J. DIFFERENTIAL GEOMETRY
75 (2007) 503-523

MORSE INTERPOLATION
FOR HAMILTONIAN GKM SPACES

CATALIN ZARA

Abstract

Let M be a compact Hamiltonian T'—space, with finite fixed
point set MT. An equivariant class is determined by its restriction
to M7T, and to each fixed point p € M7 and generic component
of the moment map, there corresponds a canonical class 7,. For
a special class of Hamiltonian T'—spaces, the value 7, , of 7, at a
fixed point ¢ can be determined through an iterated interpolation
procedure, and we obtained a formula for 7, , as a sum over as-
cending chains from p to ¢. In general the number of such chains
is huge, and the main result of this paper is a procedure to reduce
the number of relevant chains, through a systematic degeneration
of the interpolation direction. The resulting formula for 7, , re-
sembles, via the localization formula, an integral over a space of
chains, and we prove that, for complex Grassmannians, 7,4 can
indeed be expressed as the integral of an equivariant form over a
smooth Schubert variety.

1. Hamiltonian GKM Spaces

1.1. Equivariant cohomology of Hamiltonian GKM spaces. Let
T be a torus and let (M,w) be a connected, compact, Hamiltonian
T—space, with finite fixed point set M7, and moment map ¢ : M — t*,
where t* is the dual of the Lie algebra of T. Let H7 (M) = H7(M;R)
be the T'—equivariant cohomology of M; then H; (M) is a free module
over H(pt) = S(t*), the symmetric algebra of t*. The main purpose of
this paper is to give an explicit combinatorial construction of a basis of
H3 (M) as a module, for a special class of Hamiltonian T'—spaces.

Hamiltonian T'—spaces are equivariantly formal. The inclusion map
i: MT — M induces an injective map i* : H5(M) — Hx(MT), and

Hy(M") = €D Hip) = @ S(t') = Maps(M",S(t")).
peMT peMT

Hence one can regard a class f € H} (M) as a map that attaches a
polynomial f, € S(t*) to each fixed point p € MT, and for this reason
we will refer to equivariant cohomology classes just by specifying their
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values at the fixed points. Not all such maps represent cohomology
classes; a map f: M7 — S(t*) represents a cohomology class only if it
satisfies certain compatibility conditions.

Example 1. If M = CP', with the action T x M — M,

e [20: 21] = [20 : €D 2],
for some nonzero weight o € Ay C t*, then M7 = {[1:0],[0: 1]}, and
amap f: M7 — S(t*) represents a cohomology class if and only if

(1) f([1:0)=f(0:1]) (mod ) in S(t¥).

Let C' = S' be a generic circle in T, such that M¢ = M7, If ¢ € tisan
infinitesimal generator of C', then the moment map for the Hamiltonian
C—action,

oM —R o, 6(q) = (6(q),8),

is a perfect Morse function, whose critical points are precisely the fixed
points, and each critical point has even index. Fix a C'—invariant Rie-
mannian metric on M. For every fixed point p € MT, the unstable
manifold of ¢¢ at p is T— invariant, and supports a class T, € H3.(M);
moreover, {7}, is a basis of H7.(M) as a module over H7(pt). The
main goal of this paper is to provide a combinatorial construction of the
classes 7, as maps 7,: M T — S(t¥), for a special class of Hamiltonian
T—spaces, for which all compatibility conditions are of the type (1).

A Hamiltonian GKM space is a compact Hamiltonian T—space M
such that the fixed point set M7 is finite and, for every fixed point
p € M7, the weights of the isotropy (complex) representation of 7" on
the tangent space T, M (with a compatible almost complex structure)
are non-collinear. A consequence of this second condition is that the
connected components of the set of points fixed by a codimension one
subtorus are either points or copies of CP!. Therefore, by a theorem
of Chang and Skjelbred ([CS]) the compatibility conditions that a map
f: MT — S(t*) has to satisfy in order to represent a cohomology class
are all of the form (1). These conditions are nicely encoded into the as-
sociated GKM graph. This is a regular graph I' = (V| E), with oriented
edges labeled by weights of T'. The vertices of this graph correspond to
fixed points, M7T, and the edges are constructed as follows: if p € MT
is a fixed point and oy, ; € A7 € t* is a weight of the isotropy represen-
tation of T' on T,M, then H),; = exp (kercy;) C T is a codimension
one subtorus of T. The connected component of M*Hri containing p
is a CP', and there is exactly one more fixed point, ¢ € M7T, in this
connected component. Then the vertices p and ¢ are joined by an edge
of I', and the oriented edge e = [p, ¢] is labeled by a, := ;. In this
case, the oriented edge € = [q, p| is labeled by ag := —ay ;. (For more
details on this construction, see [GZ1].)
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Theorem 1 ([GKM], [TW]). The maps f: MT — S(t*) which rep-
resent equivariant cohomology classes are the ones that satisfy the fol-
lowing compatibility conditions: For every edge e = [p,q| of the GKM
graph T,

fla)=f(p) (modac) in S(t).

Moreover, the GKM graph (V, E,«a) contains all the information
needed to compute integrals of equivariant forms: by the localization
theorem, if f € H}.(M), then

@) /Mf: 2 ﬁf(sz

peMT

where, for each term of the sum, the product in the denominator is over
the weights of the isotropy representation at that fixed point.

1.2. Examples. An important class of Hamiltonian GKM spaces is
given by homogeneous spaces of the form G/K, where G is a compact,
connected, semisimple Lie group, and K is a closed subgroup of the same
rank. The general situation is described in [GHZ]; here we present some
particular cases.

1.2.1. Flag varieties. Let
T = {diag ("', ...,e") : t1,... . t, € R}

be the diagonal torus in U(n), the group of unitary matrices of order n.
The Lie algebra of T is

t = {diag (it1,...,ity) : t1,...,tn € R} ~R"
and a basis of the dual of t is given by {z1,...,z,}, with

xp(diag (ity, ..., it,)) = t.
The torus T acts linearly on C" by
diag (e, ... €)Y . (21,...,2,) = (2, ... €M z,),

and this action induces an action of T on Fl,, = Fl,(C), the variety of

full flags in C™. The diagonal circle in T acts trivially on F1,,(C), hence
only the subtorus

T = {diag (e",... e") : ty,... .ty eRt; +---+t, =0}

acts effectively on FI,,(C). Then FI,(C) is a Hamiltonian GKM space
for the T'—action, and the corresponding GKM graph is the permuta-
hedron: The vertices of I' correspond to elements of the permutation
group Sy, and two vertices are joined by an edge if and only if the corre-
sponding permutations differ by a transposition. If e = (w, 7j;w) (with
i < j) is an edge of T', then

o o=t o, if wl(i) < w(j),
€ T — Ty :—(ai—l—---—kaj,l), if w_l(i) >w_1(j),
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where o; = ;41 — x4, for all ¢ = 1,...,n — 1. (The conditions i < j
and w~'(i) > w~!(j) simply state that the wvalues i,j are inverted in
w.) The equivariant cohomology ring is
Hi(Fl,(C)) ~{f: Sp — Rlag,...,an_1] :
f(w) = f(rijw) on z; = x; forall 1 <7< j < n}.

1.2.2. Complex Grassmannians. The T—action on C™ described in
Section 1.2.1 also induces an effective action on Gr(k,n), the Grass-
mannian variety of k—dimensional complex subspaces in C™, and this
Grassmannian is also a Hamiltonian GKM space. The fixed points (ver-
tices of the GKM graph) correspond bijectively to S, /(Sk X Sp—r). This
coset space is identified to both the set of permutations with exactly one
descent, at (k,k + 1), and with the set of k—element subsets of the set
[n] ={1,...,n}.

The edges of the GKM graph are of the form e = ([w], [;;w]), where
[w] is the class in S, /(Sk X Sp—k) of a permutation w € S,,. The label
of the edge e = ([w], [1;;w]) is, again,

o 4 T T E ey, if wl(i) <w™(4);
Tl mi—ap = (it ajo), i wTE) > wTi().
(It is not hard to see that the definition of «, does not depend on the
chosen representative for the class [w].)

The GKM graph of the Grassmannian has an alternative descrip-

tion, as the Johnson graph J(n,k): the vertices of the graph are the
k—element subsets of [n], and two subsets S and Sz are joined by an
edge if and only if S; NSy has k — 1 elements. If So = 51 U {j}\ {i},
then the edge e = 515 is labeled by a. = x; — ;.
1.2.3. Subvarieties of Flag Varieties. For a subset ¢ = {q1,...,qx}
of the set [n], we define a map i,: C¥ — C" by i,(e;) = ey, where
{e1,...,ex} is the canonical basis of C¥ and {e1,...,e,} is the canonical
basis of C". Using this map we construct a map i,: Flp — Fl, as
follows.

For j € [n], let jo = max{s : ¢s < j}, with the convention that, if the
set is empty, then jo = 0. If

Ve : V1CV2C...CVk
is a flag in Fl, then iy(V,) =V € Fl,,, where
‘/"j/ g Zq(‘/}o) @ [@ Ces],

N
SEq

where Vy = 0. Let
Fli(q) = iq(Fly) C Flp
Example 2. If ¢ = {2,4,5} C [5], and V, = {V; C V, C V3} € Fls,
then i,(Vy) = {V{ C Vj C V§ C V| C V{} € Fl5, where
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j|do|Vj

110 |Ce

2|1 |ig(V1)®Cey

3| 1 |ig(Vi) ®Ces @ Ces
412 |ig(Va) ®Cey @ Ces
5| 3 |ig(V3) ® Cey @ Ces

A subset ¢ = {q1,...,qi} of the set [n] also induces i,: S — S, by
iq(w) = w', where
, ' if j &q
w/ :{ .]7 1 g 9
U) Quiy, 1LJ=q.
Let Si(q) = 14(Sk) C Sp.

The torus T induces a GKM action on Fli(g), and the corresponding
GKM graph is the subgraph of S,, whose set of vertices is Sk(q). The
edge e = (w, 7¢,q,w) of Si(q) is labeled by o = +(z4; — 24,), where the
sign is plus if (g;,q;) is not an inversion (as values) in w, and minus
otherwise.

1.2.4. Schubert Varieties. The final example we give in this section
is that of smooth Schubert varieties in Fli(¢q). This example will play
a key role in Section 3.2. Let w € S be a 3412— and 4231—avoiding
permutation, and let X (w) be the Schubert variety in Flj, associated to
the T'—fixed point corresponding to w. Then X (w) is a smooth Schubert
variety ([LS], [C]), and its image,

Xo(w) = ig(X(w)) Cig(Fli) = Fli(q) € Fln,

is a T'—invariant smooth subvariety of Flx(q). The fixed point set is
(Xg(w)" = ig((X(w))") C Sk(g), and (X(w))" = X™, the set of
permutations in Sy that are below w in the Bruhat order on Sy. Let
Xg =1q(X"™) C Si(q)-

1.3. Geometric construction of generators. For every fixed point
p € MT, 7, is a homogeneous class of degree 27(p), where 2n(p) is the
index of the Morse function ¢¢ at p. The Morse function ¢¢ induces
a natural partial order on the set of fixed points: we start by setting
p < q if ¢ is in the closure of the unstable manifold at p, and then extend
this order by transitivity. We call this order the Morse order on MT
generated by £. Then 7, is supported on the union of the closures of
unstable manifolds at fixed points g = p. Moreover, at p, the class 7,
coincides with the equivariant Euler class of the normal bundle of the
unstable manifold at p.

If the index function is strictly compatible with the Morse order (i.e.,
n(a) < n(b) whenever a < b), then 7, is uniquely defined by the three
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conditions above. When the index condition is not satisfied, 7, is not
uniquely determined by these three conditions. For every fixed point
p € M7, Guillemin and Kogan constructed the local index map at p,
as a map Z,: H7 (M) — S(t*) (see [GK] for details of their geometric
construction), and used these indices to construct a canonical class 7,:
the unique class that satisfies the following conditions

1) o, € H;n(p);

2) If p £ q, then 7, , = 0, where 7, 4 := 7,(q) is the value of 7, at ¢;

3) Ip(mp) = 1;

4) Zy(rp) = 0if ¢ # p.
(If the second condition is satisfied, then the third one is just a restate-
ment of the fact that the restriction of 7, to p is the equivariant Euler
class.)

The main result of this paper is a combinatorial formula for 7, 4, for
general Hamiltonian GKM spaces.

2. Multivariable Interpolation

The definitions and constructions of this section are motivated by the
geometric constructions of Section 1; we will also see that some of the
constructions that first appear in the combinatorial setting have nice
geometric interpretations.

2.1. Abstract 1-skeleta. Let I" be a regular graph, Vr the set of ver-
tices of I', and Er the set of oriented edges of I'. For p € V1, we denote
by FE, the set of oriented edges with initial vertex p.

Definition 1. A connection on I' is a collection 0 = (8¢)ecp, of
bijective maps
Oc : Ep — Eq, e = (p,q) € Er,
indexed by the set of oriented edges of I', such that for every oriented
edge e = (p,q), 0c(e) = € and 0z = 6.1, where & = (¢, p).

Let t be an n-dimensional real vector space (which will be thought of
as the Lie algebra of a torus T'), t* the dual of t, and S(t*) the symmetric
algebra of t*, identified with the algebra of polynomial functions on {.

Definition 2. An abstract one-skeleton is a pair (I', &) consisting of
a regular graph I and a function « : Er — t* (called an azial function),
such that:

1) For every vertex p € Vr, the vectors
{ae 1 e€ Ep}

are pairwise linearly independent;
2) For every edge e = (p,q) € Er,

Qg = —Qg;
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3) There is a connection 6 on I' such that for every edge e = (p, q)
and every edge ¢’ € E, — {e},

Qg (ef) — Qet = CeerQle, With ceer € R.

Definition 3. A map f: Vr — S(t*) is a cohomology class on (I', a)
if for every edge e = (p,q) of T,

f(@) = f(p) (mod a) in S(t").

The cohomology ring of (I, cv) is the subring H}(I") of Maps(Vp, S(t*))
consisting of cohomology classes.

Constant maps are cohomology classes, hence S(t*) — HX(I') and
H}(T) is an S(t*)-module. In [Zal] we determined a general formula for
constructing generators of H(I") as an S(t*) —module. Those generators
are the combinatorial analogues of the classes 7, discussed in Section 1,
and here we present an improved version of the formula from [Zal].

Definition 4. A polarizing vector is a vector £ € t such that

ae(§) #0
for all edges e € Er.

A polarizing vector ¢ defines a pre-order on Vr: for an edge e = (p, q),
define p < ¢ if a.(§) > 0, and extend this relation by transitivity. We
will assume that this relation is an order on V' (that is, there is no vertex
p of T such that p < p), and we call this order the Morse order defined
by &£. It is not hard to see that this assumption is equivalent to the
existence of a function ¢: V' — R such that, for every edge e = (p, q) of
T, ¢(p) < ¢(q) & p < q. We say that an edge e = (p, q) points upward
if p < ¢ and points downward if ¢ < p. For a vertex p € Vp, let

E, ={e=(p,q) : a) <0}

be the set of downward-pointing edges originating at p, and
V, ={q¢: (p,g) € E,}

the set of down-neighbors of p. We define the index of p, ind(p), to
be the number of elements of E". The flow-up of p, F), is the set of
vertices that can be reached from p along ascending chains, i.e., chains
with no downward pointing edges. Similarly, the flow-down of p, F};", is
the set of vertices that can be reached from p along descending chains,
i.e., chains with no upward pointing edges. Note that p belongs to both
Fp and F .
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2.2. Abstract local indices. For a class f € H}(I'), let fs = f(s) be
the value of f at s € Vp.

Let ¢ € V1 be a vertex of I'. If V~ is the set of down-neighbors of g,
then 6 = f, is a solution of the system of congruences

(3) 0=fs (moday), seV,.

Solving this system is essentially a multivariable Lagrange interpola-
tion problem, and we reduce it to one variable interpolation using the
polarizing vector . Let tz C t* be the annihilator of &, let y1,...,yn—1
be a basis of t7, and let z € t* such that x(§) = 1. Then {x,y1,...,Yn—1}
is a basis of t*, and every vector u € t* such that u(&) # 0 can be written
uniquely as u(z,y) = m(z — L(y)), where m = u(§) € R and L(y) € t;.

For u € t* such that u(§) # 0, let py: t* — t*,

B(6)

pu(B) =B — @U

If w=m(x — L(y)), then p,(8) = B(L(y),y) € ;. Let p,: S(t*) — S(t*)
be the algebra morphism that extends the linear map p,: t* — t*, and
for s € V7, let psg = pa,,- With this notation, a particular solution of
the system (3) is

(0%
02 = § I | fa Psq(fs)7
_ _ psq(atq)
seVy teVy \{s}

hence

(4) fq:02+1/} H Osq,
seVy

for some unique ¥ € S(t*).

Definition 5. Let f € H(I') be a cohomology class. The local index
(with respect to &) of f at ¢ € V is the unique ¢ € S(t*) such that (4)

holds. The local index map at q is the map Z, = Ig: H:(T) — S(t")
that attaches to each cohomology class f its local index at q.

The local index map Z, is a morphism of S(tg)—modules, but not of
S(t*)—modules. For f € HX(") and ¢ € V, we have

fq

Hsevq— Qgs

psq(fs)

+
seVy @sq Htqu_\{s} pSQ(aqt)

I,(f) = (1)@

and, modulo a sign convention, this is the combinatorial version of the
local index of Guillemin and Kogan [GK, Formula 7.2].
Fix a polarizing £ € t.
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Theorem 2. For every vertex p € V, there exists at most one coho-
mology class T, € H}(I") such that

Lo if q=p;
IQ(TP) - { 07 ’Lf q #p_

When such a class 7, exists, it is called the Thom class of p (with
respect to £). Necessary and sufficient conditions for the existence of
families of Thom classes have been given in [GZ2].

Let f € H}(T). It is not hard to see that if Z,(f) = 0 for all ¢ < ¢/, for
some ¢’ € V', then f(q) = 0 for all ¢ < ¢’. This observation immediately
implies that the Thom class 7, is supported on the flow-up from p.
Moreover, Z,,(7,) = 1 implies that 7, is normalized by the condition

Tpp = Tp(P) = H Qsp-
seVy,
2.3. Iterated interpolations. We now assume that the Thom class
7p exists and we determine a formula for the computation of its values
at vertices situated in the flow-up from p. Let ¢ be such a vertex. Then

Qg
Tpq = Zq(Tp) H Qsq | + Z H szt) Psq(Tp,s)-
seVy seVg \teVy \{s} AT

If ¢ = p, then the second term is zero, and if p < ¢ then the first term

is zero. If the shortest descending chain from ¢ to p has at least two
edges, then iterating the interpolation one more time we get

_ Qtq Psq(Qits)
e = Z Z H Psq(itq) H prs(us) ralTpr)
sevy reve \teVy\(sy ) \eevi\(r)

since psq0prs = prs. Continuing the iteration we get a formula for 7, , as
a sum of contributions of descending chains from ¢. But 7, is supported
on the flow-up from p, and hence the only nonzero contributions will be
those corresponding to ascending chains

Y- P=Po—P1L ... 7 Pm-1"Pm=(g.
The contribution of such a chain is

E(y) = H _ Otpm H Ppm—19m (Cttpr, 1)

tev,, ppmflpm (atpm) eV ppm72pm71 (atpmfl)

Pm—1

t#pPm—1 i
Ppaps(tps) Pome Q) |
Ppipz (Qp,) Popr (Cetpy ) pp1\Tp,p

teVp, teVy,
t#p1 t#p



512 C. ZARA

and, after regrouping the terms, it can be written as (see also [GZ3]):

m m—1 -1
E(’V) = H Qsq (H epk—lpk> (H ppkpk+1(apk—1pk)> )
k=1

seVy k=1
S?épm—l

where, for an ascending edge r — s,
HtEVf prs(atr)
HtGVS_\{'I‘} prs(aus)’
Example 3. In S5 (see Section 1.2.1),
1
Pai+asz (al)pa1+a2 (012) 7
and O,, = 1 for all other edges.
There are two ascending chains from p = (213) to ¢ = (321),
7 (213) — (231) — (321) and y2: (213) — (312) — (321),
and their contributions are
arp(og + a ar(ar + a
By — (o1t 02) _ anfen +a)
Paz (Oq + OQ) Paz (041)
Therefore

@rs =

O123321 =

az(ag + az)
Pay (OQ)

and  FE(y2) =

T(213),321) = E(11) + E(72) = a1 + aa.

Note that although both E(v1) and E(v2) depend on the polarizing
direction &, their sum doesn’t. That suggests that we could try to
consistently eliminate £ from each E(v). Unfortunately, we can’t simply
take the limit of E () as & goes to 0, since in general this limit doesn’t
exist. But we could try to send £ to 0 one coordinate at a time, and we
describe this operation in a later section.

2.4. Special bases. We will need a basis of t* of a special type, and
we devote this section to constructing such bases.
Let U be a real vector space and B = {x1,...,2,} a basis of U.

Definition 6. A vector v = ajx1 + -+ + apx, € U is called
B—positive if ap > 0 for all £k = 1,...,n, and is called B—negative
if —v is B—positive.

We will denote by Ug the set of B—positive vectors (that is, the

positive cone in U generated by B) and by Uy the set of B—negative
vectors in U.

Lemma 1. Let U be an n-dimensional real vector space, let U* be
its dual, let S C U* be a finite subset and let & € U such that a(§) # 0
for all a € S. Then there exists a basis B of U* such that

{aeS;al@)>0=5SNUf and {a€S; alf) <0}=SnUj.
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Proof. Let (.,.) be a fixed scalar product on U*, and ag € U* such
that a(§) = (a, ag), for all @ € U*. Let {yi,...,yn} be an orthonormal
basis of U*, such that

_lao]

NG

ap (y1+ -+ yn),

and, for € > 0, let

1
Ye = Uk + (e—i) ap.
: |aolv/n
Then B = {y5,...,y5} is a basis of U*. Since

lim y§ € o,
e—0

there exists € > 0 such that B = B¢ has the required properties. (Intu-
itively, the process is analogous to “opening an umbrella.”) q.e.d.

If (T',«) is an abstract one-skeleton, let S = «a(Fr) C t* and let
¢ € t be a generic polarizing vector. By Lemma 1, there exists a basis
B = {x1,..,x,} of t* such that, for every edge e € Er, a.(§) > 0 if and
only if a, is B—positive and ae(§) < 0 if and only if . is B—negative.

We choose and fix such a basis B = {z1,...,z,} of t* and identify
S(t*) with R[zq,...,z,]. A vector f € t* is positive (8 > 0) if it is
B—positive; similarly, 3 is negative (§ < 0) if it is B—negative.

Let B* = {by,...,b,} be the basis of t dual to the basis B of t*, and
let (&1,...,&,) be the coordinates of the polarizing vector ¢ in this basis;
that is, £ = &by + -+ - + &,by.

Example 4. In the examples discussed in Sections 1.2.1 and 1.2.2,
B* = {aj,...,an_1} is a basis of t*. Let {e1,...,e,—1} be the basis
of t dual to the basis B* of t*, and £ be a vector with strictly positive
coordinates in this basis, £ = &1+ - 4+ &u—16n—1 € t. Then £ is
polarizing and B* is a special basis of t* compatible with &.

2.5. Relevant chains. Chain contributions E(7) are rational expres-
sions in variables x1,...,x,, &1,...,&, hence

E(FY) ER(xla"'uxn7£17"'7§n)7

the field of fractions of R[z1,...,2p,&1,...,&]. Let m € S, be a per-
mutation of the set [n].

Definition 7. For F € R(z1,...,24,&1,...,&), we define

E,= Ilim lim .| lim FE|. e R(xy,...,zn),
"m0 (ﬁw(n—n—’o( (fw(n—’o ) >> (@ )

if all the limits exist.
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Example 5. Consider the two chains described in Example 3. With
respect to the polarizing vector £ and the special basis given in Exam-
ple 4, we have

_ San(ar + ag) ~ Grog(an + az)
Bn) = Eaar — &1 and  B(y2) = Sras — Laan

Let w = (12) be the identity permutation of {1,2}. Then

(E(71))w = lim (lim E(’yl)> = lim (a1 + a2) = a1 + as
£2—0 &2—0

£&1—0

E w = li lim £ = lim 0 =0.
(BGe))o = Jim, ( Jim, En) ) = fim,

We will show that (E(7)), does exist for all permutations w and all
ascending chains ~.

Definition 8. Let 8 € t* and let (5!,...,3") the coordinates of 3 in
the basis B = {x1,...,2,}; hence 8 = By + -+ + f"z,. Let m € S,,.

1) The support of (3 is the set supp(3) = {i; B° # 0}.

2) The m—altitude of § is alt, () = max{i; 57 # 0}.

Lemma 2. Let p — ¢ — r be a chain. Then

()

0, if altz(apq) > altr (o)
( 1 > _ O%m, if altr(opg) < altz(ogr)
e Qr(m) .
pq ( pq) T (m) = (m) ’ Zf altﬂ(apq) = altﬂ(aqr) = m7

Qgr Qpg—Qpq  Oqr
hence it is defined, and it is non-zero if and only if alt;(apq) < altz(oygy).
Proof. Let m = alt;(ag) and k = alt;(cp). Then

1
Par(Qpg)
B agvgl)fm) +-+ Oégfgm)fw(m)

(@p D ery + o+ g™ ) pg — (s En 1y + oo+ A en i) agr
If kK < m, then

. . 1
lim < < lim 7> )
Ex(ey—0 &x(1)—0 Pgr(Qpq)

agqgk+1)§ﬂ(k+1) + ot af}gm)gﬂ(m) _ 1
(ag£k+1)£ﬂ(k+1) +eee O‘g?gm)fﬂ*(m))apq P

)

and it remains unchanged when we take the rest of the limits, since
there are no more variables &;.
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If alt;(apq) = k = m, then

. . 1
lim < .. < lim —) .. )
f‘/r(mfl)_)O &-7"(1)_)0 pqr(aPCI)

— O‘ZIT?gm) gﬂ(m)

w(m w(m 7(k :
O‘q'rg )fw(m)apq - (Oéng )gﬂ(m) +o+ O‘Pé )gﬂ(k))a(ﬁ"

If £ > m, then taking one more limit we get 0 in the enumerator
and a nonzero quantity in the denominator; hence the limit, and all
remaining limits, are zero.

If kK =m, then &;(,,) cancels out and

1 7r7§m)
(L)
€r(m—1)—0 &x(1)=0 Pgr(tpq) Qgr Qpg — Qpg  Qgr

no more §&;’s are present, hence that is the value of the final limit. q.e.d.

Lemma 3. Let e be an ascending edge and m € S,,. Then (O, is
defined and monzero.

Proof. Recall that for an ascending edge p — g,

H,«gvp— Ppg(Cirp)
Hsevq—\{p} Ppq(Qsq)”

®pq =

Let 0 be a connection on I' compatible with the axial function « (see
Definition). If r € V,;~ such that 6,,(pr) = gs, with s € V7 \ {p}, then

Qgs = 0 (mod ),

and then ppq(apr) = ppg(ags). Therefore the corresponding terms in
©)pq will cancel each other out, and the only terms that remain in ©,,
after these cancellations are the terms corresponding to

1) vertices r € V,~ such that 0,,(pr) = ¢s, with s € V7, and
2) vertices s € V~ \ {p} such that 6,,(¢s) = pr, with r ¢ V.

In the first case, oy < 0 and ogs > 0, and hence all the coordinates
of ay, in the basis B are non-positive and all the coordinates of oy, are
non-negative. Since ags = 4 cayq for some ¢ € R, it follows that
supp (apy) C supp (o), and therefore alt; (o) < altr(apq). Therefore
(ppg(curp))r is defined and

Qrp, if altr(ogpy) < altz(apg)

_ (k)
(Ppa(@rp)) Qrp — %am, if altr(apg) = altx(arp) = h.
rq
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A completely similar argument shows that if s is a vertex of the second
type, then altr(ags) < altz(apqg)

Qsq, if altr(asq) < altz(apg)

_ (k)
(Ppq(@tsq))x Qsq — %O‘pm if altr(apg) = altr(asg) = h.
pq

Therefore (©), is defined and nonzero for all ascending edges. q.e.d.

We say that an ascending chain v is m—relevant if (E(7y))r # 0. Using
the previous two lemmas we have the following criterion for identifying
relevant chain.

Theorem 3. If v: pgp — p1 — -+ — Pm—1 — Pm 15 an ascending
chain and w € Sy, then (E(7))x is defined, and (E(v))x # 0 if and only
if

altw(apom) < altw(aplpz) <0< altw(a/pmqpm)-

The criterion to eliminate unnecessary chains is most effective when
the m—altitudes are as different as possible, and this can be achieved by
choosing the basis B to contain as many vectors from «(Er) as possible.
For one-skeletons corresponding to flag varieties we can choose B to
consist entirely of vectors in «(Er), and the number of relevant chains
drops dramatically. For example, in the case of S5 (corresponding to
Fls), there are 44062 ascending chains from (12435) to (54321), but
only 18 of them are (4321)-relevant.

3. Application: Grassmannians

3.1. The Johnson graph. We return now to the example presented in
Section 1.2.2, where the abstract one-skeleton is based on the Johnson
graph J(n,k). Recall that the vertices are the k—element subsets of
[n] = {1,...,n}, and two vertices p and ¢ are joined by an edge if and
only if #(pNq) = k— 1; that is, if ¢ is obtained by replacing an element
1 € p by an element j € p. We use the notation

(4,9)
p Em—

for such an edge (p,q). The axial function a: Er — t* attaches to the
oriented edge p — ¢ the vector oy, 4 = x; — x;, denoted by «;.

Let B ={ai,...,an_1} be the special basis described in Example 4,
and £ = &+ -+ &r—16n—1 € t be a vector with strictly positive
coordinates. Then £ is a polarizing vector and B is a special basis of t*
compatible with £, as in Section 2.4. If i < j, then o = o +- - -+ 1.

The Morse order on the vertices of J(n, k) induced by & is the Bruhat
order: for two subsets p = {p1 < --- <pg}and g ={q1 < --- < qx} of
[n], p < ¢ if and only if p; < g; for every j=1,... k.



MORSE INTERPOLATION 517

3.2. Spaces of relevant chains. Let p < ¢. A chain

(ilvjl) (1777,7]771)
(6) YiP=V——U 7 2 Un-1 > Un =(¢
is ascending if and only if i, < jp, for every h = 1,...,m. Let wg be the

reverse order permutation of [n—1], wg = (n—1...21). If i < j, then
the wp—altitude of the weight

Qij = Qi1+ QG = Qug(n—i—1) T Qg (n—j)

is alty,(a;j) = n —i— 1. Hence the ascending chain (6) is wo—relevant
(from now on, just relevant) if and only if i1 > ig > -+ = ip,. But we
can’t have iy, = ip11, since iy is not in vy. Therefore, the relevant chains
are the chains (6) that satisfy the following conditions:

1) ip < jp for every h=1,...,m;

2) 1 >0 > >y

These conditions imply that an element that has been added can’t
be replaced; therefore the elements ji, ..., j, are all distinct and in q.
This remark allows us to associate to 7 a permutation w = w(y) € Sk
as follows:

Definition 9. Let p={p1 <--- <pi}, ¢ ={q1 < -+ < ¢}, and let
~ be the chain (6). We associate to v a permutation w = w(y) € Sk, as
follows:

1) If p; =i, then w(i) is defined by j. = qy);
2) If p; & {i1,...,im}, then w(7) is defined by p; = qy;)-

To make the relation between a relevant chain + and its associated
permutation w(y) more suggestive, we represent the chain as

(PG (k)) (P1,Gw(1))
(7) viop g;
if pi = qu(i), then the corresponding “edge” is a loop that starts and
ends at the same vertex, and we delete this loop from our chain. If
w' = ig(w) € Sk(q) C Sy, then (7) can be written as

(prw'(ar) — (prw'(a1))

Yo

Example 6. In J(n,3), with n > 5, the relevant chains from the
vertex p = {1 2 4} to the vertex ¢ = {2,4 5} are

(12,4 B2 005 @Y 0 450 B2 19 4 5), w(m) = (123),
2 (12,4} B2 15,4y B2 10 5.4y, wiye) = (132),
s {1,2,4) U2 10,50 B 4 9.5, wiys) = (213),
va: {1,2.4) L2 459,43, w(va) = (312).
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(We did not rearrange the 3-element sets after each exchange to make
it clearer how the permutation is associated to the chain.)

Let Q;fg be the space of relevant chains from p to ¢, and ®: Q;f}; — Sk
be the map that sends each relevant chain to its associated permutation.
Then @ is injective, hence Qg{}l’ is parametrized by W), , = @(Q;f}]’) C Sk,
and, as we proved in [Za2], W), has a very nice description.

Let w4 € Sk be a permutation defined inductively, from & down, by
wpq(i) =min{j : j#wpe(i +1),...,wpq(k) and p; < gj}.
For example, if p = {1,2,4} and ¢ = {2,4,5}, then
PL<p2=q <p3s=q2<4q3
and therefore wy, ; = (312). Note that
Wpe = {(123), (213), (132), (312)}

is the set of permutations in Sz below (312) in the Bruhat order on Ss.

In Section 1.2.1, the fixed points of the T'—action on Fl; correspond
bijectively to permutations in Sk. In [Za2, Theorem 1.4]) we proved
the following theorem.

Theorem 4. For every pair p < q we have
Wy = (X(wpg))" = X = Xy,

We also proved that w,, avoids the pattern (231) ([Za2, Theo-
rem 1.1]), and therefore it avoids the patterns (3412) and (4231). Hence
X (wp,q) is a smooth Schubert variety in Fl;, ([LS],[C]), and X4(wpq)
is a smooth subvariety in Flx(q) (see Section 1.2.4). We prove in Sec-
tion 3.4 that, via the localization theorem, 7, , can be expressed as an
integral over this space.

3.3. The contribution of a relevant chain. In this section we com-
pute

(BO)uy = Jim (tim (.. ( Tim  E(3))...)),

the contribution of a relevant chain +, after taking the wy—limit.
Since altiy, (wy,_yv,) < altw, (o, ), it follows from (5) that

1 1

pUh'Uh+1(aUh—1'Uh) wo avh—lvh‘

Let e be an ascending edge r (Z—J)> s. Most of the terms in O, will
cancel each other out. The only remaining terms correspond to the
vertices ¢ such that » — ¢ and ¢ — s are both ascending edges. There
are two possible types:

h.j i,k Sy - .
rﬂt&s, withi <h<jand herns
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and
p BB, (), s, with ¢ <h <jand h g rnNs.

Then

0. — H;. H;

i<hei pij(in) s<he pij(an;)
herns h¢rns

and, after a direct computation,

1 1 1
Orsluo = | 11 Il | =co 11 o
ichej  hi | |iZne; Y “hj

herns h¢rns

where n.s = #{h:i < h < jand h € rns}.
Putting everything together, we have shown that, if

(ilvjl) ('Mn,]m)
Y O P=UV /U 2 2 Up-1 " Um =(

is a relevant chain from p to ¢, then

(E())wo =Tq,q H H ! H L =
s=1

— Qi (0%
is<h<js hjs is<h<js < hs
L Lh€vsNus—1 h&vsNus_1
m [ 1
=70 [ [(=D)" = ] P
s—1 is<h<js  hds

For the fixed path ~y, the elements of ¢ are divided into two sets: the
first set, {j1,...,Jm}, consists of elements that have been added along
v, and the second set, denoted by ¢ — =, is the complement of the first
in q. Then

m
maa = 1L I s} | 1T TToms |-

s=1 h<js JEQ—Y h<j
heq h¢q
hence
P(v)
(E()wo = ~755
QM)
where
m 1 m is—1 7—1
Py =maI1| TI —| = |T[ [T ow| | IT TLew
s=1 |is<h<js s s=1 h=1 j€q—v h=1

heq héq héq
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and

= ﬁ (_1)71173—1175 H ahjs
s=1

isSh<js
heq

3.4. Chain integrals. By the localization formula (2), for an equivari-
ant class F' € Hj(Xq(wpgq)),

_ Fw) _ F(w)
(®) /X,,Wp,q)F‘ 2 qw T 2w

we(Xq(wp,g))T wEX;Hp’q

with e(w) = [] ay 4, where the product is over all neighbors of w in
X", On the other hand,

9) (Tp,q)wo = Z Z Q

’YGQ”U wepr q

where

(Prw(gr)) (p1,w(q1))
Yw P q

is the relevant chain parametrized by w € X5 C Si(q) C Sp.
Let Fpq: XgP" — Rlay, ..., a,—1] be defined by

ps—1 w(gs)—1
Fpq(w) = P(yw) = H H ®hw(gs) H H Chw(gs)
1 h=1 1
peulas) hg posulas) hea
k ps—1
= H H ahw(‘Zs)'
s=1 h=1
h¢q

We will show that Q(y,) = e(w), and that F), ; is the restriction of a
class Fp, € Hi( X (wpq)) to (Xg(wpg))T = X7, Since 7, , does not
depend on £, we have that (7 ¢)w, = Tp,q- To summarize, we will prove
the following theorem.

Theorem 5. If p < q, then

Tpq = / Fpq.
Xq(wp,q)

Proof. Let w € X;™, and

(Prsw(qr)) (p1,w(q1))
_— _—

Yw: P = Vi Vkrr — - — W1 Vo=q

the corresponding relevant chain. We first prove that Q(vy) = e(w).
For s =1,...,k, the vertex V; is given by

‘/s = {php?a s 7p87w(qs+1)7 s 7w(qk2)}7
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and

nvv,oy = #{hips <h <w(gs) and h € V;N Vi) =
= #{r:r>sandps <pr <w(g) < w(gs)}.

Therefore

k
(_1)nVsVS_1 H ahw(qs) _ (_1)7IV5VS—1 H a’LU(QT)’LU(qS)

ps<h<w(gs) ps<Sw(gr)<w(qs)
heq r=1
s—1 k
= 11 (g, )w(gs) 11 (=g )w(g))
r= r=s+1
pr<ps<w(qr)<w(gs) Ps <pr<w(gr)<w(gs)

hence

(10) Q) = H Q!
W' =T (g )w(qs) W
ps<w(gr)<w(gs)
Let w(gr) < w(gs) and w' = Ty (g yuw(q)w- Then p, < w(gr) < w(gs)
and

pr < w'(qr)
w' € X" <= w' parametrizes a relevant chain <= and

Ds < w/(QS)
Pr < w(%)
— and = ps < w(qy) < w(gs),
Ps < w(%)

which, together with (10), proves that Q(y,) = e(w).
Next we show that F),, € Hj(Xq(wpq)). Let 1 < w(q) < w(gj) <k,
such that w' = Ty(g)w(g)W € X,7. Then

k ps—1 pi—1 pj—1
!
Fpaw) = | T[T 1] onw Hahw (@) H ()
s=1 h=1
s#i,j hq h€q h€q
and
kE ps—1 pi—1 pj—1
= | II 1I enutan H () H Ohus(q,)-
=1 h=1
saéw h¢q hézq heZq

But o (g;) = hw(gr) = Yw(gi)w(g;) for all h, so F, ¢(w")=F, ¢(w) is a mul-
tiple of vy (g;)w(q;) = Tw,u» and hence Fp , does define a cohomology
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class in H7(X4(wpq)). Moreover, (8) and (9) imply that

Tpa = (Tpg)wo = Z (E(vw))wo =
weX,

P(yw) _ F(w)
Q) 2 e(w)

Y EQRLY PRt weXy P
F
= 2 ((w>):/ £
we(Xo(up ) ) I Xalwpa)
q.e.d.

For flag varieties, 7,, can also be computed using divided differ-
ence operators, and that method leads naturally to expressing 7,4 as a
sum over subwords of a fixed word. For complete flags, those subwords
correspond bijectively to relevant chains, while for Grassmannians, in
general there are more subwords than relevant chains. We discuss the
relationship between the two approaches (divided differences and Morse
interpolation) in [Za3].
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