denotes the m-th cohomology space.
Hm(A, W) is canonically isomorphic to the usual m-th cohomology space of A
with coefficients in W as originally defined by Hochschild.

2. Deformations of Lie algebras and their subalgebras

Let V be a finite-dimensional vector space over F, and Jl the set of all Lie
algebra multiplications on V\ then Jl is an algebraic set in A\V, V). Let
μ € M, g = (F, μ) be the corresponding Lie algebra, and ί) be an ̂ -dimensional
subalgebra of g with underlying subspace U. Let Γn(V) be the Grassmann
manifold of n-dimensional subspaces of V. Then Γn(V) is a projective algebraic
variety. Denote by y the algebraic set in A2(V, V) x Γn(V) consisting of all
pairs (η, U') such that η 6 Jl and V is an w-dimensional subalgebra of the Lie
algebra {V, η). We shall be interested in geometric properties of if in a
neighborhood of (μ, U).

Let W be a vector subspace of V such that V is the direct sum of U and
W, and P:V-+W and Q: V —> U the projections corresponding to the direct
sum decomposition V = ί/Θ W. Define a surjective linear mapr: A(V, V)
-> A(U, W) as follows: if φ € Am(V, V), then rφ ε Am(U, W) is defined by
rφ(uϊ9 -.., um) = P(φ(ul9 . ., um)). Similarly, if ψζAm(U, W), we define
sφ e Am(V, V) by sφ(vl9 . . , v J = ψ(Qv19 , βv J . Then s: A(U, W) ->
^4(F, F) is a monomorphism, and ro j is the identity map on A(U9 W). To
simplify notation, we shall frequently identity Am(U, W) with a subspace of



292 R. W. RICHARDSON, JR.

Am(V, V) by means of the monomorphism 5. In particular, Hoπv(t/, W) =
A\υ, W) is identified with a subspace of HomF(F, V) = Aι(V, F). We also
consider P and Q as elements of HomF (F, F) in the obvious way.

Let Γw be the (Zariski) open subset of Γn(V) consisting of all /2-dimensional
subspaces U such that U'ΠW = {0}. (Γw is an open Schubert cell in Γn(V).)
We denote by \v the identity map on F. If T 6 HomF (I/, W) c Hom^(F, F),
we denote by Φ(T) the w-dimensional subspace ( l r + T)(JJ) of F. Then
φ(Γ) € ΓIF, and φ : HomF (U, W)-* Γw is an analytic manifold isomorphism;
more precisely, φ is an isomorphism of algebraic varieties. Let Ψ\ Γw —>
HomF (t/, W) denote the inverse of φ. Then Ψ is a chart for the analytic
manifold Γn{V).

There is a natural representation of GL(V), the group of vector space
automorphisms of F, on A2(V,V) defined as follows: if gtGL(V) and
ψ e A2(V, F), then (g-φ)(vl9 v2) = g(φ(g-ιvl9 g~ιv2). The set J( of Lie multi-
plications on V is stable under the corresponding action of GL{V) on A\V\ V),
and the orbits of GL(V) on Jί are just the isomorphism classes of Lie algebra
structures on V. Let g e GL(V) and η € Jί. Then one checks easily from the
definitions that the following conditions are equivalent: (a) r(g~λ>η) = 0;
(b) U is a subalgebra of the Lie algebra (V, g~ι η) (c) g(l/) is a subalgebra
of the Lie algebra (V, η).

Now let T e Horn,. ([/, W) c Horn,, (K, F), and 9 € . # . Since T2 = 0, we
have (lv + T)(lv - T) = \v. Thus ( l κ + T)eGL(V) and ( 1 Γ + T)"1 =
lv — T. It follows from the equivalence of (a), (b) and (c) above that
0?, Φ(T)) e <f (i.e., φ(T) is a subalgebra of (F, 9)) if and only if r((lΓ - T)-η)
= 0. Define / : Λ2(F, F) x /ί'ίt/, »0 by /(p, T) = r((l κ - Γ) ?>), and set
^ 0 = {(<p,T)€A2(V, V) x ^ ( l / , HOI^e^and/Cp, T) = 0}. Then/Λ is an
algebraic set in Λ2(F, F) X A\U, W). Define θ : /42(F, F) x ^ ! (£/, »0 —
A2(V, V) x Γ w by θ(φ9 T) = (̂ ?, Φ(7)). Then θ is an isomorphism of analytic
manifolds, and maps ^ 0 onto the open subset yΠ(A2(V9 V) X Γn) of £f.
Thus the properties of ϊf in a neighborhood of (μ, U) are the same as those
of £f0 in a neighborhood of (μ, 0).

The adjoint representation of 1) on cj defines an I)-module structure on 3 I)
is an ί)-submodule of Q and thus there is an induced I)-module structure on the
quotient space cj/ί) (more precisely, on V/U). Let π: ,q —> fl/l) be the canonical
projection, and 9̂: Ŵ  —• π/ί) denote the restriction of π. We use the vector
space isomorphism β to transport to W the [ -module structure of tq/I).
Precisely, if x € I) and w 6 Ŵ , then JC w = β~Kπ([x9 w])). We have Cm(I), ^ )
= ^»(t/, HO and Cw(fl, fl) = A»(V, F). Let ^ : C(fl, β) -> C(fl, β), and
δ2: C(ί), FF) —> C(ί), Ĥ ) denote the coboundary operators on the complexes
C(β, β) and C(ί), if). One checks easily that r: C(β, β) -> C(l), Ĥ ) is a chain
mapping, i.e., r o ^ = δ2or. We also note that //m(ί), β/ί)) is isomorphic to

If 9), ψεA2(V, F), we define 9 A φeA\V, F), the "hook product" of ψ
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and φ, by

ψ A φ(vl9 v29 v3) = φ(φ(y19 v29 v3) + <p(ψ(v2, v2), vx)

+ <p(ψ(vz, v,), v2) .

Then (<p, ψ) -> ψ A ψ is a bilinear map of A2(V, V) x A2(V, V) into A\V\ V).
Furthermore it follows immediately that <peA2(V,V) satisfies the Jacobi
identity if and only if <p A ψ = 0. If ψ e C2(g9 g) = A2(V, V), then one checks
easily that dxψ = — μ7\<p — φ7\μ

Let E be a vector subspace of C2(ί), W) which is supplementary to Z2([), W),
and let τrz: C

2(ίj, W) — Z2(ί), Ĥ ) and TΓ,,: C2(I), W) -^ £ be the projections
corresponding to the direct sum decomposition C2(ί), W) = Z2(ί), HO Θ E.
Similarly, let C = r~\Z\l), W)), D be a subspace of C2(β, fl) such that r maps
D isomorphically onto E, and π c : C2(ι], cj) —> C and πn: C2((], g) —> £> be the
projections corresponding to the direct sum decomposition C2(t], c\) = C @ D.
It follows easily that r© πc = τrz o r and r o ^ = ^^; o r. We note also that the
restriction of δ2 o r to D is a monomorphism.

If ( p , Γ) € ^ 2 ( F , K) X AKU, W)9 the equation t 4 / ( ^ , 7) = 0" is equivalent
to the pair of equations "πz{f(φ, T)) = 0" and "πAfiφ, T)) = 0". The
following lemma shows that, for φ € ̂  and (̂ >, J ) sufficiently (/i, 0), if (φ, T)
satisfies the first of these equations, it automatically satisfies the second.

Lemma 2.1. There exists an open neighborhood N(μ, 0) of (μ, 0) in
A\V, V) X A\U9 W) such that if (φ, T) e N(μ, 0),φe.Λ9 and πχ(f(φ, Ό) = 0,
then f(φ, T) = 0.

Proof. Let (φ, T) <aA2(V, V) X A](U, W) be such that φzJl and
πzifiψ, T)) = 0, and set α = ( 1 Γ - T)-φ. Then / ( ^ , Γ) = ret. Since 9 e . ^
and Jί is stable under the action of GL(V), it follows that a 7\ a = 0. Hence
we have

0 = ria A oί) = K<* A fear + πca))

= r(a A TΓD )̂ + KOr^a + πcnf) A πca) .

One checks easily that if γ e A2(V, V) is such that rγ = 0, then r(r A γ) = 0.
We have

0 = πz(f(φ, T)) — πz(ra) = r(?Γc^)

Thus r(7rcα A ?rc^) = 0> a n d consequently (2.1) becomes

(2.2) 0 = r{a A τrβαr) + r(7r7iα A πcαr) .

For every γ €^I2(F, V) we define a linear map λr: A2(V, V) -> A\U, W) by

M0) = Kγ7\ψ + ψ7\ πcγ) .

With this notation, (2.2) becomes

(2.3) 0 = λa(πDa) .
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Since μ € C, we have πcμ = μ, and hence

λμ(φ) = r(μ A φ + φ A

Thus λμ = — δ2°r Since 7 —> Λr is a polynomial mapping of A2(V, V) into
Hoπ^Cd'CK, F), A\U, W))9 and the restriction of λμ = —d2or to D is a
monomorphism, it follows that there exists a (Zariski) open neighborhood N(μ)
of μ in Λ2(F, V) such that, if 7 e N(μ), then the restriction of λr to D is a
monomorphism. We choose an open neighborhood N(μ9 0) of (μ, 0) in
A\V9 V) X A\U, W) such that if (φ\ V) € N(μ, 0), then ( l r - Γ ) y € N(/i).
Assume now that (9, Γ) e N(μ, 0) thus α e Λ/^). By (2.3), λβ(πDa) = 0. Since
the restriction of >lβ to D is a monomorphism, this implies that πDa = 0. Thus

f(φ, T) = ra = K ^ α + πcαr) = K?fc«) = *#(«*) = πz(f(φ, T)) = 0,

which proves Lemma 2.1.
Remark. Lemma 2.1 is the key result in the proof of Theorem 2.5. The

idea behind the proof is as follows: The relation "or A cc = 0" allows us to
replace the equation " % , Γ) = 0" by the simpler equation "πz(i{φ, T)) — 0".
For a more detailed discussion of the underlying circle of ideas, see [10].

Lemma 2.2. The differential

df{μ^: AKV, V) X Λ\U9 W) -* A2(U, W)

is given by df{μtQ)(φ9 T) = rφ + 327\
Pro*?/. Let α: GL(V)-*A2(V, V) be defined by a(g) = g μ. Then it

follows easily from the definitions that dalv: AX(V, V) —> A\V, V) is equal to
— ij (see [12, §7]); it follows easily that the differential at 0 of the map
T ^f(φ, Γ) = r((lF — Γ) y>) is just the coboundary operator δ2. The above
formula for df{μQ) follows easily from this remark.

We now wish to use the implicit function theorem to study y o locally.
The trouble is that μ may be a singular point of Jί'. Thus it is necessary to
replace Jί by a larger algebraic set which has μ as a simple point (i.e., is a
submanifold in a neighborhood of μ) and which has the "correct" tangent
space at μ. This is accomplished by the following (elementary) result, which
is proved in [11, §6.2]:

2.3. There exist an algebraic set Jtιz> Jί in A2(V, V) and an open
neighborhood N(μ) of μ in A\V, V) such that Jί' = Jίx Π N(μ) is a closed
analytic submanifold of N(μ) and T(Jί\ μ) = C.

Now let h: Jί' X Λ\U9 W) denote the map (φ, T) >-> π-Af(φ, Γ)). Then it
follows from Lemma 2.2 that dh{μyϋ): C X Aι(U, W) is the map (φ, T) »->
7cz{rψ) + δ2T. Since πz ° r maps C onto Z2(ί), ί^), rfA(Alj0) is surjective. Thus
the implicit function theorem implies that there exists an open neighborhood
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Nλ(μ, 0) of (μ, 0) in Jί' x AKU, W) such that A^O) Π Nfa 0) = Jί is a
closed analytic submanifold of N^μ, 0) and T(JΓ9 (μ, 0)) is equal to the kernel

of dhiμi0).

Let q\ Jf -* Jtf denote the restriction to Jί of the projection
Jί' x Aι(U, W) -> uί'.

Lemma 2.4. // #2(f), g/I)) = 0, /Λen dqlμt0) is surjective.
Proof. Let φzC = T(Jί', μ). Then ry>€Z2(ϊ), W0; in particular rφ =

jr*(#γ>). Since # 2 (ή, »0 = 0, we have Z2(ί), WO = #2(ί)> »0 Thus there exists
TeA\U, W) such that wz(ιφ) + <52Γ = 0. Hence (p, Γ) e kernel (έ/*(#,fβ)) =
Ί(JΓ* (μ, 0)). Since <fy(/l 0)(<p, T) = p, the proof is complete.

We assume for the rest of § 2 that H\% β/ή) = 0. Let k = dim Z\% W).
An easy counting argument, using H2(l% W) — 0, shows that the dimension of
the kernel of dq(μ0) is k. Since dq{μQ) is surjective we may apply the implicit
function theorem. Thus we see that there exist an open ball & about 0 in F*,
an open neighborhood N2(μ) of μ in Jί' and an analytic map «0: N2(μ) x 3?
-> i41(t/, WO with iιo(/ί, 0) == 0 such that the map Ωo: (φ, x) -> (p, ιro(9, JC)) is
an analytic manifold isomorphism of N2(μ) x & onto an open neighborhood
N(μ, 0) of (//, 0) in c/Γ. We may further assume that N(μ, 0) satisfies the
conditions of Lemma 2.1. If φtJί Π N2(JM) and jce J*, then it follows from
Lemma 2.1 that (9?, »0(p, x)) 6 «Ŝ 0. If we set JV3(μ) = iV2(/ι) Π Jί, then the
restriction β t of Ωo to N3(^) X 31 is an analytic space isomorphism of N3(μ) X ^
onto neighborhood of (μ, 0) in «$̂ 0. Let β : N3(/i) x ^ —> S denote the map
θofi j . Then β is an analytic space isomorphism of N3(μ) x 3t onto an open
neighborhood of (μ, U) in Sf.

We summarize the results of this section as follows:
Theorem 2.5. Let cj, ί), Jί and S? be as above, and k = dim Z\ί), c\/l)).

Assume that H2(ί), g/ί)) = 0. Then there exist an open neighborhood N3(μ) of
μ in M, an open ball <% about 0 in Fk and an analytic map u: N3(μ) x Θβ —*
Γn(V) with u(μ, 0) = V such that the map Ω: (φ, x) —> (φ, u(φ, x)) is an
isomorphism (of analytic spaces) of N3(μ) x && onto an open neighborhood of
(//, U) in <f.

Remark. All of the results of this section are essentially results in (real or
complex) algebraic geometry. We have phrased our results in terms of analytic
manifolds to make them accessible to readers unfamiliar with algebraic
geometry. The case of Lie algebras over algebraically closed fields is discussed
in § 4 .

3. Preliminary algebraic geometry

With the exception of § 3.1 below, we shall need only elementary results from
algebraic geometry. In particular, we shall consider only Zariski-closed subsets
of affine spaces, projective spaces, or of products of such spaces. However,
since no completely satisfactory reference is available, a few comments on
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terminology are in order. Our basic references for algebraic geometry are [2]
and [15]; the transition from the terminology of [2] to that of [15] is easy.
We use the word algebraic space (resp. morphism) for what is called an
algebraic variety (resp. regular map) in [15]; an irreducible algebraic space is
an algebraic variety. In particular, we work over a fixed algebraically closed
field and all algebraic spaces are considered as topological spaces, supplied
with the Zariski topology. See [2, Chap. 6] for a discussion of tangent spaces
and differentials of morphisms (of algebraic varieties) we follow the notation
of § 1 for tangent spaces and differentials of morphisms. For an algebraic
space X (not necessarily irreducible), x e X is a simple point of X, if x belongs
to exactly one irreducible component Xx of X and is a simple point of Xλ.
(This is equivalent to the condition that the local ring of X at x be a regular
local ring.) In this case we write T(X9 x) = T(Xl9 x). In particular, if /: X -• Y
is a morphism of algebraic spaces, and x (resp. /(JC)) is a simple point of X
(resp. Y), then the differential dfx: T(X, x) -> Γ(Y, /(JC)) is well defined. As
in the case of analytic manifolds, if Y c X are algebraic varieties and x € Y,
then Γ(Y, JC) is often identified with a subspace of T(X, JC). If V is a vector
space and JC e V, then T(V, x) is identified with V.

(As a matter of fact, the definition of the tangent space T(X, x) of an
algebraic variety X at a point JC given in [2, Chap. 6] carries over with no
major changes to the case in which X is not necessarily irreducible. This
eliminates the awkward distinction made above between the irreducible case
and the general case. See [7, Chap. 3, 4] for a brief discussion of the "correct"
definition-given in a much more general setting.)

The following result, due to Chevalley, can be considered as an algebro-
geometric analogue of the implicit function theorem.

3.1. Let /: X —> Y be a morphism of algebraic spaces, JC e X, and y = /(JC).
Suppose that JC (resp. y) is a simple point of X (resp. Y) and that the differential
dfx: T(X, JC) —• T(Y, y) is a surjective map. Then / maps every neighborhood
of JC in X onto a neighborhood of y in Y. Moreover, if Z = f~\y)9 then JC is a
simple point of Z and Γ(Z, JC) = kernel (djx).

For a proof, see [11, Prop. 8.1].

4. The case of algebraically closed fields

Except for the statement concerning the local product structure of a
neighborhood of (μ, V) in <y\ all of the results of § 2 carry over to the case of
Lie algebras over algebraically closed fields. We sketch the arguments.

Let V be a finite-dimensional vector space over an algebraically closed field
K. Otherwise let the notation be as in § 2. All topological concepts refer to
the Zariski topology. The proofs of Lemmas 2.1 and 2.2 carry over with no
changes to the case at hand. Using §3.1 one can show that there exists a closed
set JKX in A2(V, V) such that Jt c Jΐl9 μ is a simple point of Jtx and
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T{Jll9 μ) = C (here C = r ^ f t , H0)) Let Λ: uT, X Λ\U9 W) -> Z2(I), WO
denote the morphism (φ, T) -> πz(f(φ, Γ)). Then the calculation of rf*(Λι0) in
§2 is also valid here. It follows from §3.1 that (μ, 0) is a simple point of
JΓ = *-»(()) and that T(Λ\ (μ9 0)) is the kernel of dh(μi0). Let g: Jf — uf,
denote the restriction to ^Γ of the projection of Jίx x Λ'ίί/, W) onto u?,.
Then the argument given in Lemma 2.4 shows that the differential dq{μ^ is
surjective if //2(l), fl/l)) = 0. In particular, it follows from 3.1 that q maps
every neighborhood of (μ, 0) in ^ 0 onto a neighborhood of // in .//. Several
consequences of this will be discussed in § 6-§ 8.

5. Subalgebras of associative algebras

All of the results of § 2 and § 4 carry over with no essential changes to the
case of subalgebras of associative algebras. We shall sketch the details in this
section. Associative algebras A are always assumed to have an identity and
subalgebras of A are required to contain the identity of A.

If X and Y are vector spaces, we denote by Lm(X, Y) the vector space of
all m-linear maps of X x x X (m times) into Y. Now let V be a finite-
dimensional vector space over F, and e a non-zero element of V. We are
interested in the algebraic set Jl of all associative multiplications on V for
which e is an identity element. Let A' be a vector space over F, U be an n-
dimensional subspace of V containing e, and J?m(V,X) (resp. lίim(U*X))
denote the subspace of Lm(V, X) (resp. Lm(U9X)) consisting of all φ e L"'(K, X)
(resp. all ψ e Lm(U, X)) which satisfy the following condition: φ(v^ , vm)
= 0 (resp. φ(ul9 , um) = 0) if there exists an index j such that vf — e
(resp. uj = e). We set L(F,X) = Θ ^ 0 L*(V,X) and L(U,X) = ®ιn^L>»(U9X).

Let W be a vector subspace of V such that V is the direct sum of U and
W, and let P: V -> W and β : V -> ί/ be the projections corresponding to the
direct sum decomposition V = 1/0 W. We define linear maps r: L;"(K, K)
-> LTO(i/, W) and 5: LTO(ί/, »0 -> LW(F, K) as follows: if ψ e Lm(V, K), then
rφbil9 . . . , 11J = Pίpίii,, . . . , 11 J ) ; if ψsLm(U, W), then 50(v,, , vm) =
ψ(Qvλ, , βvm). Then roj is the identity map on Lm(ί/, W). We note that
r(J£?TO(F, V)) C ifm(t/, HO and s(J?m(U9 W)) C J?»(F, F). We shall often
identify Lm(ί/, W) with the vector subspace s(Lm(U, W)) of L;;ι(K, K) by
means of 5.

Let Γn(VY denote the closed analytic submanifold of Γn(V) consisting of
all fl-dimensional subspaces of V which contain £. Let Γw be as in § 2, and
Γ'w = Γw Π Γn(V)'\ Γ'w is an open submanifold of ΓJV)'. Let Φ: Lι(U9 W)
-+ Γw be defined as in §2. Then the restriction of Φ to S£\V9 W) defines an
analytic manifold isomorphism Φ'\ &ι(U9 W) -• Γ'w.

Now let

S£2 = {ψ € L2(F, F) I <p(e, v) = ψ{y, e) = v for every v 6 V] .
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Then Jδf2 is an affine subspace of L2(V, F) . We note that r maps Jδ?2 onto
&2(U, W). The algebraic set Jί of associative multiplications on V with e as
identity is included in <£2. Let μzJίy and A = (F, μ) be the corresponding
associative algebra. Then S£2 == μ + <^2(F, F) thus «£?2 is parallel to S£\V, V)
and the tangent space Γ(if2, μ) is (canonically isomorphic to) <£?2(F, F ) . Let
B be an n-dimensional subalgebra of A with underlying subspace U. Then Λ
has a canonical structure of Λ-bimodule and A/B has a canonical structure
of B-bimodule. As in § 2, we transport to W the canonical B-module structure
on A/B by means of the canonical vector space isomorphism between W and
A/B. It follows from the definitions that C(A, A) = &(V, V) and C(B, W)
= £>(U, W). We denote by ί,: C(Λ,Λ) ->C(A, A) and δ2: C(£, W) — C(B, W)
the coboundary operators on the complexes C(A9 A) and C(β, W7).

As in § 2 we denote by <? the algebraic subset of Jί x Γn(VY consisting
of all pairs (η, I/') such that V is a subalgebra of the associative algebra (V, η).

If Te£e\U, W) and y><= <?\ then one checks easily that (lv - T) φe &2.
L e t / : J^2 x Jίf^t/, » 0 - ^ ^ 2 ( ί / , W) be defined by/(p, T) = K ( l κ - Ό ?>).
For φs.J(, it is easy to verify that Φ'(T) is a subalgebra of (V, φ) if and only

If φ, ψ e L 3 (F, F), then, following Gerstenhaber [3], we define
y>o0 e L 3 (F, F), the "composition product" of φ and 0, by

φoψ(vιy v2, v2) = 9(0(1;,, v2), v3) — ^ ( I J φ(v29 v3)) .

It follows immediately that ψ e J2?2 is an associative multiplication on F if and
only if φoψ — 0. If pβ J^2(K, F) = C2(Λ, /ί), then ixφ = —^o^> _ ^>oμ.

Following § 2, we set C = {<pe &\V, V)\rφ£ Z\B, W% and choose direct
sum decompositions J&?2(F, V) = CφD and J^2(ί/, ^ ) = Z2(B, W) ®E such
that r maps D isomorphically onto £". We denote by πc, πD> *% and πb: the
corresponding projections.

Lemma 5.1. There exists an open neighborhood N(μy 0) of (μ, 0) in
Se2 X Sfι(U9 W) such that if ψ e Jί9 (9, T) g N(/ι, 0), am/ ^ ( / ( p , Γ)) = 0,
ίΛert f(φ, T) = 0.

If one replaces the hook product φ 7\ ψ by the composition product 9 o ψ,
the proof of Lemma 5.1 is the same as that of Lemma 2.1.

Lemma 5.2. The differential

dfiμ,»: ^ 2 ( F , F) x S£\V, W) - &2(U, W)

is given by dfiμt0)(φ, T) = rφ + δ2T.
The proof is exactly the same as that of Lemma 2.2.
Lemma 5.3. There exist an algebraic set Jίγ D Jί in ££2 and an open

neighborhood N(μ) of μ in S£2 such that Jί' = Jίx Π N(μ) is a closed analytic
submanifold of N(μ) and T(Jί\ μ) = C.

The proof is essentially the same as that of [11, § 6.2].
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Now let h: Jί' X &\V, W) -> Z2(B, W) be the map (φ, T) *-» πz(f(φ, T)).
Then, using the implicit function theorem and Lemma 5.2, we see that there
exists an open neighborhood Nλ(μ, 0) of (μ, 0) in Jί' x &KU, W) such that
Jί = h~ι(0) Π N^μ, 0) is a closed analytic submanifold of Nλ(μ, 0) and
Ί(Jί, (μ, 0)) is equal to the kernel of dh(μj0). Let q: «yΓ —> ^ ' denote the restric-
tion to Jί of the projection Jί' X ^ ( ί λ W) -• Jί'. Then the same argument
used in the proof of Lemma 2.4 shows that if H2(B, A/B) = 0, then the dif-
ferential dqiμ^0) is surjective. Following the reasoning in §2 we finally obtain:

Theorem 5.4. Let the notation be as above. Assume that H2(B, A/B) = 0
and let k = dim Zι(B, A/B). Then there exist an open neighborhood N(μ) of
μ in Jί, an open ball 38 about 0 in Fk, and an analytic map u: N(μ) x &
-> Γn(V)' with u(μ, 0) = U such that the map Ω: (φ, x) *-> (φ, u(φ, x)) is an
analytic space isomorphism of N(μ) X £8 onto an open neighborhood of (μ, U)
in&>.

We remark that the results of this section can be carried over to the case of
associative algebras over algebraically closed fields in exactly the same manner
as was done in § 4 for the case of Lie algebras. We omit the details.

6. Weakly stable subalgebras

Let V be a finite-dimensional vector space over F. In the case of Lie algebras
we let Jί be the algebraic set of all Lie multiplications on V. In the case of
associative algebras we assume that V has a distinguished element e Φ 0 and
let J( denote the algebraic set of all associative multiplications on V for which
e is an identity element.

Definition 6.1. Let μ € Jί^ and g (resp. A) be the corresponding Lie (resp,
associative) algebra. Let t) (resp. B) be an n-dimensional subalgebra of cj (resp.
A) with underlying subspace U. Then ί) (resp. B) is a weakly stable subalgebra
of g (resp. A) if there exist an open neighborhood N(μ) of μ in Jί and an
analytic map u of N(μ) into Γn(V) (resp. Γn(V)') with u(μ) = U such that, for
every ψ € N(μ)9 u{ψ) is subalgebra of the Lie (resp. associative) algebra (K, φ).

Theorem 6.2. Let Q (resp. A) be a finite-dimensional Lie (resp. associa-
tive) algebra over F, and t) (resp. B) a subalgebra of g (resp. A).

(a) // Iϊ2(ί), g/t)) = 0, then ί) is a weakly stable subalgebra of g.
(b) // H2(B, A/B) = 0, then B is a weakly stable subalgebra of A.
The proof of (a) follows immediately from Theorem 2.5, and that of (b)

from Theorem 5.4.
For the case of Lie and associative algebras, over algebraically closed fields,

we need to modify our definition of weakly stable subalgebras. Let V be a
finite-dimensional vector space over an algebraically closed field K, and Jί be
as above.

Definition 6.3. Let μ € Jίy g (resp. A) be the corresponding Lie (resp.
associative) algebra, ΐ) (resp. B) be a subalgebra of g (resp. A) with underlying
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subspace U. Then ί) (resp. B) is a weakly stable subalgebra of g (resp. B) if,
for every neighborhood N(U) of U in Γn(V) (resp. Γn(V)'), there exists a
neighborhood N(μ) of μ in Jί such that if η <= N(μ), there exists t/? 6 N(U) such
that ί/? is a subalgebra of the Lie (resp. associative) algebra (V, η).

With this definition one can again show that if //2(A, g/h) = 0 (resp.
H2(B, A/B) = 0), then ί) (resp. B) is a weakly stable subalgebra of g (resp.
A). The proof for the case of Lie algebras follows from §3.1 and the results of
§4. The proof for the case of associative algebras follows from §3.1 and the
results indicated at the end of § 5.

Example. Let g be a finite-dimensional Lie algebra over F, and c a Cartan
subalgebra of g. Then an argument similar to that given in [12, § 12(b)] shows
that //2(c, g/c) = 0. Thus c is a weakly stable subalgebra of g.

Remark. Let g be a finite-dimensional Lie algebra over F. In [i 1] we de-
fined a subalgebra ί) of g to be stable, if (roughly) ί) is a weakly stable sub-
algebra of g, and the map u: N(μ) —> Γ,£V) of Definition 6.1 can be chosen
so that, for every φ € N(μ), the subalgebra u(φ) of (K, φ) is isomorphic to I).
Theorem 6.1 of [11] states that I) is a stable subalgebra of g if //2(l), g) = 0.
We shall show in § 7 that a stronger form of this theorem is an easy conse-
quence of Theorem 6.2 above.

7. Stable homomorphisms

Let U and W be finite-dimensinoal vector spaces over F, and . ft (resp. . I")
denote the algebraic set of all Lie multiplications on U (resp. W). Let μe./ΐ,
ηeJ\ i) = (I/, μ) and g = (W, η) be the corresponding Lie algebras, and
p: I) —• g be a homomorphism of Lie algebras.

Definition 7.1. p is a stable homomorphism if there exist open neighbor-
hoods N(μ) and N(η) of (respectively) μ and η in *// and . Γ and an analytic
map u: N(μ) x N(η) —• Horn,. ([/, W) with u(μ, η) — p such that, for every
(//, J/) € N(μ) x N(η), u(μ', η'): (U, μ') -> (W, η') is a homomorphism of Lie
algebras.

Let V be the product vector space U x W. We identify U and W with vector
subspaces of V in the usual manner. Let n = dim U, and Γw be the open
submanifold of Γn(V) consisting of all ^-dimensional subspaces X of V such
that X Π W = {0}. Let Φ: HomF(U9 W) -> Γw be the analytic manifold iso-
morphism defined in § 2 ; we recall that Φ{T) is the graph of T. Thus every
subspace X e Γw is the graph of a linear map Γ: U -> W. One checks easily
that X = φ(T) is a subalgebra of the product Lie algebra ί) X g if and only if
T: t) —• g is a homomorphism of Lie algebras.

Let p denote the graph of the homomorphism p: ί) —> g. The adjoint repre-

sentation of p on t) x g determines a p-module structure on the quotient space

(ί) X c0/p. We consider g as an ί)-module by means of the representation adq o p



DEFORMATIONS OF SUBALGEBRAS 301

(here ad$ denotes the adjoint representation of g). Let γ: ί) —• g denotes the
map x—• (x, p(x))\ then γ is an isomorphism of Lie algebras. Let π: ί) X g
-» (I) X fi)/ί> be the canonical projection, and define / : g —• (I) X g)/p by

/(JC) = π(0, x). Then / is a vector space isomorphism. Furthermore it is easy
to see that, for x € I) and y € g, / ( * y) = fCx) •/()>), from which is follows easily
that //^(f), g) is canonically isomorphic to W(p, (ί) X β)/p).

Theorem 7.2. Lei g flfld1) £e finite-dimensional Lie algebras over F, and
p: t)-»gfl homomorphism. Consider g as an h-module via the representation
adQ o p. If H2(ί), g) = 0, then p is a stable homomorphism.

Proof. Since #2(l),g) = 0, we have H2(p, (f) x g)/p) = 0 by the remarks
above. Using the (local) correspondence between subalgebras of a product Lie
algebra 1/ X g' and homomorphisms of I)' into 6' described above, we see that
Theorem 7.2 is an immediate consequence of Theorem 6.2.

If we apply Theorem 7.2 to the case, in which I) is a subalgebra of g and p
is the inclusion map, we obtain a strengthened form of [11, Theorem 6.1].

Now for the case of algebraically closed fields, let I) = (U, μ) and g = {W, η)
be finite-dimensional Lie algebras over an algebraically closed field K, Jί and
«V denote (respectively) the algebraic sets of all Lie algebra multiplications on
U and W, and p: ί) —> g be a Lie algebra homomorphism. As usual, .//,. f \
and Homκ(U, W) are given the Zariski topology.

Definition 7.3. p is a stable homomorphism if, for every neighborhood
N(p) of p in HomA(ί/, W), there exists a neighborhood N(μ, η) of (μ, η) in
i x / such that, if (μ\ J/) e N(μ, η), then there exists p' e N(p) such that
ρ'\ (U, μ') —> (W9 7]') is a homomorphism of Lie algebras.

Theorem 7.4. // //2(l), g) = 0, then p is a stable homomorphism.
The proof of Theorem 7.4 follows from the results of § 6 and the local

correspondence between subalgebras of product algebras and homomorphisms
of their factors.

All of the theorems, proofs, definitions, etc., of this carry over easily to
the case of homomorphisms of associative algebras. We leave their formulation
to the reader.

7.5. Remark. The neighborhood N(μ, η) in Definition 7.3 cannot neces-
sarily be taken in the form N(μ) x N(η), where N(μ) and N(η) are neighbor-
hoods of μ and η in M and N.

8. Deformations of subalgebras

Let g = (V, μ) be a finite-dimensional Lie algebra over F, and s/ the set of
all /i-dimensional subalgebras of g. Then s/ is a Zariski closed subset of Γn(V).
Let ί) be an ^-dimensional subalgebra of g with underlying subspace U, W be
a subspace of V of codimension n which is transversal to U, φ: Hom7,(ί/, W)
-> Γw be the analytic manifold isomorphism defined in §2, and Ψ: ΓH> -*
HomF(ί7, W) denote the inverse of φ, and let ssί'=Ψ(d Π Γw). It follows from
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the results of [12, § 6] that if t —> ί)t is an analytic curve in <s/ with ί)0 = I),
then the tangent vector at 0 of the curve t »-> Ψ(ί)t) is an element of Zι(l), W)
(recall that Zι(ί),W) is canonically isomorphic to Z!(ί), cj/ί))). The following
theorem shows that if H2(ί), cj/ϊ)) = 0, then every aeZι(h9 W) occurs as the
tangent vector of a one-parameter family of subalgebras in the sense described
above.

Theorem 8.1. Let the notation be as above and assume that //2(ί), (]/!)) = 0.
Let u denote the point of Γn(V) corresponding to the subspace U of V. Then
there exists an open neighborhood N(u) of u in Γn(V) such that .*/ Π N(u) = Jf
is a closed analytic submanifold of N(u). Furthermore dψu maps T(N, u) iso-
morphically onto Zι(l), U).

The proof follows from the results of § 2.
Let G denote the adjoint group of c\. Then G acts in an obvious way as a

transformation group on s/. A subset & of s/ containing u is said to be
a locally complete family of subalgebras of c\ at ί) if the orbit G(^) of & under
G is a neighborhood of u in s/. Intuitively, this says that every subalgebra
near ί) is conjugate to a subalgebra in the family J^. By a straightforward
argument using the implicit function theorem one can show that there exist an
open neighborhood N(0) of 0 in //'(I), (]/l)), an analytic map u:N(0)-*
H2(t),c\/t)) with w(0) = 0, and an injective analytic map τ of efi = u~\ϋ) into
j / with r(0) = u such that Jf* = r(#) is a locally complete family of subalge-
bras of c\ at I). A more detailed formulation and a proof are given in [8], so
we omit them here. See also [10, Theorem 20.3] where a similar proof is given
in a slightly different setting.

8.2. Remarks, (a) The locally complete family Jf described above is an
analogue of the locally complete family of complex-analytic structures on a
compact manifold constructed by Kuranishi in [6],

(b) The locally complete family X above is analytically parametrized by
the set of zeros of an analytic map of a neighborhood of 0 in //'(I), fl/l)) into
//2(l), fl/ί)). Thus, in a sense, the elements of H\{), c\j{)) can be interpreted as
"obstructions" to finding one-parameter families of subalgebras with a given
initial tangent vector. From another point of view which we shall not go into
here, the elements of H2(ί), W) occur as "obstructions" to finding a formal

power series solution p{t) — f] ant
n (an € Hom,,(ί/, W)) to the equations de-

K---1

fining s4r with a given initial term ax € Z\i), W).
Theorem 8.1 carries over to the case of Lie algebras over algebraically closed

fields. In this case the conclusion is that u is a simple point of A and that dψa

maps T(A,u) isomorphically onto Zι(ί), W). An analogue of the result on
locally complete families is also valid in this case but will be omitted. See [10,
Theorem 23.4] for a precise formulation in a similar case.

All of the results and proofs of this section are also valid for the case of
associative algebras. We omit the details.



DEFORMATIONS OF SUBALGEBRAS 303

8.3. Remark. The results of this section were obtained independently
and at approximately the same time by A. Nijenhuis and by the author.
Nijenhuis's results are given in [8].

9. Relatively stable subalgebras

In this section we shall be dealing with subalgebras of a fixed Lie algebra.
Thus there is no point in distinguishing between a Lie algebra (resp. subalgebra)
and its underlying vector space and we shall not do so.

Let g be a finite-dimensional Lie algebra over F, and G a connected Lie
group with Lie algebra g. (Our proofs are independent of the choice of G.)
Let sf be the set of all /?-dimensional subalgebras of g jrf is a Zariski-closed
subset of the Grassmann variety Γn(g). We denote by Ad the adjoint repre-
sentation of G on g. The map (g, U) »-> (Ad g)(U) of G x Γn(g) onto Γw(g)
determines an analytic action (actually an algebraic action) of G on /\Xg), and
sf is stable under this action of G. Two ^-dimensional subalgebras α and b of
g are conjugate if they lie on the same orbit under the action of G on A.

To avoid confusing notation it is often convenient to distinguish between
points of the algebraic set sf and w-dimensional subalgebras of g. If x is a point
of J/, we shall often denote the corresponding subalgebra of g by αx.

Definition 9.1. Let f c ί) be subalgebras of g with n = dim I), and h the
point of J / corresponding to ί). Then f is a stable subalgebra of g relative to
ϊ) if there exist a neighborhood N(h) of h in <c/ and an analytic map u: N(h)
-+ G with uQϊ) = e such that (Ad(u(x))(ΐ) C ax for every x e N(h).

Roughly speaking, then, ϊ is stable relative to 1) if every π-dimensional
subalgebra of g near ί) contains a subalgebra which is conjugate to f.

As in §2, we define an ^-module structure on g/l) by means of the adjoint
representation of ί) on g. By restriction we obtain a ί-module structure on g/l).

Theorem 9.2. Let g be a finite-dimensional Lie algebra over F, and f c I)
be subalgebras of g. // Hι(ΐ, g/ί)) = 0, then f is a stable subalgebra of g relative
to ί).

Remark. If ϊ = ΐ), we obtain the rigidity theorem of [12].
The proof of Theorem 9.2 will be given in a series of lemmas. The general

plan of the proof is the same as that of Theorem 2.5.
Let n = dim fy, W be a subspace of g of codimension n such that W Π ί) = {0},

V (resp. V) be the underlying subspace of g (resp. ί)), and r, s, P, Q, Γ,v , φ
and Ψ be as in § 2. As in § 2 we use the canonical vector space isomorphism
between W and g/ί) to transport to W the ^-module structure on g/l); by
restriction this induces a f-module structure on W. As in § 2, we shall identify
Cm(ί), W) with a vector subspace of Cm(g, g) by means of the monomorphism
s. Let p: C(tj, W) —> C(f, W) be the obvious restriction map. Then p is surjective
and a chain mapping. Set C = {TzC\% W)\p(T) eZ\ΐ, W)}. Since p is a
chain map, Zι(t), W)dC. Choose direct sum decompositions C\% W) =
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and C(f, W) = Z\t, H 0 θ £ such thatp maps Z) isomorphically onto E, and
let ;r c : C'ίί), W) -> C, ^ : C !(ή, WO -> Z>, τrz: CJ(f, WO -> Z'(f, W) and
π £ . C^f, WO —> £* be the corresponding projections.

If S, T € Honv(g, β) ( = 0 ( 8 , fl)), we define [5, T] € C2(g, fl) to be the map
(x, y) »-> [S t, 7>] + [Γ t, S y] (here [SJC, 7>] and [ΓJC, Sy] denote products in
the Lie algebra fl). Then (5, T) >-• [5, T] is a bilinear map and [S, Γ] = [7, S].

Let # = ψ(st Π TV) # is the algebraic set in O(l), W) which corresponds
to j / Π Γ,Γ via the chart iF. We note that ?f(l)) = 0. Now we define a
polynomial map a: C\% W) -> C2(ί), HO by a(T) = (P - Γ) o [ β + Γ, Q + T\.
(As defined, a is a map of O(t)9 W) into C2(g, β) however, one checks easily
that the image of a lies in C2(ί), W), which is considered as a subspace of
C2(g,fl) via 5.) It is shown in [12, Lemma 3.1] that TeVif and only if a(T)
= 0. (Let / be as in § 2, and μ the multiplication on fl. Then it is easy to
check that f(μ9 T) = α(7), for TζC\ί), W). However the notation we have
just introduced is more convenient for the computations we shall make in
this section.)

Lemma 9.3 In C'd), W) there exist an algebraic set Jlx containing c€ and
an open neighborhood N(0) of 0 such that .4(ι — N(0) ΓL/0Ί is a closed analytic
submanifold of N(0) and T{Jt\ 0) = C.

Proof. It is shown in [12, Prop. 6.1] that the kernel of the differential daQ

is Z ι(ί), W). Since Z !(ί), W) c C, it follows by elementary linear algebra that
there exist a vector subspace A of C2(ί), W) and a surjective linear map
b: C2(ί), WO -* A such that the differential d(b°a\: C(ί), HO -> A is surjective
and the kernel of d(b<>a)0 is C. We set J(x = ( ί o β ) - 1 ^ ) . Then # C .^,, and
the other conclusions of Lemma 9.3 follow from the implicit function theorem
as formulated, e.g., in [11, §5] .

Let ί,: C(ί), W) — C(l), »0 and δ 2 : C(f, »0 — C(f, »0 denote the coboundary
operators on the complexes C(ί), H') and C(f, W). We choose neighborhoods
N(e) and N(0) of e and 0 in G and Cι(I), Ĥ ) such that, if ^ e N(rt and TeN(O),
then (Ad g)(φ(T)) e Γw. We may further assume that N(0) satisfies the
conditions of Lemma 9.3, and define #w0: N(e) X N(0) — C](l), H') by mo(£, T)
= r((Adg)(φ(iΓ)). Roughly, m0 defines the action of G on C'(l), W) which
corresponds via the chart Ψ: Γw —• C !(ί), W) to the natural action of G on
Γn(fl). Let m: N(β) X ^ / - > C 1 ( I ) , H') denote the restriction of w0 to N(e) X **'.
It follows from [12, § 7] that if x e fl, then dm,e^(x, 0) = δ}(Px). (Recall that
C°(ί), Ψ) = W.) Thus dm(€f0)(x,T) = δ,(Px) + T. Since /ι maps C onto
Z!(f, Hf), it follows immediately that the differential at (e,0) of the map
πzoPom: N(e) X Jί' -*Z\l,W) is surjective. Let ...V = (πκopomVι(0).
Then it follows from the implicit function theorem that there exists an open
neighborhood N(e, 0) of (e, 0) in N(e) x Jί' such that .V = . V Π N(e, 0) is a
closed submanifold of N(e, 0) and T(^V9 (e, 0)) is equal to the kernel of
d(πz op o jif)(βf0). Let q: ^V -> . ^ denote the restriction to Jί of the Projection
N(e) X uT' -^ uT'.
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Lemma 9.4. The differential dq{e 0) is surjective.
Proof. We shall use the fact' that »'(f, W) = Hι& fl/ή) = 0. Let

T <= TW, 0) = C. Then />(Ό € Z'(f, W) = B'(f, W). Hence there exists w e W
such that />(Γ) = δ2(w) ^ /K^w). (Since C°(ί), W) = W = C°(f, W), we have
iv = />(H>).) Using the formula derived above for dm(Cy0) we see that

d(πzopom){€^{ — w,T) = πz(p(—d<w + T)) = 0 .

Thus (-w, Γ) € kernel (rffe o^ o m)(M)) = 7VΓ, (e, 0)). Since ^(Γ,0)(—w, 7)
= T, we see that dqie%0) is surjective. This proves Lemma 9.4.

If T € <g9 then the subalgebra φ(7) contains f if and only if the restriction
of T to f is 0, i.e., if and only if p(T) = 0. The following lemma, which is
analogous to Lemma 2.1, shows that if Γ e ^ i s sufficiently near 0 and
ff*(KΓ)) = 0, then/>(Γ) = 0.

Lemma 9.5. There exists an open neighborhood N(0) of 0 in C!(I), W) such
that, if T e N(0) Π V and πz(p(T)) = 0, then p(J) = 0.

Proof. Let T € ̂  be such that πyXp(T)) = 0. We may write Γ = * + y,
with X € C and 7 € Zλ By definition of D we have ^(/KY) = 0. Consequently

0 = πz(p(T)) = ^(jKJf + y » = πz{p{X)) = p(X) .

Since T 6 ̂ , we have

(9.1) o = ( P - * - y)o[ρ + ̂ + y,e + ̂  + y ] .

If we expand the right hand side of (9.1) by multilinearity, then each individual
term is an alternating bilinear map of c\ X Q into W, i.e., an element of
A2(Q, W). Let t: A2(Q, W) -> C2(f, W) denote the restriction map, and note the
following facts:

(a) Po[Q,Q] = 0,
(b) ί(*o[β,β]) = 0,
(c) K(P-X-Y)o[X,Q + X+Y]) = 09

(d) K2Po [β, y] - y o [β, β]> = 2^2(/,(y)).
In fact, (a) is equivalent to the statement that ί) is a subalgebra, (b) follows

from the facts that f is a sub-algebra and thatp(X)y the restriction of X to f,
vanishes, (c) is an easy consequence of the vanishing of p(X), and the proof
of (d) is by an easy direct computation.

If we expand the right hand side of (9.1) by multilinearity, applying /, and
using (a), (b), (c) and (d) above we obtain

0 = 2δ2(p(Y)) + t(Po[Y, Y]) - tdX + Y)o([Y, Y] + 2[β, Y])) .

Finally, using the fact that />(*) = 0, one checks that this is equivalent to

(9 2) ° = 2δ*{p{Y)) + t(P ° lX + y ' Y])

-t((X + Y) o ([X +Y9Y] + 2[β, Y])) .
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For every T ε Cflj, W), we define a linear map λτ,: D — C2(f, W) by

λτ,(S) = 2δ2(p((S)) + t(Po[Γ,S]) - t(TΌ([T',S] + 2[Q,S])) .

With this notation, (9.2) becomes

(9.3) i τ + r ( y ) = 0 .

We observe that V —• ΛΓ, is a polynomial mapping (and hence continuous),
and further that λ0 is the restriction of 2δ2optoD. Thus λ0 is a monomorphism,
and hence there exists a neighborhood N(0) of 0 in Cι(i% W) such that if
V € N(0), then λτ, is a monomorphism. Assume now that T = X + Y e N(0).
Since ΛΓ is a monomorphism, it follows from (9.3) that 7 = 0. Thus p(T) =
ĵ(A') == 0, which proves Lemma 9.5.

The proof of Theorem 9.2 is now essentially complete; it is just a matter of
putting together the pieces. It follows from Lemma 9.4 and the implicit
function theorem that there exist an open neighborhood N{(0) of 0 in . # ' and
an analytic map i^: Λ^O) -* G with ŵ O) = e such that (7\ u^T)) € ./Γ for
every ΓeΛ^O). We may assume further that m(Γ, «,(7)) e N(0) for every
TeN^O), where N(0) is as in Lemma 9.5. Now let N,(0) = /V̂ O) Π f€, and
TεN2(0). Then, since (Γ, ux(T)) e JΓ, we have πχ(p(m(T,Uι(T)))) = 0 and
consequently, by Lemma 9.5, p(m(T, uλ(T))) = 0. But this implies that the
subalgebra (Ad «,(Γ))(φ(Γ)) contains f, or, equivalently, that (Ad («,(7)-!)(!)
is included in the subalgebra φ(J). Let N(h) = φ(Λ/2(0)); N(/ι) is a
neighborhood of Λ in ,c/. We define the analytic map u: N(h) —• G by α(jc) =
B / Ϊ ' W ) " 1 . Then it follows from the remarks above that if jceN(λ), then
(Ad iί(jc))(f) c αx. Thus f is a stable subalgebra of c; relative to I). This
completes the proof of Theorem 9.2.

9.6. Examples, (a) Let f c ί) be subalgebras of c\, and assume ϊ is a
semi-simple Lie algebra. Then it is known that H\t, M) = 0 for every finite-
dimensional ί-module M. In particular W^t.fl/l)) = 0, and thus f is a stable
subalgebra of c\ relative to I).

(b) Let f c ί) be subalgebras of cj, and assume that f is a Cartan subalgebra
of Q. Then flι(f,fl/ί)) = 0. (The proof is similar to that of [12, Prop. 12.5].)
Thus f is stable in cj relative to ί), and hence every subalgebra of ft near I)
contains a Cartan subalgebra. If, in addition, cj is a semi-simple Lie algebra,
then it follows from [12, Cor. 12.9] that every subalgebra of t] near ί) is
actually conjugate to t).

9.7. A generalization. Theorem 9.2 can be slightly generalized as follows.
Let Aiit (g) be the group of all automorphisms of the Lie algebra cj, and Der(g)
the Lie algebra of all derivations of g. Then Der (g) is the Lie algebra of the
Lie group Aut (g). Let © be a subalgebra of the Lie algebra Der (g), and G
the corresponding connected Lie subgroup of Aut (g). Define Dι to be the
vector subspace of Hoπv (ϊ, g/f)) = C^ί, g/ί)) consisting of all linear maps of
the form x —> π(Dx) for some derivation D e ©, where π: g —> g/ϊ) denotes the
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canonical map. One checks easily that Dx c Z\k, g/l}). We have the following
theorem:

Theorem 9.8. Let the notation be as above and assume that Zι(t, ()/ί))=D1.
Then there exist an open neighborhood N{h) of h in stf and an analytic map
u: N(h) -> G such that («(*))(f) C ax for every x € N(h).

Theorem 9.8 implies that if Zι(k,g/h) — D\ then every subalgebra of g
near I) contains a subalgebra which is conjugate to ϊ under G. Theorem 9.5
corresponds to the special case of Theorem 9.8 in which © = ad (β). The proof
of Theorem 9.8 is essentially the same as that of Theorem 9.5 if one replaces
ad (g) and Ad (G) by © and G respectively. We omit the details.

9.9. The case of algebraically closed fields. Let G be a linear algebraic
group over an algebraically closed field K, c\ the Lie algebra of G, ί c I) sub-
algebras of g with n = dim ί), and sf the (Zariski) closed subset of Γn(g)
consisting of all Λ-dimensional subalgebras of g. As usual, all spaces involved
will be considered as topological spaces, supplied with the Zariski topology.

Definition 9.10. f is a stable subalgebra of cj relative to I) if, for every open
neighborhood N(e) of e in G, there exists an open neighborhood Λf(l)) of I) in
j / such that the following property holds: if xeN(ϊ)), there exists geN(e)
such that (Ad g)(t) C αx.

Theorem 9.11. // Hι(t> a /I)) = 0, then f is a stable subalgebra of c\ relative
to ί).

The proof of Theorem 9.11 is essentially the same as that of Theorem 9.2.
The modifications necessary in the proof of Theorem 9.2 are similar to those
made in § 4 in the proof of Theorem 2.5. We omit the details.

An obvious analogue of Theorem 9.8 is also valid in the case at hand,
provided that © is the Lie algebra of an algebraic sub-group G of Aut (g).

9.12. Relatively stable subalgebras of associative algebras. Let A be a
finite-dimensional associative algebra (with identity) over either F or an
algebraically closed field K, and G the algebraic group of all invertible elements
of A. We define a Lie algebra structure on the underlying vector space of A
as follows: if x,yeA, then [x,y] = xy — yx. Let c\ denote this Lie algebra.
Then g is the Lie algebra of G, and the adjoint action of G on A( = c\) is
simply the action of G on A by inner automorphisms.

With these preliminaries, all of the definitions, theorems, and proofs of § 9
carry over to the case of associative algebras with only trivial modifications.
Details are left to the reader.

10. Application to transformation groups

Let G be a real (resp. complex) Lie group with Lie algebra cj, and assume
that G acts differentially (resp. holomorphically) on the differentiable (resp.
complex) manifold M. For each x € M, let Gx be the isotropy group of G at
x9 and gx the Lie algebra of Gx. Then gx is the isotropy subalgebra at x. For
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each non-negative integer n let Mn denote the set of points x e M such that

the orbit G(x) is ^-dimensional. If q = dim G and xeMn, then dim gΛ =

q — n. (In the complex case, we refer, of course, to the complex dimension.)

For each x € Mn, the isotropy subalgebra gx can be considered as a point of

the Grassmann manifold Γq_n(g). It is shown in [13] that the map x —• QX is a

differentiate (resp. holomorphic) map of Mn into Γ(7_n(g). Furthermore it is

shown that, for each integer k, U n^kMn is an open subset of M. As an easy

consequence of Theorem 9.2, we obtain

Theorem 10.1. Let G and M be as above, x e Λf w, am/ a be a subalgebra

of the isotropy subalgebra QX such that the Lie algebra cohomology space

iϊ !(a,β/flχ) vanishes. Then there exist an open neighborhood N(x) of x in Mn

and a differentiate (resp. analytic) map y *-* gy of N(x) into G such that

(Ad gy)(cί) C gy for every y € N(x).

As a particular example, let n = max τ 6 . v dim G(x) and assume that there

exists x e Mn such that $x contains a Cartan subalgebra of 3. Then there exists

an open neighborhood N(x) of x in M such that QV contains a Cartan subalgebra

for every yεN(x).
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