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A FORMULA FOR THE BETTI NUMBERS OF
COMPACT LOCALLY SYMMETRIC

RIEMANNIAN MANIFOLDS

YOZO MATSUSHIMA

1. Let X be a simply connected symmetric Riemannian manifold
and let G be a connected Lie group acting transitively and almost effec-
tively on X as a group of isometries. We denote by K the isotropy group
of G at a point o of X. If G is compact, it is a well-known theorem of
Cartan-Hodge that a differential p-form is harmonic if and only if it is
G-invariant. It follows from this theorem that the p-th Betti number
of X is equal to the multiplicity with which the trivial representation
enters in the linear isotropic representation of K in the vector space of
p-covectors at the point o.

Let us suppose now that G is a connected semi-simple Lie group
with finite center all of whose simple components are non-compact. Let
Γ be a discrete subgroup of G such that the quotient Γ\G is compact.
We denote by hp(X, Γ) the vector space of all harmonic p-forms on X
which are invariant by Γ. We know that the dimension of the space
hp(X, Γ) is finite. The results obtained in the previous papers [4]
shows that in several cases the dimension of hp(X, Γ) is also equal to
the multiplicity with which the trivial representation enters in the linear
isotropic representation of K in the space of p-covectors at the point o,
if the number p/dim X is small.

The purpose of the present paper is to prove a formula which relates
the dimension of the space hp(X, Γ) with the decomposition of the
unitary representation of G in the Hubert space L2(Γ\G) (see §2).
This formula corresponds in a sense to the theorem of Cartan-Hodge
and, in fact, if G is compact and Γ reduces to the identity, our formula
is equivalent to Cartan-Hodge Theorem.

We shall also see as an example that, if X is the 3-dimensional
hyperbolic space and if G is SL(2, C) or the proper Lorentz group, the
dimension of hλ{X, Γ) is equal to the multiplicity in L2(Γ\G) of the
irreducible unitary representation C/2,0 of the principal series (see §5).

2. We retain the notations introduced in §1 so that G will denote
a connected semi-simple Lie group with finite center all of whose simple
components are non-compact. The group K is then a maximal compact
subgroup of G. Let g be the Lie algebra of left-invariant vector fields
on G, and t the subalgebra of g corresponding to K. We denote by
φ(X, Y) (X, Y € g) the Killing form of the semi-simple Lie algebra g
and by m the orthogonal complement of t in g with respect to φ. We
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know that

[m,
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m + f,

m] = f,
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mΠ! =

[!, ml =

= (0),

= m.

Moreover, φ(X, X) is positive if X £ m, X φ 0, and negative if
X € f, X ^ 0. Let {Xi}z = i,...,r and {Xα}α = r+i,...,n be bases of m and
f respectively such that

φ(Xi, Xj) = δij (1 <i,j< r),

φ{Xa, Xb) = -δab (r + 1 < α, 6 < n).

In the following we shall make the convention that the indices i, j , . . .
will range from 1 to r, while the indices α, 6,... from r + 1 to n.

A vector field X £ g is left invariant by G and hence by Γ so that X
is projectable onto Γ\ G. In the following we consider the elements X
of g as vector fields on Γ\ G. We denote by C the differential operator
on Γ\ G defined by

r n

~ 2^ i 2-^ a'

The operator C is called the Casimir operator of G. We may consider
C as an element of the universal enveloping algebra E(g) of g. It is
known that C is in the center of E(g).

Now let Γ be a unitary representation of G in a Hubert space H.
A vector φ G H is called a regular vector if the function 5 —> T(s)φ is
of class C°°. We denote by W the subspace of all regular vectors of
H. It is known that W is dense in H. Let X G 0 and let exp tX be
the 1-parameter subgroup of G corresponding to X. For φ £ W, put

T(X)φ = — Γ(exp tX)φ\ . Then iT(X) is a self-adjoint operator

i _u o
with domain W. We define the self-adjoint operator Cψ of H with
domain W by putting

i=l α=r+l

and call it the Casimir operator of the unitary representation T of G.
If T is an irreducible unitary representation, there exists a real number
\τ such that Cτφ = \τφ for all φ £ W.

In the following we shall denote by Do the set of irreducible unitary
representations T of G such that \τ — 0.

We denote by U the unitary representation of G in the Hubert
space L2(Γ\G). The vector space C°°(J1\G) of all complex valued
C°°-functions on Γ\G is a subspace of the space of regular vectors of
L2(Γ\G), and we have Cf = -Cυf for all / £ C°°(Γ\G). The repre-
sentation U decomposes into sum of a countable number of irreducible
unitary representations in which each irreducible representation enters
with a finite multiplicity [1]. We denote by N(T) the multiplicity in U
of an irreducible unitary representation T of G.
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Now let T be an irreducible unitary representation of G, and TK the
restriction of Γonto K. It is well-known (see [2]) that the representation
Tjζ of K decomposes into sum of a countable number of irreducible
representations in which each irreducible representation enters with a
finite multiplicity. We shall denote by M(Tκ' , r) the multiplicity in TK
of an irreducible representation r of K.

Let now xnc be the complexification of m. We denote by adp the

representation of K in the vector space Λ mc induced by the adjoint
action of K in m. Let

(2.1)

be the decomposition of adp into a sum of irreducible representations.

Theorem. Let G be a connected semi-simple Lie group with finite
center, K a maximal compact subgroup of G, and Γ a discrete subgroup
of G with compact quotient space Γ\G. Assume that Γ acts freely on
the symmetric space X = G/K, and let hp(X, Γ) be the vector space
of all harmonic p-forms on X invariant by Γ. Let T be an irreducible
unitary representation of G, and TK the restriction of T on K. Let
N(T) denote the multiplicity of T in the unitary representation U of
G in the Hiϊbert space L2(Γ\G), and M(TK]τf) the multiplicity of the
irreducible representation rf of K in TK Then

dim h"(X,Γ) =
TeDo

where DQ denotes the set of all irreducible unitary representations of G
with vanishing Casimir operator.

The following sections are devoted to proving this theorem.

3. Let η be a complex valued differential p-form in X invariant by
Γ, and πo: G —> G/K = X the canonical projection of G onto X. Put
ή = η o TΓO. Then ή is a p-form on G having the following properties:

ήoLΊ = ή (7€Γ), ήoRκ = ή (keK),

i(Y)ή = 0 (Yet),

where Lg (resp. Rg) denotes the left (resp. right) translation of G by
g 6 G, and i(X) the operator of interior multiplication.
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Now let ωι(l < i < r) be the left invariant 1-form on G such that
ωι(Xj) = δj. We denote by / an ordered set of p indices is such that
1 < i\ < i2 < < ip < r. Further put

Then the ]>form ή is written uniquely in the form

where the coefficients ηj are functions on G. Now {ω1} form a basis of

Λ m*c, and we denote by ad*p the representation of K in Λ m* c which
is contragredient to adp'. Since the p-form ω1 is left-invariant, we have
ω1 oRk= ad*P(k) ω1 for all k G K. Put

We then have ή o Rk = Σ Σ rj(k){Vi ° Rk)ωJ and, since ή o Rk =77,

we get

It follows also from ή o LΊ = ή and ω1 o LΊ = ω1 that

Vi(Ί'9) = VI(9) (l^Π-

Hence we may consider ηj as a function on JΓ\G such that

for x G Γ\G and k e K. We may also consider 77 as a Λ m*c-valued

function on Γ\G defined by

ή(x) = ΣηI(x)ωI (xeΓ\G).
1

We have then

(1) ή(x k) = adT'ik-^ήix).

Thus there corresponds to a differential p-form η on G/K invariant

by Γ a Λ m*6-valued function on Γ\G satisfying the condition (1),
and conversely, to each of the functions satisfying (1) corresponds a Γ-
invariant j>form and this corresponds is bijective. If the form η is of
class C°° so is the corresponding function 77; if 77 is measurable (with
respect to the invariant measure on G/K), so is 77 (with respect to the
invariant measure on Γ\G).
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Now let Ωp be the Hubert space of all /^-invariant measurable p-
forms on G/K such that

= / 7? η > dv < + oo,

where F denotes a compact fundamental domain for Γ1, and <, > the
length of η with respect to the Riemannian metric of G/K. We can
show that if η and θ are in Ωp, and ή and θ are the corresponding

Λ m*c-valued functions, then

(θ, η) = M y ^ / θi m dx,
i Γ\G

where M is a suitable constant independent of 77, θ [5].

Suppose now that 77 is of class C°°, and let Δ denote the laplacian
operator for the p-forms. Then we have

where C denotes the Casimir operator [5]. Therefore we get

(Δθ, 77) = M V / Cβi-Tίi dx.
1 J
1 Γ\G

and θ is harmonic if and only if C0j = 0 for all J = (ii, . . . , ip).

The Killing form φ of Q defines a positive definite hermitian inner
product φ* in Λ m*c invariant by the representation ad*p of K for which
{ω1} is an orthonormal basis. We have then

(0, η) = M φ*Φ{x), ή{x)) dx.

Γ\G

Let

be the decomposition of Λ m*c into the sum of mutually orthogonal
irreducible UT-invariant subspaces. We may assume that the irreducible
representation of K in F* is contragredient to rf (cf. (2.1)). Let Pi be

the projection of Λ m*^ onto F*, and put

ήi(x) = Piή(χ) (x e Γ\G).
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Then ήi is an F^-valued function on Γ\G such that

ή^xk) = τ^{k-ι)ήi{x) (x G Γ\G, k G K).

Let r\i be the Γ-invariant p-form corresponding to ήi. We then have
η = Σ Vί, a n (3 η is harmonic if and only if each ηi is harmonic (cf. [5]).

i

We denote by APti the vector space of all F?-valued C°°-functions
/ on Γ\G satisfying the conditions:

f(x k) = τ*v{k-ι)f{x) (x e Γ\G, k e K),

Then

Sp

(3.2) dim hp(X, Γ) = Σ d i m APA

4. In this section we shall show that

(4.1) dim A^ = Σ N(T)
TeDo

Then the theorem follows from (3.2) and (4.1).

Let {ζ1, , ζ171} be an orthonormal basis of F*, and {Zi, , Zm}
the dual basis of the dual vector space Fι of F*. We may consider Fι

as an irreducible if-invariant subspace of Λ m c such that

and we may assume that the representation of K in Fi is τf. To simplify
the notation we write r instead of rf. Let

Then we have

Let now

be the decomposition of the Hubert space L2(Γ\G) into the direct sum
of irreducible G-invariant closed subspaces, and Ua the irreducible uni-
tary representation of G in Ha induced by U. Further, let
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6 = 1

be the decomposition of Ha into the direct sum of irreducible K-invariant
closed subspaces. We take an index a such that Ua G DQ, and suppose
that the representations of K in i7α?i, , ϋ ί α ^ ( ^ = M((£/α)κ;τf))
are equivalent to τ(= rf). We fix an index b such that 1 < b < bi, and
take a basis {/λ}λ = i, ,m of Ha,h such that

(4-2) I

If {#λ}λ = l, — ,m is another basis of iJα^ which satisfies (4.2), then there
exists a complex number a such that g\ = afχ(X = 1, , m) by Schur's
lemma.

We define an F*-valued function / on Γ\G by putting

Then we have

f(x-k)=τ*(k-1)f(x).

Let η be the Γ-invariant p-form on G/K corresponding to the function
/. We are going to show that η is harmonic. For this purpose we remark
first that we have

(4.3) (C.h,φ)=0

for all h G Cr°(Γ\G) and φ G Ha. In fact, let Wa be the space of
regular vectors of i/α, and let φ G Wa. Since C is equal to the opposite
of the Casimir operator C\j of the representation £/, C\j is self-adjoint,
and y? is in the domain of Q/, we get (Ch,φ) = —(h,Cuφ)> Now
Cuφ = Cuaφ = 0, and hence (Cft, φ) = 0. Since Wα is dense in iία, we
get (Ch, φ) = 0 for all φ e Ha.

Now let 6 be a Γ-invariant p-form of class C°°, and θ the corre-

sponding Λ m*c-valued function on Γ\G. Take an orthonormal ba-

sis (£\ ,ξN) of Λ m* c such that ^ λ - ζλ(X = 1,. ,m), and let

0(s) = Σ ^λ(x)ξλ We have ή(x) = f(x) = ^ fχ(x)ξ\ and
λ = l λ = l

λ = l

Since fχeHa, we get (Δθ,η) = 0 by (4.3). Thus 77 is orthogonal to
the p-forms Zi# and, as is well known, it follows from this that η is of
class C°° and harmonic. Therefore the functions f\ are of class C°° and
satisfy the equation Cf\ = 0. It follows then that the function / belongs
to APii. Thus we have shown that to each Ha^ with Ua e DQ,1 <b <
M((Ua)k]T?), and to each basis {/λ}λ = i, ,m of Ha,b satisfying (4.2)
there corresponds a function fa^ G Ap^. Moreover, fa^ is independent
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of the choice of such a basis {fχ} up to a scalar multiple, and these
functions fa^ are linearly independent. Therefore we get

dimAPii> Σ N{T)M{TK',rf).
TeDo

Let conversely / € Ap^. We show that / is a linear combination of the
functions fa,b- Put

We have then

(4.4) U{k)fx = Σa»χ{k-ι)fμ, Cfx = 0.

Let Pa be the projection operator of L2(Γ\G) such that Paφ = φ for
φ € Ha, and Pα(^ = 0 for φ £ ffb, 6 φ α. Then / λ = Σpafx Let

α

VF (resp. Wa) be the space of regular vectors of L2(Γ\G) (resp. Ha).
Since /λ is of class C°°, /A belongs to W, and moreover Pα/λ G Wa

for all α. We have PaC\jψ = CχjaPaφ for <p e W, and hence we get
CuaPafx = 0, because C^/A = - C / λ - 0. It follows that Pafλ = 0
for the index a such that Ua £ DQ. NOW suppose that Ua € Do and
-Pα/λ 7̂  0 for an index λ. We see from (4.4) that

Let F be the linear subspace of Ha spanned by the elements Pafχ(X =
1, ,ra). Then F is a X-invariant subspace of Ha, and there exists
a UΓ-module homomorphism of Fι onto F which maps Z\ onto Pafx
Since F Φ (0) and i^ is an irreducible iiΓ-module, this homomorphism
is an isomorphism. It follows then that Paf\ are linearly independent,

bi

and F is contained in the direct sum ]Γ Ha,b{^% = M((Ua)κΊ ri))- Let
6 = 1

{/α,6;λ}λ = i, .,m D e a basis of Ha,b satisfying (4.2), and put

We see easily that the matrix (α^ λ)λ,μ = i, ,m commutes with the ma-
trix (α^(fe))λ, μ = i, ,m for all k e K, and hence (α^ λ ) is a scalar
matrix. Therefore Paf\ = Σ ^ 6 /α,6;λ with α& € (7, and hence

b

f = ΣΣPafxζX = Σ abfa,b- Thus / is a linear combination of the
a X a,b

functions /α>&. We have thus completed the proof of (4.1) and the the-
orem is proved.
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5. We consider now the special cases where G is the complex uni-
modular group 5L(2, C) or the proper Lorentz group.

Let G = SX(2, C). A maximal compact subgroup is the special uni-
tary group 517(2), and put K = 517(2). Then G/K is the 3-dimensional
hyperbolic space.

The irreducible unitary representations of the compact group K are
given as follows:

There is a 1-1 correspondence between the set of equivalence classes
of irreducible unitary representations of K and the set of non-negative
integers and non-negative half-integers. The irreducible representation

k
Pk corresponding to — (k: non-negative integer) is realized in the vector

space of covariant symmetric tensors of order k constructed over the 2-
dimensional complex vector space on which K operators (see [6]).

Now let m be the vector space of 2 x 2 hermitian matrices of
trace 0. We then have g = m + f, [t, m] = m, [m, m] = t, and the
representation ad^ of f in m is absolutely irreducible and equivalent to
the representation p2-

The irreducible unitary representation of 5L(2, C) are the following
[6]:

1. Principal series Umφ. These representations depend on two pa-
rameters m and p with m G Z and p e R. Umφ is the representation
in the Hubert space H = £2(C% a n d the unitary operator Um^p(g) is
defined by

(UmΛg)f)(z) - (bz + d)m \bz + d\-m+i»-2f

where

The representations Umφ and C/n?σ are equivalent if and only if n
m and σ = —p.

The Casimir operator C m ? p of Umφ is:

_ 1 ((rrιγ (Pγ \

The irreducible representation pk is contained in Umφ\K at most
ΐϊϊ

once, and pk is actually contained in Um^\K if and only if -—• equals

k k k
one of the numbers - , — — 1, — — 2, .
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2. Supplementary series Uσ(0 < σ < 2). The representation Uσ is
realized in the Hubert space H of complex-valued function on C, the
inner product (/i, f2) in H and the unitary operator Uσ(g) are defined
as follows:

= J J\zi-

where

The Casimir operator Cσ of Uσ is :

The representation Uσ\K decomposes as follows:

uσ\κ =

Now the Casimir Operator Cσ does not vanish, and the Casimir
Operator Cm ? p(ra > 0) vanishes if and only if p = ±y/m2 — 4. As p is
real, we have m > 2. On the other hand, C/m?p|if (ra > 0) contains ρ2

if and only if m = 2. Therefore there is one and only one irreducible
unitary representation T of 5L(2, (7) with vanishing Casimir operator
such that T\K contains ρ2, that is, T = U2$. Moreover, the multiplicity
of ρ2 in U2$\K is 1.

Let now G be the proper Lorentz group. Then G = SL(2, Cj/{± 1}
and K = SU(2)/{±1}. The irreducible unitary representations of K
are P2fc(& = 0,1,2 ), and the irreducible unitary representations T
of G are those of SX(2, (7) satisfying the condition T(—1) = 1, and
therefore these representations are UmiP with even m and Uσ. Just
as in the of SL(2, (7), the only irreducible unitary representation T of
G with vanishing Casimir operator such that T\K contains p2 is the
representation U2$. The multiplicity of p2 in U2$\K is 1.

From our theorem we then have the following result:

Let G be the complex unimodular group SL(2, C) or the proper
Lorentz group. Let Γ be a discrete subgroup of G such that Γ\G is
compact. Assume that Γ acts freely on the 3-dimensional hyperbolic
space G/K. Then the multiplicity of the irreducible unitary representa-
tion ί/2,0 °f G in the unitary representation T of G in L2(Γ\G) equals
the rank of the finitely generated abelian group Γ/Γ'', Γ' being the com-
mutator subgroup of Γ.
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