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FUKAYA-FLOER HOMOLOGY OF I x St AND
APPLICATIONS

VICENTE MUNOZ

Abstract

We determine the Fukaya-Floer (co)homology groups of the three-manifold
Y = ¥ x S', where ¥ is a Riemann surface of genus g > 1. These are of two
kinds. For the 1-cycle S C Y, we compute the Fukaya-Floer cohomology
HFF*(Y,S') and its ring structure, which is a sort of deformation of the
Floer cohomology HF*(Y). On the other hand, for 1-cycles § C X C Y, we
determine the Fukaya-Floer homology HF F.(Y,§) and its HF*(Y )-module
structure.

We give the following applications:

e We show that every four-manifold with bt > 1 is of finite type.

e Four-manifolds which arise as connected sums along surfaces of four-
manifolds with 1 = 0 are of simple type and we give constraints on their
basic classes.

e We find the invariants of the product of two Riemann surfaces both of
genus greater than or equal to one.

1. Introduction

The structure of Donaldson invariants of 4-manifolds has been found
out by Kronheimer and Mrowka [16] and Fintushel and Stern [8] for a
large class of 4-manifolds (those of simple type with by = 0, b+ > 1)
making use of universal relations coming from embedded surfaces. In
order to analyse general 4-manifolds, we need to set up first the right
framework for getting enough universal relations. It is the purpose of
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this work to do this by using the Fukaya-Floer homology, constructed
in [12] [2], for the three-manifold Y = X x S, the product of a surface
with a circle. This is obviously not the only way, but it already gives
new results.

Donaldson invariants for a 4-manifold X with b~ > 1 are defined as
linear functionals

DY : A(X) = Sym*(Ho(X) ® Hy(X)) ® A*Hy(X) — C,

where w € H?(X;Z). For the homology H,(X) we shall understand
complex coefficients. A(X) is graded giving degree 4 — i to the elements
in H;(X). There is a slight difference in our definition of A(X) with
that of Kronheimer and Mrowka [16], as we do not consider 3-homology
classes (this is done in this way since the techniques in this paper are
not well suited to deal with these classes).

We say that X is of w-simple type when D% ((z? — 4)z) = 0, for
any z € A(X). If X has b; = 0 and it is of w-simple type, then it is of
w'-simple type for any other w', and X is said to be of simple type for
brevity. Analogously, we say that X is of w-finite type when there is
some n > 0 such that DY ((z? —4)"z) = 0, for any z € A(X). The order
is the minimum of such n, so order 1 means simple type and order 0
means that the Donaldson invariants are identically zero. X is of finite
type if it is of w-finite type for any w. Indeed the order of w-finite type
of X does not depend on w (see [25]). We also introduce the notion of
X being of w-strong simple type when D%((z? — 4)z) = 0, for any
z € A(X) and DY (vyz) =0, for any v € Hi(X) and any z € A(X). This
condition is the right one for extending the concept of simple type in
the case by = 0 to the case by > 0.

Let % = 3, be a Riemann surface of genus g > 1 and consider the
three-manifold Y = ¥ x S In [23] we computed the ring structure
of the (instanton) Floer (co)homology of Y, together with the SO(3)-
bundle with we = P.D.[S!]. This gadget encodes all the relations R €
A(Y) satisfied by all 4-manifolds X containing an embedded surface ¥,
representing an odd homology class and with 32 = 0. More accurately,
for such X, D%(Rz) = 0, for any z € A1) (and w € H2(X;7Z)
with w - % = 1 (mod 2)). This is so since we have a decomposition
X = X Uy A, where A is a tubular neighbourhood of ¥, and we can
consider R € A(A) and z € A(X;). Then the (relative) Donaldson
invariants for A corresponding to R are already vanishing.

In order to drop the condition z € A(X"), the useful space to work
in is no longer the Floer homology, but the extension developed by
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Fukaya [2] [12] and known as Fukaya-Floer homology. This one deals
with 2-cycles in X cutting Y non-trivially. In our case as X = X; Uy
A, the only possibility for the cutting of a 2-cycle of X with Y is a
multiple of S' C Y = ¥ x S'. In order to describe the structure of the
Fukaya-Floer (co)homology HFF, = HFF*(Y,SY) (with the SO(3)-
bundle with wy = P.D.[SY]), we introduce a ring structure provided by
the cobordism between Y UY and Y (this cobordism is just the pair
of pants times X). Then the main point is to describe the ring HFFy
by finding generators and relations. These relations are translated in a
straightforward way into relations satisfied by the Donaldson invariants
of 4-manifolds.

The ring structure of HFF,; is similar in spirit to the quantum
cohomology of a symplectic manifold. Let A, = C((¢)) be field of formal
Laurent series in g. We can lift the Z/47Z-graded object H FFj to aZ-
graded space (with an isomorphism shifting degrees by 4) by putting
ﬁﬁ’; = HFF; ® Ay, with g of degree 4. Then we have

Theorem 1.1. Let Ny be the moduli space of odd degree rank-2
stable vector bundles on ¥ = X4, Then HFFY is isomorphic to

H*(Ny) @ C[[t]) ® C((q)),

with t of degree —2 and g of degree 4. The product of ﬁﬁ’; is a de-
Jormation with two parameters t and q of the ring structure of H*(Ny),
i.e., for fi € H'(Ny) and fo € H/(N,), we have the product of fi and
foin ﬁﬁ’; to be of the form

fixfo= AU+ D Bq'tt,

r>0,5s>0

for @5 € HFI=A+25 (N ).

The analysis of HFF, carried out in this paper sets up the back-
ground work necessary to give a structure theorem of the Donaldson
invariants for manifolds not of simple type [17]. Such work which will
be carried out in future. Such a structure theorem was conjectured
in [17] and presumably, it might follow from the arguments given in [16],
[8]. The first result in this direction is the finite type condition for all
4-manifolds with &= > 1, which we prove (Frgyshov [13] and Wiec-
zorek [30] have given alternative proofs only valid for simply connected
4-manifolds).
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Theorem 1.2. Any 4-manifold with b* > 1 is of finite type.

There is also another possibility for the Fukaya-Floer homology of
Y, which is given by a loop 4 C ¥ C Y, 4 primitive in homology. For
completeness, we also determine the structure of HFF,(Y,d) and, as
an application, we show the following result on the basic classes of 4-
manifolds which are connected sums along a surface (see [20] [21] for
results in the same direction).

Theorem 1.3. Let X1, Xy be smooth closed 4-manifolds of simple
type with by = 0. Suppose that there are embedded surfaces ¥ — X;
of the same genus g > 1, self-intersection zero and representing odd
elements in homology, i = 1,2. Let X = X 1#xX5 be a connected sum.
along 3. Then X is of simple type with by = 0 and bT > 1, and all its
basic classes K; salisfy K; - % =2g — 2 (mod 4).

Finally, we give the Donaldson invariants of the product of two Rie-
mann surfaces with genus at least one. The basic classes coincide with
its Seiberg-Witten basic classes, as expected.

Theorem 1.4. Let S = X, X X, be the product of two Riemann
surfaces of genus h > g > 1. Then S is of strong simple type and the
Donaldson series are as follows:

Dg = 49e9/2sinh? =[] ifh =1,
Dg = 279 D(=D+3 ginh K if g,h > 1, both even,
Dg = 27(g=D(=1+3 cosh K if g,h > 1, at least one odd,

where K = Kg 1s the canonical class of S.

The paper is organised as follows. In sections 2 and 3 we review
the construction of the Floer homology and Fukaya-Floer homology of
a three-manifold with b; # 0. Then in section 4 we recall, for the conve-
nience of the reader, the structure of the Floer cohomology H F* (X xS1).
Section 5 is devoted to studying the Fukaya-Floer cohomology corre-
sponding to the 1-cycle S' C Y, HFF; = HFF* (X x St S, construct-
ing its ring structure and proving Theorem 1.1. In section 6 we study
the subspace of HFF; which gives the relations for Donaldson invari-
ants of 4-manifolds of strong simple type with b= > 1. This subspace
is determined completely in Theorem 6.2. In section 7 we study the
bigger subspace of HF'F; corresponding to the analysis of 4-manifolds
which are only required to have b > 1. This subspace is not deter-
mined in full, but Theorem 7.2 provides many useful relations (in the
form of eigenvalues of the maps given as multiplication by the natural
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generators of HF'F). The Fukaya-Floer cohomology HFF*(Z x St 6)
corresponding to § C ¥ C ¥ x S!, is determined as an HF*(Z x S')-
module in section 8. The proofs of the Theorems 1.2, 1.3 and 1.4 are
collected in section 9.

2. Review of Floer homology

In this section we are going to review the construction of the Floer
homology groups of a 3-manifold Y with b; > 0, endowed with an
SO(3)-bundle P with second Stiefel-Whitney class we = wo(P) # 0 €
H?(Y;7Z/27). Recall that wy determines P uniquely. To be more pre-
cise, we are going to suppose that ws has an integral lift (i.e., that the
SO(3)-bundle lifts to an U(2)-bundle). All the facts stated here are well
known. For full treatment and proofs see [10], [3], [5] (the case of Floer
homology of rational homology spheres is dealt with in [1]). We shall
use complex coefficients for the Floer homology (although it is usually
developed over the integers).

2.1. Floer homology. As wy # 0 € H?*(Y;7Z/27), there are
no reducible flat connections on P. Possibly after a small perturbation
of the flat equations, there will be finitely many flat connections pj,
and they will all be non-degenerate. The Floer complex C'F,(Y) is the
complex vector space with basis given by the p;, with a Z/4Z-grading
which is given by the index [3], [4]. Actually, this grading is only defined
up to addition of a constant. The complex C'F,(Y') depends on wy, but
in general we will not express this in the notation.

We define the boundary 0 as follows. For every two flat connec-
tions pg and p; there is a moduli space M({py, p;) of (perturbed) ASD
connections on the tube Y x R with limits p, and p;. There is an
R-action by translations, and Mg(pg, ;) shall stand for the quotient
M(pg, pi)/R.  This space has components MP (pg, p;) of dimensions
D = ind(p;) —ind(p;) — 1 (mod 4), and can be oriented in a compatible
way [10]. The boundary map of the Floer complex is then

pe Y. #Mpe o),

4
ind(p;)=ind(pg)—1

where #./\/lg(pk,pl) is the algebraic number of points of the compact
zero-dimensional moduli space MY (px, p;). One may check [3], [5] that
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9% = 0. Therefore (CF,(Y),d) is a complex and we define the Floer
homology HF,(Y) as the homology of this complex (see [10]). It can be
proved that these groups do not depend on the metric of Y or on the
chosen perturbation of the ASD equations. The groups HF,(Y') are nat-
ural under diffeomorphisms of the pair (Y, P). The Floer cohomology
HF*(Y) is defined analogously out of the dual complex CF*(Y), and it
is naturally isomorphic to HF,_,(Y), where Y denotes Y with reversed
orientation (c is a constant that we need to introduce due to the inde-
terminacy of the grading). The natural pairing HF,(Y)Q HF*(Y) — C
yields the pairing (,) : HF,(Y) ® HF,_,(Y) — C. Tt is worth noticing
that when Y has an orientation reversing diffeomorphism, i.e., Y 2 Y,
we have a pairing

(2.1) (): HF,(Y)® HF,_,(Y) — C.

2.2. Action of H,(Y) on HF,(Y). Let o € H3_;(Y). We
have cycles V,, in the moduli spaces M(py, p;), of codimension i + 1,
representing p(a X pt), for o x pt C Y x R, much in the same way as in
the case of a closed manifold [6], [16]. Using them, we construct a map

/L(OK)CFJ(Y) — CFj_i_l(Y)
pe L (#EMT ok p) NVa) p

fl
ind(p;)=ind(pg)—i—1

(this time we do not quotient by the translations as the cycles V,, are
not translation invariant). This map satisfies 9 o u(a) + pu(a) o d = 0,
so it descends to a map

w(@): HE,(Y) — HF,_;_1(Y).

2.3. Products in Floer homology. Suppose that we have an
(oriented) four-dimensional cobordism X between two closed oriented 3-
manifolds Y] and Y3, i.e., X is a 4-manifold with boundary 0X = YUY 5.
Suppose that we have an SO(3)-bundle Px over X such that P, = Pxly,
and Py = Pxly, satisfy wa(P;) # 0, i = 1,2, so that we have defined
the Floer homologies of (Y1, P;) and (Y3, P»). Furnishing X with two
cylindrical ends, the cobordism X gives a map

@XZCF*(Yl) — CF*(YQ)
Pk = Z#MO(X,pk,pE)PE,

I
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where M(X, py,, p}) is the moduli space of (perturbed) ASD connections
on X with flat limits p, on the Y; side and p} on the Y5 side. Again
0o®x+Dxo0d =0, sowe have a map Oy : HF, (Y1) — HF,(Y5). Also
if ay € Hy (Y1) and ay € H,(Y3) define the same homology class in X,
then p(ag) o ®x = Px o pu(ay).

On the other hand, suppose that Y7 and Y5 are oriented 3-manifolds,
and P; and Py are SO(3)-bundles with wo(F;) # 0, ¢ = 1,2. Consider
the SO(3)-bundle P = P; U Py over Y = Y7 UY5. Every flat connection
on P is of the form (p}, p2,) and ind(p}, p2,) = ind(p; ) + ind(p2,). So we
have naturally CF,(Y) = CF,(Y1) ® CF,(Y3). It is easy to check that
QCF*(y) = aCF*(Yl) + 8CF*(YQ), so that

HF.(Y) = HF,(V;) ® HF,(Y3).

Putting the above together, a product for HF,(Y) might arise as
follows. Suppose that there is a cobordism between Y U Y and Y, i.e.,
an oriented 4-manifold X with boundary 9X =Y LY UY. Then there
is a map

HF.(Y)® HF.(Y) — HF.(Y).

In some particular cases, this gives an associative and graded commu-
tative ring structure on HF,(Y). We shall prove it for the particular
3-manifold ¥ = ¥ x S! using an argument along different lines (see
section 4).

2.4. Relative invariants of 4-manifolds. Let us recall the
definition of Donaldson invariants of an (oriented) 4-manifold X with
boundary dX = Y, for any w € H?(X;7Z) such that wly = ws €
H?(Y;7Z/27). These invariants will not be numerical (in contrast with
the case of a closed 4-manifold), instead they live in the Floer homology
HF,.(Y).

We give X a cylindrical end and consider the moduli spaces M (X, p;)
of (perturbed) ASD connections with finite action and asymptotic to p;.
M(X, p;) has components MP (X, p;) of dimensions D = ind(p;) + C
(mod 4), for some fixed constant C' only dependent on X. The spaces
M(X, p;) can be oriented coherently and, for z = ajas---ap € A(X)
of degree d, we can choose (generic) cycles V,,, C M(X, p;) representing
p(ay;), so that we have defined an element,

PUX )= Y MUK ) N Ve, NN Vo,) pr € CFL(Y).

Pl
ind(p;)+C=d
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This element has boundary zero and hence defines a homology class,
which is called the relative invariants of X, denoted again by ¢ (X, z),
in HF,(Y') (see [3] [5]).

We have a gluing theorem for these relative invariants. Suppose
that a closed 4-manifold X is obtained as the union of two 4-manifolds
with boundary, X = X; Uy X3, where 0X1 = Y and 0Xs = Y. Let
w € H*(X;7) with w|y = wy € H?(Y;7/27) as above (this implies in
particular b7 (X) > 0, so the Donaldson invariants of X are defined; in
the case b™ = 1 relative to chambers [15], [22]). We need another bit of
terminology from [20].

Definition 2.1. (w,X) is an allowable pair if w,% € H?(X;7Z),
w-Y =1 (mod 2) and ¥? = 0. Then we define

Di® = pw 4 put,

Usually, for X = X Uy X, we have w € H?(X;7Z) with w|y = wy
as above, and ¥ € H%(X;Z) whose Poincaré dual lies in the image of
Hy(Y:Z) — Ho(X;Z), and satisfies w- X =1 (mod 2). Then (w,X) is
an allowable pair. The series Dg?}’z) behaves much in the same way as
the Kronheimer-Mrowka [16] series DY (o) = DY ((1 + 5)e®) (they are
equivalent for manifolds of simple type with by = 0 and b+ > 1, see [21]
for an explicit formula), but it is a more efficient way of collecting the
information in general.

When bt = 1, the Donaldson invariants depend on the choice of
metric for X. In general, we shall consider a family of metrics gg,
R > 1, giving a neck of length R, i.e., X = X, U (Y x [0, R]) U X5, where
the metrics on X; and Xy are fixed, and the metric on Y x [0, R] is of
the form gy +dt ® dt, for a fixed metric gy on Y. Then for large enough
R (depending on the degree of z € A(X)), the metrics gg stay within a
fixed chamber and D% (%) is well defined. We shall refer to these metrics
as metrics on X giving a long neck. Note that in this case ¢¥ (X, 2z;)
also depends on the metric on X;.

Theorem 2.2. Let X = X| Uy Xy be as above and w € H*(X;7Z)
with wly = wo. Take ¥ € H%(X;7Z) whose Poincaré dual lies in the
image of Hy(Y;7Z) — Ho(X;7Z), and salisfies w- X = 1 (mod 2). Put
w; = wlx, € H(X;Z). For z; € A(X;), i = 1,2, we have

DY (21 20) = (9" (X1, 21), 9 (X2, 22)).

When bT = 1 the invariants are calculated for metrics on X giving a
long neck.
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This is a standard and well known fact [4]. The only not-so-standard
fact is the appearance of (w,X). This is so since we are working with
SO(3)-Floer theory instead of U(2)-Floer theory which would give Floer
groups graded modulo 8. When we glue the SO(3)-bundles over X;
and Xo with second Stiefel-Whitney classes w; and ws we can do it
in different ways, as there is a choice of gluing automorphism of the
bundles along Y, and both w and w + % are two different possibilities
for the resulting SO(3)-bundle whose difference in the indices of both
is 4 (see [3], [4]).

In general we shall write

w d
¢w(X7€ta):Z¢ (;(!,04 )td,
d

as an element living in HF,(Y) ® C[[t]]. Theorem 2.2 can be rewritten
as

Theorem 2.3. Let X = X1 Uy X5 be as above and w € H*(X;7)
with w|ly = wo. Take ¥ € H*(X;7) whose Poincaré dual lies in the
image of Ho(Y ;7)) — Ho(X;7Z), and satisfies w -3 = 1 (mod 2). Put
w; = w|x, € HX(X;;Z). Then for o; € Hy(X;), i = 1,2, we have

D (Hr02) = (1 (X1, 1), (X, 72).

When bt = 1 the invariants are calculated for metrics on X giving a
long neck.

3. Review of Fukaya-Floer homology

Now we pass on to the definition of the Fukaya-Floer homology
groups, which are a refinement of the Floer homology groups of a 3-
manifold Y with b; > 0. The construction is initially given by Fukaya
in [12] and explained by Braam and Donaldson [2] in a paper worth
reading. The origin of the Fukaya-Floer homology is the need of defin-
ing relative invariants (and establishing the appropriate gluing theorem)
for 2-homology classes crossing the neck in a splitting X = Xy Uy Xs.
They are in some sense more natural than the Floer homology from the
point of view of the Donaldson invariants of 4-manifolds.

3.1. Fukaya-Floer homology. The input is a triple (Y, P, d),
where P is an SO(3)-bundle with ws # 0 over an oriented 3-manifold
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Y, and 6 is a loop in Y, i.e., an (oriented) embedded § = S' < Y. The

complex CFF,(Y,§) will be the total complex of the double complex
CF,(Y)® H,(CP>),

where H,(CP*) is the completion of H,(CP>), i.e., the ring of formal
power series. Recall that H;(CP*) = 0 for ¢ odd and C for i even (we
are using complex coefficients). Therefore

2

CPF(Y,0) = CR(Y)xCFi(Y )t x CFyi(Y)

(3.1) p |
><CFZ-_6(Y)§ X eee

The labels tk—k, must be understood as the generators of Hyy,(CP*) and
have an assigned (homological) degree 2k. So

CFF.(Y,0) = CF.(Y) ® C[[1]],

i.e., Fukaya-Floer chains are infinite sequences of (possibly non-zero)
Floer chains. This complex is also graded over Z/47. To construct the
boundary & we work as follows. For every pair of flat connections py
and p; we have the moduli space Mg (pg, p;) of section 2 and we consider
1(0 xR) as the first Chern class of the determinant line bundle Ls«r (for
Dirac operators on the surface 6 x R C Y x R coupled to connections
in the moduli space, with asymptotic decay conditions at the ends).
We choose representatives Viy g for (6 x R) conveniently, which are
compatible with the compactification of Mg(pk, p1). As explained in [2],
we also have to trivialize Lsyr over each Mg(pg, p;), in a compatible
way. The boundary of CFF,(Y) is defined as (see [2])

8:CFF,(Y) — CFFi_{(Y)

te b —a a1
pr— Z (a) (#Mﬁ(” ok, p1) N V:sbe>PlE
! . !

b>a

for pr € CF;_9,, p1 € CF;_1_9. Here Vébx_ﬂg means the intersection of
b — a different generic representatives (we only have added the labels
to the formula in [2]). The proof of ? = 0 is given in [2] and runs as
follows. Consider two flat connections p, and p;, such that ind(p;) =
ind(pg) — 2 — 2e. Then the moduli space Mg (pg, p) N VE 5 is a one-
dimensional manifold. We compactify it and count the boundary points
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in the same way as in the case of Floer homology to get

e e— e—
> (f)#Mgf(pk,pm)ﬂ%fo-#Mg( Doy )V =0,
pm

ind(pm )=ind(pg)—1-2f

equivalently 6%p;, = 0.

We have thus defined the Fukaya-Floer homology H F'F,(Y,¢) as the
homology of the complex (CFF,(Y,6),d). These groups are indepen-
dent of metrics and of perturbations of equations [12]. For the effec-
tive computation of HF F,(Y,d), we construct a spectral sequence next.
There is a filtration (K®), = CF,(Y)®([[,»; H.(CP®)) of CFF,(Y, )
inducing a spectral sequence whose E3 term is HF,(Y) ® H,(CP>) and
converging to the Fukaya-Floer groups (there is no problem of conver-
gence because of the periodicity of the spectral sequence). The boundary
ds turns out to be

p(8) : HF(Y) ® Hoj(CP™) — HF;—3(Y) @ Hoj12(CP).

The obvious C[[¢]]-module structure of CFF,(Y,d) = CF.(Y)QC[[t]]
descends to give a C[[¢]]-module structure for HF F,(Y, ) (the boundary
d is C[[t]]-linear thanks to the choice of denominators in (3.1)).

The Fukaya-Floer cohomology will be defined as the homology of
the dual complex CFF*(Y,d) = Homgy (CFF.(Y,4),C[[t]]). We re-
mark that this is a different definition from that of [2]. There is a
pairing (,) : HFF.(Y,§) ® HFF*(Y,6) — ([[t]] and an isomorphism
HFF,(Y,—-6) 2 HFF*(Y,0), where —¢ is § with reversed orientation,
hence a pairing for the Fukaya-Floer homology groups

(,): HFF,(Y,6) ® HFF,.(Y,—6) — C[[t]].

This can be defined through the spectral sequence from the natural
pairing in HF,(Y). Also it is a nice way of collecting all the pairings
om in [2].

The Fukaya-Floer homology may also be defined for (Y, P, ) where
§ = StU---uUSh < Y is a collection of finitely many disjoint loops
(possibly none). In particular, for 6 = ¢, HFF,(Y,0) = HF.(Y) @ C[[t]]
naturally.

3.2. Action of H,(Y) on HFF,(Y,d). This is explained in
[19, section 5.3]. Let a € H3_;(Y). We define p(a) at the level of
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chains as
/j,(Oé) : CFFJ(Y) — CFFj_Z'_l(Y)
e b 2b—a)tit1
pr— ( ) #M (Prs 1)
e (

al

tb

bh—

mv:;xﬂg N Vaxpt)ﬂla >

for py, € CFj_24, p € CFj_j_1_95. Again do p(a) + p(a) 09 =0 and
() descends to a map

(o) : HFF(Y,8) — HFF,_;_1(Y, 6).

For instance, for HFF,(Y,0) = HF,(Y)®C|[[t]], the map u(«) is the one
induced from HF,(Y). In general, the induced map in the term F5 =
HF,(Y)®C[[t]] of the spectral sequence computing HFF,(Y,¢) is p(c)
in Floer homology. The structure of the map p(a) is the cornerstone of
the analysis in [19, chapter 5] and the seed of this work.

3.3. Products in Fukaya-Floer homology. @ We can extend
the arguments of section 2. Suppose that we have an (oriented) four-
dimensional cobordism (X, D, P) between two triples (Y7,d1, P;) and
(Y3, 02, P») as above. Then ®x is defined at the level of chains by

1o b _ Loy 10
Py > <a> (H#M =X, pp, o)) NV Vo
[ '

As Jodx + Px 09 =0, Px defines a map
(DX : HFF*(Yl,(Sl) — HFF*(YQ,(52)

In particular, this proves that HF F,(Y, ) only depends on the homol-
ogy class given by §, up to isomorphism. Also if oy € H,(Y1) and
as € H,(Ys) define the same homology class in X, then p(as) o ®x =
Dy o play).

On the other hand, suppose that we have (Y1, 01, P1) and (Y3, 69, P)
and consider (Y, 0, P) withY =Y UY,, P=PUPy, and § = 61 U 9.
One can prove easily that

HFF,(Y,0) = HFF.(Y1,61) ®cy HFF.(Y2,62).
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Finally, in case that there is a cobordism between (Y, ) U (Y, §) and
(Y,0), we have a map

(3.2) HFF.(Y,8) ®qq HFF.(Y,8) — HFF,(Y,0),

which in some cases it may give an associative and graded commutative
ring structure on HFF,(Y,6). Also note that if there is a cobordism
between (Y, d) U (Y,0) and (Y, d), then there will be a map

(3.3) HF,(Y)® HFF,(Y,5) — HFF,(Y,0),

which may lead to a module structure of HFF,(Y,d) over HF,(Y).

3.4. Relative invariants of 4-manifolds. To define relative
invariants, let X be a 4-manifold with X = Y and w € H*(X;7)
such that w|y = wy € H2(Y;7Z/27). We give X a cylindrical end. Let
D C X be a 2-cycle such that 9D = DNY = § (more accurately,
DN (Y x[0,00)) =6 x [0,00)). One has the moduli spaces M(X, p)
and can choose generic cycles Vg) representing p(D) and intersecting
transversely in the top stratum of the compactification of M (X, pg)
(see [2]). Then we have an element

$°(X, DY) = 3" H#MMUX, o) NV - VD)
Pk

in CF(Y) ® Hyy(CP*>®) C CFF,(Y,6). We remark that this is not a
cycle. Then we set ¢*(X, D) =[], ¢* (X, D), which is a cycle. We also
denote by ¢% (X, D) € HFF,(Y,d) the Fukaya-Floer homology class it
represents. Alternatively, we denote this same element as

d
#U(X, ) = ¢ (X, D) = 34" (X, D).
d

Formally this element lives in HF,(Y) ® H,(CP™), the F3 term of
the spectral sequence alluded above, but represents the same Fukaya-
Floer homology class. The definition of ¢ (X, D?) depends on some
choices [2], but the homology class ¢ (X, D) only depends on (X, D).
Moreover if we have a homology of D which is the identity on the
cylindrical end of X, ¢* (X, D) remains fixed. Analogously, for any
z € A(X), we define ¢”(X, 2 DY) € CF,(Y) ® Hoq(CP>®) C CFF,(Y,6)
and ¢¥ (X, z e'P). The relevant gluing theorem is [2] [19]:
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Theorem 3.1. Let X = X Uy X and w € H*(X;7Z) with w|y =
wy. Take ¥ € H?(X;7Z) whose Poincaré dual lies in the image of
Hy(Y;7Z) — H2(X;7Z), and satisfies w-X = 1 (mod 2). Pul w; =
wlx, € H*(X;;7Z). Let D € Hy(X) be decomposed as D = Dy + Do
with Dy C X3, ©+ = 1,2, 2-cycles with 9Dy = 6, 3Dy = —d. Choose
zi € A(X;), 1=1,2. Then

DY (21 29e!) = (67 (X1, 2167, 672 (X, 206!2).

When bt = 1, the invariants are calculated for metrics on X giving a
long neck.

4. Floer homology of & x S!

We want to specialise to the case relevant to us. Let ¥ = X, be a
Riemann surface of genus ¢ > 1 and let Y = & x S' be the trivial cir-
cle bundle over ¥. Over this 3-manifold, we fix the SO(3)-bundle with
wy = P.D.[SY € H?(Y;Z/27), which satisfies the hypothesis of sec-
tion 2. Therefore the instanton Floer homology H F,(Y) is well-defined.
AsY = ©xS! admits an orientation reversing self-diffeomorphism, given
by conjugation on the S* factor, there is a Poincaré duality isomorphism
of HF*(Y') with HF,(Y') (this identification will be done systematically
and without further notice) and a pairing (,) : HF*(Y)@ HF*(Y) — C.
We introduce a multiplication on HF*(Y') using the cobordism between
YUY and Y given by the 4-manifold which is a pair of pants times
Y. This yields a map HF*(Y) ® HF*(Y) — HF*(Y). We shall prove
later explicitly that this is an associative and graded commutative ring
structure on HF*(Y'). As a shorthand notation, we shall write hence-
forth HF; = HF*(Y'), making explicit the dependence on the genus g
of the Riemann surface .

The Floer cohomology of ¥ = 3 x S' has been completely com-
puted thanks to the works of Dostoglou and Salamon [7] and its ring
structure has been found by the author in [23] and turns out to be iso-
morphic to the quantum cohomology of the moduli space N, of stable
bundles of odd degree and rank two over X (with fixed determinant),
i.e., QH*(N,) = HF*(X, x S'), as the author has proved in [24].

Here we shall recall the result stated in [23]. We fix some notation.
Let {v1,...,72¢} be a symplectic basis of Hi(X3;7Z) with v;v;+4 = pt,
for 1 <14 < g. Also z will stand for the generator of Hy(X;7Z). First we
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recall the usual cohomology ring of Ny, because of its similarity with
the Floer cohomology HFF; and for later use in section 5.

4.1. Cohomology ring of N,. (See [14], [27], [24].) The ring
H*(Ny) is generated by the elements

a—ZM(E) € HX(N),
p(vi) € H3(N),  1<i<2g,
b——4u(w) 6H4( )

where the map p : H(Z) — H'"*(N}) is, as usual, given by —1 times
slanting with the first Pontrjagin class of the universal SO(3)-bundle
over ¥ x Ny. Thus there is a basis {fs}ses for H*(N,) with elements
of the form

(4.1) fs=a"b"¢;, ¢,

for a finite set S of multi-indices of the form s = (n,m;41,...,4.), n,m >
0, 7r>0,1 <4 <+ <1 <2g. There is an epimorphism of rings
A(X) — H*(N,). The mapping class group Diff(X) acts on H*(N),
with the action factoring through the action of the symplectic group
Sp(29,Z) on {¢;}. The invariant part, H} (Ny), is generated by a, b and
c=-2%9 ,¢iciry. Then

(42) (C[a’a ba C] - H;((Ng)a
which allows us to write
Hi(Ng) = Cla, b,c]/1,,

where I, is the ideal of relations satisfied by a, b and c¢. The space
H? = H*(N,) hasabasis ¢, ..., cag, 50 2 Hi(Z) = H?. For0 < k < g,
the primitive component of A*H? is

AFH? = ker(c97FF1 . ARH? 5 A29-k+2 3,
The spaces A’g H?3 are irreducible Sp (2g, Z)-representations. This follows
from the fact that they are irreducible Sp (2g, R)-representations [11,

Theorem 17.5] and Sp (2g,7Z) is Zariski dense in Sp(2¢g,R). The de-
scription of the cohomology ring H*(N,) is given in the following
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Proposition 4.1 ([27] [14]). The cohomology ring of the moduli
space Ny of stable bundles of odd degree and rank two over ¥ with fized
determinant has a presentation

g
H*(Ny) = P AEH? @ Cla, b, ¢] /Ty,
k=0

where I, = (q%,q?,qf), and qfn are defined recursively by setling q(l) =1,
g2 =0, g8 =0 and then for all v > 0

Q£+1 = aqr{1 + 7“22613,
951 = bQT + %%zéa

3 _ 1
qr+1 = Cq;.

The basis { fs }ses of H*(N,) can be chosen to be as follows. Choose,
for every 0 <k < g — 1, a basis {:ch(-k)}ieBk for AEH3. Then

43)  {Wa b /k=0,1,...,9— 1, n+m+r<g—k ic By}

is a basis for H*(N,), as proved in [27]. Also Proposition 4.1 gives us

the relations for H*(N,). If we set x((]k) = cica---cx € AEH?, then the
relations are given by

sPg . 1<i<3, 0<k<g,

and their transforms under the Sp (2g, Z)-action.

4.2. Floer cohomology HFj. The description of the Floer
cohomology HFy = HF*(Y) of Y = xS, where & = ¥ is a Riemann
surface of genus g, is given in [23]. Consider the manifold A = ¥ x D?,
¥ times a disc, with boundary Y = ¥ x S!, and let A = pt x D? C A be
the horizontal slice. Let w € H2(A;7Z) be any odd multiple of P.D.[A],
so that w|y = we. Clearly

A(A) = A(Z) = Sym"(Ho() © Ha(3)) @ \" Hi(%).
Define the following elements of HF*(Y) as in [23]
a=2¢"(A,%) € HF;,

B=—4¢"(A,x) € HFY
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The relative invariants of section 2 give a map

AZ) — HF,

(1.5) z = PV (A, 2).

For every s € § and f, as in (4.1), we define

zs = XMaMy -y, € AD),

(4.6) es = ¢Y(A z) € HF.

As a consequence of 21, Lemma 21], {es}ses is a basis for HF;. Hence
(4.5) is surjective. Now it is easy to check that

¢ (A, 2)" (A, 7') = ¢¥ (4, 22)),
as for any s € S, the gluing Theorem 2.2 implies
(9"(4,2)8" (4, 2), $"(A, 2)) =D (222)

T nxCp!

:<¢w(Aa 2:2:,), ¢w(A’ zs))

In particular this implies that the product of HFy is graded commu-
tative and associative, and that (4.5) is an epimorphism of rings. The
neutral element of the product is 1 = ¢¥(A,1). The mapping class
group Diff(X) acts on HF,, with the action factoring through the ac-
tion of Sp (2¢,7Z) on {¢;}. It also acts on A(X), and (4.5) is Sp (2¢, Z)-
equivariant. The invariant part, (HF,); = HF}(Y'), is generated by a,
Band vy = =239 41hisg, so that there is an epimorphism

C[OK75,7] - (HF;)Ia
which allows us to write

(HFy)1 = Clev, 8,7]/Jg,

where J is the ideal of relations satisfied by «, 8 and 7. As a matter of
notation, let H? denote the 2g-dimensional vector space generated by
P1,. .. 4, in HFS. Then H® =2 H3(N,) and ¢*(4,-) : H(Z) = H>.
No confusion should arise from this multiple use of H3. Then from [23],
a basis for HFy is given by

{zW a8k =0,1,...,g—1, a+b+c<g—k, i € B},
(k)

where ;" € AISH 3 are interpreted now as Floer products. The explicit
description of HFy is given in [23, Theorem 16]
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Proposition 4.2. The Floer cohomology of Y = xS, for & = X,
a Riemann surface of genus g, and wy = P.D.[SY] € H*(Y;Z/27), has
a presentalion

g
HF* (3 x 8') = P AGH? ® Clov, 8,7/ Ty
k=0

where J, = (R}, R2, R3) and R are defined recursively by setting
R} =1, R2 =0, R} =0 and putting for all v >0

Ry, = aR; + 7R,

R, = (8 o (—1)"'8) R} + 25 RY,

R?—H = /YRT'

The meaning of this proposition is the following. The Floer (co)homo-

logy HFy is generated as a ring by «, 8 and ¢;, 1 <1 < 2g, and the
relations are

PR, 1<i<3, 0<k<y,

where x((]k) = Y19pa- 1Py € AFH?, and the Sp(2g,7)-transforms of
these. Also if we write

F, :C[aaﬁay]/‘]f = (HF:)D

then HFj = @A’SH 3 ® F,_i. We finish the section with two technical
results about the quotient F, = F,/vF,, which will be necessary in
section 7.

Proposition 4.3. Leil Z_*:’r = Fr/'yFr,_r > 0. f_l’hen 11:} h_as basis
o_z“ﬂb, a+b<r. Wehave F, = Cley, B/, where J, = (R}, R?), and
R! are determined by R} =1, RZ = 0 and then recursively for allr > 0,

Rl =Rl 4R,
Rl =B+ (-1)"'8)R,.

Proof. The (T;I) elements a8t o+ b < r, generate F,. Also
Poincaré duality identifies F, = F,/vF, with ker(y : F, — F,) which
equals J,_1/.J,, by [23, Corollary 18]. So

dim F, =dim(Cle, 8,7]/J;) — dim(Cle, 8,7]/Jr—1)

1
—dimF, — dim F,_; = (T;r )

and therefore a®8%, a + b < r, form a basis for F,. q.e.d.
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Lemma 4.4. We have

T/ Jer1 =ker(Frpn » By = @@ Reyuy,
—r<ilr
i=r (mod 2)

where R.y1; is a 1-dimensional vector space such that
Ryy1 =Clo, Bl/(a — 4iv/ -1, - 8)

for r even,
Ryt = Cla, B/ (o — 4i, B +8)
for r odd.

Proof. The first equality follows from the exact sequence

J _C _
Lo g, Ced o _Ted
Jr—l—l J7‘+1 Jr

Next we claim that
B+ (=1)"T18)J, C Jpg1 C Jp,

7 > 0. The second inclusion is obvious as R!_ are written in terms of R!
by Proposition 4.3. The first inclusion follows from (8 + (—1)"t18)R! =
R72"+1 € J,.1 and then multiplying the first equation in Proposition 4.3
by (8 + (=1)"*'8) to get (8 4 (=1)""'8) R} € Jr+1.
Now
jr/jr—i—l = ker(ﬂ + (—1)T+18 : Fr—l—l — Fr—l—l)-

This is seen by factoring the map 8+ (—1)"T'8 as

Clay 81/ Frer — Clev B0, 77 e, 101

The second map is well defined by the claim above and it is a monomor-
phism since a?3%, a+b < r, form a basis for Cle, 8]/J,, and their image
under 8 + (—1)"!8 are linearly independent in Cle, 8]/ 1. As Fryq
is a Poincaré duality algebra (being a complete intersection algebra),

ker(ﬂ =+ (—1)T+18 : F7-+1 — F7-+1)

is dual to

Frat/(B+(=1)718) = Fruya /(B + (=1)7'8,7).

297
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Using the computations in the proof of [23, Proposition 20], we get
finally

T/ Jre1 =Fr1 /(B + (—1)”1877)
[ Cle]/ ((a® +7216) - - a +2216)ar) , T even
_{ Cla]/ ((@? — r?16) - - - (o — 1216)) , r odd

as required. q.e.d.

5. Fukaya-Floer homology HFF,(X x S!,S1)

In this section we are going to describe the Fukaya-Floer (co)homo-
logy of the 3-manifold Y = ¥ x S! with the SO(3)-bundle with wy =
P.D.[SY € H%(Y;Z/2Z) and loop § = pt x S C Y = % x S}, to-
gether with its ring structure. As Y admits an orientation reversing self-
diffeomorphism, we can identify its Fukaya-Floer homology and Fukaya-
Floer cohomology through Poincaré duality, as we shall do. From now
on we fix the genus g > 1 of ¥ and denote HFF; = HFF* (% x St sh.

5.1. The vector space HFF;. The following argument is taken
from [21]. The spectral sequence computing HFF; has E3 term HF; ®
Cl[t]]. Al the differentials in this E3 term are of the form HFOdd —
HEJ and HFE]™™ — H FOdd As S'is invariant under the actlon of the
mappmg class group Diff(% ) onY =% x S, the differentials commute
with the action of Diff(32). Since there are elements f € Diff(2) acting
as —1 on Hy(X), we have that f acts as —1 on HF;dd and as 1 on
HFZ¥". Therefore the differentials are zero. Analogously for the higher
differentials. So the spectral sequence degenerates in the third term and

HFF! = HF; @ C[[t] = HF[[{]).

The pairing in HFF; is induced from that of HF by coeflicient exten-
sion to C[[¢]].

For a 4-manifold X with boundary X =Y, w € H?(X;7Z) with
wly = wo and D € Hy(X) with D = S!, the relative invariants will be
¢ (X, e!?) € HFy[[t]], i.e., formal power series with coefficients in the
Floer cohomology HF.

Recall the manifold A = ¥ x D?, with boundary ¥ = ¥ x S!, and
let A = pt x D> C A be the horizontal slice with A = S'. Let
w € H?(A;7Z) be any odd multiple of P.D.[A], so that w|y = wy €
H?(Y;7Z/27). The elements

(5.1) és=¢"(A,25¢') € HFF}
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analogous to the elements es of (4.6), for s € S, are a basis of HFF,
as C[[t]]-module (see [21, Lemma 21]). There is a well defined map
HFF; = HF; @ C[[t]] - HF, formally obtained by equating ¢ = 0. Tt
takes ¢ (A, z ') = ¢¥(A, 2), for any z € A(X). This map intertwines
the p actions on HFFJ and HFj, and respects the pairings.

5.2. The ring HFF;. The ring structure of HFFy comes from
the cobordism between (Y, S') U (Y, S!) and (Y, S!), given by the pair of
pants times (X, pt). This yields

HFF; @ HFF; — HFF,

which is an associative and graded commutative ring structure on HF'F.

We prove this as for the case of Floer homology by showing first that
PV (A, 2z )PV (A, 2 et™) = (A, 22" ), so that

AX)®Ct]] — HFF,

(5:2) z = QU(A, zet?)

is a C[[t]]-linear epimorphism of rings. The map HFF,; — HF, men-
tioned above is a ring epimorphism.

Lemma 5.1. The product on HFF; extends the action of H.(X)
in HFFy. More specifically, w(2) is Fukaya-Floer multiplication by
PV (A, T e!), and analogously for u(vy;), 1 <i < 2g, and p(z).

Proof. We only need to check the statement for elements of the form
$Y (A, z ™), as they generate the whole of H FF; as a vector space. For
instance,

pE)P (A, ze'D) = ¢ (A, Bz e'®) = ¢¥(4, De'2)p" (4, z '),
and analogously in the other cases. q.e.d.

We define the following elements of HFF, which are generators as
Cl[t]]-algebra,

&=2¢"(A,Te) € HFF?,

(5.3) P = ¢V (A, v ') € HFF?, 0<i<2g
B=—4¢"(Axe) e HFF}.

The mapping class group Diff(2) acts on both sides of (5.2) with the

action factoring through an action of Sp(2¢,7Z). The invariants parts
surject

(5:4) Cla, 8,4] @ Cllt]] = Cllt)[&, 5,4] — (HFE))1,
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where § = —2%9 | 'L/AJZ"L/AJZ'+9. Thus we can write
(5.5) (HFFy)r = Cl[t)][&, 8,41/ Ty,

where J, is the ideal of relations of the generators ¢, B and 4. Recall
that ¢ has homological degree 2 and hence cohomological degree —2.
The other cohomological degrees are deg & = 2, deg 1@ = 3, degﬁ =4
and deg#¥ = 6.

The ring structure of HFFy, which is in some sense equivalent to
the determination of the kernel of (5.4), runs closely parallel to the
arguments in [23] to find out the ring structure of HF; = HF*(Y). We
recommend the reader to have [23] at hand.

Consider the ring H*(N,)[[t]], where ¢ is given degree —2. The
elements in H'(N)[[t]] are thus sums 3, < Si+2nt", where deg(s;tor)
= 1 4+ 2n. Note that all such elements are finite sums, although
HYN)[[t]] # 0 for arbitrarily negative i. The following result is an
analogue of [23, Theorem 5] and provides a proof of Theorem 1.2.

Proposition 5.2. Denote by * the product induced in H*(Ny)[[t]] by
the product in HF Fy under the C[[t]]-linear isomorphism H*(N)[[!]] =
HFEFy given by fs — és, s € S. Then * s a deformatiqn of the cup-
product graded modulo 4, i.e., for f1 € H'(N)[[t]], f2 € H(NY)[[t]], it is

fixfo= ZQO D,.(f1, f2), where @, € Hi+j—4T(Ng)[[t]] and ®g = f1Ufs.

Proof. To start with, let us fix some notation. The choice of ba-
sis (5.1) gives a splitting 2 : H*(NV,;) — A(X), fs — 2, satisfying the
property that f — ¢¥(A,1(f)e*®) is the isomorphism of the statement.

Now we claim that for any s,s" € S we have

S B>
(€s,és) :D;i@;(zszs’e

= <f$7 fs’) + O(t(ﬁg_ﬁ_(deg(fs)-‘rdeg(fs/)))/2+1)’

tCP?
(5.6) )

where O(t") means any element in ¢"C[[¢]] (note that (5.6) vanishes
when deg(fs) + deg(fy) # 0 (mod 2)). If deg(fs) + deg(fs) > 69 — 6
then the statement is vacuous. For deg(fs) + deg(fy) < 69 — 6 it fol-
lows from the fact that the dimensions of the moduli spaces of anti-
self-dual connections on ¥ x CP! are 6g — 6 + 47, r > 0, and the
(6g — 6)-dimensional moduli space is Ny, as remarked in [23], so that
for

deg(fs) + deg(fs) + 2d = 6g — 6,
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it is

DY) (2529 (CPY)Y) = 0,
unless d = 0, and in that case it gives —(fs, fs) (the minus sign is due
to the different convention orientation for Donaldson invariants).

We shall check the statement of the proposition on basic elements
fs and fy of degrees ¢ and j respectively. Put f, * fo = > . 1/ 9m,
where g, € H™(N,)[[t]] and gas # 0 is the leading term. By definition,
ey =y . onr Om (With g, € HFFg* corresponding to g,, under the
isomorphism of the statement).

Suppose M > i+ j. Then let ft", f € H*(N,), be the non-zero
monomial in ga; with minimum r. So f has degree M + 2r. Pick
f1 e HO9=6=(M+2) (ALY with (f, f') = —1 in H*(N,). Let 2,2 € A(X)
be the elements corresponding to f, f' € H*(N,) under the splitting .
Then by (5.6)

(167 (A, 262), 67 (A4, #')) = 17 + O+,
SO
(907, BV (A, Z'e!®)) =" + O ).

For m < M, it must be (G, ¢ (A, 2'e!*)) = O 1) by (5.6) again, so
finally
(6565, 9V (A, 2 ™)) =" + O(t" ).

On the other hand, as deg(fs) + deg(fs) + deg(f’) < 6g — 6 — 2r, it is

<ésés’a ¢w(A’ ZletA)> _ D(Eu:é%)l (ZSZS/ZletCPI) _ O(tT-‘rl)’

which is a contradiction. It must be M <1+ j.
For m =1+ 3, put g, = Giqj + tGiyjio + -+, where
Giyjrar € HHIT(NG).
Pick any fs of degree 6g — 6 — m. Clearly

D;u:éiml (zszs’zs”etgpl) = _<fsfs’7 fs”> + O(t)

Also

D(wzz)

CPI
Lx P! ' )

:<ésés’7 és”)

=(Gm, €s) + O(t) = —(gm, for) + O(2).
S0 (Gitj, fsr) = (fsfs, fs), for arbitrary for, and hence Giy; = f,fs.

(2525 251€
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To check that G;yjio, = 0 for r > 0, pick any fe of degree 6g — 6 —

(m + 2r). By (5.6) it is D(z é;,l(zszs/zsuetwl) = O ') and

D(wzz)

TPy _ys
ExCP! ' ) :<

(Zszs’ Zgne €5y, és”>
:@ma és”) + O(tT—H)

= - <Gi+j+2r7 fs”>t7" + O(tr—H)a

So <Gi+j+27"7fs”> =0, i.e., Gi+j+2r = 0. q.e.d.
The structure of HFF is given by the following result.
Theorem 5.3. Fiz g > 1. Let ¥ = X, be a Riemann surface of

genus g. The Fukaya-Floer cohomology HFF; = HFF* (X X St SY) has
a presentalion

g
HFFy =D AGH® @ ClH]][é, 8,41/ Ty
k=0
where J, = (RLR2,R3) and R. are defined recursively by setting
R(l] =1, R% =0, R% =0 and putting, for oll0 <r <g-—1,

Rr+1 (@& + fr1())Ry + (1 + fr2(6))R + fis()R
(5.7) 7‘+1 (5 + ( )T+18 + f21 (t))R%
+fat)R} + (5 + fa3(t)) R}
Ri—‘rl = /?Ria

for some (unknown) functions f;"j’g(t) lying in tC[[t][&, B,4], dependent
on v and g. Moreover fi; are such that fi1R. + f1oR2 + f13R} and
Jo1RE+ foaR2+ fo3R3 are both C[[t]]-linear combinations of the mono-
mials a“ﬂbvc a+b+c<r+1.

Proof. From (4.3) a basis of H*(Ny)[[t]] as C[[t]]-module is given by

{(L‘Z(-k)anbch/k:O,l,...,g—l, n+m+r<g-—k,i€ B}
(k)

Recalling 3 = cico--- ¢, € A’gH 3 a complete set of relations satisfied
in H*(N,) are :chk)q;_k, i =1,2,3 0 <k < g, and the Sp(2¢,7Z)-
transforms of these. Now identAifying H 3 with the 2g-dimensional sub-
space of H FFg?’ generated by 1)1,...,194, Proposition 5.2 implies that
the set

(#Wat B4 /k = 0,1,...,9— 1, a+b+c<g—k, i€ By},
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where z{F) € AfH? C HFFy, is a basis for HFF; as C[[t]]-module,

i
where Fukaya-Floer multiplication is understood. Also from Proposi-
tion 4.1, we can write
][, b, c]
Qi Do o)

g
H* (N[ = PAGH’ ® (
k=0

The products in both H*(N,)[[t]] and HFF, are Sp (2g, Z)-equivariant,
and the isomorphism in the statement of Proposition 5.2 is also Sp (2¢g, Z)-
equivariant. Then we can use the arguments in the proof of [24, Propo-
sition 16] to write

g ~ A oA
k=0 (Rg—k’Rg—k’Rg—k)

where if we put :chk) = 1/31&2 . 'L/A}k € A’gHS, then :chk)Rg_k, 1 =1,2,3,

0 < k < g, and their Sp (2g, Z)-transforms, are a complete set of rela-
g
tions for HFF;. More explicitly, we decompose HFFy = P Vi, where
k=0

Vi = AfH? ® Fy—i is the image of
ASH? @ C[[1)][&, 8,4] — HFFy,

so in particular, the invariant part is Vo = (HFF;); and Vy = 0. Then

9
HFFy = @ AGH? © Fyy,
k=0

where

SIGIEN

jg—k
for 0 < k < g, where the generators of the ideal J,_; C C[[t]][&, B,4]
are obtained by writing q;_k, qz_k, q;’_k in terms of the Fukaya-Floer
product (see [28] for an analogous argument in the study of quantum
cohomology)
Gok =D Chpead B4,

where the sum runs fora +b+c < g—£k, d > 0, 20 + 4b + 6¢ — 2d =
deg q;_k —4r,r>0and ¢y, €C. So Jy—k = (R;_k,Rg_k,Rg_k) with

i _ i i A0 Qbacyd
Rg—k =qy— — anbcda B Y
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The elements Ri _, are uniquely defined by the following two conditions:
:chk)RZ r =0 € HFFy and R}] k (respectively Rg .
@9~k (respectively @9~ k 13 a9—k= 14) plus terms of the form aapbaeyd
with ¢ + b+ ¢ < g — k. Note that they might depend, in principle, not
only on g — k but also on the genus g (which was fixed throughout this
section). In particular R} = 1, R2 = 0 and R3 = 0.

Analogously to [24, Lemma 17], we prove the following chain of
inclusions, for 0 <r < g —1,

Rg_ ©) equals

’3’;77" - s77‘+1 - jr-

It remains to prove the recurrence stated in (5.7), which is similar
o [23, Theorem 10]. The inclusion 47, C Jy.1 says that 4R} must

be in J,41, so it must coincide with R} +1- Now the inclusion Jr41 C
J, implies the recurrence as written in (5.7) with f;; € C[[t][&, 5,4]-
Lastly, the Sp(2g,Z)-equivariant epimorphism HFFy — HFy yields
that Ry reduces to R, when we set { = 0. Thus the functions f;; are
multiples of ¢.

The last sentence of the statement follows from the fact that R},
is written as a series with leading term & t! plus terms of the form
&“Bbﬁlctd, a+b+c <r+1, and that R%_H is written as a series with
leading term &" 3 plus terms of the form &“Bbﬁlctd, a+b+c<r+1.

q.e.d.

We give the following two results, whose proofs are left to the reader,
for completeness.

Corollary 5.4. Fiz g > 1. Let ¥ = %, be a Riemann surface of
genus g. Let n € Z. The Fukaya-Floer cohomology HFF*(X x S, nS!)
has a presentation

g
HFF* (S x S',ns") = @ AH® @ Cllt)[&, 8,41/ Ty—r,
k=0

where J, = (RLRERY), and R. are defined recursively by selling
R(l] =1, R% =0, R% =0 and putting, for oll0 <r <g-—1,

Rr—l—l (Oé + f11(nt))R1 +r (1 + f12(nt))R2 + flg(nt)R
R, = (B+ (1) 8+ for(nt)) R}
+ o2 (nt)R7 + (3 + fas(nt))RE,
R7?3+1 = ﬁ’R}"-
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In particular, for n = 0 we recuperate Proposition 4.2.

Proposition 5.5. Let n € 7 and consider HFF*(% x S', nSt).
Then for any o € Hy(E) or o € H((X), the action of p(a x SY) in
HFF*(X x St,nS!) is zero.

6. Reduced Fukaya-Floer homology

In this section we give a detailed description of the subspace of
HFF; which controls the gluing theory of 4-manifolds with bt > 1
which are of strong simple type.

Suppose that X; is a 4-manifold with boundary 0X; = Y,
w € H%(X;Z) satisfies w|y = wy = PD.[SY and X = X; Uy A is a
closed 4-manifold with b= > 1 and of strong simple type. Then

¢ (X1, 21€"™) € ker(B” —64) N (1] ker ¢y,
1<i<2g

for any z; € A(X1) and any D; C X with dD; = S'. Indeed
(8% = 64)¢™ (X1, z1€P1), 6,) = D™ (1621 25 (2 — 4)e'?) = 0,

for any é5 (defined by (5.1)), s € S, where D = Dy + A € Hy(X). Then
(8% — 64)¢" (X1, z1e'P1) = 0. Analogously 9;¢% (X1, z1€tP1) = 0, for
1 <4 < 2¢. So it is natural to give

Definition 6.1. We define the reduced Fukaya-Floer homology of
¥ x St to be

HFF; = HFF; /(5 — 64,91, ...,129) 2 ker(82 = 64)n ] kerd,
1<i<2g

where the last isomorphism is Poincaré duality. Note that HFF| =
(HFF;)/(B? - 64,9).

The relevant structure theorem for HFF7 is given by

Theorem 6.2. HFF' is a free C[[t]]-module of rank 2g —1. More-
g—1
over HFF; = 6(9 )Rg,i, where Ry; are free C[[t]]-modules of rank
i=—(g—1
1 such that for ¢ odd, & = 4i + 2t and B = -8 in Ry;. For i even,
& =4iv/—=1 -2t and f =8 in Ry;.
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For the proof we need to use the following result.

Proposition 6.3. For each 0 < k < g — 1, there exists a non-zero

vector v € (HFFy)r such that

L (£4(g — k= 1) + 2t) v, g — k even,
a= (£4(g — k — 1)v/—1—2t) v, g —k odd,
pv = (-1)77F8u,

v = 0.

Proof. This is an extension of [23, Proposition 12]. We shall con-

struct the vector corresponding to the plus sign, the other one being
analogous. We have the following cases:

(6.1)

0="Fk < g—1. We shall look for v € (HFF;); constructed as
the relative invariants of a particular 4-manifold (see section 3).
For finding such a vector v we use the same manifold as in the
proof of [23, Proposition 12]. This is a 4-manifold X = Cy with an
embedded Riemann surface ¥ of genus g and self-intersection zero,
and w € H?(X;Z) with w-X =1 (mod 2). Such X is of simple
type, with by = 0, b+ > 1. Suppose for simplicity that g —k = g is
even (the other case is analogous). Then the Donaldson invariants
of X are

Dgéﬂyz)(ea) — _239—5€Q(a)/26K~a + (_1)923g—5€Q(a)/26—K-a’

for a single basic class K € H*(X;Z) with K - ¥ = 29 — 2. Let
X1 be X with a small open tubular neighbourhood of ¥ removed,
so that X = X7 Uy A. Consider D C X intersecting transversely
3 in just one positive point. Let Dy = X3 N D C Xy, so that
9D; =S'and D = D; + A. Then set

v=¢"(X1,(Z +29 —2—1t)e!P) € HFF*(Z x S1,8Y);.

Let us prove that this v does the job. For any z, = E"z™;, -+ v;,.,
we compute from (6.1) that

<’l), és) :<¢w(X15 (E + 29 -2- t)etDl)a ¢w(A7ZS€tA)>
:Dg}”’z)((ﬁ + 29 — 2 — t)zetP)
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is equal to
0, r >0,
_23g—4(29 —2)(2g — 2+ t)"2™ eQ(tD)/2+tK-D’ r =
Then

(60, 85) =(¢" (X1,25(E + 29 — 2 — 1)e'P1), ¢ (A, z,e'))
=D (S + 29 — 2 — )25 z,e'P)
=(4g — 4 + 2t){v, és),

for all s € S. Thus éwv = (4g — 4 + 2¢)v. Analogously, v = 0 and
Bv = —8u.

0 < k < g— 1. The same argument as above for genus g — k
produces a 4-manifold C,_; with an embedded Riemann surface
Yg—k of genus g — k and self-intersection zero with a single basic
class K € H*(X;Z) with K - S, = 2(g — k) — 2. Let now
X = Cy_i#k St x S3 (performing the connected sum well apart
from D). Consider the torus S' x S* € S! x §? and the internal
connected sum 3 = Xj = 3, _p#Fk S'xS'lc X = Cy—r#tk StxS3.
When choosing the basis of H(X;7Z), we arrange 71, ...,7; such
that ; = S'x pt in the i-th copy S'xS>. Suppose for instance that
g —k is even. Then by Lemma 6.4 below, for any o € Hy(Cy_y) =
Hy(X), we have

D ) = g

ok (_23(g—k)—5eQ(a)/2€K.a

b

+(— 1)g—k23(9—k)—56Q(a)/26—K-a>

with w € HQ(Cg_k;Z) as in the first case. Write again X =
X7 Uy A and consider D C X intersecting transversely % in one
point with D - X =1, so that D = D; + A with 9Dy = S'. Then
the element

v=¢"(X1,(S+2(g— k) —2— )y ---pe'™) € (HFF)),

satisfies the required properties. Note that v is invariant since it
has only non-zero pairing with elements in (HFF;); C HFF,.
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e k=0and g = 1. Let S be the K3 surface, and let us fix an
elliptic fibration for S, whose generic fibre is an embedded torus
¥ = T2. The Donaldson invariants are, for w € H?(S;Z) with
w-% =1 (mod 2), DI (etP) = —¢=QUD)/2, Fix D C § which
cuts X transversely in one point such that ¥ - D = 1. Then
Dgw’z)(E etP) = te= QD)2 Let S be the complement of a small
open tubular neighbourhood of ¥ in § and Dy = S; N D C Sy,
so that Dy = S1. Then v = ¢¥(Sy,e'P1) generates HFF} and
$V(S1, T etPr) = —1¢™ (81, e!P1), so that Gv = —2tv. Analogously
Bfu = 8v and Av = 0.

e 0 < k=g—1 We use the same trick as in the second case,
considering the K3 surface connected sum with k copies of ST x S;.
g.e.d.
Lemma 6.4. Let X be a 4-manifold with b* > 1, and z € A(X).
Consider X = X#S* x S? and v = S! x pt C S x S3 to be the natural
generator of the fundamental group of S' x S3. We can view v as an
element of A(X). For any w € H*(X;Z) = H*(X;Z), then we have
D% (vyz) = ¢ D% (z), where ¢ is a universal constant.

Proof. Consider the moduli space M of ASD connections over X
of dimension d = 3 + deg(z), k denoting the charge [16]. Then there is
a choice of generic cycles V,, V, in M;%’K such that

M = Mg‘g” NV,

is smooth 3-dimensional and compact, and DY (yz) = #(M N'V,). For

metrics giving a long neck to the connected sum X = X#S!' x §3,
the usual dimension counting arguments give that the only possible
distribution of charges of limiting connections are x on the X side and
0 on the S' x S Now recall that the moduli space of flat SO(3)-
connections on S! x S$3 is Hom(71(S! x $3), 50(3)) = SO(3), hence

M = (MY%) NV, x SO(3),

where M{" NV, consists of DY (z) points (counted with signs). The
description of the cycle V,, given in [16] implies that there is a universal
constant ¢ = #S0(3)NV, yielding the statement of the lemma.  q.e.d.

Proof of Theorem 6.2. Since &“Bbﬁfc, a+b+c¢ < g, form a basis
for (HFF)r, we have that @Bt a+b < g, b=0,1, generate HFF
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as C[[t]]-module. Therefore the rank of HF'F', is less than or equal to
2g — 1. Now using Poincaré duality in HFF;, we have that the dual of
HFFY is

(6.2) ker(4% — 64) Nker ¢y N -+ Nkeryhoy C HFF,.

By Proposition 6.3 there are at least 2g — 1 independent vectors in (6.2),
so the rank of HFF;, is exactly 2g—1 and it must be a free C[[¢]]-module.
The 29 — 1 eigenvalues of (&, ) given by Proposition 6.3 provide the
decomposition in the statement. q.e.d.

7. Effective Fukaya-Floer homology

Parallel to our work in section 6, we now move on to find a descrip-
tion of the subspace of HF'F; which keeps track of the gluing theory of
general 4-manifolds with b7 > 1.

Definition 7.1. The effective Fukaya-Floer homology of ¥ x S!
is defined as the sub-C[[t]]-module ﬁ]\:’_ﬁ; C HFF; generated by all
¢ (X1, z1etP1), for all 4-manifolds X7 with boundary dX; = Y such
that X = X; Uy 4 has bT > 1, 2 € A(X1), D1 C Xy with 9Dy = S!
and w € HQ(Xl;Z) with w’y = wy = PD[SI]

The action of Sp (2¢,7) on HFF; restricts to an action on ﬁ]\:’_ﬁ;

Also &, B, 1/31, . ,'L/A}Qg (and hence %) act on HFF} by multiplication.
The main theorem of this section is

Theorem 7.2. The eigenvalues of (&, 3,4) acting by multiplica-
tion on HFF are (—2t,8,0), (£4 +2¢,-8,0), (£8v -1 —-2¢,8,0), ...,
(£4(g — 1)v/=T1" 4 (=1)92t, (-1)7718,0).

For a proof of this result we need some preliminary information. The
following proposition is proved analogously to Proposition 4.3.

Proposition 7.3. Let F, = Fr/AFr, 0 <r < g. Then F, is a free
C[[t])]-module with basis &°B°, a +b < r. We have F, = C[[t]][&, 8]/ T,
where J, = (RL,R2), and RE are determined by Ry =1, R3 =0 and,
for0<r <g-—1,

{ Ry = (@+ fi)Ry +r°(L+ fi)RY,
(1) 18 + fo1)Ry + 2R},
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for some_functions _f_ijgt) E_tCl[t]][&,B]. Moreover fi; are such that
fuiRL+ f12R? cmdA fo1RL+ f2oR? are both C[[t]]-linear combinations of
the monomials 6°F°, a +b < r + 1.

Lemma 7.4. We have

jr/j‘—‘rl = ker(ﬁr—i—l - j_:r) = @ Rr+1,i7

—r<ilr
i=r (mod 2)

where Ryy1; s a free C[[t]]-module of rank 1. For r even, & = 4iv/—1+
O(t) and B = 8+0(t) in Ryy1,. Forr odd, & = 4i+0(t), f = —8+0(1)
n RT—H,i-

Proof. The natural map HFF; — HFJ given by equating ¢ = 0
together with Lemma 4.4 yield the following commutative diagram with
exact rows

jr/sir—&—l — j_:r—&—l -
4 b

jr/jr—H — Fr—i—l -

e 9

where

- - = 2 1
tke (F /1) = dim( T, /o) = (7“; ) - (T"; ) —r 41,

Suppose for instance that r is odd. Then Lemma 4.4 implies that

Play= [ (a—4i)

—r<i<r
i=r (mod 2)

is the characteristic polynomial of the action of & on J,./J,41. Therefore
(and since all the roots are simple) the characteristic polynomial of the
action of & on J,/Jr41 is

Pla)= [ (a—4i—fi),

—r<i<r
i=r (mod 2)

for some f;(t) € tC[[t]]. This yields that J,/Jr+1 = @  Rys1y,
—r<i<r
i=r (mod 2)

where R,41; is a free C[[t]]-module of rank 1 with & = 4¢ + f;(¢). The
eigenvalue of § on R,1;; must be of the form —8 4+ O(¢). The case for
even r is analogous.  q.e.d.
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Proof of Theorem 7.2. As ¥J,—1 C J;, one has 49 € J,, i.e. ﬁ/g =0
in HFFy, so the only eigenvalue of 4 on HFF, and hence on HFF*
is zero. To compute the eigenvalues of Bon H FF; we may restrict to
HFF;/(%), ie., to every F,_;. Using Lemma 7.4 recursively we find
that all the eigenvalues of 8 on F; are of the form +8 4+ O(t). Thus all
the eigenvalues of 8 on HFF, are of the form £8 + O(t).

To get the eigenvalues of B on HFF, let us argue by contradiction.
Suppose that there is an eigenvalue dlﬁerent from =+8. By definition
of HFF* there exists a vector v = ¢¥ (X1, z,e'P1) € HFF* such that
X = X1 Uy A is a 4-manifold with bT > 1, »; € A(Xl) Dy Cc Xy
with 9D; = S, w € H%(X;Z) with w - ¥ = 1 (mod 2), satisfying
(B2A— 64)Nv zé 0, for arbitrarily large N. Then there is a polynomial
P(8,1) = TI(A+ (~1)8 — (1)) with fi(t) € (]}, fi(t) # 0, 2 = 0,1,
such that

P(B,1)(8* — 64)v = 0,
for some N > 0. Substituting v by (82 — 64)Nv, for suitable N,
we can suppose that N = 0. Therefore D(w’ )( etP+s2) £ 0 and

D (P(—4z,t)2tP+$%) = 0, with D = D; + A € Hy(X). Clearly
we may also suppose that z; is homogeneous. As

1
DY (2,e!P+5%) = 5 (Dg;u,z)(zletmrsz)

+\/_—1d0—deg Z1/2Dg1(1)’2)(21€\/__1(tD+82))> ’
for dy = do(X,w) = —w? — 3(1 — by + b"), we have DY (21e/PT%) #£0
and DY (Q(z,t)z1etP5%) = 0, with Q(z,t) = P(—4z, 1) P(4z,v/—1t).

Moreover we can suppose that none of the homology classes ap-
pearing in z; € A(X) has non-zero intersection with D (as it already
happens with 3), ie., 21 € A(< Z,D >1) (write 2z, = Yomso DA,
with 2" € A(< 2, D >1) and substitute z; for one of the z!™). Substi-
tuting D by a linear combination aD + b3, a # 0, we can suppose that
D? =0, D € Hy(X;7Z) C Hy(X) and D is primitive, with D - ¥ # 0.
Then DY (Q(z, at)z1e!PT$¥) = 0. Also changing w by w+ I if necessary
we can assume that w-D =1 (mod 2).

At this stage, we represent D by an embedded surface and invert
the roles of D and . This corresponds to changing the metric: we go
from metrics giving a long neck when pulling ¥ apart to metrics giving
a long neck when pulling D apart. The Donaldson invariants of X do

311
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not change since b > 1. Arguing as above, D% (Q'(z, 8)z1e!PT5%) = 0

for some polynomial @'(z, s). This time we do not bother on whether
Q' is independent of s or not; we can take it to be just the charac-
teristic polynomial of 3 acting on HFF*(D x S1,S1). Now take the
resultant of Q(z,at) and Q'(z,s), which is a series R(s,t) # 0. Then
D% (R(s,t)z1ePT5¥) = 0 implies D% (21e!PT5*) = 0, which is a contra-
diction. This proves that the only eigenvalues of B are £8.

Finally, to compute the eigenvalues of & we can restrict to

ﬁﬁ'g/('le, ... ,zﬁgg,ﬁ2 — 64). This is a subset of
HFT; = (HFF})1/(3.5" - 64),

which is computed in Theorem 6/2\_/ Moreover all the eigenvalues in
W; are indeed eigenvalues of HFF as all the vectors constructed
in Proposition 6.3 come from 4-manifolds with b > 1. This completes
the proof. q.e.d.

Remark 7.5. The author believes that the eigenvalues of (&, B, )

e —

acting by multiplication on HF'Fy given in Theorem 7.2 are indeed all
the eigenvalues of (&, ﬁ,ﬁ/) on HFF.

8. Fukaya-Floer homology HFF,(X x S, §)

Now we deal with the Fukaya-Floer (co)homology of the 3-manifold
Y = % x St with the SO(3)-bundle with we = P.D.[SY] € H?(Y;7Z/27)
and loop § C ¥ C ¥ xS! representing a primitive homology class, and its
A(X)-module structure. Poincaré duality identifies the Fukaya-Floer ho-
mology HFF,(Y,§) with the Fukaya-Floer cohomology HFF*(Y,—0).
The p map gives an action of A(X) on HFF,(Y,§). Later we shall see
that this gives in fact a structure of module over HF,(Y').

8.1. The vector space HFF,(X x S',§). We can suppose that
the basis {v1,...,v2} of H1(%;7Z) is chosen so that [§] = 71 (recall that
YiVi+qg = Pt for 1 <4 < g). The action of Sp(2¢,7Z) on {v;} restricts
to an action of the subgroup Sp(2g — 2,7Z) on ya,...,%g, Yg+2+ - - - » V2g-
Any element of Sp(2g — 2,7Z) can be realized by a diffeomorphism of
¥ x S! fixing §, hence it induces an automorphism of HFF,(Y,d). This
gives an action of Sp (29 — 2,Z) on HFF,(Y, ).

We recall that for computing HFF, (Y, §) there is a spectral sequence
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whose Fs term is HF,(Y) ® H,(CP>), with differential d3 given by
p(0) : HE;(Y) @ Hoy(CP™) — HF;—3(Y) ® Ha;12(CP%),

and converging to HFF,(Y,d). The Sp(2g — 2,7) action on this Ej
term gives the action on HFF,(Y,d). Now we can use the description
of HF; = HF*(Y) gathered in Proposition 4.2, and the fact that u(d)
is multiplication by ¢ = ¢“ (A, 1) to get a description of the F4 term
of the spectral sequence.

Proposition 8.1. Consider ¢y : HFy — HF;. Then

g—1
ker 4f1 /im ¢y = @) AGH ® Kot
k=0

313

where HS ; =< 1ba, ..., g, Vgi0y .oy hog > and Ky = Jo_1 /(T + v Jr—2).

Proof. The space H? has basis P1,%0,. .., 124, SO We can write
0 =< 1, Pgp1 > @Hr?’ed, where Hrsed is generated by n,..., 1y,
Pgt2,. ..,z and it is the standard representation of Sp(2¢g — 2,7)
(‘red’ stands for reduced and follows the notation of [20]). More intrin-
sically, we can identify Hr?’ed =<y >/ <4y >. Tt is easy to check
that AXH? decomposes as

A§H3 = ’YIA]g_QHEed D (< 1/}1’¢9+1 > ®A§_1H§ed) D AgHEed

as Sp (29 — 2, Z)-representations, where v = —gip1 A g1 + . The
reader can check this directly, noting that 4/ € AZH3, or otherwise
see [11, formula (25.36)].

As a shorthand, write F, = Clo, 8,7]/J; = (HE});. Then Proposi-
tion 4.2 says that

g—1
HF; =PAGH? © Fy_p)

il
o

-1
ASHR G ® (Fyei ® 7' Fy_g—2)
0

—~
o0
—_
~—
I
Tlr o

g—1
S @ A]éHrsed ® (< ¢17 1/}{]-1-1 > ®Fg—k—1)a
k=0
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as Sp(2¢g — 2,7Z)-representations.  Now multiplication by )1 is
Sp (29 — 2,7Z)-equivariant and intertwines the two summands in (8.1),
i.e.,

P
(8.2) Fy k@Y Fypoy — < 1,911 > ®F 4y
207y = 1 ® (z+7y)

and

< ¢17"/}g+1 > ®Fg—k—1 ﬂ Fg—k ©® 'Yng—k—Q
(8.3) v Q2 — 0

g1 ® 2 > %Wz ) (-%)’Y’Z.

In (8.2),

keripy ={x @Yy € Fy_x @Y Fy_pa/z+yy=0¢€ Fy_t_1},
imyy =41 ® Fy_g—1. In (8.3), ker¢py = 91 ® Fy_—1,

im; = {'Yy D (_'Yly) € Fg—k (S5 7,Fg—k—2}a

S0

g—1

ker 1 /im ¢y = @D AGH © Ky,
k=0
where
Ko — {z@yyeFoyYF o/z+yy=0€ F,_1}
' {7 ® (—y) € F v Fr}
~ {:EEFT/(II:OEFT_l} _ Jr—l/Jr _ Jr—l
{7?//9 =0¢€ Fr—?} 'Y(JT—Q/JT) Jr +vJr—2

q.e.d.
Lemma 8.2. As a Cla, 8,7]-module, K, = P R;, where

—(r—-1)<ir—1
i=r—1 (mod 2)

R; is 1-dimensional, o acts as 4in/—1 if © is even and as 4i if © is odd,
B as (—1)'8 and v as zero on R;.

Proof. K, is generated, as Cla, f3,v]-module, by three elements
R!_,, R?_, and R}_;, which satisfy six relations Rl = 0, R?2 = 0,

R? =0, 7R}_2 =0, 'yRZ_Q =0 and 7R§_2 = (0. Therefore
0=aRl | +(r—1)2R?

r—1>

0=(8+(~1)y8)RL_, + 2=UpRs |
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Also R}_; = yR}_, = 0. The first line allows to write R2_; in terms of
R!_,, so K, is generated by an element k, = R!_;, which satisfies
vk, = 0 and (8 + (—1)"8)k, = 0. Therefore K, is a module over
Cle, 8,7])/((v,8 + (=1)"8) + J,). This is a quotient of (HF}); which

has been computed in [23, Proposition 20] to be

g { Cle)/((e — 16(r — 1)?)(a — 16(r — 3)?)--- (@ — 16 - 12)) 7 even,
! Cla]/((a +16(r — 1)2) (o +16(r — 3)?) -+ (@ + 16 - 22)ar) 7 odd.

So K, is a quotient of S, being a cyclic module over this ring. In
particular dim K, < r. On the other hand, if we consider the action
of v in F,, [23, Corollary 18] says that kery = .J,_1/J,. Moreover
kery2 = J,_5/J,, which is proved in the same fashion. So we can write
K, = 711{(%77—2 Now dimkery = (T;I), dimkery? = (T'gl) + (5). As the
action of (multiplication by) + vanishes on kery C kerv2, we have that
dim(ykerv?) < (3). So dim(ker~/(ykervy?)) > (T'QH) - () =r, and
thus K, must equal S,. q.e.d.

Now we are able to write down the F, term of the spectral sequence.
Decompose ker ¢p1 = im 4 @ (ker 41 /im 1)), where im+); C ker ¢ is the
null part for the intersection pairing on ker;. Then

2
By = (impy © (eraps fimhy)) x (ker g im ey ) x (ker g /im )3 x -

So Lemma 8.2 gives

By =imyy © @ AfHL, ® R ® Cl[t]],
ik

where 0 < k <g—1,—(9—k—1) <i<g—k—landi=g—k—1 (mod 2).
We can write Fy = imy1 & E’4, where the intersection pairing vanishes
on the first summand. In order to compute Donaldson invariants, this
first summand is ineffective, so we will ignore its behaviour through the
spectral sequence, and look henceforth to the spectral sequence given
by E4.

Proposition 8.3. The spectral sequence E,,, n > 4, collapses at the
fourth stage, i.e., d, =0, for all n > 4.

Proof. There is a well-defined A(X)-module structure in the spectral
sequence, since it is defined at the chain level in section 3. Also any
f €Sp(29—2,7Z) induces f : HFF,(XxS!,§) — HFF,(XxS!,§) which
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can be defined at the chain level and therefore also appears through
the spectral sequence. Therefore every differential d,, is Sp (29 — 2, 7Z)-
equivariant, Cla, £, v]-linear and C[[t]]-linear. Now

By = D MH, @ B @ O[]
1,k

is a direct sum of inequivalent irreducible modules for the ring
(Csp (29 - 25 Z) ® (C[Oé, 55 7] ® C[[t]]

(where CSp (2g — 2,7Z) is the group algebra of Sp (29 — 2,7)). So d,, has
to send every summand to itself, and d2 = 0 on it implies d,, = 0. The
proposition follows.  g.e.d.

Henceforth we will only consider

(8.4) HFF.(Y,8) = @ AfHiy ® Ri @ C[[t] C HFF,(Y,),
i,k

which coincides with HF F, (Y, §)/null part.

8.2. The HF;-module HFF,(¥ x §',6).  Tn order to deter-
mine the A(¥)-module structure on HFF,(Y,d), we consider the natu-
ral cobordism between (Y, d) U (Y,0) and (Y, 4). It gives the map (3.3)

. HF,(Y)® HFF,(Y,5) — HFF,(Y,0).
Now for any ¢ € HFF,(Y,§), it is

a-¢=¢"(A25) ¢ =2uE)1) ¢=1-2u5)() = 2u(Z)(¢),

with 1 = ¢ (A, 1). Therefore the action of 2u(X) is multiplication by a.
Analogously for p(pt) and p(v;). Therefore the A(X)-module structure
reduces to an HF*(Y)-module structure on HFF,(Y, ), and hence on
HFF,.(Y,6). In (84), 4% =g —k—1 (mod 2), so the action of p(vy;)
vanishes. Therefore we have proved

Theorem 8.4. Let Y =X xSt and § C T C Y a loop represent-
ing a primitive homology class. Let HFF (Y, §) be HFF.(Y, ) modulo
its null part under the intersection pairing. Then HFF.(Y,6) is an
HF*(Y)-module and

red

(8.5) HFF.(Y,6) = @ AfHL, ® Ri @ C[t]],
i,k
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where ) <k <g-1, —(9g—k—-1)<i<g—-k—-1landi=g-—kLk—1
(mod 2). The R; are 1-dimensional. « = 2u(X) acts as 4iv/—1 if i is
even and as 4i if i is odd, 8 = —4u(pt) acts as (—1)'8 and the action of
;= ply;) is zero.

Theorem 8.4 gives us the action of H,(%) on HFF,(Y,§), but to get
a more intrinsic picture which does not need explicitly the isomorphism
Y = % x S!, we have to give the action of the full H,(Y) on the Fukaya-
Floer cohomology. This is provided by the following Proposition:

Proposition 8.5. Consider HFF,(Y,0) as given in (8.5). Then
on R; ® C[[t]], —4u(pt) acts as (=1)'8, u(a) = 0 for any a € H(Y)
and, for a € Hy(Y), 2u(a) is 4(a - SYiv/—1 — 2(a - 6)t if i is even and
4a-SYi+2(a- 8)t if i is odd.

Proof. AsY = ¥ x S! is a (trivial) circle bundle over ¥, we may
consider an automorphism of Y as a circle bundle. This is classified by
an element f € H'(;7Z), so we shall put ¢ : Y — Y. The action in
homology ¢ : H(Y) — H.(Y) is pr(pt) = pt, 07 (v;) = 7 + (f[n])Sh,
¢f(X) =S +P.D.[f] x S' and ¢s(ax SY) = a x S, for any a € H.(T).
In particular,

5; = ¢;(0) =6 +nSt, where n = f[4].
So ¢;: HFF,(Y,0) = HFF,(Y,d;) and hence

(8.6) HFF,(Y,6+nSY) = P AEHL, © R @ C[[1]].
i,k

Now there is a natural cobordism between (Y, d¢)U(Y,nS') and (Y, dy),
which, in the same fashion as above, gives an HFF*(Y,nS')-module
structure to HFF,(Y,d¢). This goes down to a module structure over
the reduced Fukaya-Floer homology

HFF*(Y,nSY) = HFF*(Y,nSY) /(8 — 64,91, ..., ¢n,).

Corollary 5.4 (and the description of the eigenvalues of W; given in
Theorem 6.2) yields that on the summand R; ® C[[t]] of HFF.(Y,§ +
nSY), 2u(X) must act as 444/—1 — 2nt if i is even and as 44 + 2nt if i
is odd, —4u(pt) as (—1)*8 and pu(y;) as zero. Finally we go back under
the isomorphism ¢ : Y — Y. So on the summand R; ® C[[t] of (8.5),
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the p-actions are as follows

B 434/ —1 — 20t 1 even
1 _ _ ) — ’
2u(p; ' (%)) = 2u(S - PD.[f] x §1) { 4 + 2t i odd,

—4u(p7 ! (pt)) = —4u(pt) = (-1)'8,
p(es ' (1)) = plvi — (Fl)sh = o.

This implies that p(S!) acts as zero and u(y; x St) acts as (—1)¢(v; - 0)t.
The proposition follows.  q.e.d.

9. Applications of Fukaya-Floer homology

In this section we are going to give a number of remarkable applica-
tions from the knowledge of the structure of the Fukaya-Floer homology
groups of ¥ x S. The author expects to extend the techniques to be
able to get the general shape of the Donaldson invariants of 4-manifolds
not of simple type with b > 1.

9.1. 4-manifolds are of finite type. In [17] it is conjectured
that any 4-manifold with 6T > 1 is of finite type. In [13], Froyshov gives
a proof of the finite type condition for any simply connected 4-manifold
by studying the general properties of the map u(pt) on the Floer ho-
mology of 3-manifolds. In [30], Wieczorek also proves the finite type
condition for simply connected 4-manifolds by studying configurations
of embedded spheres of negative self-intersections. Here we give a proof
of the finite type condition for arbitrary 4—/m\glifolds with T > 1 by

using the effective Fukaya-Floer homology HFF7.

Proposition 9.1. Let X be a 4-manifold with b > 1 and ¥ — X
an embedded surface of self-intersection zero. Suppose there is w €
H?(X;Z) with w-% =1 (mod 2). Then there exists n > 0 such that
D% ((x? — 4)"2) = 0 for any z € A(X).

Proof. 1f the genus ¢ of X is zero, then the Donaldson invariants
vanish identically, so the statement is true with n = 0. Suppose then
that ¢ > 1. Thus we split X = X; Uy A, where A is a small tubular
neighbourhood of ¥. Let D € Hy(X) such that D -3 = 1. Represent
D by a 2-cycle intersecting transversely 3 in one positive point and put
D = Dy + A, with D; C X; and dD; = S'. Then for any z € A(X;)
it is ¢ (X1, zetP1) € ﬁ’_ﬁ; by Definition 7.1. By Theorem 7.2 there is
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o —
~

some n > 0 such that (5% —64)” =0 on HFF;. Using Lemma 5.1,
B 1
DY (e 4P = (g

So DY(z(x? — 4)"D™) = 0 for all m > 0. This is equivalent to the
statement. q.e.d.

(B —64)"¢" (X1, zeP1), (4, ') = 0.

Now we are ready to give a proof of Theorem 1.2.

Theorem 9.2. Let X be a 4-manifold with b+ > 1. Then X is of
w-finite type, for any w € H*(X; 7).

Proof. First note that if X = X #(C_]P’2 is the blow-up of X with
exceptional divisor E, then X is of w-finite type if and only if X is of w-
finite type if and only if X is of (w4 F)-finite type. This is a consequence
of the general blow-up formula [9]. Tt means that, after possibly blowing-
up, we can suppose w is odd. Then there exists x € Ho(X;Z) with
w-x =1 (mod 2). As bT > 0, there is y € Hy(X;7Z) with y -y > 0.
Consider ' = x+2ny for n large. Then z’-z' > 0 and w-z' =1 (mod 2).
Represent ' by an embedded surface ¥ and blow-up X at N =2’ - 2’
points in ¥ to get a 4-manifold X = X#NCP with an embedded
surface & C X such that ©-X =0 and w € H2(X;Z) C H*(X;Z) with
w-% =1 (mod 2). Then Proposition 9.1 implies that X is of w-finite
type and hence X is of w-finite type. q.e.d.

Proposition 9.3. Let X be a 4-manifold with b+ > 1 and contain-

ing an embedded surface 3 of genus g and self-intersection zero such
that there is w € H*(X;7Z) with w-Y = 1 (mod 2). Then X is of
w-finite type of order less than or equal to

> ([252] 1),

where [z] denotes the integer part of x. If furthermore X has by = 0,
then X is of w-finite type of order less than or equal to

(9.1) [294_ 2] +1.

Proof. The result is obvious for ¢ = 0. We can thus suppose g > 1.
We only need to find the minimum n > 0 such that (3% — 64)" = 0 in

ﬁﬁ’; (see proof of Proposition 9.1). Consider the element

er = (B+ (~1)78)(B + (~1)18) " (B - 8),
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for 1 < r < g. Using Lemma 7.4 we prove by induction that there are
polynomials P, (3, t) € C[[t][3] such that e, P, = 0 € F, and P,(%8,¢) #
0 (indeed P, collects all the eigenvalues of A different from +8). Thus
e, P is a multiple of 4 in F,. Now the inclusion 4.7, C J,+1 yields that
e, PrJ, C Jr4+1 and, by recurrence, that H?Zl e, P € Jy. We conclude

that H}(Z:l erPr.=0in HFF;. As P, are isomorphisms over ﬁﬁ'z by
Theorem 7.2, we have that []7_; e, = 0 in HFF;. This means that we
may take n =Y 7_( [#} +1) to get (B2 —64)" =0 on HFF.

In the case by = 0, we use that e, P, is a multiple of 4 in F,. As

Py is an isomorphism over HFF, e, is a multiple of 4 on HFF}. The
result follows easily. q.e.d.

Remark 9.4. The bound in (9.1) is in agreement with the conjec-
ture in [17]. Let us check some simple cases in which Proposition 9.3
was already known to hold. For g = 0, we get that X is of zeroth-order
finite type, i.e., that the Donaldson invariants vanish identically. For
g =1, we get that X is of simple type [19] [18]. For g = 2 we get that
X is of second order finite type [19, Theorem 5.16]. If b = 0 and g = 2,
X is again of simple type.

9.2. Connected sums along surfaces of 4-manifolds with b; =
0. We are going to apply the description of the Fukaya-Floer homology
of section 8 to the problem of determining the Donaldson invariants of
a connected sum along a Riemann surface of 4-manifolds with b = 0
(but not necessarily of simple type). This has been extensively studied
in [21].

Let X; and X5 be 4-manifolds with b, = 0 and containing embed-
ded Riemann surfaces ¥ = ¥; < X; of the same genus g > 1, self-
intersection zero and representing odd homology classes. Put X; for the
complement of a small open tubular neighbourhood of ¥; in X; so that
X; = X; Uy A, X; is a 4-manifold with boundary 0X; =Y = 3 x S.
Let ¢ : 0X; — 90X, be an identification (i.e., a bundle isomorphism)
and put X = X(¢) = X3 Ug Xo = Xi#5 X5 for the connected sum of
X; and X, along ¥. As we are only dealing with one identification,
we may well suppose that ¢ = id. Recall [21, remark 8] that homol-
ogy orientations of both X; induce a homology orientation of X. Also
choose w; € H*(X;;7),4 = 1,2, and w € H?>(X;7Z) such that w;-%; = 1
(mod 2), w-X =1 (mod 2), in a compatible way (i.e., the restriction
of w to X; C X coincides with the restriction of w; to X; C X;). Also
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as b1 (X1) = b1(X3) =0 it is b1(X) = 0 and bT(X) > 1. Moreover there
is an exact sequence [19, subsection 2.3.1]

0— HQ(Y) — HQ(X) — HQ(Xl,aXl) @ HQ(XQ,aXQ)

(9.2) — Hl(Y) — 0.

Now we pass on to give a proof of Theorem 1.3. This result gives a
strong restriction on the invariants of X and complements the results
of [21]. Tt is also in accordance with the case g = 2 studied in [20].

Theorem 9.5. The 4-manifold X = X #x X5 is of simple type with
by =0 and bt > 1. Let Dx = eQ/2ZaZ~eKi be its Donaldson series.
Then for all basic classes K;, we have K; - ¥ =2g — 2 (mod 4).

Proof. Fix Dg € Ho(X) with Dgly = [S!] € Hi(Y). Now for any
d € Hi(X;7Z) which is primitive we consider any D € Hy(X) with D]y =
5. Represent D + nDg as D + Do, with D; C X; and 9D = § + nS%,
where n € Z. The Fukaya-Floer homology HFF,(Y,§ + nS') has been
determined in (8.6) and in particular 42 —64 = 0. So for any z; € A(X})
and zo € A(X3)

Dg}”’z)(zm ((E2 _ 4)et(D+nD5))

= (¢ (X1, (27 — Dz ePr), ¢ ( Xz, 22¢'7?))
1

<16(B2 —64)pY (X1, z1€P1), ¢V (X, 2pe'P?))
0

By continuity this implies that Dg?}’z)(z(:zc2 — 4)etP) = 0 for any

D € Hy(X). So X is of w-simple type, and hence of simple type.
Now X has b; = 0 and bT > 1, so we have Dx = e@/2 ZaieKi. Also

¢v(X1,e!P) e HFF.(Y,0+nS) = € Ried.

—(g—1)<i<g-1
i=g—1 (mod 2)

oy [ (TP (20— 252 — (2~ 0)) - (3 — 22) g even,
P(¥) = { (524 (20— 22)(2* — (29— 6)°) - (2 + 498 godd,

so that in HFF,(Y,§ +nSY);, for odd g p(a/2 +nt) =0, and p(a/2 —
nt) = 0 for even g (see Proposition 8.5). Suppose for concreteness that



322 VICENTE MUNOZ

g is even (the other case is analogous). Then

p(aﬁ _ nt)Dg?)’E)(et(D+nDS)+SE)
S

_ ngfu,E) (p(z _ nt)et(D+nDS)+sE)
= (p(a/2 — nt)p" (X, etDl), ¢ (Xo, etD2+SE)) =0.

On the other hand, as
Q(t(D +nDg) + s%) = Q(¢(D + nDg)) + 2nts,
[20, Proposition 12] implies

Dgwyz)(et(D+nDs)+sE)

_ eQ(t(D-‘rnDs))/Q-I—nts Z aiyweKi-(D—&—nDs)t—&-(Ki.E)s
K;-$=2 (mod 4)
+ e~ Q(t(D+nDg))/2—nts Z ai,wex/—_lKi-(D—&—nDs)t—&—\/—_l(Ki.E)s’

K;-X=0 (mod 4)

which is a sum (over C[[t]]) of exponentials of the form e"5+2rs,

—(g—1)<r<g-1,7=1 (mod2), and e ™s+2V=-Is (5 _ 1) <
r<g—1,7=0 (mod 2). So for Dg}”’z)(et(D+”DS)+SE) to be a solution
of the ordinary differential equation p(% — nt), the only exponentials
appearing should be e™¥1?™S with —(¢ —1)<r<g-1,r=1=¢g—1
(mod 2). The result follows. q.e.d.

From [21, Corollary 13], the sum of the coefficients of all basic classes
K; of X with K; -% = 2r is zero whenever |r| < g — 1. It is natural
to expect that actually these basic classes do not appear. Theorem 9.5
shows that this is in fact true for r g — 1 (mod 2).

9.3. Donaldson invariants of ¥, x 3. Our final intention
is to give the Donaldson invariants of the 4-manifold which is given as
the product of two Riemann surfaces of genus ¢ > 1 and h > 1. Let
S =3, xXj,. Then b™ =1+ 2gh > 2, so the Donaldson invariants are
well-defined. Recall that a 4-manifold X is of w-strong simple type if
D% (vz) =0 for any v € Hi(X), z € A(X), and also D¥((2? —4)z) =0
for any z € A(X). The structure theorem of [16] is also valid in this
case (see [25] for a proof using Fukaya-Floer homology groups).

Proposition 9.6 ([16], [25]). Let X be a manifold of w-strong sim-
ple type for some w and bt > 1. Then X is of strong simple type and we
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have DY = eQ/? Z(—l)wai eli for finitely many K; € H*(X;7)
(called basic classes) and rational numbers a; (the collection is empty
when the invariants all vanish). These classes are lifts to integral coho-
mology of we(X). Moreover, for any embedded surface S — X of genus

g, with S > 0 and representing a non-torsion homology class, one has
29— 2> 5%+ |K;- S|

Now suppose we are in the following situation: X; and X, are 4-
manifolds containing embedded Riemann surfaces ¥ = 3; < X; of the
same genus g > 1, self-intersection zero and representing odd elements
in homology. Consider X = X;#s5 X5, the connected sum along 3 (for
some identification). Suppose that X; are of strong simple type and
moreover that there is an injective map

HQ(X) — HQ(Xl)@HQ(XQ),
D — (Dl,DQ)

satisfying D? = D} + D3 and D|x, = Dy|x,, i = 1,2. Then we have

Proposition 9.7. In the above situation X s of strong simple type.
Write Dx, = e?/23" a;ei and Dx, = e9/2 3 brel* for the Donaldson
series for X1 and Xs, respectively. If g > 2 then

DX(etD) :eQ(tD)/2( Z 279—9ajbk (K -D1Ly-D2+25-D)t
K;-S=L;-%=2g—2
+ Z (—1)971 279 %,b, (K- D1t Ly-Da=25-D)t),

KJE:LkE:—(2g—2)
If g =1 then

Dy (') = QD)) Z a;by e(Kf'D1+Lk'D2)t(sinh(E - D)t)%.
KjaLk

Proof. Let us see first that X is of strong simple type. Choose
w; € HX(X;7Z), i = 1,2, and w € H2(X;Z) such that w; - 3; = 1
(mod 2), w-3X =1 (mod 2), in a compatible way. For any D € Hs(X)
with D-% =1, put D = D, + Dy with D; = D; + A C X;. As X,
g—(ui’z)((ac2 —4)etP12,) = 0, for any s € S, so
¢ (X1, etPr) is killed by 42 — 64. Analogously ¢¥ (X1, e*P1) is killed by
iy, for 1 <4 < 2g. Therefore

is of strong simple type, D

DY (@? = 4)e'P) = (¢ (X1, (0 = 4)e'Pr), ¢ (X3, ¢'2)) = 0.

323
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Analogously we see Dg}”’z)(%ew) =0,1 <14 < 2g9. We leave to the

reader the other v € H{(X) not in the image of H{ (%) — Hi(X).

For the second assertion, suppose now g > 2. Then ¢“(X1,e
lives in the reduced Fukaya-Floer homology W; of section 6, which
is found in Theorem 6.2 to be isomorphic to C2~L[[t]]. Actually it is
the space C29~1[[t]] C V][[t]] of [21, page 794]. In [21] the intersection
pairing restricted to C29~![[¢]] is computed and then

tDl)

D (EP) = (g (X, eP), ¢ (X, e'P2))

is found. So the arguments in [21] carry over to our situation and the
result in [21, Theorem 9] is true for X. The statement follows.
The result for ¢ =1 is in [19, Theorem 4.13] and [18].  q.e.d.

We conclude with the proof of Theorem 1.4.

Theorem 9.8. Let S = E x F be the product of two Riemann
surfaces of genus g,h > 1, i.e., E = ¥, and I’ = Xy. Arrange so that
h < g. Then S is of strong simple type and the Donaldson series are as
follows:

Dg = 49¢9/2inh?9 2 F ifh=1,
Dg = 270 D-D+3ginh K if g, h > 1, both even,
Dg = 270~ D=D+3 cosh K if g,h > 1, at least one odd,

where K = Kg = (29 — 2)F + (2h — 2)F is the canonical class.

Proof. The result is a simple consequence of Proposition 9.7 noting
that S = X1 x X is of strong simple type (we leave the proof of this to
the reader using the description of HF'F}) and also making use of the
Donaldson series Dg = 4e9/2 given in [29].  q.e.d.
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