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THE MAGID-RYAN CONJECTURE FOR
EQUIAFFINE HYPERSPHERES WITH CONSTANT
SECTIONAL CURVATURE

LUC VRANCKEN

Abstract

We study affine hyperspheres with constant sectional curvature. More pre-
cisely we obtain a classification of the affine hyperspheres with constant
sectional curvature ¢, provided ¢ # H, where H denotes the affine mean
curvature of the immersion. Our classification gives a complete and positive
answer to a conjecture of M. Magid and P. Ryan about these hyperspheres.

1. Introduction

In this paper, we study nondegenerate affine hypersurfaces M” in
R**L. Tt is well known that on such hypersurfaces there exists a canon-
ical transversal vector field & called the affine normal vector field. If for
all p € M, £(p) passes through a fixed point (resp. is parallel), M" is
called a proper affine sphere (resp. improper affine sphere).

The standard models of affine spheres are the quadrics. Unlike in Fu-
clidean geometry, where the only umbilical submanifolds are the spheres
and the linear subspaces, the class of all equiaffine spheres is simply too
large to classify. Therefore, in order to better understand the geome-
try of affine spheres, it is necessary to impose an extra condition. This
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can either be a completeness assumption, which so far only works in
the positive definite case, as studied by Blaschke, Calabi, Pogorelov,
Cheng, Yau, Sasaki, Li, Ferrer, Martinez, Milan and others (see [9] and
the references contained therein) or an additional assumption about the
curvature.

At the conference on Affine Differential Geometry at Oberwolfach
in 1986, it was proposed to study in a systematic way those affine hy-
perspheres with constant sectional curvature (with respect to the affine
metric). In the case where the dimension is two, the first result in this
direction was already obtained by Radon [12] at the beginning of this
century and the classification was completed by Simon [13]. Also in
higher dimensions, several results were obtained:

Theorem 1 ([8]). Let M" be a positive definite affine hypersphere
in R™1 with constant sectional curvature ¢ with respect to the affine
metric. Then either M™ is an open part of a positive definite quadric
or M™ is affine equivalent with an open part of x1...xp41 = 1.

Theorem 2 ([10)). Let M3 be an affine hypersphere with constant
sectional curvature c. Assume that the affine metric h is Lorentzian
and that ¢ # H, where H is the affine mean curvature. Then M3
is affine congruent with an open part of either (z3 + x3)w3z4 = 1 or
(23 + 23) (23 + 27) = 1.

The above theorem motivated M. Magid and P. Ryan to formulate
the following conjecture in 1989:

Conjecture 1. Let M™ be an affine hypersphere in R' 1 with con-
stant sectional curvature ¢ and with nonzero Pick invariant J. Then
c =0 and M"™ is equivalent to

ifn=2m—1 or with
(:E% + :E%)(:E% + wi) s ( %m—l + $%m)$2m+1 =1,

if n = 2m.

In case that ¢ = H, or equivalently J = 0, the above conjecture is no
longer true. In that case, many nontrivial examples can be constructed.
See among others [4] or [2]. Also, if either of the conditions that M
is an affine hypersphere or that M has constant sectional curvature
is weakened, see [3] and [14], several new examples will occur. The
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previously mentioned theorem of [8] shows that the conjecture is true
if the affine metric is positive definite. Similar partial results, in case
that the metric is Lorentzian or in case that the dimension is 4 were
obtained respectively in [7] and [1].

In this paper we further develop the ideas of [7], to show that the
conjecture is true in general. The paper is organized as follows. In
Section 2 we shortly recall some basic formulas of affine differential
geometry and we derive the equations that an affine hypersphere with
constant sectional curvature has to satisfy. In particular, we show that
in each tangent space, we have that

(i) h(K(z,y),z) is symmetric in z,y, z

(ii) the trace of the linear operator y — K(z,y) vanishes for every
vector x,

(iii) Denote by Kyy = K(z,y). Then
(K, Kylz = a(hly, z)z — W=, 2)y),
where ¢ = —J is a non-zero number and K is the difference tensor.

The problem, given ¢ and the index of the metric, to classify all
such metrics i and tensors K is a highly non trivial problem from linear
algebra. In Section 3, we will investigate this problem and show that
upto a natural equivalence there is at most one solution.

Using this solution, we then show in Section 4 that we can construct
a special frame in a neighborhood of each point. The non-algebraic
equations stating that M is an affine hypersphere with constant sec-
tional curvature then imply that the connection coefficients of this frame
vanishes identically, implying already that M is flat. An explicit inte-
gration then completes the proof of the conjecture.

2. Preliminaries

We briefly recall the basic formulas for affine differential geometry.
For more details, we refer to [11]. Let M"™ be a connected differentiable
n-dimensional hypersurface of the equiaffine space R"*! equipped with
its usual flat connection D and a parallel volume element w, given by
the determinant. We allow M to be immersed by an immersion f, but
we will not denote the immersion if there is no confusion possible. Let
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¢ be an arbitrary local transversal vector field to f(M). For any vector
fields X,Y, Xy,..., X,,, we write

(1) DxY =VxY + h(X,Y),
(2) H(Xl,...,Xn):(AJ(Xl,...,Xn,f),

thus defining an affine connection V, a symmetric (0,2)-type tensor h,
called the second fundamental form, and a volume element . M is
said to be non-degenerate if h is non-degenerate (and this condition is
independent of the choice of transversal vector field ¢). If M is non-
degenerate it is known that there is a unique choice (up to sign) of
transversal vector field such that the induced connection V, the induced
second fundamental form i and the induced volume element 6 satisfy
the following conditions:

(i) Vo =0

(ii) 0 = wy,
where wy, is the metric volume element induced by h. V is called the
induced affine connection, ¢ the affine normal and h the affine metric.
By replacing & by —¢ if necessary, we may assume that the signature s
of the affine metric h satisfies 2s < n. Condition (i) implies that Dx¢
is tangent to M for any tangent vector X to M. Hence we can define a
(1,1)-tensor field S, called the affine shape operator, by Dx{ = —SX.
If S = HI, then M is called an affine sphere with affine mean curvature
H. If M is an affine sphere and n > 2 then H is constant. M is called
a proper affine sphere if H # 0 and an improper affine sphere if H = 0.

Let V denote the Levi Civita connection of the affine metric h. The
difference tensor K is defined by K(X,Y) = KxY =VxY — %XY for
tangent vector fields X and Y. Notice that K is symmetric in X and
Y. From (i) and (ii), we deduce

trace Ky = 0 (apolarity condition).

If we define the cubic form C by C(X,Y,Z) = (Vh)(X,Y, Z), then the
Codazzi equation says that C is totally symmetric. Moreover, we have
the following relation

WMKxY,Z) = -3C(X,Y, Z),

such that Ky is a symmetric operator w.r.t. A. The Pick invariant J

is defined by J = mh(K, K). Tt is then well known that the basic
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equations for an affine sphere with constant sectional curvature ¢ are
given by

(3) hMK(X,Y),Z) issymmetricin X,Y and Z

(4) trace Ky =0 for every X

() [Kx,Kv)Z = a(h(Y, 2)X — h(X, 2)Y),

(6) (VxK)(Y, Z) = (VyK)(X, Z),

(7) (M, h) is a space of constant sectional curvature ¢

wherea = —-J=H —c.

3. An algebraic classification

In this section, we will work at a point p and we will assume that
we have on the tangent space, which is an n-dimensional vector space
R™ a metric h with signature s, 2s < n and a tensor K satisfying (3),
(4) and (5) with a # 0. Our purpose in this section will be to classify
all such metrics and tensors in terms of the non-zero number a and the
signature s of the metric. The purpose of this section is to show the
following result:

Theorem 3. Let a be a nonzero number, let n be the dimension
and let s be a nonnegative integer number with n — 2s > 0. Then

(i) If n—2s > 1 and a is negative, then there does not exist a metric
h (with signature s) and a tensor K on R" which satisfy (3), (4)
and (5),

(i) Otherwise, solutions h (with index s) and K do exist. Moreover
any two solutions (h, K) and (h, K) are related by

(8) h(z,y) = h(Az, Ay),
(9) K(z,y) = A" K(Az, Ay),

where A is an arbitrary change of basis of our vector space.

It is straightforward to show that if we have a solution, a new solu-
tion can be constructed by the procedure described in the above theo-
rem. The proof of the existence and uniqueness is much more difficult
and will be divided into several lemmas throughout this section. The
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idea of the proof will be to show that, if n — 2s < 1 or ¢ < 0, we can

construct a special basis {ei,...,e,} such that
(10) h(ei, e;) = hij
(11) h(K (ei,ef),ex) = K

where h;; and Kfj are numbers determined by a and the signature of
the metric.

In case that the metric is positive definite, i.e., s = 0, this result was
obtained in [6], see also [8] and [7]:

Lemma 1. Assume that s = 0, i.e., the metric h is positive definite.

Then a has to be negative. Moreover there exists a basis {e1,...,en}
such that
(12) h(ei, e5) = dij,

and such that

(13) h(K (ei,ei),ei) = (TL — Z) _nfz'i—l—l
(14) h( ( ) ) - ’ j - iz
K €;,€5), €4 : . .
B n—ai+1 L>]

(15) h(K (ei, e5),ex) =0,

for mutually different indices ¢, j, k and the numbers a; are defined by

(n+1)
n—i+2) &

a; =

One of the tools used to prove the above lemma in [8] is the following
reduction lemma, of which the proof is straightforward:

Lemma 2. Let V be o k-dimensional vector subspace of R" and
assume that

(i) the metric h restricted to the vector space V is non-degenerate,
(i) there exist a one-form p defined on V, such that
K (v, w) = pfv)w,

where v €V and w € V7,
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(i) K(V,V) C V, i.e, for each vi,vo € V, we have that
K(’Ul,vg) ev,

(iv) K restricted to vectors belonging to V satisfies (3) and (5).

Then if K satisfies (3), (4), (5), then the bilinear mapping K*, defined
on V1 by

K*(wy,ws) is the V- component of K(wy,ws), for wi,wy € vt
satisfies

R(K*(z,y),2) is symmetric in z,y,z € V*:
the trace of the linear operator y— K*(x,y) vanishes for every vector x in v,
(K7, Kylz = a*(h(y, )z — Wz, 2)y),

where a* is related to a by
(16) a* =a—hY(p,p),

where hY (p, 1) denotes the length of the 1-form p restricted to the space
V.

The structure of the proof will now be that we first construct a 2s
dimensional vector subspace with index s which satisfies the conditions
of Lemma 2, after which applying Lemma 1 to the orthogonal comple-
ment will complete the proof. In order to construct our vector space,
we will from now on assume that s > 0. The main tool in our proof will
be the study of null vectors, i.e., non-zero vectors v with h(u,u) = 0
and null directions. We say that 2 null vectors v and w determine the
same null direction if there exists a positive number A such that v = lw.
It is clear that the set of all nulldirections (equipped with the quotient
topology) is a compact set.

First, we need the following technical lemma which can be seen as
an extension of Lemma 3.1 of [7] and which will allow us to construct
differentiable submanifolds (without singularities) in each tangent space.
Before formulating the lemma, we introduce some notation first. For a
fixed vector v, we define the linear operators Kdw = w and K’ lw =
K (v, Kiw).

Lemma 3. There does not exist a (nonzero) vector v such that

(K (v),v) =0,
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for all i <k and such that

Ki(v) is linearly dependent of v, K(v,v),..., Ki~ (v),

v

where 7 1s any index between 1 and k + 1.

Proof. Instead of proving this theorem over the real numbers, we
will prove it over the complex numbers. It is easily seen that this implies
the result over the reals too. First we prove the result for &k = 0, i.e we
want to show that there does not exist a null vector v € T}, M such that
K (v,v) is a multiple of v. Assuming that there exists such a vector v, we
proceed as in Lemma 3.1 of [7] to show that then K (v,v) = 0. We now
take a complementary vector u to v, i.e., h(u,u) = 0 and h{u,v) = 1.
Then, we have that

K,Kyu= K,K,v =Ky, K,Jv = ah(u,v)v,

We now write w = K,u and we have h(v,v) =0, h(v,w) = h(v, Kyu) =
h(Kyv,u) = 0, and

h(w, w) = hW{(Kyu, Kyu) = h(K, Kyu,u) = ah(u,'u)2 =q.

Since a # 0, the above formulas imply that the space W spanned by u, v
and w is a nondegenerate, 3-dimensional space which is invariant under
K,. Since K, is a symmetric operator, also W is invariant under K.
Notice that we can rechoose u such that moreover h(u, K,u) = 0.

Since K, is symmetric, it is clear that we can divide W= up into
say 71 Jordan blocks of say length r;,. Say that uy,...,u,, are a Jordan
basis for one of the blocks, i.e., K (v, u;,) = u;,+1, where we assume that
Up;41 = Up;42 = -+ - = 0 and we used the fact that K, has only the zero
eigenvalue. Then, we have from (5) that

0= [Kv, Kul]’l) = KUUQ = us.

This means that each Jordan block is either 1-dimensional or 2-
dimensional. Elementary linear algebra now shows that we can choose
the blocks in such a way that they are all mutually orthogonal and such
that if u; spans a 1-dimensional block, then h(u1,u1) # 0 and if uy
and ug span a 2-dimensional block with K,us = us, then h(ug,u2) =
h(us,u3) = 0 and h(usg,us) # 0.

Then, we have, in case u; spans a 1-dimensional Jordan block that

—auy = [Ky, Ky, Jv = — Ky, w,
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and in case that us and us span a 2-dimensional block, with h(ug,us) =
h(ug,us) = 0 and h{us,us) # 0, we get that

—auz = [Ky, Ky, v = —K,,w.

Hence h(Kus,u2) = h(Kyuo,u3) = ah(us2,us), implying that a is the
component of K,us in the direction of uo as well as the component of
Ky usz in the direction of ug.

Finally, we have

—aw = [Ky, Kylv = Ky(av) — Ky(w) = aw — Kyw.
So, we have that

a is the component of Kyus in the direction of uy, {ug,us}
block of dimension 2

a is the component of K,,uz in the direction of us, {ug,us}
block of dimension 2

a is the component of K,u; in the direction of uy, {u;}

block of dimension 1
2q is the component of K, w in the direction of w
a is the component of K,v in the direction of v

a is the component of K,u in the direction of u.

Hence the apolarity condition for K, yields 0 = (n + 1)a. Hence a = 0,
which is a contradiction.

We now proceed to the general case and we suppose that the result is
not true. Call £ the smallest number such that K‘u is linearly dependent
from v, K (v,v),... K ", Since we assumed the result to be false we
must have that £ < k 4+ 1 and because of the previous part of the proof
we must have that £ > 1. So, we can write

-1
(17) Ko = Zaing.
i=0

However this allows us to show that
(18) h(v, Ki'w) =0,

for all numbers ¢;. Hence the space spanned by v, ... ,Kf_lv, which we
denote by V is a null-space, i.e., the inner product of any two elements
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in this space equals zero. It now follows from (5) that K (Kilv, K’2v) =
Kitti2tly So, if we write u = zv + K (v,v), where since £ > 1 we have
that v and K(v,v) are linearly independent, we get that

K(u,u) = 2’ K(v,0) + 22K (v, K (v,v)) + K (K (v,v), K (v,v))
= 2*K,v + 20 K20 + K3v

i1+1 . 1
= $ e (1)

2
i2=0 2
: ¢
K lu=") :xé_”( )wa—lu.
: 22
70=0

In the above equations, we can use (17) in order to express ev-
erything as a linear combination of the linearly independent vectors
v, K(v,v),..., K . Sorting with respect to powers of , we get that
the condition that u, ..., Kﬁ_lu are linearly dependent reduces to a non-
trivial polynomial equation in z of degree 1 +2 + --- 4+ £. Since every
polynomial over the complex numbers has roots, we can find an z such
that u, Kyu, ..., K 'u are linearly independent. Since v and K (v, v)
are linearly independent, w is non-zero and since u, K u, ... ,Kflu ev,
which is a nullspace, u satisfies the conditions of the lemma. This yields
a contradiction. q.e.d.

We now introduce several sets M; by
(19) M; = {v]0 # v and h(v, K. (v)) = 0,Vi < j}.

For example, we have that M is the set of all nullvectors. Clearly, we
also have that M; 1 C M;. By N; we denote the corresponding set of
null-directions.

Before showing now that the sets are actually differentiable mani-
folds, we need the following technical lemma.

Lemma 4. Let v be a nonzero vector such that h(v, K:(v)) =0 for
all © < j. Then, for any vector u, we have that

h(u, K3 () = h(v, K (u) = h(v, Ky K K (0),

for£ <j+2and1 <k </

Then, we have:
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Theorem 4. If M; is not the empty set, then M; defines an (n —
j — 1)-dimensional manifold.

Proof. Let v € M;. Denote by k the smallest index such that
h(v, Kkv) = a # 0. From Lemma 3 such k must exist and because
v € M, we also have that &k > j. Lemma 3 implies that the vectors
v, K(v,v),...,KFv are linearly independent vectors and thus span a
k + 1-dimensional vector subspace of V. We now define vectors e; by

e; = Kf;_lv,

fori=1,...,k+ 1. Since K, is a symmetric operator it follows that
(20) h’(eilaeiz) = h’(Kil;l_lva K1Z;2_lv)

= h(v, KiT2=2p) =0, iy 41y < k+2
(21) h’(eilveiz) = h’(Kil;l_lva K1Z;2_lv)

=h(v, K}T2%0) =, i +is=k+2,
So we see that the vector space V' is a nondegenerate subspace of R”.
This implies that the R can be written as the direct sum of V' and
V. We take now for ey, ...,e, an arbitrary orthonormal basis (i.e.,
h(€i2,€i3) = eiémg, ’ig,i3 >k + 1), of VL.

Now, we write

(22) w = yi1e1 + yYys€s + -+ + Ypeéy,

and define functions by f;(y1,...,ys) = (K% tw,w) Using Lemma 4,
we get that the (j+1) x n matrix [%@%] (10...0) = [mw] has the following
properties: T

(i) myp=0,£>k+1,
(i) Myga2—s = (i + e,
(iii) mi =0, 6 <k+2 i

Since the above system has maximal rank, the implicit function theorem
shows that M; is an (n — j — 1)-dimensional differentiable manifold.
q.e.d.

Therefore, if we denote by ¢ the greatest index such that M, is non
empty and because all the considered spaces have different dimensions,
we get the following inclusions,

(23) DG My G Mgy G- & Mo
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It is clear that ¢ is limited by the index of the metric. Indeed, suppose
that My # (0 and take v € Mys. Then as shown before, the space
spanned by v, Kyv,..., K;v determines an s+ 1-dimensional null space.
This contradicts the fact that the index of the metric equals s.

We want to show now that Mys_s # (). In order to do so, we consider

the largest even number 2k such that My, # (). We define a series of
functions by

fi(v) = h(Kf;_lU,’U).

We now want to define a suitable function on a compact set. For

this purpose we consider several cases.

(i)

(i)

(iii)

First we assume that for4o never vanishes on a connected com-
ponent of My, If so, we will restrict ourselves to that connected
component and define a function g on it by

g(v) = f2k’j:3(27;€)+4

Forpo(v)2k+3

Since for A a positive number, we have that g(Av) = g(v) and since
g is continuous, it follows that g attains an absolute maximum (and
thus also a relative maximum) on our connected component.

If fok+3 > 0 on a connected component of My, we again restrict
to this connected component and we define a function g on it by

g(v) = f2ki?(21;3+3 )

Fonts(v) 2h+4

Similarly as before, we get that g attains an absolute maximum
and an absolute minimum on this connected component. Since
the points for which fo;.o vanish form a lower dimensional dif-
ferentiable manifold, at least one of those two numbers must be
different from zero.

If forys < 0 on a connected component of Mo, we again restrict
to this connected component and we define a function g on it by

glv) = —Lrely

(= fonss(v)) 2h+d

W

Similarly as before, we get that g attains an absolute maximum
and an absolute minimum on this connected component. Since
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the points for which forys vanish form a lower dimensional dif-
ferentiable manifold, at least one of those two numbers must be
different from zero.

If for+3 > 0 on a connected component of My, and there exists a
v such that fori3(v) = 0. Then fopio(v) # 0. Choose € = £1 such
that efor10(v) > 0. On a neighborhood of v in My, we now define
g by

- +
g(w) = far 3(w2)k+4

(efar42(w)) 243
Clearly g has a relative minimum in v.

If for+s < 0 on a connected component of My, and there exists a
v such that fori3(v) = 0. Then fopio(v) # 0. Choose € = £1 such
that €forro(v) > 0. On a neighborhood of v in My, we now define
g by

g(w) = — Ll

(efar42(w)) 243
Clearly g has a relative maximum in v

N

We assume now that none of the above cases are satisfied. In par-
ticular, this implies that Myr4q is not the empty set. We also
know that for every v € My;.1, we have that fori3(v) # 0. If
Sor+s(v) > 0 for every v € Mogyy, we define on the nonempty
closed subset

A = {v € M| for+s(v) <0},

a function g by

glv) = L=l

fory2(v)2k+3

Notice that if forio(v) = 0, it follows from our assumptions that
v ¢ A. Hence, the function g is well defined on A. Therefore g
attains an absolute maximum and absolute minimum on A. In
view of the previous cases, we know that there exist a v such that
g{v) # 0. Hence either the absolute maximum or the absolute
minimum is different from zero, and thus occurs at an interior point
of A. This implies that the function (defined on an open subset
of My also has a relative maximum or minimum in that point.
Similarly, if forrs(v) < 0 for every v € Myi1q1, we define on the
nonempty closed subset

A = {v € M| for+3(v) > 0},
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a function g by

g(v) = —el

Fango(v) 2k+3

Notice that if for1o(v) = 0, it follows from our assumptions that
v ¢ A. Hence, the function g is well defined on A. Therefore,
¢ attains an absolute maximum and absolute minimum on A. In
view of the previous cases, we know that there exist a v such that
g(v) # 0. Hence, either the absolute maximum or the absolute
minimum is different from zero, and thus occurs at an interior point
of A. This implies that the function (defined on an open subset of
Moy) also has a relative maximum or minimum in that point.

Finally, we consider again that none of the above cases are satisfied.
As before we have that then My is a differentiable manifold. We
also have that for,3 is nowhere zero on My 1. By exclusion of the
cases, we can write Mog11 as the disjoint union of two open (and
closed) sets A and B, where

A= {’U S M2k+1’af2k+3(’l)) > 0},

and
B = {v € Mogt1|aforss(v) < 0}.

We define a function g on A by

glv) = — Lty

(afopy3(v))2h+

L [e

As before, g attains an absolute maximum and an absolute mini-
mum on A.

Remark that if v € Mogyy, that v,..., K272y are 2k + 3 linearly
independent vectors whose metric components form an lowerdiago-
nal matrix with codiagonal entries given by h(v, K2#*20), the sign
of which determines the index of this subspace, which is different
depending on whether v € A or v € B. Therefore, in order for this
case to occur, we must have that n > 2k 4+ 3

Let £ = 2k if Case (i) upto case (vi) is satisfied and let £ = 2k + 1

if Case (vii) is satisfied. Denote by v the vector which was constructed
in all of the cases. Then, we have that frio(v) # 0. Since fria(Av) =
M3 £, o (v) it follows that we can rescale v such that f, o(v) = ¢, where



MAGID-RYAN CONJECTURE 113

e = 1, unless we have Case (vii) and « is negative. In that case, we have
e=—1.

We now proceed to construct a special basis. From Lemma 3, i
follows that v, Ky, ..., K Tlv are linearly independent vectors which
span a vector space V. As before, we introduce a basis ej,...,es10 by
e; = Ki7ty, for i = 1,...,£ + 2. As before, we get that V is nonde-
generate and we decompose R” as the direct sum of V and V. At
the moment, we take for esi3,...,e, an arbitrary orthonormal basis.
It now follows from the proof of Theorem 4 that T, M, is spanned by
€1,€043,...,Cn.

In the same way, we can show that there exists a neighborhood of
v in My such that the vectors u which belong to this neighborhood
and satisfy fyyio(u) = € define an (n — £ + 2)-dimensional differentiable
manifold (in a neighborhood of v). If we denote this manifold by M/,
then it is straightforward to check that T}, M/ is spanned by e;y3, ..., e,
Thus in a neighborhood of v, M/ is a semi-Riemannian differentiable
manifold.

We now need again another technical lemma of which the proof is
straightforward.

Lemma 5. Assume that u,w € {e1,...,ep0}". Then, we have
(24) K2K,Kiv = KTy,
(25)  h(u, Ky ()) = h(v, K (u) = h(v, KPP 78 K KR (v)),
(26) h(u, Kjyw) = h(w, Kju),
(27) = hw, K4 K, K7 1y),
(28) = h(u, KK, K747 y),
(29) = hv, K4 K, K ),
(30) = h(v, K4 K, K ),
(31) = hiv, K5 K, K8 K, K75 71072y),
(32) = h(v, K5 K, KO K, K 7571072y,

Theorem 5. We have that K 2v is a linear combination of
€1,...,€p49, €., there exist numbers ay,...,apro such that Kf"’gfu =

42
St dieetsi-
Proof. We know that the tangent space to M, at v is spanned by

€¢+3, - -, €n. Let ubea vector in the tangent space and f be an arbitrary
function, which locally extends to a function f on R". FElementary
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differential geometry gives that u(f) = %f(oa(t))]t:() = %f(v + tu)|i=0,
where « is an arbitrary curve on My with «(0) = v and ¢/(0) = u.

Let u € span{eg+3,...,e,}. Then using Lemma 4 and 5, we obtain
that
freo(v+tu) = forz(v) + (€4 3)th(u, KSTo) + O(#?)
= fer2(v) + (€4 3)t h(u, er2) + O(t%)
= feya(v) + O(?),
foea(v+tu) = forz(v) + (£ + Dt h(u, KET20) + O(#2),

from which it follows that

(33) u(fey2) = 0,
(34) u(fers) = (€+ 4)h(u, K;"20)

=

Now, applying a case by case analysis of the definition of g it follows
that u(g) vanishes if and only if h(u, K*20) = 0, which completes the
proof of the theorem. q.e.d.

Recall that for 41,19, j1,jo € {1,...,£+ 2}, we have that

(35) hiliz = h(€i17€i2) = Oa il + iQ S 14 + 2

(36) hi1i2 = h(eil,eiz) = ¢, i1 +ia=¢+3

(37) hi1i2 = h(eil,eiz) = hj1j2 = h(eh,eh) 21+ 19 = jl =+ jg
Using the previous lemma, the other components of the matrix i =

[hiyi,] can be inductively defined as follows. For 4 +149 > £+ 3, we have
that

(38) h(ei1 ) eiz) = h(KeI€[+2, €51+ —Z—3)
+2

(39) = aih(erys—is€itir—t-3));
=1

However, for our purposes, it is more convenient to introduce a ma-
trix H = [Hj,i,), 41,12 € {1,...,£+ 2} by

(40) Hi1i2 = 07 Z‘l + Z‘Q 2 g + 4
(41) H; ., =¢, 1+ =£04+3
(42) Hz'1z'2 = TEAp+3 41— 11+ 19 < £+ 2
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Notice that whereas the matrix & is an lowerdiagonal matrix, the matrix
H is an upperdiagonal one. It is easy to show that h.H = Id.

Remark that we already know K, e;,, for io € {1,...,£+2}. Asin
the case of the metric, using those it is possible to compute all Ke, éi,,
i1,72 € {1,...,£+ 2}, by induction on i; + i. Indeed, we have for
11,19 € {2, ,€+2} that

K

eil

eig = KeilK€1€i2—1
= KelKe‘ €ir—1 t+ [K Kel]eiz_1

i1 €iq0

= KelKeil eig—l - ah(€i1,€i2_1)61,

which allows us to determine K¢, €;,, i1,%2 € {1,...,£+ 2}, explicitly
in terms of a,ay,...,ap0. In particular, we get that Ke, e, €V, for
i1,72 € {1,...,£+ 2}. Moreover, we also deduce that if iy +149 < £+ 3
that

K

eil

i, = Kg"'”_lel

Of course, as was the case also with the components of h, these
expressions can be quite complicated. Fortunately, we can avoid making
these computations. For our purposes, it will be sufficient to know that
it can be done. However, we still need to compute the traces of the
operators K, restricted to the vector space V. For that purpose let
z € span{ey,...,ero} and denote by a(x) = tracey K, the trace of
K, restricted to the vector space V. Since H is the inverse matrix of A,
we have that

+2
oz(x) = Z h(Kmeilveiz)Hizh
11,62=1
+2
= Z h((II, Keil €i2)HZ'2Z'1 i1 +i9 <€+ 3
i1yda=1
+2
— Z thu-&-zz ll)Hz'gz'l 7;1_|_7;2§£+3
11,62=1
042
= ih(z, K. e1) Hy; i=i +iy—1
=1
+1 +2
=Y ih(wei) Hii+ (E+2)e Y aib(z, erqs_;)

=1 i=1
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In particular, if we denote oy, = afe;, ), we get that

{+1 i1
an = Y ih(e, i) Hy + (E+2)e Y aih(ei, ervsi)
i=0+2—41 i=1
In particular, since Hyysy1 = —eay, it follows that
(43) o] = (é + 1)6(—60,1) + (é + 2)60,16 = a1

In general, using the induction hypothesis for h, we get that

/+1 21—1
@iy = Z ih(ei,, eir1)Hii + (£ + 2)e Z aih(ei,; er+3-i)
i=0+3—i1 i=1

+ (6 +2 - i1)6H1[+2_Z’1 + (6 + 2)e2ai1
+1 {411 —£—2

=ita, + > > iHiih(ers iy, €igi—e—2)
i=f+3—i1  ir=1

1441 —t9g >4+ 2

i =1y —i
+ (42> aanh(ecrs iy, en—i)
=1 iQ:l
L+2—i+4 —ip >4 +2
i—1 041

—iva, + Y an( Y, iHub(e g eip1)
to=1 i=f+24+490—11
i1 —is
+(L+2)e Y aihlen iy, errs—i)))
i=1
i—1
=104 + Z iy —jy Oy

i2=1

Remark 1. The above derived induction relation is a well-known
one and it is called the Newton-formula. We look at the equation

042
(44) a3 — Z aix 3 L ae =0,

i=1
and we denote by s;, = Zfif )\21, where X\;, i = 1,...,£ + 3 are the
roots of (44). Then, it is well known that s; = a;. However, perhaps
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less well known are the Newton formulas, which express the other s; by
induction, see for example [5]. Indeed, we have that

i1—1

(45) 84 = 1104 + Z @iy —ipSiy

i2=1

for ¢y < £+2. Tt, therefore, follows that o;, = s;, and that these numbers
can be characterised as the sum of powers of roots of a polynomial
equation.

Remark 2. Since v, ... ,Kf“fu are linearly independent, we must
have that n > £ 4+ 2. Moreover, as explained before, if n = £ + 2, then
we must be in Case (i) to Case (vi), and thus £ = 2k. In that case
U,. .. ,ng“fu form a basis for the entire tangent space and we have
seen how we can express both the components of the metric and the
multilinear map K in terms of a,ay, ..., as+e. Of course, in this case the
apolarity conditions would imply that «;; = s;; = 0. Since s; = ay, this
implies that a¢; = 0 and rewriting (45) as 41a;, = $;; — Z;;i iy —isSins
it also follows that as,...,agio vanish. Therefore, we have found a
basis in which everything can be expressed in terms of the non-zero
number @, and the index which since the matrix with respect to the
basis ej,...,es;+o is an underdiagonal matrix with entries 1 on the
codiagonal has to equal k + 1.

We now may assume that n > £+2, and therefore V' is a non-empty
invariant subspace of K,. This means that if necessary by complexify-
ing, we can find a Jordan form for K, on V. So, we can divide V'
up into say ¢; Jordan blocks of say length r;,. Assume that uy,...,u,,

form a Jordan basis for one of those blocks (with eigenvalue A), i.e., we
have

K(’l), U'iz) = Ujy41 + Auiza

where we put 4,41 = 4,42 = --- = 0. Then, by induction we can prove
the following lemma:

Lemma 6. We have

71 .
1Y i -
Ke, ui = g ( )Al $Uipins

(3

where iy € {1,...,0+ 2}.

117
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Lemma 7. The eigenvalues of the linear operator K, restricted to
V- are roots of the equation (44). Moreover, a Jordan block of dimen-
sion greater then or equal to two can only exist if (44) has a double
r00%.

Proof. Using the previous lemma, we see that

acu; = [Kui,KeHQ]el
=Ky, K¢ eppo — K
£+2
= Kuz(z Ay €€+3—i1) - Ke[_,_Q(AU/i + ui+1)

11=1

Kelui

€042

SN

42 £+3—i :
(5 +3- Zl) Ak3—i—ing,
. 112

=1 =0 2
42 0+2
£+ 2 i L+2 —
A ( i )AM Puivi = ) ( i )Am i
is=0 \ 2 iz=0 N 2
Taking ¢ = 1 and looking at the u;-component we get that
42 '
(46) =) an NPT fac+ M =0

11=1

which shows that A is a root of the equation (44). If there exists a Jordan
block of length greater then or equal to 2, we also have an us-component
for this block which yields

+2
(47) 0= an(£+3—i)AT>" — (L4322,

=1
and therefore implies that A is a double root of (44). q.e.d.

Denote by Ai,...,Apr3 the roots of the equation (44) which are
possibly complex numbers and let m;, be the multiplicity that each root
Ai, of (44) appears as an eigenvalue of the linear operator K, restricted
to V. Then, the apolarity conditions state that for i € {1,...,£+ 2},
we have that

0+3 S .
(48) 0 = trace K¢, = a; + Z mi Ay, = Z(mZl + 1A%

i1:1 i1:1
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Lemma 8. The equation (44) has no double roots and therefore K,
restricted to V- can be diagonalized over C.

Proof. Notice that A = 0 is not a root of the equation (44). Let
us assume that the equation (44) has ¢ different roots, which we may
assume to be A\, ..., A\, where ¢ < £+3. Therefore, we can express (48)
using only those different roots. Therefore, there exist positive natural
numbers such that Z];l:l ’ﬁ’LilAgl =0, fori=1,...,¢+ 2. Notice that
since ¢ < £+ 3, we can interprete this as a system of linear equations
in m; with at least as many equations as we have unknowns. The
determinant of the first ¢ equations is a determinant of Vandermonde,
which since zero is not a root and all remaining A’s are different is
different from zero. Therefore, this system should only have the trivial
zero solution. This contradicts the fact that the /m,; are positive natural
numbers.  q.e.d.

Lemma 9. If ¢ = 2k, the equation (44) has only 1 real root, whereas
if £ =2k + 1, the equation (44) has no real roots.

Proof. Denote by 2¢ the number of complex roots of the equations
(44). Therefore, we can arrange the roots in such a way that Ag;_1 = Aoy,
where 7 = 1,...,q are the conjugate complex roots and Aggy1,..., Apys
are the real roots of the equation. Notice also that, since K, 0 = K, v,
the multiplicity with which a complex root and its conjugate occur are
the same, i.e., we have that mo;_1 = mo;. We consider now on IR“'?’,
given by

/13 . . .
RS = {((Ifl + 122, %3 + 124, ..., T29—1 + 1T2g, T2g+1, - - - ,:Eg+3)}

the following metric:

q £+3
<xY >= Z 2(mai, +1)(2i) —1Y2i, —1 —T2i, Y2i, )+ Z (my +1) x4, i, -
i1=1 1=2q+1

The signature of this metric equals ¢ and therefore the maximal dimen-
sion of a nullspace is ¢. On the other hand, the vectors z;, defined
by . S .

Zip = (>‘Z127 A?a e >‘Z2?9_15 AZQ?IH_D AZQ?IH_Q) ce Azig)a
where 49 = 1,...,¢ 4 2 are linearly independent, since the determinant
is a determinant of Vandermonde. By the apolarity conditions, see (48),
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we have that

043
< Zip iy >= 3 (miy + DALTE =0,

is=1

provided i1 + 10 < £+ 2.

Now, we consider two cases. If £ = 2k, we have that z,...,2p41
span a k 4+ 1-dimensional null-space. Since the metric has signature g,
we have that ¢ > k4 1. On the other hand, we have that £+ 3 — 2¢g =
2k +3 — 2p > 0. Combining these, we get that ¢ = k + 1 and thus
£+ 3—2p=2k+3—2k—2=1. Therefore, (44) has only 1 real root.

In the case that £ = 2k + 1, we proceed in the same way. However,
in this case, we use that if 11 + 49 = 2k + 4 = £ + 3, that we have that

£+3
< 2y, 2y > = Z(ng + 1))\5;3
i3=1
£+3 £+2 )
= (ma, + DO 4 A7 — ae)
i3=1 12=1
£+3
= —a¢ Z(ng + 1)
iz=1

= —ae(n + 1).

So, we see that, with respect to the vectors zi,..., zor+3, the metric is a
lowerdiagonal matrix with negative entries (because of our choice of €)
on the codiagonal. This means that the signature of this subspace equals
k+2 and thus k42 < ¢. On the other hand, £+3—2qg = 2k+4—2q > 0,
so we deduce that ¢ = k£ 4+ 2 and that our equation does not have any
real roots.  q.e.d.

So far, we have only used the fact that the function ¢ had a critical
value in our vector v. However, we also know that this critical value has
to be a local minimum or a local maximum. This would imply that the
matrix obtained by taking the second derivatives cannot be indefinite.
Since g, considered as a function on M, attains a relative minimum or
relative maximum in the vector v, it is clear that the function g, consid-
ered as a function on the semi-Riemannian manifold M/ also attains a
relative minimum or maximum at the vector v. Since the function fyi o
is constant on M} this together with the definition of g in the different
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cases implies that the function fy13, considered as a function on M/
attains a relative minimum or maximum at the vector v.
We now use the exponential map and denote by

(49) R(Yerss - Yn) = €xpo( Y yineir)-
i1=F+3

Then elementary differential geometry shows that x defines a local dif-
feomorphism between a neighborhood of v in M; and an open part
around the origin of R* 42 Since & is a local diffeomorphism, we
know that f,1 3o x attains a relative minimum or relative maximum at
the origin. In order to compute the type of the critical point, we now
have to compute

ayla—ayl(f@a ° £)|o,

where i1,72 € {£+3,...,n}.
Looking at « as a vector in R", we know that

(50) fil (H(yf+3a cen 7yn)) =0,
(51) f@-l—?(’%(yf-‘r&'“ayn)) =6

for iy = 1,...,¢ + 1. Deriving the above equation, denoting by %' the
i1-th component of the vector x, we obtain that

afil 8Ki2 —

0xiy OYa ’
i2=1

and

i 1 ; 2,1
i gsegg 4 3 e =g
i2,iz=1 ia=1
where o, 8 € {£+3,...,n}.
Since by the definition of the exponential map, (¢,0,...,0) is the
geodesic through v in the direction of ey. 3, we get that %’;;2 lo = divars
and since the exponential map provides parallel coordinates at v, we

also have that 3 328”% o is normal to T, M. Substituting these values in

the previously obtained equations, we find that

£+2
(52) Braskslo = = 2 Greslu gl
O:Uaﬁmg 0xiy v@yaﬁyg

10=1

121
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Completely similarly, denoting by F' = fyy3 o &, we find that

+2
IF _ fiys Oftqa) _9%k%2
(53) Oyaayg ’ 00 0xg ‘v + O:UZ Oyaayg ’
70=1
Theref : d s 92F le Afeya
erefore, in order to obtain e 05 , we need to compute D, ]U, A0 2]y,
Z
O |, and M'i\ where 75 = 1 n, o, = £+ 3 n and
dxadxg 1V Az 0zg 1V 2 yree il Ly LR
i1 = 1,...,0 + 2. This can be done in a straightforward way usin
1oy g Y g

Lemma 4 and Lemma 5. It follows

of;
fl ’v = (i1 + 1)h(eiy, €,),
£+2
I}
fz ’v— (£ +4) Zah €iys €4+3—i1 )

i1=1

0° fiy
petiy = (i1 + Dith{ea, K3 ep)

a
I |, = (04 4) (€ + 3)h(ea, K 2eg):
Therefore, we get that (52) reduces to

442 ‘
(54) ilh(ea’ Kéi_leﬁ) == Z h(eimeh)@?/za’gljﬁ ‘0-

i2=1

Since h and H are each others inverse, we can still rewrite (54) as

042
2.0 . i1 —
(55) s o = = D it Hiish(ea, Kl ep)
1=1

Combining now all of these previous results, we find that

PE_|) = (£ +D){(£ + 3)h(eq, K5 ep)

0xo0zg
042 042 42 '
= 0> anh(ei, erpsi )Y isHiyish(ea, K27 eg))}
iy=1i1=1 is=1
= (£+D{(£ + 3)h(ea, K ep)
02 +2

- Zi:ah(ea,Kéf_leﬁ))( Z iy histr3—iy Higin) }

i3=1 i1,62=1
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= (L +4){(£ + 3)h(eq, K ep)
42

= igh(ea, K2 eg))arssi,}

is=1

Now, we can obtain the following lemmas by choosing the remaining
part of the basis e;13,..., e, appropriately.

Lemma 10. The linear operator K, restricted to V- cannot have
a complex eigenvalue

Proof. We suppose that it has a complex eigenvalue y = py + ipo.
It is easy to check that then there exists real orthogonal vectors v; and
vy with h(vy,v1) = 1 = —h(ve,v9) and such that

Ky = pivy — povs
Kyvo = piovy + p1ve

We choose esi3 = v1, eprs = v2. In (V @ {esy3,e014})" we take an

arbitrary orthonormal basis e;15,...,e,. Then it follows that
2F o2’F
8mg+38m5 - 3&?“_43&?3 -

if 8 > £+ 4. Moreover, denoting by ¢(z) the lefthandside of (44) and
by ¢'(z) its derivative, we have that

gt = (£ + 4)Re(q (1))
b = (£ + 4) Im(q (1))
gl = —(¢+ ) Re(d (1))

Since p is an eigenvalue of K,,, we know that u is a root of (44). Hence
q(p) = 0. Since (44) has no double roots, it follows that ¢'(u) is different
from zero. This implies that the £ + 3,¢ 4+ 4-block of the matrix is
indefinite, which is a contradiction.  q.e.d.

As a consequence of the above lemma, since in Case 7 there are only
complex eigenvalues, we get that that case cannot occur. Hence only
Case 1 upto Case 6 are possible and therefore from now on, we may
assume that ¢ = 2k. However, in that case, as we discovered before,
(44) has only one real root. So, we get that K, restricted to V' is a
multiple of the identity.



124 LUC VRANCKEN

Lemma 11. The metric, restricted to the space V- is positive def-
inite

Proof. Let us suppose that V= is not positive definite. Hence, there
exists a vector which we can choose to be eyy3 such that h(epys, esy3) =
—1. Since £ = 2k, it follows that the index of the metric restricted to
the 2k + 2-dimensional space V is k + 1, i.e., on V the number of +
signs equals the number of — signs. Since the index was at most half of
the dimension, it follows that there must exist also a vector, orthogonal
to V @ {err3} such that h(esiq,eerq) = 1. In (V @ {eprs, eppa})” we
take an arbitrary orthonormal basis esy5,...,e,. Since K, on V5iisa
multiple of the identity, it follows that

o?°F
0xpr30Ta 7

PF  _
O0xpp40xg ~—

where f+2 < a#/l+3andl+2<F#L+4
If we denote by A the eigenvalue, it follows that

2

Tt = — L+ D@ (V)
2

T = (L +4)(d (V)

Since A is an eigenvalue of K, we know that A is a root of (44). Hence
g(X\) = 0. Since (44) has no double roots, it follows that ¢'(A) is different
from zero. This implies that the £ 4 3,¢ + 4-block of the matrix is
indefinite, which is a contradiction. q.e.d.

Since the components of the metric restricted to the space spanned
by fu,...,ng“v form a lowerdiagonal matrix with 1 entries on the
diagonal, we have that the index of the space V equals k + 1. This
together with the previous lemma shows that £ = s — 1, where s denotes
the index of the metric. In particular, we get that Mys_o # ().

Notice that we already have that

(56) K('Ul,'UQ) =%
(57) K(ei,wl) = /\iwl,
for i € {1,...,2s}, v1,v3 € V and w; € VL. This means that we can

apply the reduction theorem. However, before doing so, we first want
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to investigate the apolarity conditions once more, taking into account
that only 1 eigenvalue occurs, that & = s — 1 and that £ = 2k. Then,
we have that

si+ (n—2s)A" =0,

for s = 1,...,(n — 2s). From this, using the Newton formulas and
an induction argument, it is possible to determine the coefficients a;
explicitely.

Lemma 12. We have that

951 —1\ .
ai:_(n s‘+z )Az.
i

Since A itself has to be a real root of (44), it follows that

Lemma 13. We have ¢ = —\*1! (2"8)

The above lemmas show that on the space V everything is com-
pletely determined by the value of a. Now, we apply the reduction
theorem and obtain a similar problem on a positive definite space V-
with number a*, where a* is given by

a* = a — tracey o

2s
=a-— Z a(ei1)a(ei2)Hi1i2
i1,02=1
2s
=a- Z )\i1+i2HiliQ
i1,00=1
2s
=a+ Z Aiy iz 025+1—i1 —in
i1,00=1
2s—1
=a-+ Z ’D\H_lags_i — 2$>\2S+1
=1

n Bl i1
— 2$-|—1 2 . - - .
A ((28)+ s+;z< e ))

The above formula implies that the signs ¢ and a* correspond. In par-
ticular, ¢* is different from zero. Since we have shown that our problem
on an n — 2s-dimensional positive definite vector space has a unique
solution, unless n — 2s > 1 and «* is positive in which case there are no
solutions, we obtain the uniqueness part of our claim.
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In order to get the existence part, all we have to do is to write down
an explicit solution. This can be done as follows. We take a basis of our

vector space {u1,...,us,v1,...,Vs,€1,...,e-} and define a metric & by
(58) (UZ7 u]) (Uia v]) = 07

(59) h(ek,er) = Oke,

(60) h(uu U]) 51}7

(61) h(ula €k) = h(vla €k) - O

where ¢,5 =1,...,sand k,£ =1,...,r. Assuming now that £ < k and
1 < j, we introduce a multilinear map K by

(62) K(u;,uj) = Ny

(63) K(UZ',’UJ') = /\ﬂ)]

(64) K(ui,er) = Aiey,

(65) K(’UZ',UJ') = /\i(/\z — ozi)u]

(66) K(’l)i,’l)j) = /\i(/\z — Oéi)’l)J

(67) K(vi,er) = Xi(Ni — ag)ey,

(68) K (uj,u;) = aju; + v;
1—1

(69) K (ui,vi) = > (Ao + (N — @) djuy) + By + oy
j=1

(70) K (vi,v;) = viui + Biv;
(1) K(ep,er) = —peex

8

(72) Klep,ex) = > (Ajus + (A — az)Ajuy) ZM@GH r—k)uge,
7j=1

where the «;, 8;, Vi, e and A; are constants determined by

nn+1)(n—1
(73) /\g) = /\?f (n—2z’+2)((n—2)i(+1)(7)1—2i+3)’
(74) o = =252,
(75) B = —%(n—Zz)(n— 2i + 2)A7,
(76) ( — 2 +2)3,
(77) o =-A(n—2+2)(n-2i+1),
(78) :ul = _a;(ﬁ:—ll) )
(79) pien = S
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Remark from (72) that the numbers p; are only needed in case that
r > 1. It is also clear that if + > 1, it is possible to define those numbers
provided that a < 0, which is exactly the case that we are considering
at the moment.

It can also be verified straightforwardly that h and K as defined
above satisfy (5), (3) and (4).

4. Introducing flat coordinates

In this section we want to show first that the basis which we con-
structed at one point can be extented differentiably such that at each
point of a neighborhood h and K have the same expresion, i.e., we
want to show that given p € M, there exist differentiable vector fields
{U,Vh,...,Us, Vs, En, ..., E }, defined on a neighborhood of the point
p which satisfy (58) to (79) in a neighborhood of p.

First, we show that we can define U; and Vi differentiably.
We take a point p € M and we take the frame constructed at
p previously. We can extend this frame to local vector fields
{Ul, ULV, Vo By, .. E, } such that h has the desired form and
such that U;(p) = u;, Vl(p) = v; and Ey(p) = e;. Then, the nulldirec-
tions V, different from V;, can be parameterized by

V(q7 (x2a sy Ty Y2, - 7y87Z17 .. azr))

:f] ZZ’H_Z"EZ%
+szEk +sz q) +yiVi(0).
k=1

Let f2, f3 be as defined in the previous section. Since f3(u1) = 2a1 # 0,
4

we have that go V' = % is a well defined function on a neighbour-

hood of (p,(0,...,0)). Since

f?(v(pa (er" s Lgy Y2, - - - aySazla"'azk))

S T
=1+ 3(2 TiYi + %Z 27)(6A1 — 3e1) + o(3)
i=2 k=1

8§ T
=14 %(n+2))\1(2wiyi+%2z,%) +o(3
k=1

1=2
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and
f3(v(p7 (x2a sy Ly Y2y Ysy By e - azk))

8§ T
=201 + (Z Ty + % Zz,%)(lZ)\% — 48, — 4063) + 0(3)
=2

k=1

S r
=201 + A (2n + 8)(2%’% +3 Zzi) +o(3
k=1

i=2
we see that glg,1rn—2 has a critical value at (p, (0,...,0)) with value

1
g(u1)3 =~ 2?7;12)311‘

Moreover. a straightforward computation yields that

o2 —
3$J8$Zg‘ p7 I8 70)) - O’
8y]8yzg‘ p7 9" 70)) -

1 4

I _aff °p [P o' |
Ocvjﬁyzg 2,(05-..,0)) 3 fs Oz;0y; fg 0z Oy, (2,(0,...,0))

2
= ((n+2)3 = 3(n+4)7)d;

B 8zkg‘ (:(0,...,0)) = 0
3y28zkg‘ (:(0,...,0)) = 0
8zk8zzg‘ (p(0,,0)) = —2(%1%951%

Hence, the implicit function theorem shows that we can find local
functions xo,y2,...,%s,Ys, 21,---,2, Oon M such that g]{q}an_z at-
tains an critical value at every point ¢ in a neighborhood of p. De-
note the obtained vector field by Uj, if necessary after rescaling to
ensure that h(K(Uy,Uy),U;) = 1 and take Vi as the null vector in
span{U;, K(Uy,U;)} such that h(Uy, V1) = 1. In order to show that U;
and Vi are the desired vector fields, we first need to prove the following
lemma:

Lemma 14. We consider the function
4

_ h{K(uu)u 3
g(u) = h(K (u,u),K (u,u))’
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defined on an open set of nullvectors at a point of M. Then there exists
a finite set containing all possible critical values. Moreover, if g attains
a critical value in v with
3 -1
g('u) == 27(171712)311’
then K, restricted to the space orthogonal to v and K(v,v) is a uniquely
determined multiple of the identitity.

Proof. We take a point of M. Remark that all lemmas upto Lemma
9 of the previous section only used that v = ey is a vector in which the
function g attains a non-zero critical value. Assuming that this is the
case, we can rescale v such that h(K(v,v),v) =1 and we use the same
basis as constructed before. So we have e; = v and es = K(ey,e1). We
also know that
K(el, 62) = aseq] + ajes,

and that K., restricted to the orthogonal complement of {e,es} is
complex diagonalisable. Moreover, each eigenvector has to be a solution

of the equation:

xg—alxg—a2x+a:0,

which as we have seen has 1 real root and 2 complex conjugate roots.
Denote by k the multiplicity with which the real root u; occurs as an
eigenvalue and by j the multiplicity with which the complex conjugate
roots ue £ tus occur as eigenvalues. Then k + 25 = n — 2. Clearly, we
have

(80) ap = pi1 + 2pz,
(81) az = =2 pz — (43 + p13),
On the other hand, using the apolarity, we have

(82) (k+Dp1+2( + pe =0,
(83) (k+ 1)p? +2(j + 1) (p3 — p13) = 0.

The last two equations imply that

(84) Ho = _28'—:_11)M17
(85) (15— ) =~k

129
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Therefore, we obtain that

k+1 k+1)2 k+1)(k+5+2

Using these equations, we now can solve for a; and as.

(86) ar =8y,
k+1 k+1)(k+j+2 k+1)(j—k
(87) az = ((J'+1§ % g Q(J)-S_l)g % = 2(‘7‘21_({)2 )/1'%

Of course, we also know that p1 is a real root of our equation. Therefore,
we also have that

(88) a= —u?{ + alu% + aspi
3 i—k k+1)(i—k
(89) = (-1 + 53+ )
(+k+2)(k+1)
(90) = _,u?f j+2(—]|'__|_1)2+ .

Since g(v) = é, the first part of the lemma is clear.
In order to obtain the second part, we investigate the function

(91) n(j) = g(v)’a
_ D (+E+2) (k1)
(92) = U AP
i+1)(n—)(n—1—2j
(93) _ U+ %((3j_37)1(+2)3 J)

A straightforward computation shows that the derivative of this function
is given by

(04) o) = RG] = (el S,

Since k + 25 = n — 2, we have 2(j + 1) < (n + 1). Hence, on the

. - /
domain we are interested in, the function (%)’ = —;7777 does not change

sign. This means that the function % is strictly increasing. Therefore,

if g(v) = n(0), as the assumption of the lemma claims, we must have
that 7 = 0 and thus that K, restricted to the orthogonal complement
of {e1,e2} is a uniquely determined multiple of the identity. q.e.d.

Applying now the first part of the previous lemma, it follows that
the critical value obtained at the vector field U; must be constant and
equal to the value obtained at Uy (p). It follows that we can write:

K(Ui(q),U1(q)) = exlUr(q) + Vi(q).
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Since g attains a relative extremum, we again obtain that the space
spanned by U; and V) is invariant under K. Therefore, using the sym-
metries of K, we can write:

K(Ui(9),Vi(9)) = B1(@)U1(q) + 1 Vi(q)
K(Vi(9), V1(q)) = m(9)U1(q) + B1(9)V1(q)-

Using the second part of the lemma, it follows that, for X orthogonal
to span{Uy, V1 }, we can write

KUy, X) =M X(q).
From (5) it then follows that
K(V1,Y) = Ai(A — )Y ().

Since «a is constant it follows from the apolarity conditions that Gy is
constant too. Therefore, since 1 can be determined using (5), it follows
that v, is constant too.

It now follows that we can apply the reduction theorem on a neigh-
borhood of p, introducing K* and a constant ¢*. We now proceed by
induction to construct Us, Vs, ..., U, V; following the above procedure.
The construction of Fy, ..., g is completely similar to the one described
in the proof of Lemma 4.1 of [7].

Proceeding now similarly as in Lemma 4.2 of [7] we can show the
following lemma:

Lemma 15. Let {Uy,V1,...,Us, Vs, W1,..., W, } be the frame con-
structed before. Then all connection coefficients (with respect to V)
vanish. In particular, M has flat affine metric.

From the previous lemma, we know that there exists coordinates
Up, Vi,...,Us, Vs on M™ such that

(95) Ui = o
(96) Vi= o
(97) By = 52—
where s = 1,...,sand k = 1,...,r. We denote the immersion of M"
into R**! by z. We have that upto a translation ¢ = —Hz = —ax.

Therefore, we get that an affine hypersphere with constant sectional
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curvature ¢ and non zero Pick invariant J is characterized by the fol-
lowing system of differential equations:

xuin = AZ'*,I;ujw j >

wuwj = AifIIUj, J>1

(
(
(100) Ty, = Ni%wy
(101) To; = Ni(Ni — )Ty,  § >4
(102) Tyw; = Ni(Ni — @) Ty, § >0
(104) Tyu; = OGTy; T Ty,
i—1
(105) Lyv; = Z(Ajwvj + (>‘J - aj)ij“j)
i=1
+ Bixy; + Ty, — ax
(107) xwsz - - ,Uéxwka k > e
8
(108) Bunw, = Y (N, + (Nj = @) Aj;)
i=1

k—1
- Z/’waw[ + (Ir - k)ﬂ'kxwk —azr,
=1

where the a;, a;, 8;,7;, tr and A; are the constants defined earlier.
In particular, we have that

(109) Tyquy = Q1Tyy + Loy,
(110) Tyypy, = BTy, + 01Ty, — az,
(111) Lyrvy = V1 + 5151;1117

From these equations we deduce that

Tyurur = O1Tyiur T Tuyo
= 1 Tyyu; + B1%u; + @1(Tyyuy — Q1y;) — ax

=202y 0, + (BL — a)zy, — a1
We now look at the corresponding equation of degree 3,

(112) - 2041t2 — (51 — Oé%)t +a1 =0.
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It is easy to see that (112) has one real root, namely \; and two complex
roots 711 + #7712 and 711 — 12 which are determined by

mi=—3x(n—1)
me = 3AV/(n—1)(n+1).

Using now once more our system of differential equations, it follows that
we can write

T = A(ui,vj,wk)e’\lm + Ci1(v1)z11 + Cia(vi) 212,
where we have written
Z1y = MO =M cog (0 + (2011712 — 017i2)v1)
219 = eMIT O IR =M gin (o0 + (2011712 — cami2)vr).
Substituting now the above expression for z into
Ty = Tyyuy — C1Tuy,

and using the fact that e>‘1“1, z11 and z19 are linearly independent func-
tions, we obtain the following system of differential equations for A, C1;
and 0121

from which it follows that

2 Al—a1)Av
A=z (UQ,'UQ,...,Us,'l)s,wl,...,wr)e( 1-a1)Arvn

Cii(n) =Ch
Cia(v1) = Cha.

A straightforward computation shows that
a9 = a — 2)\%()\1 — 041)
and

0= X7 —nl) —arm1 + (M —a)m —a
0= XM(2n11m2 — c1mi2) + M (A1 — a1)nie.
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Therefore, we get that

(MZy, + (A1 — 1) A1y, ) — ax) = —aozleM 1T hi—an)hion

Using the above, we obtain by substituting the found expression of
x = ! into the system of differential equations, that =2 satisfies a similar
system of differential equations. Therefore, proceeding by induction we
can define vector valued functions z7'™! and constant vectors Cj,1 and
Cj,2 for all indices j; where 1 < j; < s which satisfy

J1 — 1L A g . . . ) . .
gt =T e + Chi(vy, )z + Cja(v), ) zj0
where we have written

2 2
Mgy N ey 1 1)Y; o . o ,
zj = e LI T T2 TR IR cos (), 0, 4 (20510512 — 0y 0j12)V))

. . 2 2 . .
el 1t 005,11 2y Mgy 1)

S Uil ai(me s o s ,
Zj2 = vsin(ng,2uj, + (20,1052 — @y 0j,2)v5,)

where ¢ > j; + 1 and where the numbers 7;, 1 and 7;,2 are respectively
defined by

M1 = —5Aj, (n — 21 + 1)
Nz = 32,V (n — 21 + 1)(n — 21 + 3).

Moreover, z7't! depends only on Ujy 41y Uy Ly e vy Ugy Ugy Wiy v e oy W
Therefore, we may assume that we have obtained constant vectors

Ch1,Cho,...,Cs,Cs and a vector valued function which depends only
on wi,...,w,, *1! satisfying the following system of differential equa-
tions:

s+1 s+1

Ty, = —Mwwk , k>/

s—|—1 _ s+1 s+1 s+1

Lupwy, = Z Koy, (r— k)ﬂkxwk — Qs 1T,
where

Gg11 = Qg — 2)\§ + 2045/\3 = al%)z.

Now, we have to consider different cases depending on the value
of n —2s. If n —2s = 0, we end up with constant vectors
Ci1,Clho,...,Cs1,Cs and 251!, Applying now an affine tranformation,
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we may assume that Ci1, Cia,...,Cs1, Cse and 2511 is the standard ba-
sis of R"!. From the previous formulas, it follows that

2 2
((L‘% —I—:E%) = 20w+ (ni —nis—aami)or)

(III% + xz) — 62(>\1u1+(>\1—041)>\1111+7721u2+(77§1—7732—0427721)112)

R Y S U NI S SR
(%‘31_14'15%@) 262( j:1()‘]u]+(>‘] OCJ)AJU])+7721U1+(7721 Mo aznzl)vz)

2 4 a2) = XTI Oy e Ay v s s Hnf —ng—asten o)
S

(2251
Togi1 = (=1 (jui (A —ag)Aju5)

Since
21+ (n—2i+1)A; =0
2007 — 7 — i) + (n = 20+ AN — o) = 0,
we obtain that in this case M™ is affine equivalent with
(o + a3) (@3 + o) . (@351 + 25,)2001 = 1

In case that n — 2s = 1, we obtain that 2! which depends only on
the variable w; satisfies the following differential equation:

wiztzlm = T0s41T

In order to solve the above equation, we have to consider two subcases,
depending on the sign of asy;. If Ay > 0, we introduce a number b such
that b> = —a,yy. Hence, it follows that there exists constant vectors
such that 257 (wy) = Cyp11 + Cs12e7 1. Applying now an affine
tranformation, we may assume that C11,Cho,...,Cs111,Cs412 is the
standard basis of R*T!. Similarly as in the previous case, we get that
M is afline equivalent with

(o] +25) (25 + 23) .. (23,1 + 25,2201 T2542 = 1.
If \; < 0, we introduce a number b such that b> = as+1. Hence, it follows
that there exists constant vectors such that 257 (wy) = Cyy11 cos(bwy)+
Cs+198in(bwl). Applying now an affine tranformation, we may assume
that Ci1,Cho, ..., Csy11, Cs112 is the standard basis of R+, Therefore,
we get that M is affine equivalent with

2
(xl + x%)((l;% + xég}) e (x%s—l + x%s)(x%s—s—l + x%s+2) =L

135
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Finally, we consider the case that n —2s > 1. In this case, we know

that a, and thus also asy1 = al% is negative. We also have that
as+1 = —rp?. We write y' for the vector valued function z**!. In this

casse we are left with the following system of differential equations:

yqll)k,w[ = _lj'fyquk,a k>4t
k—1

Yo, = — O Mtl, + (1 = By, + rpdy’,
=1

In particular, we have that

Yorw, = (7 = Dpayey, + rudy’.

This together with the previous equation implies that there exists a
constant vector Di and a vector valued function %2 such that

yl(wh co W) = y2(wg, cowp)e HY 4 Dyel it
Since
— 1Y, + ity = (r+ Dpfy’e

—wWlwi
El

= (r—Dp3y’e
we get that the function y? satisfies the following system of differential

equations:

y?ukw[ = _lj'fyz)k,a k>t
k—1

Yo = — O M, + (1 = &)y, + (r = sy’
=2

Proceeding again by induction we get that there exists maps
y?,...,y"T! and constant vectors D1y, ..., D, such that
kl( k1+1(wk1+15 s awT)e_uklwkl + Dke(r_k1+1)ukIU)k17

Yy wk17"'7w7"):y

for every ki between 1 and r, satisfying moreover the following system
of differential equations:

yhitl = gyl k>0
k-1
gt = = 3T wl (- Ry (- R, M

=k +1
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for every k, ¢ > ki + 1.

Therefore, we may assume that we have constructed the above
vectors and constants. It speaks for itself that gy ! is a constant
too. Applying now an affine tranformation, we may assume that
Ci1,Ch2y...,Cs1,Cs0, D1,...,D, and ¢! is the standard basis of
R**!. From the previous formulas, it follows that

2 2 2 2 —n2,—
(a2 + 43) = 2t
(III% + xz) — 62(>\1u1+(>\1—041)>\1111+7721u2+(77§1—7732—0427721)112)
- )
(22,_, + %) = 251wty —ap) Ay )i it O~ —amia oi)

s=ley o0 i N\ 2 2
(x%s_1+x%s):€2( Fo1 g ug (A =g ) A v )4 nsus +(5y — 1y — s s Jvs )

To541-.-Tpil = €(T+1)(Z;=l(>‘i“1+(>‘i_O‘j)AjUj)

implying that M is affine equivalent with

(@F + 23) (03 + 1) .. (@51 + 25,) @201 - Tnp1 = 1.
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