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SELF-DUAL METRICS AND TWENTY-EIGHT
BITANGENTS

NOBUHIRO HONDA

Abstract

We determine a global structure of the moduli space of self-dual
metrics on 3CP? satisfying the following three properties: (i) the
scalar curvature is of positive type, (ii) they admit a non-trivial
Killing field, (iii) they are not conformal to the LeBrun’s self-
dual metrics based on the ‘hyperbolic ansatz’. We prove that the
moduli space of these metrics is isomorphic to an orbifold R3 /G,
where G is an involution of R? having two-dimensional fixed locus.
In particular, the moduli space is non-empty and connected. We
also remark that Joyce’s self-dual metrics with torus symmetry
appear as a limit of our self-dual metrics.

Our proof of the result is based on the twistor theory. We first
determine a defining equation of a projective model of the twistor
space of the metric, and then prove that the projective model is
always birational to a twistor space, by determining the family
of twistor lines. In determining them, a key role is played by a
classical result in algebraic geometry that a smooth plane quartic
always possesses twenty-eight bitangents.

1. Introduction

A Riemannian metric on an oriented four-manifold is called self-dual
if the anti-self-dual part of the Weyl conformal curvature of the metric
identically vanishes. Basic examples are provided by the round metric
on the four-sphere and the Fubini-Study metric on the complex projec-
tive plane. In general, one can expect that if two four-manifolds admit
self-dual metrics respectively, then their connected sum will also admit
a self-dual metric. In fact, Y.S. Poon [15] constructed explicit examples
of self-dual metrics on 2CP?, the connected sum of two complex pro-
jective planes. He further showed that on 2CP? there are no self-dual
metrics other than his metrics, under assumption of the positivity of the
scalar curvature. Later, C. LeBrun [11] and D. Joyce [8] respectively
constructed a family of self-dual metrics of positive scalar curvature
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on nCP? for any n > 1. These are called LeBrun metrics and Joyce
metrics respectively, and have nice characterizations by the (conformal)
isometry group. Namely, A. Fujiki [2] proved that if a self-dual metric
on nCP? has an effective U(1) x U(1)-isometry, then it must be a Joyce
metric. LeBrun [12] showed that if a self-dual metric on nCP? has a
non-trivial semi-free U(1)-isometry, then the metric must be a LeBrun
metric. Here, a U(1)-action on a manifold M is called semi-free if the
isotropy group is U(1) or identity only, at every point of M. By his
construction, LeBrun metrics form a connected family for each n.

Now drop the assumption of the semi-freeness of U(1)-isometry. A
work of Pedersen-Poon [14] suggests that there should exist self-dual
metrics on nCP? n > 3, admitting non-semifree U(1)-isometry. In
fact, this is shown to be true by the author [5, 6]. However, it seems to
be quite difficult to classify all self-dual metrics on nCP? with U(1)-
isometry, for arbitrary n. The purpose of the present paper is to settle
this problem for 3CP2. Namely, we show the following:

Theorem 1.1. Let M be the moduli space of conformal classes of
self-dual metrics on 3CP? satisfying the following conditions:

(i) has a positive scalar curvature,
(ii) admits a non-zero Killing field, or equivalently, a non-trivial U(1)-
1sometry,
(iii) 4s not conformal to LeBrun metrics.

Then M is non-empty and is naturally identified with an orbifold R3 /G,
where G is an involution on R® having two-dimensional fized locus.

Thus a global structure of the moduli space is determined. In partic-
ular, it is connected as in the LeBrun’s case. We note that the claims
of the theorem involve the uniqueness of the U(1)-action in (ii). The
U(1)-action is inequivalent to LeBrun’s semi-free action.

Next we mention a relationship between our self-dual metrics and
LeBrun’s self-dual metric. We showed in [5] that some of self-dual
metrics on 3CP? satisfying three conditions in Theorem 1.1 can be
obtained as a small deformation of Joyce metric with torus symmetry.
Because Joyce metrics on 3CP? fall into a subfamily of LeBrun metrics,
Theorem 1.1 implies the following

Corollary 1.2. Any two self-dual metrics on 3CP? satisfying (i)
and (ii) in Theorem 1.1 can be connected by deformation keeping the
self-duality.

Alternatively, one can also state that both of our self-dual metrics
and LeBrun metrics have a Joyce metric (or LeBrun metric with torus
action) as a limit. Because the Killing field (or associated U(1)-action)
of ours and LeBrun’s are different, one must exchange the Killing filed
when passing through a LeBrun metric with torus symmetry.
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Now we explain why the involution G appears in Theorem 1.1. In
the course of our proof of Theorem 1.1, we construct a family M of self-
dual metrics on 3CP? parameterized by R?, which contains all metrics
satisfying conditions (i)—(iii). But it will turn out that the family does
not effectively parameterize the metrics; nemaly we see that an involu-
tion G acts on this parameter space R? in such a way that two points
exchanged by the involution represent the same conformal class. Fixed
points of G, which will turn out to be two-dimensional, represent self-
dual metrics having a non-trivial isometric involution, where non-trivial
means that the involution does not belong to U(1).

Our proof of Theorem 1.1 is based on the twistor theory. Namely,
by using so-called the Penrose correspondence between self-dual metrics
and complex threefolds called twistor spaces, we translate the problem
into one of complex algebraic geometry. Rather surprisingly, this trans-
lation leads us to an unexpected connection between self-dual metrics
and bitangents of a plane quartic curve which is a classical but fruitful
topic in algebraic geometry. It is this connection which enables us to
find arbitrary twistor lines in certain complex threefolds, which is equiv-
alent to solving the self-duality equation for Riemannian metrics on a
f-manifold[1].

In Section 2 we first determine defining equations of the twistor spaces
of self-dual metrics on 3CP? satisfying the above three conditions in
Theorem 1.1. More concretely, we prove that the twistor spaces have a
structure of generically two-to-one covering branched along a quartic

(1) (293 + Q(Wo, y1))* — yoy1 (o + 1) (Yo — ay1) = 0,

where Q(yo,y1) is a quadratic form of yy and y; with real coefficients,
and a is a positive real number (Proposition 2.1). Further, we show that
@ and a must satisfy a certain inequality, which we call Condition (A)
(Proposition 2.6).

Most of the rest of the paper is devoted to proving that, conversely,
a complex threefold Z having a structure of generically two-to-one cov-
ering branched along the quartic (1) has a structure of a twistor space
of 3CP2. Since the quartic surface (1) always has isolated singulari-
ties, the double covering has isolated singularities over there. For this
space, we prove the following theorem completing inversion construction
of twistor spaces:

Theorem 1.3. For any quartic surfaces B of the form (1) satisfying
the condition (A), there exists a resolution of the double covering of CP3
branched along B, such that the resulting smooth threefold is a twistor
space of 3CP2.

In fact, the main result of this paper (Theorem 8.1) implies more.
Namely, we prove that there exist precisely two (small) resolutions of
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the double cover which are actually twistor spaces, and that these two
spaces are isomorphic as twistor spaces so that they determine the same
self-dual structure.

It is relatively easy to derive Theorem 1.1 (= Theorem 8.4) from The-
orem 8.1. Asis already mentioned, our strategy for proving this result is
to find the family of twistor lines in Z; namely a real four-dimensional
family of real smooth rational curves which foliates the whole of the
threefold Z. In general, it is difficult (except a few simple cases) to
find arbitrary twistor lines. However, in the present case this is possible
basically because their images onto CP? (by the covering morphism)
must be, in general, conics with a very special property; namely they
are conics touching the branch quartic surface (Proposition 3.2). We
call this kind of conics in CP? touching conics (following Hadan [3]).
Roughly speaking, every touching conic is ‘generated’ from bitangents
of the quartic, and the existence of twenty-eight bitangents guarantees
the existence of twistor lines. This is how the self-dual metrics and
twenty-eight bitangents are related.

Thus a large part of the problem of finding twistor lines in Z is re-
duced to finding touching conics of the quartic (1). Note that a conic
in CP? is always contained in a unique plane. Broadly speaking, our
method of finding touching conics of the quartics consists of two parts:
one is to find ‘general’ touching conics, and the other is to find ‘de-
generate’ ones which are limits of the ‘general’ touching conics. Here,
‘general’ means that the plane on which the conic lies intersects the
branch quartic (1) smoothly. It is possible to show that on this kind of
plane there are 63 one-dimensional families of touching conics (Propo-
sition 3.10; see also [3]). A family which can actually be the image
of twistor lines must be unique and there are too many candidates of
twistor lines, even if we take the reality into account. This seems to be
the main difficulty in proving that the threefolds are actually twistor
spaces (cf. [10, 3]).

We are able to overcome this difficulty by considering ‘degenerate’
touching conics, whose planes intersect the quartic (1) non-smoothly.
Thanks to a very special form of equation (1), it is possible to determine
which plane intersects the quartic surface non-smoothly (Lemma 3.4).
Then it is readily seen that the sections of the quartic surface by these
planes are the union of two irreducible conics. The point is that, for
these planes, we can determine all families of (‘degenerate’) touching
conics in very explicit form (Propositions 4.2, 4.3 and 4.4). These in
particular show that the number of families of touching conics drastically
decreases for these planes. Moreover, we can use this explicit description
of ‘degenerate’ touching conics to determine which family actually comes
from twistor lines (Proposition 4.5). This is done in the latter half of
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Section 4 and Section 5 by actually investigating the inverse images (in
Z) of ‘degenerate’ touching conics.

Thus we obtain candidates of twistor lines lying over planes inter-
secting the quartic surface non-smoothly. We can show that these can-
didates can be deformed in Z to give twistor lines whose images are
‘general’ touching conics, and that among the above 63 families of ‘gen-
eral’ touching conics, there is a unique family which is obtained in this
way (Proposition 7.1). This is how we obtain twistor lines whose im-
ages are (touching) conics. These form a real four-dimensional family
and cover an open subset of Z. However, this family does not cover the
whole of Z. In order to cover the whole of Z, we need to consider another
set of twistor lines whose images becomes lines in CP? (cf. Proposi-
tion 3.2). These twistor lines are investigated in Section 6 and will be
called ‘twistor lines at infinity’. A conclusion is that the inverse images
of real lines (in CP3) going through the unique real singular point of
B (coming from Condition (A)) always contain a real twistor line as
its irreducible component (Proposition 6.1). The parameter space of
these twistor lines (at infinity) becomes a boundary for compactifying
the parameter space of twistor lines whose images are touching conics.

In this way we get candidates of all twistor lines in Z. It remains to
show that Z is actually foliated by these candidates. Namely, we have
to show that different members of these candidates do not intersect, and
that they cover the whole of Z. These will be proved in Proposition 7.3.
The point of our proof is to consider the inverse images of arbitrary real
lines, which are smooth elliptic curves in general, and sometimes degen-
erate into a cycle of rational curves. We show that these elliptic curves
and their degenerations are foliated by circles which are intersections
of the elliptic curve with the family of twistor lines lying over a real
plane containing the original line. Finally we show that the parameter
space of these twistor lines is actually 3CP2, and complete the inversion
construction as Theorem 8.1.

Finally, we give some comments concerning the quartic surfaces (1).
The equation (1) itself appears in Y. Umezu’s paper [17, p. 141], where
she investigated normal quartic surfaces whose minimal resolutions are
birational to elliptic ruled surfaces (which are by definition a CP!-
bundle over an elliptic curve). In particular, she proved that if such
a quartic surface has two simple elliptic singularities of type E7, then
one can take (1) as its defining equation. By counting the number
of coefficients, these quartic surfaces form a four-dimensional family.
Our Condition (A) imposes one more condition on the coefficients and
the surface (1) has one more singularity (which is an ordinary double
point). Consequently our moduli space becomes three-dimensional as
in Theorem 1.1. Also it should be noted that equation (1) has already
appeared in the paper of KreuBler-Kurke [10]. They obtained it while
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carefully classifying branch quartic surfaces for general twistor space
(namely no assumptions on the Killing fields) of 3CP2.

I would like to thank Shigeharu Takayama, whose question to the
author at the Sugadaira Symposium in the fall of 2002 was the start-
ing point of this investigation. Also I would like to thank Nobuyoshi
Takahashi and Yoshihisa Saito for stimulating discussions and helpful
comments.

Notations and conventions. Let X be a complex manifold and ¢ an
anti-holomorphic involution on X. A subset Y C X is said to be real
if o(Y) =Y. The set of o-fixed points of Y is denoted by Y?. A
holomorphic line bundle F' on X is said to be real if ¢*F is isomorphic
to F, where F denotes the complex conjugation of F. A complete linear
system |F| is called real if F' is a real line bundle, and then |F'|7 C |F|
denotes the subset consisting of real (i.e., o-invariant) members. This is
always parametrized by the real projective space RP" ™!, where n is the
complex dimension of H°(F). Next assume that Z is a twistor space
of a self-dual four-manifold (M, g). Let o be the real structure which
is an anti-holomorphic involution of Z. A twistor line is a fiber of the
twistor fibration Z — M. Next, suppose that Z is a three-dimensional
complex manifold with an anti-holomorphic involution o, for which we
do not assume that Z is actually a twistor space. Then a non-singular
complex submanifold L C Z is called a real line if L is biholomorphic to
the complex projective line and if its normal bundle in Z is isomorphic
to O(1)®2. Needless to say, the twistor line is a real line. However, it is
important to make a distinction between ‘twistor lines’ and ‘real lines’,
because there is an example of twistor space possessing a real line which
is not a twistor line (as proved in Corollary 5.7).

2. Defining equations of the branch quartic surfaces and
their singularities

Let ¢ be a self-dual metric on 3CP? of positive scalar curvature, and
assume that g is not conformally isometric to LeBrun metrics. Let Z
be the twistor space of g, and denote by (—1/2)K; the fundamental
line bundle which is the canonical square root of the anticanonical line
bundle of Z. These non-LeBrun twistor spaces of 3CP? are extensively
studied in KreuBler and Kurke [10] and Poon [16], and it has been
proved that the fundamental system (the complete linear system asso-
ciated to the fundamental line bundle) is free and three-dimensional,
and induces a surjective morphism ® : Z — CP? which is generically
two-to-one, and that the branch divisor B is a quartic surface with only
isolated singularities. Furthermore, there is the following diagram:
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@ Zy — CP?
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where ®q : Zy — CP? denotes the double covering branched along B,
and p is a small resolution of the singularities of Zy over the singular
points of B.

For generic non-LeBrun metric g, B has only ordinary double points
[10, 16] and hence is birational to a K3 surface. As a consequence, one
can deduce that Z does not admit a non-zero holomorphic vector field.
However, the author showed in [5] and [6] that if B degenerates to have
non-ADE singularities, then Z admits a non-zero holomorphic vector
field, and that such a twistor space of 3CP? actually exists. Concerning
the defining equation of the branch quartic B for such twistor spaces,
we have the following proposition which is the starting point of our
investigation.

Proposition 2.1. Let g be a non-LeBrun self-dual metric on CP?
of positive scalar curvature, and assume the existence of a non-trivial
Killing field. Let ® : Z — CP?3 and B C CP? be as above. Then there
exists a homogeneous coordinate (yo : y1 : y2 : y3) on CP3 fulfilling
(1)—(iii) below:

(i) a defining equation of B is given by

(3) (293 + Q(Yo, y1))* — yoy1 (yo + 1) (Yo — ay1) = 0,

where Q(yo,y1) is a quadratic form of yo and y; with real coeffi-
cients, and a is a positive real number,

(i) the naturally induced real structure on CP? is given by o(yo:y1:
Y2:y3) = Mo 1 Y11 Y3 : Ya)

(iii) the naturally induced U(1)-action on CP? is given by (yo : y1 :
ya i yz) = (yo iy ey e Pys), e e UL).

Proof. If the fundamental system of Z is free, there are just four
reducible members, all of which are real [16, 10]. We write ®~1(H;) =
D;+D;, 1 <i <4, where H; is a real plane in CP3. The restrictions of
® onto D; and D; are obviously birational morphisms onto H;, so that,
together with the fact that (—1/2)Kz-L; = 2, it can be readily seen that
T; := ®(L;) is a conic contained in B. This implies that the restriction
of B onto H; is a conic of multiplicity two. Namely, T;, 1 < i < 4, is a
so-called trope of B.

A Killing field naturally gives rise to an isometric U(1)-action, which
can be canonically lifted to a holomorphic U(1)-action on the twistor
space. This action naturally goes down to CP3, and each subvariety
above is clearly preserved by these U(1)-actions. In particular, T; is
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a U(1)-invariant conic on a U(1)-invariant plane H;, where the U(1)-
action is induced by the vector field. Since the twistor fibration is U(1)-
equivariant and generically one-to-one on D;, and since ®|p, : D; — H;
is also U(1)-equivariant and birational, the U (1)-action on any H; is non-
trivial. Hence U(1) acts non-trivially on T;. For j # i, put l;; = H;NH;,
which is clearly a real U(1)-invariant line. Then C; N [;; must be the
two U(1)-fixed points on Tj, since it is real set and since there is no
real point on Tj. This implies that /;; is independent of the choice of
Jj # i. So we write l;; = l and let Py, and P, be the two fixed
points of the U(1)-action on lo. Then H;, 1 < i < 4, must be real
members of the real pencil of planes whose base locus is [,. Since
ls is a real line, we can choose real linear forms yo and y; such that
loo = {yo = y1 = 0}. Further, since any of H; is real, by applying a
real projective transformation (with respect to (yo,y1)), we may assume
that UL, H; = {yoy1(vo+v1)(ayo—by1) = 0}, where a,b € R with a > 0
and b > 0.

As seen above, every T; goes through P, and Poo. Let ;,1<i<4
be the tangent line of T; at Ps,. Now we claim that [;’s are lying on the
same plane. Let H be the plane containing /; and ly. Then by using
lhN B = Py = ls N B, we can easily deduce that BN H is a union of
lines, all of which go through P,. Suppose that l3 is not contained in
H. Then the line H N H3 is not tangent to T3, so there is an intersection
point of T3 N H other than P,,. Then the line H N Hj is contained in B,
because we have already seen that BN H is a union of lines all passing
through P,,. This is a contradiction since B N Hy = 273. Similarly
we have [y C H. Therefore I; C H for any i, as claimed. Because
T;’s are real, the plane o(H) contains the tangent lines of T}’s at Po.
Let y3 be a linear form on CP? defining H, and set ys := o*y3. Then
(Yo : 91 : y2 : y3) is a homogeneous coordinate on CP3. By our choice,
we have o(yo 1 y1 :y2:y3) = (Yo : U1 : Y3 : Ya), Poo =(0:0:0:1) and
Poo=(0:0:1:0).

Because the planes {y; = 0} are U(1)-invariant, our U(1)-action can
be linearized with respect to the homogeneous coordinate (yo : y1 : ¥ :
y3). Further, since H;’s are U(1)-invariant, the action can be written
(o :y1:v2:u3) — (yo:y1:eys: ePys) for ¢ € U(1), where a
and J are relatively prime integers. Moreover, since the conics T;’s are
U(1)-invariant, we can suppose o = 1, § = —1. Thus the U(1)-action
can be written in form (ii) of the proposition.

Let F' = F(y0, Y1, Y2, y3) be a defining equation of B. Since B is U(1)-
invariant, monomials appearing in F' must be in the ideal (y2y3,y(2],
Yoy1,y7)%. Moreover, F' contains the monomial y%yg, since otherwise
the restriction onto {y; = 0} would be the union of two different con-
ics, which contradicts the fact that 7; is a trope. We assume that its
coefficient is 1. Then F' can be written in the form (y2y3 +Q(vo,%1))% —
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q(y0,y1), where Q(yo, Y1) € (%0, %1)* and q(yo, y1) € (Y0, y1)* are uniquely
determined polynomials with real coefficients. Then it again follows

from T; being a trope that ¢(yo, y1) = kyoy1(yo +y1)(ayo — by ) for some
constant k£ € R*. If k is negative, exchange yg and y;. Then we get

(y2y3 + Q(vo, v1))? — kyoy1 (o + y1)(ayo — byr) where k > 0,a > 0 and
b > 0. This can be written

(v g+ o= >)2 o+ (1= 2m) =0
%yz %ys \/E Yo, Y1 Yoy1\Yo T Y1) | Yo ayo .

Hence if we rewrite 1 and y3 for (1/v/ka)yz and (1/vka)ys respectively,
and Q(yo, 1) and a for (1/vka)Q(yo,y1) and a respectively, we obtain
(3) as a defining equation of B. Finally it is obvious that the forms
of the real structure and the U(1)-action are invariant under the above
change of coordinate. q.e.d.

Note that by a result of Y. Umezu [17, p. 141, (1)], every normal
surface in CP? which is birational to an elliptic ruled surface and which
has two simple elliptic singularities of type E7 has (3) as its defining
equation.

Figure 1. 4 planes containing the tropes of B.

Next we study the singular locus of B.

Proposition 2.2. Let B be a real quartic surface defined by the equa-
tion (3) satisfying the conditions in (i) of Proposition 2.1. Let A be the
set {(yo:y1:0:0)|(yo:y1) that is a multiple root of the quartic equa-
tion Q(yo,y1)* — yoy1(yo +y1)(yo —ay1) = 0}. (Here we think of this as
an equation on CPY = {(yo : y1)}.) Then we have:

(i) Sing(B) = {Pso, Poo} U A, where we put Poo = (0:0:0:1) (and

so, in particular, every singular point of B is isolated),
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(ii) Px and Ps are simple elliptic singularities of type E7, and
(iii) if Q(yo,y1) # 0, then (yo : y1 : 0: 0) € A is an ordinary double
point iff its multiplicity is two.

Proof. (i) This can be verified by routine calculations of Jacobian. We
omit the detail. (ii) is obvious if one notes that we can use (zg, 1, z2 +
Q(xg,x1)) instead of (xg,x1,x2) as a local coordinate around P..

Finally we show (iii) by using the coordinate (vg,v2,v3) above. Let
Ao be a multiple root of Q(vg,1)? — f(vg) = 0. Then our equation of B
can be written (vav3 + 2Q (v, 1))vavs + g(vo)(vo — Ao)? = 0, where g(vo)
is a polynomial of degree two. Clearly \g is a double root iff g(\g) # 0.
Suppose g(A\g) # 0 and define

4)  wi=+/g(w) (v0—X), w2 =1+/2Q(vo, 1)+ vav3 - va,
w3 = \/2Q(’U0, 1) + vov3 - V3.

Because g(Ao) # 0 and Q(Ao, 1) # 0, (w1, w2, w3) is a local coordinate
around (Ag, 0,0). Then our equation of B becomes waws+w? = 0. Thus
the singularity is an ordinary double point. Conversely, if g(Ag) = 0, it
is immediate to see that our equation of B can be written in the form
wows +w§ = 0 or wows +wj = 0 depending on whether the multiplicity
of Ag is three or four. This implies that (Ag,0,0) is not an ordinary
double point. q.e.d.

Proposition 2.3. Let B be as in Proposition 2.2. Put f(\) = A(A+
(X —a). Let Zg — CP? be the double covering branched along B.
Then if Zy admits a small resolution Z — Zy such that Z is a twistor
space of 3CP?, then Q(X\,1)2— f(\) > 0 for any A\ € R and the equality
holds for a unique A\g € R. Further, in this case, the multiplicity of o
18 two.

Note that it follows from this proposition that f(\g) > 0 holds, be-

cause we have Q(X\o,1)? = f(X\o) and Q()o, 1) is a real number which is
non-zero because otherwise the restriction B)| H, would be yp — Ay1 =

(y2y3)? = 0 that yields another reducible fundamental divisor.

Proof. By results of Kreufller [9] and KreuBller-Kurke [10], we have
S (u(z)4c(x)) = 26 for Z to be a twistor space of 3CP? for a topological
reason, where p(z) is the Milnor number of the singularity = of B and
¢(x) is the number of irreducible components of a small resolution Z —
Zo. Because elliptic singularity of type F7 has pw=9and c =3, we get
> (u(x) + ¢(x)) = 2 for other remaining singularities. This implies that
there is only one singularity remaining, and that it must be an ordinary
double point, which will be denoted by Py. Therefore, by Proposition
2.2 (i), we have A = {Py}. Namely, Q% — f = 0 has a unique multiple
root A\g. The multiplicity is two by Proposition 2.2 (iii). It is obvious
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from the uniqueness that this ordinary double point is real. Namely, \g
is real.

Next we show that other solutions of Q(),1)2 — f(\) = 0 are not
real. Assume A € R, A # )g is a solution. Then by restricting B to
the plane yo = Ay1, we get (yays + QA )yi)? — fF(N)yt = (y2y3)? +
200 Dyoysy? + (QO 12 — FO))! = oy (yays + 2Q(\, 1)y?) (= 0).
Therefore, the point (A : 1 : 0 : 0) is a real point of B. Since the
multiplicity of the solution A is one, Proposition 2.2 shows that this is a
smooth point of B. This implies that Z has a real point, contradicting
the absence of real points on any twistor spaces. Hence the equation
Q(X\,1)2 — f£(\) = 0 has no real solution other than \g. Because g is
a solution whose multiplicity is two, this implies that the polynomial
Q(X, 1)2 — f(\) has constant sign on R\{\g}. This sign must be clearly
positive. q.e.d.

To investigate the real locus of B, we need the following elementary

Lemma 2.4. Let C, = {y2y3 = ay?}, a € R be a real conic in CP?,
where the real structure is given by (y1 : y2 : y3) — (U1 : U3 : Ya). Then
Cq has no real point iff o < 0.

Proof. 1t is immediate to see that the real locus of Cy is {(1:v:7) €
CP?||v| = \/a}. This is empty iff o < 0. q.e.d.

Proposition 2.5. Let B be as in Proposition 2.2 and suppose that
the inequality Q(X\,1)2 — f(A) > 0 holds on R with the equality holding
iff X\ = Ao as in Proposition 2.3. Put Py := (Ao : 1 : 0 : 0), which is
clearly a real point of B. Then we have:

(i) there is no real point on B other than Py iff the following condition

is satisfied: if f(A) > 0 and X # Ao, then Q(\, 1) > /f(A) -+ (%),
(ii) if (%) is satisfied, then there is no real point on any small resolu-
tions of Zy.

Proof. 1t is immediate to see that any real point of B is contained in
some real plane Hy := {yo = A\y1}, A € RU {oo}. An equation of the
restriction By := BN H) is given by (as in the proof of Proposition 2.3)

(y2y3 + Q(\, l)y%)2 — f(A\)y$ = 0. This can be rewritten as

By : {y2y3 + (Q()\, 1) — f()\)> y%} {y2y3 + (Q()\, 1)+ \/W) y%}
—0.

Namely, B) is a union of two conics. If A # Ao, we have Q(\, 1)2—f(\) >
0 by our assumption, so both of Q(\,1) —\/f(A) and Q(A\, 1) + v/ f(A)

are 1non-zero.

Recall that our real structure is given by o(y1 : y2 : y3) = (U1 : Uz : Ua)
on H) (Proposition 2.1, (ii)). Thus each component of B, is real iff the
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coefficients are real; namely f(\) > 0. Further, the intersection of these
two conics is { Pao, Poo }. Therefore, there is no real point on By, if f()\) <
0. So suppose f(A) > 0. In this case, each of the two conics are real, and
by Lemma 2.4, both components have no real point iff Q(X\, 1) > /f(A).
On the other hand, we have By, = {(y2y3+Q(%0,0))? = 0}. Hence again
by Lemma 2.4, we have Q(1,0) > 0 if B, has no real point. But this
follows from the first condition. If A = Xy, we have Q(M\op,1) = /f(Xo)
and hence one of the components of B), degenerates into a union of
two lines whose intersection is Py. And the other component has no
real point since Q(Xo, 1) ++1/f(Ao) = 21/f(Ao) > 0. Thus we get (i).

To prove (ii), we first see that Zy has no real point other than pgy :=
®, ' (Py), under the condition (). This can be verified by elementary
computations, since everything is explicitly given. We omit the detail.
(A complete proof is in [7, Proposition 2.5].)

Finally we see that I'g = ®~!(P,) has no real point. To show this,
we use a coordinate (wg,ws,ws) (around Py) defined in (4). Then B
is given by w? + wows = 0. Further, it is easy to see that the real
structure is also given by o(w;,wy, w3) = (w1, ws, w2). Now because
T'y is the exceptional curve of a small resolution of an ordinary double
point, I'g can be canonically identified with the set of lines contained
in the cone w? + wowz = 0. If {(wy : wy : w3) = (a1 : az : a3z)} is a
real line, we can suppose a; € R, a3 = @2. It follows that it cannot
be contained in the cone. This implies that I'g has no real point. On
the other hand, resolutions of the singularities over P, and P, do not
yield real points. Thus we can conclude that Z has no real point. q.e.d.

Here we summarize necessary conditions for our threefolds to yield a
twistor space:

Proposition 2.6. Let B be a quartic surface in CP? defined by

(293 + Q(Yo, y1))* — yoy1 (o + 1) (Yo — ay1) = 0,

where Q(yo,y1) s a quadratic form of yo and y1 with real coefficients,
and a > 0. Let Zg — CP3 be the double covering branched along B. If
there exists a resolution Z — Zy such that Z is a twistor space, then @)
and a satisfy the following condition:

Condition (A). If A satisfies A(A+ 1)(A —a) > 0, then
() QA1) = VAN + (A~ a)

holds. Moreover, there exists a unique Ao such that the equality of (5)
holds for A = Xg.

Proposition 2.1 (combined with some calculations in §5.3) has the
following consequence:
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Proposition 2.7. Let g be a self-dual metric on 3CP? of positive
scalar curvature with a non-trivial Killing field, and assume that g is
not conformally isometric to LeBrun metric. Then the naturally induced
U(1)-action on 3CP? (which is necessarily non-semi free) is uniquely
determined up to diffeomorphisms.

Proof. Let Z be the twistor space of g. Then Z is as in Proposition
2.1. Let H; and T; (1 < i < 4) be as in the proof of Proposition 2.1.
Namely, H; is a real U(1l)-invariant plane such that B|y, is a trope
whose reduction is denoted by T; as before. Then ®;'(H;) consists
of two irreducible components, both of which are biholomorphic to H;
(~ CP?). Since p: Z — Zp is small, ®~'(H;) also consists of two
irreducible components, which are denoted by D; and D;. These are
U(1)-invariant. Then as will be proved in Lemma 5.8, there is a smooth
rational surface D with U(1)-action such that D is U(1)-equivariantly
biholomorphic to D; for some 1 < i < 4. Since D;+ D; is a fundamental
divisor, and since we have —(1/2)K - L = 2 (L is a twistor line), we
have D;-L = D;-L = 1. Hence by a result of Poon [16], L; := D;ND; is
a twistor line which is obviously U(1)-invariant, and L; is contracted to
a point by the twistor fibration Z — 3CP? which is U(1)-equivariant.
Hence the U(1)-action on 3CP? can be read from that on any one of
the D;’s. Therefore the conclusion of the proposition follows. q.e.d.

The proposition implies that, up to diffeomorphisms, there are only
two effective U(1)-actions on 3CP? which can be the identity compo-
nents of the isometry group of a self-dual metric whose scalar curva-
ture is positive. One is the semi-free U(1)-action, which is the identity
component of the generic LeBrun metric, and the other is the action
obtained in Proposition 2.7. Of course, there are many other differ-
entiable U(1)-actions on 3CP? in general: for example, we can get an
infinite number of mutually inequivariant U (1)-actions by first taking an
effective U(1) x U(1)-action on 3CP? and then choosing many different
U(1)-subgroup of U(1) x U(1).

In the rest of this section we prove propositions which will be used in
the subsequent sections.

Proposition 2.8. Let B be the quartic surface defined by the equation
(3) and suppose that Q and f satisfy the assumption in Proposition 2.5.
Let ®y : Zg — CP? be the double covering branched along B, and
w4 — Zy any small resolution preserving the real structure. Put
®=p-dy. Then we have

(i) Kz ~ ®*0O(-2),

(ii) the line bundle (—1/2)Kyz is uniquely determined,
(iii) @ is the induced morphism associated to the complete linear system

[(=1/2)Kz].
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Proof. Let Kz, denote the canonical sheaf of Zj;. Then we have
Kz, ~ ®§(Kgps +(1/2)O(B)) ~ ®50(—2). Moreover, since y is small,
we have Kz ~ u*Kz,. Hence we get Kz ~ ®*O(—2). For (ii) it suffices
to show that H'(Oz) = 0. Since the singularities of Zy are normal, and
since the exceptional curves of y are rational, we get by Leray spectral
sequence H'(Oz) ~ H'(Og,). Then applying the spectral sequence to
@y, and using 9.0z, ~ O & O(—-2) and RI9(,.Oz, = 0 for ¢ > 1, we
get HY(Oz,) = 0 and we get (ii). (iii) is easily obtained from (i). q.e.d.

The following result will be also needed in the next section:

Proposition 2.9. Let B be a quartic surface defined by (3). Then
B does not contain real lines.

Proof. Suppose that [ is a real line lying on B. Because B is C*-
invariant by the action p; : (yo, y1,y2,v3) — (Yo, y1,ty2,t Ly3) fort € C*
(which is the complexification of the U (1)-action in Proposition 2.1 (iii)),
pt(1) is a line contained in B. Hence if [ is not C*-invariant, then it yields
a one-parameter family of rational curves in B. This implies that B is
a rational surface. However, B is birational to an elliptic ruled surface
[17, 6]. Therefore [ must be C*-invariant. It is readily verified from
the above explicit form of the C*-action that C*-invariant real lines on
CP3 are lp = {yo = y3 = 0} and ls, = {yo = y1 = 0} only. Both of
these lines are clearly not contained in B. Hence there is no real line
contained in B. q.e.d.

The following ‘octagon’ will play a significant role throughout our
investigation:

Proposition 2.10. Let B, Zy, ®g, p and ® be as in Proposition 2.8.
Let lo be a real line defined by yo = y1 = 0. Then ® (ls) is a cycle
of eight smooth rational curves as in Figure 2, where ' =11 Uy UT's
and T =T, ULy UT3 are the exceptional curves of the conjugate pair of
singularities of Zy, and Z and Z are the conjugate pair of curves which
are mapped biholomorphically onto l.

Proof. Let Py, and P, be the conjugate pair of elliptic singulari-
ties of B as before and let ps, = @5 '(Ps) and oy = @5 (Ps) be
the corresponding points of Zy. Then since py, and p,, are compound
As-singularities of Zg, the exceptional curve of a small resolution is a
chain of three smooth rational curves. (See Section 5.3, where small
resolutions are explicitly given. Another way to see this is that, cut-
ting B by a generic plane containing /., and taking the inverse image
by ®p, one obtains a surface which has p», and p., as As-singularities.
Then any small resolution of p,, and p,, necessarily gives the minimal
resolution of the surface, by a well-known property of rational double
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Figure 2. ®!(I,,) becomes a cycle of 8 smooth rational curves.

points; cf. Proof of Lemma 3.16.) It remains to see about the remain-
ing components. It is readily seen that ®; (l) consists of two smooth
rational curves, both of which are mapped biholomorphically onto /.
Moreover, as seen in the proof of Proposition 2.5, there is no real point
on ®;'(ls). Therefore the two components of ®;'(l5,) are conjugates
of each other. Strictly speaking, we have to verify that the strict trans-
forms in Z of these two components intersect 'y and I's (and I'; and T'3)
as in Figure 2, and do not intersect I'y and T's. But this can be checked
by explicitly giving small resolutions as in Section 5.3 and chasing the
inverse images. (Indeed this is essentially done in the proof of Lemma
5.18.) Thus we get the claim of the proposition. q.e.d.

3. How to find twistor lines

In the previous section we obtained necessary conditions (Proposition
2.6) of a quartic surface B to be the branch divisor of a twistor space
of non-LeBrun self-dual metric on 3CP? with a non-trivial Killing field.
The goal of this paper is to show that these are also sufficient conditions.
We solve this problem by finding the family of twistor lines. In this
section we will describe how to find twistor lines. The basic role is
played by a classical result in algebraic geometry that a smooth plane
quartic always has twenty-eight bitangents.

Let B be a quartic surface defined by the equation

(6) (y2y3 + Q(y0,¥1))* — Yoy (3o + y1) (Yo — ayr) = 0
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and suppose that Conditions (A) for @ and a of Proposition 2.6 are
satisfied. Let Py = (Mo, 1,0,0), Py = (0,0,0,1) and P, = (0,0,1,0)
be the singular locus of B, where Py is a real ordinary double point,
and P, and P, are simple elliptic singularities of type F; (Proposition
2.2). Let @ : Zy — CP? be the double covering branched along B. Let
W Z — Zy be any one of small resolutions of the three singular points of
B, preserving the real structure of Zy. (There are many choices of such
u. Later (in Sections 5 and 6) we will determine which resolution must
be taken. Here we only suppose that p preserves the real structure.)
We do not assume that Z is a twistor space. Further we put ® = ®¢ - p,
and Ty = & 1(P),I = & }(Py) and T = & !(P,) which are the
exceptional curves of the small resolution of Z.

Set Hy = {yo +y1 = 0}, Hy = {y1 = 0}, H3 = {yo — ay1 = 0} and
Hy = {yo = 0}. These are planes such that H; N B is a double conic (=
trope), which is denoted by T; (C H;). Every H; and T; are real, where
the real structure on CP? is defined by

(7) o(yo:y1:y2:y3) = (Yo:Y1:Y3:Y2)
(cf. Proposition 2.1). Further, we write ®~1(H;) = D; + D; for 1 <1i <
4.

Definition 3.1. An irreducible conic C' in CP? is called a touching
conic of B if C' C B or otherwise if the intersection number with B is
even at any intersection points.

The following proposition motivates our introduction of the defini-
tion:

Proposition 3.2. Let L be a real line in Z. Then ®(L) is a line in
CP3 iff LNTy # ¢. Otherwise ®(L) is a real touching conic of B.

Note that any irreducible conic in CP? is contained in a unique plane,
and that the plane is real if the conic is real. In particular, it follows
from Proposition 3.2 that any real line in Z always lies on the inverse
image of some real plane.

Proof of Proposition 3.2. By adjunction formula, we have —2 = Kz L+
deg N1 /z = Kz-L+2. Hence by Proposition 2.8 we have (—1/2)Kz-L =
2. Therefore ®(L) is a curve whose degree is at most two, and ®(L) is
a line iff ®|7, : L — ®(L) is two-to-one.

Assume that ®(L) is a line, which is necessarily real. By Proposition
2.9, (L) is not contained in B. To prove Py € ®(L), it suffices to show
that ®(L)N B consists of three points or one point, since by Proposition
2.5, Py is the unique real point of B. Since B is a quartic, ®(L) N B
consists of at most four points. If ®(L) N B consists of four points,
the intersection points are smooth points of B and ®~!(®(L)) must
be a smooth elliptic curve, contradicting our assumption. If ®(L) N B
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consists of two points, the intersection points must be singular points
of B, since otherwise ®~1(®(L)) would split into two rational curves,
which contradicts that ®|; : L — ®(L) is two to one. Therefore the
two intersection points must be singular points of B and it follows that
®(L) = ls. However, by Proposition 2.10, ®~*(l,,) does not contain
real components. (Or more strongly, any component of ®~(®(L)) does
not map two-to-one onto its image.) Hence ®(L) N B cannot consist
of two points. Therefore it must consist of either three points or one
point (although the latter cannot happen as is readily seen), and we
have Py € ®(L). It follows that L N Ty # ¢. Conversely assume that
L is a real line intersecting I'y3. Then since there are no real points
on I'g (Proposition 2.5 (ii)), the intersection is not one point. Because
®(I'yg) = Py, this implies that ® is not one-to-one on L. Hence ®(L)
must be a line.

Finally suppose that ®(L) is a conic. If (®(L),B)p = 1 for some
P € ®(L) N B, then P is a smooth point of B and the intersection is
transversal. Therefore ®~1(®(L)) is locally irreducible near ®~(P).
This contradicts the fact that ®|; is bijective. Therefore we have
(®(L),B)p > 2 for any P € ®(L) N B. Moreover, (®(L), B)p must
be even, since otherwise ®~!(®(L)) would be locally irreducible. This
implies that ®(L) is a touching conic of B, which is necessarily real.

q.e.d.

In the sequel (CP3)V denotes the dual complex projective space,
which can be viewed as the set of planes in CP3. Let (RP?)Y C (CP3)V
be the dual projective space of RP?, which is the set of real planes in
CP3, where we are assuming that the real structure on CP? is given
by (7). According to Proposition 2.8, for H € (RP?), Sy := ®!(H)
is a real member of |(—1/2)Kz|. If Z is actually a twistor space, the
following basic result of Pedersen-Poon [13] concerning the structure of
real members of this complete system is known:

Proposition 3.3. Any real irreducible member S of |(—1/2)Kz| of
a compact twistor space is a smooth surface. Moreover, such an S al-
ways contains a real pencil whose real members (which are automatically
parametrized by a circle) are just the set of twistor lines of Z contained
in S. Further, each member has the trivial normal bundle in S.

This provides a necessary condition for a threefold to be a twistor
space. However, for a general twistor space, it is not true that generic
twistor lines are contained in some S € |[(—1/2)K|?. An important
point in the present case is that this is true, due to the remark after
Proposition 3.2. We will see in Proposition 3.5 that Sy = ®~!(H) is
smooth for any H € (RP3)Y, unless ®~!(H) is reducible (i.e., H #
H;, 1<i<4).
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By using the C*-action, we can determine real planes H for which
B N H is singular:

Lemma 3.4. For a real plane H € (RP®)Y, BN H is a singular
quartic precisely when H goes through a singular point of B. Moreover,
any singular point of BN H must be a singular point of B.

Proof. Recall that B is invariant by the C*-action (yo,y1,y2,y3) —
(yo, Y1, tya, t 1y3), t € C*, and that B has only isolated singular points,
which are Py, Py, and P. It follows that any singular point of HN B is
a C*-fixed point, since otherwise B would have singularities along the
C*-orbit. It is immediate to see that the C*-fixed set on CP? is a line
lo = {y2 = y3 = 0} and two points P, and P... But it is readily seen
that BNl consists of three points, one of which is Py and the other two
are a pair of conjugate points (cf. Proof of Proposition 6.1). It follows
from the reality of H that if H contains one of the conjugate pairs of
points, then H contains [y and in particular contains Fy. Thus we have
seen that HNB is singular precisely when H goes through Py, Py, or P
and we obtain the former claim of the lemma. Moreover, the conjugate
pair of points of B NIy cannot be singular points of BN H (H D ly),
since B is a quartic and Py is a double point. Thus any singular point of
H N B must be Py, Py, or Py, and we get the latter claim of the lemma.

q.e.d.

Next we introduce some notations that will be frequently used in the
sequel. We set U := {H € (CP?)V|H N B is a non-singular quartic},
which is a Zariski-open subset of (CP?)V. Set U? = U N (RP?)V. By
Proposition 3.4, U7 is the set of planes not going through Py, Py, and
Po. From this, it is immediate to see that (RP?)V\U? consists of two
components: one is the set of real planes going through Py and another
is the set of real planes containing I, = {yo = y1 = 0}. We denote
by RP2, the former component and (I, )° the latter component respec-
tively. Note that RP2% N (I )7 is a single plane, which we will denote by
H), (since it is defined by yo = Aoy1, where Ao appears in Condition (A)
of Proposition 2.6) . Members of (I»)? can be characterized by the C*-
invariance, where the C*-action is as in the proof of Lemma 3.4. RP?>o
can be considered as a plane at infinity on (RP3)V, and by removing it,
we get a Buclidean space R3. Then (I,,)? is a line in this R?, and U?
is isomorphic to R*\R ~ C* x R.. In particular we have 71 (U°) ~ Z.
This fact will play an essential role in our global construction of twistor
lines given in Section 7.

The following proposition implies that our threefold Z actually satis-
fies a necessary condition to be a twistor space imposed by Proposition

3.3.

Proposition 3.5. If H is a real plane different from H; ( <

i < )
then Sy = ®~Y(H) is a smooth rational surface satisfying c2(Sy) =
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Proof. Recall that ®, : Zy — CP? is the double covering branched
along B and ® : Z — CP? is the composition of ®; with a small
resolution of Zy. Thus if H is a real plane not going the singular points
of B, Sy — H is simply a double covering whose branch is BN H. By
Lemma 3.4, this kind of H is exactly real planes such that BN H is a
smooth quartic; namely H € U°. Hence Sy — H is a double covering
branched along a smooth quartic. It follows that S is a smooth rational
surface with ¢ = 2 (which is a del-Pezzo surface). Thus the claim is
proved for H € U?. Next suppose that H € RPgO and H # H),. Then
H N B is a quartic curve whose singular point is Py only by Lemma
3.4. ®;(H) has a unique ordinary point over Py. But this is always
resolved through any small resolution Z — Z;. Hence Sy is again
smooth. Moreover, Sy must be a rational surface with c% = 2, since by
moving the plane H to be a member of U?, Sy can be considered as a
deformation of Sy for H' € U? and since Sy is a rational surface with
c? = 2 as already mentioned. (However, this time Sy is not a del-Pezzo
surface any more.) Thus the claim of the proposition is also proved for
H € RP2. Finally suppose that H € (I,,)?. Since H is C*-invariant,
H N B must be also C*-invariant. It is readily seen that H N B is a
union of two C*-invariant conics going through P, and P, and the
two conics are mutually different iff H # H; (1 < i < 4). It follows that
&, '(H) has As-singularities over P, and Pu,. These singularities are
also resolved by any small resolution of the conjugate pair of singular
points of Zj, and therefore Sy is smooth. (These are proved Lemma
5.10 by direct calculation using local coordinates.) The structure of Sg
is again as in the claim of the proposition by the same reason for the
previous case, and we have obtained all of the claims. q.e.d.

Our next task is to find twistor lines lying on Sg. Again by Proposi-
tion 3.3 twistor lines on Sy must be the real part of a real pencil on Sg
whose corresponding line bundle Ly — Sy satisfies (£ H)?g = 0. There
are many real line bundles £ on § satisfying (£)% = 0. However, we
know by Proposition 3.2 that the image of general lines is a touching
conic. Thus we need to know about touching conics lying on real planes.

First we consider the case that the quartic curve is smooth, and forget
the reality for a while (until the proof of Proposition 3.10). We recall
the following classical result in algebraic geometry, which follows from
the Pliicker formula.

Proposition 3.6. Any smooth plane quartic has 28 bitangents.

Next we see how the bitangents generate touching conics. For this
purpose, let By be a smooth plane quartic and ¢ : S — CP? the double
covering branched along Bj. It is easily seen that —Kg ~ ¢*O(1) and
that S is a del-Pezzo surface of degree two. The following result is also
well-known and easy to prove:
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Proposition 3.7.

(i) The inverse image of any bitangent of a smooth plane quartic con-
sists of two (—1)-curves E1 and Eq on S, both of which are mapped
btholomorphically onto the original bitangent,

(ii) E1NEy consists of two points and the intersections are transversal,

(iii) the image of any (—1)-curve on S is a bitangent.

It follows from Propositions 3.6 and 3.7 that the number of (—1)-
curves on S is 28 x 2 = 56.

Lemma 3.8. Let By and ¢ : S — CP? be as above and C' a touching
conic of By. Then:

(i) ¢~ 1(C) is a reducible curve whose irreducible components are two
smooth rational curves which are mapped biholomorphically onto
C by ¢,

(ii) the two irreducible components of ¢~1(C) have trivial normal bun-
dles in S, and they define two pencils on S,

(iii) the images of general members of the two pencils in (ii) are touch-
ing conics of By, and they define a one-dimensional family of
touching conics.

Proof. Let P € By N C. Then by definition of touching conic (Defi-
nition 3.1), we can suppose that in a neighborhood of P, By and C are
defined by 2?™ —y = 0 and y = 0 respectively for some m > 1. Then on
the inverse image S is locally defined by 2% = 2*™ —y and hence ¢—1(C)
is locally defined by 2% = 2%™. Tt follows that ®~1(C) is locally reducible
at ¢~ 1(P). Let (¢~1(C)) — ¢~1(C) be the normalization. Then the
naturally induced map (¢~1(C))’ — C is an unramified double covering
of C. Therefore (¢~1(C))" is a disjoint union of two rational curves,
since C' is simply connected. This implies that ¢~!(C) is reducible. We
write ¢~1(C) = Ly + Ly. It is obvious L; and Lo are smooth ratio-
nal curves which are mapped biholomorphically onto C. Thus we have
(i). Since L1 + Ly € |¢*O(2)| and since (¢*O(1))? = c3(S) = 2, we
have (L1 + L2)? = 8 on S. Moreover, by the above local description of
»~1(C) near P € ByNC, and recalling that (C, B;) = 2-4 = 8 on CP?,
it follows that (L1, Ls) = 4 on S. Therefore we have L? + L3 = 0 on
S. Furthermore, because S is a del-Pezzo surface, there is no smooth
rational curve whose self-intersection number on S is less than —2. Fur-
ther, since the image of (—1)-curves are bitangents (Proposition 3.7),
Ly and Ly are not (—1)-curves. Thus we have deduced L? = L2 = 0.
It is obvious that |L;| and |Ls| are pencils on S, and |Li| # |Ls| since
LiLy = 4. Thus we get (ii). Finally L; and Ly respectively define
pencils whose self-intersections are zero, and L and Lo are a smooth
member of the pencil respectively. By taking the image of the members
of the pencils, we get a one-dimensional family of conics parametrized
by CP'. It remains to see that these are touching conics. Let L C S
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be a generic member of the pencil |Li|. Then since the property that
o|r : L — ¢(L) is isomorphic is an open condition, ¢|z, is isomorphic
onto the image. Therefore as in the final step in the proof of Proposition
3.2, ¢(L) must be a touching conic. q.e.d.

Next we investigate the number of (one-dimensional) families of touch-
ing conics that appeared in Lemma 3.8. So let C' be a touching conic
and write $~1(C) = Ly + Lo as in the proof.

Lemma 3.9.

(i) Both of the pencils |L1| and |Ls| contain exactly 6 reducible mem-
bers, any of which are the sum of two (—1)-curves intersecting
transversally at a point.

(ii) FEach one-dimensional family of touching conics contains exactly
6 reducible members, which are the sum of two bitangents.

Proof. (i) Because S is a del-Pezzo surface, there is no smooth rational
curve whose self-intersection is less than —1. Therefore any reducible
member of |L;| is of the form in the lemma. Since we have ¢?(S) = 2,
the number of such reducible members must be 6. (ii) is immediate

from (i) and Proposition 3.7. q.e.d.

Proposition 3.10. A smooth plane quartic has precisely 63 (one-
dimensional) families of touching conics.

Proof. Let | and I’ be any two different bitangents. Then by Propo-
sition 3.7 we can write ¢1(l) = Ey + Es and ¢~ (') = E| + E}, where
E\, Ey, E{,E} are (—1) curves, and F; and Ey (and Ej] and E) also)
intersect transversally at two points. Because [N is not on the branch
quartic, we can suppose that E1E] = ExEy =1 and E1Ey = ExE] =0
(Figure 3). Then we have (E; + E})? = (Ey + E5)? = 0. From this
it can be easily shown that |Ey + E'| and |Ey + Eb| are pencils on S
whose general members are smooth rational curves. Taking the image
by ¢, we get a one-dimensional family of touching conics, which con-
tains [ + I” as one of the 6 reducible members. In this way a choice of
two bitangents defines a (one-dimensional) family of touching conics.
By Proposition 3.6 there are 28!/2!26! = 378 such choices. Moreover we
know by Lemma 3.9 that each family contains just 6 reducible members.
Therefore, the number of the families must be 378/6 = 63. q.e.d.

So far we have considered bitangents and touching conics of a fixed
smooth plane quartic. From now on we go back to the situation where
B is a real quartic surface defined by (6) and consider the space of
touching conics of B. Let P — (CP3)V be the CP5-bundle whose fiber
over H € (CP3)V is the space of conics on H. Let Py — U be the
restriction onto U and C C Py the closed subset formed by touching
conics. Since B has a real structure, C also has a real structure, and
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Figure 3. The inverse image of a pair of bitangents.

real members of C are candidates of the image of twistor lines. Then
the following proposition is obvious from Proposition 3.10:

Proposition 3.11. The natural projection C — U is a fiber bundle
whose fibers are the disjoint union of 63 copies of CPL.

Now we are ready to explain how we will obtain all the twistor lines
in Z. (A complete proof will be given in Sections 7 and 8.) By Lemma
3.8, C admits a natural double covering C — C whose fiber over C' € C
represents the two irreducible components of ®~(C). The composition
C — C — U is a fiber bundle whose fibers are 126 copies of CP'.
Because Zj has a real structure, the real structure on C naturally lifts
on C. Let Cyo — U? be the restriction of C — U onto U?. Because
U? ~ C* x R, a monodromy problem naturally arises for this bundle,
and generic twistor lines in Z must be real members of Cyyo which are
monodromy invariant. Hence studying monodromy of Cyo — U7 is
one way to detect generic twistor lines in Z. However, we do not take
this direction and instead investigate what happens as a plane H € U?
moves to be in (lo)?. For any H € (lo)?, we will determine real lines
lying on Sy = ®~'(H) in explicit form. This is accomplished at length
in Sections 4-5. Then we will show that there exists a neighborhood W
of (Is)? in (RP?3)V such that for any H' € W, S'-family of real lines on
Sp is obtained as a unique extension of the S!'-family of real lines on
Su, H € (lx)?. Real lines obtained in this way become automatically
invariant by the monodromy action, since a loop around (lo)? in W
generates m1(U?%) ~ Z. Moreover, these real lines extend in a unique
way to give a S'-family of real smooth rational curves on Sy for any
H € U°. On the other hand, we will determine in Section 6, S'-family
of real lines lying on Sy for H € RP?,. Further, we will show that
these real lines on Sy, H € RP?% are a deformation of real rational
curves obtained for H € U?. In this way we will get a connected four-
dimensional family of real rational curves in Z.

Once candidates of twistor lines are determined, we next have to show
that these curves foliate Z. In Section 7, we show that this is the case;
namely we prove that, for any point of Z, there uniquely exists a member
of the family going through the point. In our proof of the disjointness
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of lines, we will find the following interesting geometric obstruction for
B to define a twistor space. In order to explain that, recall that H;
(1 <i < 4) are the real planes on which the tropes 7; lie. Then any line
on H; is automatically a bitangent.

Definition 3.12. We call lines on H; trivial bitangents. A bitangent
of B which is not trivial is called a non-trivial bitangent.

Evidently, the space of trivial bitangents consists of four irreducible
components, which are H” (the dual projective plane). By configuration
of {H;} we have (H;)"N(H;)" = {lw} for any i # j. On any plane other
than H; there are just four trivial bitangents which are the intersection
of the plane with H;. If the plane is real, these trivial bitangents are
obviously real. The following proposition implies that a non-trivial real
bitangent becomes an obstruction to defining a twistor space:

Proposition 3.13. If B has a non-trivial real bitangent, then there
18 no resolution Z — Zy, such that Z is a twistor space.

Proof. Let | be a non-trivial real bitangent. Since [, is a trivial
bitangent, [ # lo,. Further, a real line going through Py cannot be a
bitangent since by Proposition 2.5, P, is the unique real point of B
and hence the other touching point cannot be real. Thus [ does not
go through the singular points Py, Py and P,,. Let P and P be the
touching points of [ with B, and p and p the corresponding points of
Z respectively. Suppose that Z is a twistor space and take the twistor
line L C Z joining p and p. Then ®(L) must be a conic, since ®1(I)
cannot contain a twistor line. Hence by Proposition 3.2, ®(L) must be
a real conic and there exists a unique real plane H containing ®(L).
This H does not go through Py since the image of a twistor line lying
on the inverse image of such a real plane must be a line by Proposition
3.2. Assume that H goes through P,,. Then H contains I, by reality.
Namely, H € (l)?. Hence H N B is a union of two irreducible conics
which are the closure of C*-orbits. Moreover, since [ is not a trivial
bitangent, H # H; for any 1 <14 < 4. Hence the two conics are mutually
different. However, as will be seen in Proposition 3.15, a quartic of this
kind (a union of these two conics) does not have a real bitangent other
than [. This contradicts our choice of I. Hence we can suppose that
H does not go through P, (and Ps,). Then by Lemma 3.4, H N B is
smooth and Sy (the double cover of H branched along H N B) can be
considered as a smooth surface in Z. By our construction Sy contains
both L and ®~1(I), and the latter is an anticanonical curve of Sy which
is a sum of two (—1)-curves intersecting transversally at p and p. Thus
the intersection number of L and ® (L) on Sy must be at least 4
(since L goes through P and P). On the other hand, since L? = 0
on Sy (see Proposition 3.3), we have —2 = KgL + L? = KgL and
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hence —KgL = 2. This is a contradiction, and hence there cannot exist
non-trivial real bitangents, if Z is a twistor space. q.e.d.

But fortunately, we have the following
Proposition 3.14. There is no non-trivial real bitangent of B.

In the rest of this section we prove this proposition by studying de-
generation of quartic curves and their bitangents. Our investigation is
modeled on the simplest case, when a plane quartic degenerates into a
quartic which has a node as its only singularity.

Recall that if H € (I)? (and H # H;, H),), then H N B is a union
of two C*-invariant conics and that the two conics touch each other at
two C*-fixed points. Let By be such a C*-invariant quartic. By has just
two singular points, both of which are As-singularities of a curve. We
begin with the following

Proposition 3.15. By has three bitangents. One is the line connect-
ing the two singular points of By and the other two are the two common
tangents at the singular points of By.

Proof. Tt suffices to show that there are not bitangents other than
the three bitangents in the proposition. So assume that [ is such a
bitangent of By. Then it is immediate to see that [ does not pass
through the two singular points of By. This implies that [ is not C*-
invariant. Moreover, being bitangent is an invariant condition under
C*-action since the branch curve By is assumed to be C*-invariant.
Hence we get a one-dimensional family of bitangents of By. However,
bitangents always must be isolated, since the inverse image contains a
(—1)-curve as an irreducible component, which cannot be moved in the
double covering. Hence there are no bitangents other than the three
ones. q.e.d.

In the following we investigate the behavior of 28 bitangents when
a smooth plane quartic degenerates into the above By. We consider
a family of plane quartics Bs — A such that B; (= the fiber over t)
is smooth for ¢ # 0 and the central fiber is By. In the subsequent
statement /; means the line through the two (As-) singularities of By,
and lo and I3 mean the remaining two bitangents (which are common
tangents of the two irreducible components of By).

Lemma 3.16. The 28 bitangents of By, t # 0, can be grouped into
three subsets G1, Go and Gs which behave as follows when t goes to 0 in
A: every bitangent in G; converges to l; fori = 1,2 and 3. Furthermore,
G1 consists of 16 bitangents, whereas both of Go and Gs consist of 6
bitangents.
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Proof. Take a double cover So — CP? x A branching along By. Then
So has two compound As-singularities, which are of course over the
singular points of By. By using the natural projection So — A, S
can be viewed as a degeneration of del-Pezzo surfaces (of degree two)
into a surface Sy which has two As-singularities. (S is the double
cover branched along By.) Hence by a well-known property of rational
double points of surface, So — A admits a simultaneous resolution
S% — 8o, which can be also regarded a small resolution of the compound
singularities of Sy. (There are many small resolutions of Sy as will be
explicitly given in Section 5.3.) It is also well known that over the central
fiber the simultaneous resolutions give the minimal resolution of the As-
singularities of Sp. We denote ¢ : S}, — CP? for the composition of the
minimal resolution with the covering map Sy — CP?. The exceptional
curve of the minimal resolution of a As-singularity is a chain of three
(—2)-curves which we write I' = I'; + 'y 4+ I's, where we may suppose
I''I'y = T9I's = 1 and I'sT'y = 0 on S(’). We denote the exceptional
curve over the other As-singularity by I' = I'; + I's + I's (since we keep
in mind the case that By and Sy have real structures). These are also
(—2)-curves on S|, satisfying I'1 [y =T5s =1and I'sT'; = 0. [; was the
line connecting the two As-singularities of By. Then ~1(I1) is a cycle
of 8 smooth rational curves, six of which are I'y,--- ,I'3 and the other
two are smooth rational curves which are mapped biholomorphically
onto I;. We still denoted these curves by = and =. (See Figure 4.) We
claim that =2 = =" = —1 on S;- Since we still have —K = ¢*O(1) for
the anticanonical class of S), and since we have c¢}(S}) = 2, we have
(¥~(l1))? = 2 on S},. Because the incidence relations of the irreducible
components of ¢ ~1(l1) are as in Figure 4, we easily get =2 + == 2
Suppose that one of = and Z, say Z, satisfies Z2 > 0 on Sy. Then by
deformation theory, = has a non-trivial deformation in Sj. By taking
the image by v, we get a non-trivial family of lines. This cannot happen
because the curves obtained as deformation of = in S{ always intersect
I' and T (because I'Z = I'Z = 1) and therefore the image (by ) must go
through the two singular points of By. Thus we get the claim Z? = 2~ =
—1 on 5. Then by a standard argument using deformation theory, a
connected reduced curve  C ¢~1(l;) containing = but not containing
= as its irreducible component will uniquely extend to be a (—1)-curve
on S; for small t € A. It is easy to list up all such curves Q C ~1(ly)
in explicit forms and conclude that the number of such €2 is 4 x 4 = 16.
Moreover, the intersection numbers of any two different curves among
these 16 curves can be verified to be 0 or 1. It then follows that any
of the 16 (—1)-curves on S; (¢ # 0) are mapped (by ¢ : Sy — CP?) to
mutually different bitangents. By construction, all these 16 bitangents
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clearly converge to Iy when ¢t — 0. These bitangents of B; give the
members of G; in the lemma.
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Figure 4. The inverse image of I; + I3 + [s.

Next we look for 6 bitangents in G, in a similar way. 1 ~!(l2) consists
of 5 smooth rational curves, three of which are I'1,I'y and I's, and the
remaining two are mapped biholomorphically onto ls. Let Z9 and Z
be the latter two components, which are (—1)-curves on Sj. In this
case, one should note that 1)~!(l3) is non-reduced and contains I'y as
a component of multiplicity two. Moreover, we have =o'y = Zol's =
250 = B4 = 0 and EoT'y = E5T'9 = 1 on S (see Figure 4). (These can
be easily seen by calculations using local coordinates. We do not explain
it here since in Lemma 5.18, we calculate the intersection numbers of
I';’s and the inverse image of a conic which has ls and I3 as a tangent
line at the two singular points of By.) Then we take 6 curves

(8) Zo, Zo+1y, Zo4+T9+14, Zo+4+19+1T73,
Eo+To+ T+ T3, Zp+20h+11 + 13

as candidates of curves which extend to be (—1)-curves on S, t # 0. It is
easily verified that the self-intersections of these 6 curves are —1. These
curves (8) also can be deformed to be (—1)-curves on S;. Moreover the
intersection numbers of the different two curves among (8) are either
0 or 1 and not 2. Hence the images of the (—1)-curves on S; must be
mutually different. Thus we get 6 bitangents whose limits as ¢t — 0 are
lo. These give the members of Gs in the lemma.

Finally, the remaining 6 bitangents in Gz are similarly obtained by
considering 3, instead of [y in the above argument. q.e.d.

Lemma 3.17. Let S, — A be the degeneration of del-Pezzo surfaces
of degree two introduced in the proof of Lemma 3.16 and S| the fiber
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over the origin. Then there exist (generally reducible) 56 curves on S|
satisfying the following properties:
(i) the self-intersection numbers of the 56 curves on Sj are (—1),
(ii) the 56 curves can be naturally extended to (—1)-curves on Si for
te A t#£0,
(iii) the (—1)-curves obtained in (ii) are the set of (—1)-curves on S;.

Proof. We continue to use the notations in the proof of Lemma 3.16.
In the proof, we have obtained sixteen connected curves contained in
¥~1(I1) containing = but not containing = as their irreducible compo-
nents. These give sixteen (—1)-curves on Sy, ¢t # 0. Interchanging the
role of Z and =, we obtain other sixteen (—1)-curves on S;. Thus we
get 16 x 2 = 32 (—1)-curves so far. On the other hand, the six curves
(8) yield six (—1)-curves on S;. Exchanging =5 and Z3, we get other six
(—1)-curves on S;. Thus we get 6 x 2 =12 (—1)-curves on S; from the
curves contained in ¢~!(l3). Then by exchanging the role of Iy and I3,
we get twelve (—1)-curves. Thus we get 32 + 2 x 12 = 56 (—1)-curves
on S;. These must be all of the (—1)-curves on S; by Proposition 3.7.

q.e.d.

Next we take real structures into consideration and prove Proposition
3.14 (non-existence of the non-trivial real bitangent). Let So — A
be the degeneration of del-Pezzo surface constructed from By — A
as above and suppose that By is invariant under the real structure on
CP? x A which is the product of standard real structures on CP? and
A C C (i.e., complex conjugations). Then Sy admits a natural real
structure and a fiber S; is real if ¢ € A?. Suppose moreover that on
the real fibers of CP? x A — A the real structure keeps the line [;
invariant and exchanges ls and 3. Then the two As-singularities of By
are necessarily a conjugate pair and [ N3 is a real point. Moreover
there are simultaneous resolutions &) — A of S — A such that the
real structure on Sy lifts onto S}, since once one of the singularities is
resolved, the other singularity is automatically resolved by reality. We
still denote by 1 : S — CP? the composition of the minimal resolution
Sy — So and the covering map Sy — CP? whose branch is By.

Lemma 3.18. Let By — A and 8§ — Sy — A be as above and
suppose that the real structure acts on ~1(l1) in such a way that it
interchanges irreducible components on the opposite side. Then fort €
A% and t # 0 the number of real bitangents of By is four.

Proof. By Lemma 3.17, 28 bitangents of B, (¢t # 0) are obtained from
(generally reducible) 56 curves on Sj by smoothing and then taking the
image by the double covering map. Two members FE; and Fo among
the 56 curves on S(, generate (—1)-curves that are mapped on the same
bitangent of B; precisely when E1Es = 2 on S{. Thus it suffices to
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show that there are just four such pairs {E1, E»} satisfying Es = Ej.
This is possible because the 56 curves have been explicitly determined.
Actually, if E; is contained ¢ ~'(l3) or ¢»~!(I3), then E; is contained in
¥ ~1(I3) or ¢~ (l3) respectively by our assumption on the real structure.
Thus we always have E1E{ = 0. So we can suppose that F; is contained
in 9»~%(l1). In this case, By = ¢~1(l;) — Ej is the unique curve (among
the 56 curves on S))) which satisfies E1 Ey = 2. It is easily seen from the
action of the real structure on the irreducible components on ¥~1(l;)
that there are just four Ej’s satisfying E; = ¢~ 1(l;) — E;. Thus we
have obtained the claim of the proposition. q.e.d.

Proof of Proposition 3.14. 1t is readily seen by Lemma 3.4 that real lines
on CP? which are not contained in some H € U? are l, and real lines
going through Fy. [, is a trivial bitangent and real lines through Py
cannot be bitangents as we will see in the proof of Proposition 6.1 (easy
to show). Thus to prove the non-existence of a non-trivial real bitangent
of B, it suffices to show that any H € U? has just four real bitangents
(which are of course trivial bitangents).

Fix any real plane Hy € (l»)? which is different from H; (1 <i < 4)
and Hy,. Then HNB is a union of two C*-invariant conics. Next take a
real line v in (CP?)Y going through Hy € (CP?)V. Then v defines a real
pencil of planes containing Hy as a (real) member, and by considering
their intersections with B, we get a one-dimensional family of plane
quartics. By taking - sufficiently general, we can suppose that general
members of this family are smooth. Let B — ~ be a family of plane
quartics thus obtained. By construction, this family enjoys the same
properties as By — A in Lemma 3.18. Therefore fibers of B — ~ have
just four real bitangents, at least in a neighborhood of Hy € . But
since we know that U? is connected, we get that H N B has just four
real bitangents for any H € U?. On the other hand, HNH; (1 < i < 4)
are actually bitangents of B N H. This implies that every bitangent of
BN H is trivial, and we get the claim of Proposition 3.14. q.e.d.

4. Defining equations of real touching conics and their
inverse images

In Section 3 we have shown that real lines in our threefold Z are
mapped biholomorphically (by ® : Z — CP?) onto real touching conics
in general (Proposition 3.2). Then we studied touching conics lying on
general real planes (i.e., planes in U?) and showed that they form 63 one-
dimensional families (Proposition 3.10). We also explained that in order
to select out the right family which will actually be the image of twistor
lines, it is important to investigate real lines contained in Sy = ®~!(H)
where H are real C*-invariant planes (i.e., H € (l)?), or equivalently,
real touching conics lying on these planes. In Sections 4-5 we investigate
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these special real lines and touching conics. These lines and conics can
be viewed as a limit of general twistor lines and their images. Since the
plane sections of B by the C*-invariant planes are singular (splitting
into two C*-invariant conics in general), we cannot apply the results
in Section 3. In this section we determine real touching conics lying
on these real C*-invariant planes. Thanks to the simple form of the
quartics, it is possible to classify them and write down their defining
equations.

Let B, Py, Pso,Poo,®y : Zg — CP3,u : Z — Zy, & : Z — CP?,
I'g,T,T and o have the meaning as in the beginning of Section 3. We
fix a C*-action defined by

<y07ylay27y3) = (y07y17ty27t71y3>7 teC”

(cf. Proposition 2.1 (iii)). Then C*-invariant real planes must be of the
form Hy = {yo = A1}, A € Ror Hy = {y1 = 0}. (H,, is the unique
plane in (lo)? going through Fy.) Moreover, as in Section 2, we put

fA) =AM+ 1)(A—a).

(Note that a > 0.) The sign of f(\) will be important in the sequel. We
are assuming that @ and f satisfy Condition (A) in Proposition 2.6.
As seen in the proof of Proposition 2.5, By = BN H) is a union of two
C*-invariant conics, and their intersection is P and Ps. Note that if
f(A) = 0 (namely if A = —1,0 or a) or A\ = oo, By becomes a trope.
Let C be a real touching conic contained in Hy, A # —1,0,a, co. Since
the two components of By have the same tangent lines at Ps, and Pa,
the local intersection number (C, B))p, is zero, two, or four, and by
reality, the same holds for (C, By)p_. Correspondingly, real touching
conics lying on some H) can be classified into the following three types:

Definition 4.1. Let C be a real touching conic in Hy, A #—1,0, a, co.
Then

(i) C is called generic type if (C, By)p,, = (C, Bx)p_ = 0.
(ii) C is called special type if (C, Bx)p,, = (C,B\)p_ = 2.
(iii) C is called orbit type if (C, By)p,, = (C,Bx)p_ = 4. (See Figure
5.)

If C C H, is a real touching conic of generic type, then P, Po & C
and C' N By consists of just four points, all satisfying (C, By)p = 2.
If C is a real touching conic of special type, then C' goes through Py
and P, but the tangent lines at P, and P, are different from the
common bitangents of B)y. Further, there are other intersections P and
P satisfying (C,B))p = (C,B))5 = 2. If C is a real touching conic
of orbit type, there are no other intersection points. In this case, C
is the closure of C*-action, where C*-action is the complexification of
U(1)-action.
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generic type special type orbit type

Figure 5. Real touching conics (C' is irreducible).

The following three propositions classify touching conics on Hy, for
each of the three types respectively:

Proposition 4.2.
(i) If A € R satisfies f(A) > 0 and Q(\,1)2 > f(\) (ie., A # Xo),

there exists a family of real touching conics of generic type on Hy,
parametrized by a circle. Their defining equations are explicitly
given by

(9) 2(Q% — £yt + V fey3 + 2Quays + \/fe %3 = 0,

where we put Q@ = Q(\, 1) and f = f(N\), and 0 € R. Further,
every real touching conic of generic type in Hy is a member of this
family.

(ii) If f(A) <0 or Q(N\,1)2 = f(N), there is no real touching conic of
generic type on H).

(iii) For the case (i), the conic (9) has no real point for any 6 € R.

Proposition 4.3.

(i) If A € R satisfies f(A) > 0, there is no real touching conic of
special type on Hy.

(i1) If f(X) < 0, there exists a family of real touching conics of special
type, parametrized by a circle. Their defining equations are given
by

(10) V@Q*—f-yi+ M'ewmyz

2

2 _ f_ .
+ w e Py1ys + yays = 0,
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where we put Q@ = Q(A\, 1) and f = f(N), and 0 € R as before.
Further, every real touching conic of special type in Hy is a mem-
ber of this family.

(iii) The conic (10) has no real point for any 6 € R.

We note that U(1) acts transitively on the parameter space of these
touching conics of Propositions 4.2 and 4.3. Also note that if f < 0 we
have Q> — f > 0 and \/Q? — f — Q > 0. Hence every square root in
(10) makes a unique sense (i.e., we always take the positive root).

We do not give proofs of Propositions 4.2 and 4.3, since they are
elementary and somewhat long. A complete proof can be found in [7,
Propositions 3.4 and 3.6].

The case of orbit type is straightforward and needs no assumption on
the sign of f(A):

Proposition 4.4. There exists a family of real touching conics of
orbit type, parametrized by non-zero real numbers. Their defining equa-
tions are

(11) Yoys = ozy%, a € R*.

Further, every real touching conic of orbit type in Hy is contained in
this family.

Note that by Lemma 2.4, the conic (11) has no real point iff o < 0.
Combining Propositions 4.2, 4.3 and 4.4, we get the following

Proposition 4.5. Let {S) := ® 1(H)\)|Hx € (loo)?} be the real
members of the pencil of U(1)-invariant divisors on Z. Then
(i) if f(X) > 0, the images of real lines in Sy are real touching conics
of generic type or orbit type,
(ii) of f(N) <0, the images of real lines in Sy are real touching conics
of special type or orbit type.

In Section 5 we will determine which one of the two candidates in the
proposition must be the images of twistor lines (Proposition 5.22).

According to Proposition 4.5, real touching conics in a C*-invariant
real plane form families parametrized by a circle for generic and special
types, or R*(3 «) for orbit type. We next study the inverse images in
Z of these touching conics, which are candidates of twistor lines. Recall
that if A # —1,0,a,00, Sy = ®1(H)) is a smooth rational surface by
Proposition 3.5. Clearly S} is a C*-invariant real member of |(—1/2) K|
(Proposition 2.8).

First we investigate the inverse images of touching conics of generic
type.

Proposition 4.6. Suppose that A € R satisfies f(A) > 0 and X # N\o
(namely Q> —f > 0), and let Cy C H) be a real touching conic of generic
type defined by the equation (9). Then the following (1)—(iv) hold:
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(1) @7 1(Cp) has just two irreducible components, both of which are
smooth rational curves that are mapped biholomorphically onto Cy,
(ii) each irreducible component of ®~1(Cy) has a trivial normal bundle
in Sy,
(iii) these two irreducible components of ®~1(Cy) belong to mutually
different pencils on S,
(iv) each irreducible component of ®~1(Cy) is real.

Proof. Since Cy and the branch quartic By have the same tangent
line at any intersection point, it is obvious that @ L(Cp) splits into two
irreducible components L; and Ly which are mapped biholomorphically
onto Cy. Thus we get (i). For (ii) first note that ®~1(Cp) = L1 + Lo
belongs to | — 2K| of Sy since we have ®*Op, (1) ~ —K. Hence we
have (—2K)? = (L1 + L2)? = L? + L3 + 2L1Ls on S). On the other
hand, we have 4c} = 8 by Proposition 3.5. Hence we get L? + L3 +
2L1Ly = 8. Further, since L and Lo intersect transversally at four
points (over the touching points of Cy with B)), we have LiLy = 4.
Therefore we get L? + L3 = 0. Moreover, by (9), Cy actually moves
in a holomorphic family of curves on H,. Hence we have L3 > 0 and
L3 > 0. Therefore we get L? = L3 = 0. Namely we have (ii). (iii)
immediately follows from (ii), since we have LiLy = 4 on S). (iv) can
be proved by elementary calculations using coordinates. Here we only
give a sketch of a proof. First we note that it suffices to prove the claim
for Cy (= the curve obtained by setting 6 = 0 for Cp), since U(1) acts
transitively on the parameter space of real touching conics of generic
type (see Proposition 4.2). The idea of our proof of the reality is as
follows: the map ®~1(Cy) — Cp is a finite, two sheeted covering whose
branch consists of four points. We choose a real simple closed curve C
in Cy containing all of these branch points, in such a way that over C we
can distinguish two sheets, so that we can explicitly see the reality of
each irreducible component. A full proof can be found in |7, Proposition
4.2]. q.e.d.

Similar results hold for touching conics of special type:

Proposition 4.7. Assume f(\) < 0 and let Cy C Hy be a real
touching conic of special type given by the equation (10). Then (i)—(iv)
of Proposition 4.6 hold if we replace ®~1(Cy) by ®1(Cy) —T —T, where
we set T := & 1(Py) and T := 7 1(P).

Proof. (i) can be proved in the same way as in Proposition 4.6. (But
in this case, any small resolution Z — Z gives the resolution of ®;'(Cp)
at the points over P, and P, as will be mentioned below.) For (ii)
first note that we have ®71(Cy) = L1 + Lo + T + T € | — 2K]| this time,
where L; and Lg are irreducible components of ®1(Cy) —T' —T. T
and T are chains of three (—2)-curves on Sy, = ®~!(H)), since they
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are exceptional curves of the minimal resolution of Ag-singularities of
surface. We write I' = I'y + I'y 4+ I's, where I';’s are smooth rational
curves satisfying I'1/I's = I'oI'3 = 1 and I'1['s = 0 on S). We then have
=T = 2 Furthermore, as we will state and prove in Lemma
5.13, we have (or more precisely, can suppose) L1I'y = 1, [41I'; = 0 for
i = 2,3, and LsI's = 1, Lsl'; = 0 for ¢ = 1,2. (In that lemma we
write L(j and L, instead of L; and Lg respectively.) It follows that
LT = IiT = LoI' = LoT' = 1. Therefore again by Proposition 3.5,
we get 8 = (—2K)? = (L1 + Lo + T+ 1)? = L? + L3 + 201 Ly + 4.
But because L; and Ly intersect transversally at two points (over the
touching points of Cy and B, ), and because L; and Ly do not intersect
on I'UT, we have Ly Ly = 2. Therefore we have L} + L3 = 0. Hence by
the same reason in the proof of the previous proposition, we again have
L? = L3 = 0. This implies (ii). (iii) follows from (ii), because we have
LiLy = 2 as is already seen. (iv) can be proved by the same idea as in
the previous proposition. We omit the detail . (See [7, Proposition 4.3].

q.e.d.

The situation slightly changes for touching conics of orbit type:

Proposition 4.8. Suppose f(\) # 0 and let C,, C Hy be a real
touching conic of orbit type given by the equation (11). Then we have:
(i) Cy is contained in B iff « = —Q £+ /f. In the following (ii)—(vi)
suppose that o # —Q £ \/f.
(ii) ®~1(C,)—T—T has just two irreducible components, both of which
are smooth rational curves that are mapped biholomorphically onto
Cy. (Here T and T are as in Proposition 4.7.)
(iii) Each irreducible component of ®1(Cy)—T —T has a trivial normal
bundle in Sy = ®~1(H,).
(iv) The two irreducible components of ®~1(C,) —T —T belong to one

and the same pencil on S). B
(v) Each irreducible component of ®1(C,) — T — T is real iff f > 0

and —Q — /f < a < —Q + /f are satisfied.

(vi) There is no real point on Cy, if f and « satisfies the inequalities

of (v).
(vii) If f >0 and o = —Q £ \/f, then C, has no real point.

Note that f > 0 implies @ > \/f by Proposition 2.5 (ii).

Proof. (i) By substituting y2y3 = ay? into the defining equation of
B, we obtain

((a+Q)*—f)yl =0.

Thus if C, is contained in B iff (o + Q)?> = f, which implies a@ =
—Q £ +/f, as desired.
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(ii) can be seen in the same way as in (i) of Proposition 4.6. (This
time, any small resolution Z — Zj gives the normalization of ® L))

Next we prove (iii). Let I =Ty +To + T3, T =T1 + T2+ T3, Ly
and Lo have the same meaning as in the proof of the last proposition.
It is obvious that I' and T’ are disjoint. In Lemma 5.18 we will show
that Lq is disjoint from I'; and I's, and the same for Lo, and both
of L1 and Lo intersect transversally at a unique point on I's. (In the
lemma we write LT and L instead of L; and Ly.) By reality, the
same is true for the intersection of L; and Lo with I. Moreover, it
will also be shown in Lemma 5.18 that if L; and Ly are different, these
two curves are disjoint. Thus we have L1Ly = IT = L1T = LT =
L2F1 = Lgfl = L1F3 = L1F3 = L2F3 = Lgfg = 0 on S/\, while
L1F2 = LlFQ = LQFQ = LQFQ =1 (also on S)\) In particular, we
have L' = L1T = LoI' = LoI’ = 1. On the other hand, we still have
8= (—2K)?>= (L1 +Ly+T+T)?and L? > 0 and L2 > 0. Combining
these, we get L? = L2 = 0 on Sy. Thus we have (iii).

(iv) easily follows if we consider the linear systems |L;| and |Lso|, and
if we note that L1Ls = 0.

(v) and (vii) can be verified by elementary computations. Finally,
(vi) immediately follows from Lemma 2.4. q.e.d.

Proposition 4.8 implies that not all touching conics of orbit type
can be the image of a twistor line: f(\) > 0 is needed, and further,
—Q —Vf <a< —Q + +/f must be satisfied. But once we know that
one of the two irreducible components is actually a twistor line, it follows
that the other component is also a twistor line, since by (iv) these two
components can be connected by deformation in Sy (hence also in Z)
preserving the real structures. This is not true for touching conics of
generic type and special type, because the two irreducible components
of ®71(Cy) or ®71(Cy) — T — T intersect.

5. Twistor lines lying on C*-invariant fundamental divisors

In this section we calculate the normal bundle of L in Z, where L is
a real irreducible component of the inverse images of the real touching
conics which are determined in Section 4. We continue to use the no-
tations in the previous section. Because touching conics in Hy € (loo)?
generally go through the singular points (Ps, and Ps,) of B, the normal
bundles generally depend on the choice of a small resolution of Zj. So in
this section (especially in Section 5.3-5.6), we need to discuss the choice
of small resolution of the conjugate pair of singularities of Zy. (But we
do not discuss resolution of the unique real ordinary double point of Zj.
This is discussed in the next section.)
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Let us briefly describe the content of this section. In Section 5.1 we
give a simple lemma which will be used to determine the normal bundles.
Some notations are also introduced. In Sections 5.2-5.4 we determine
the normal bundles, according to the three types of real touching con-
ics. These subsections are organized as follows: first we explicitly cal-
culate the intersection of irreducible components (of the inverse images
of touching conics) with some curves. Consequently we get a function
of A (which will be written h;). Second we show that the normal bundle
in the problem degenerates into O @ O(2) precisely when A is a criti-
cal point of this function. Then we determine the critical points. In
Section 5.5 we use the results in Sections 5.2-5.4 to determine which
type of touching conics actually come from twistor lines (Proposition
5.22). We also prove that among various ways there are only two small
resolutions of the conjugate pair of singularities of Zy which can yield
twistor space (Proposition 5.23). Then finally in Section 5.6 we show
that our candidates of twistor lines obtained in Section 5.5 actually form
a connected family (Proposition 5.29); namely they can be connected by
deformations in the threefold, by adding the inverse image of four tropes
of B. This result is used in Section 7 to construct arbitrary twistor lines
in Z.

5.1. Preliminary lemma and notations. In order to determine
which one of O(1)%? and O ® O(2) actually occurs, we use the following
elementary criterion:

Lemma 5.1. Let E — CP! be a holomorphic line bundle of rank
two, and assume that E is isomorphic to O(1)®? or O ® O(2). Let s
and t be global sections of E which are linearly independent as global
sections. Then E ~ O & O(2) iff there are constants a,b € C such that
as + bt has two zeros.

Proof. It is immediate to see that non-zero sections of O(1)®2 have
at most one zero. So sufficiency follows. Conversely let s = (s1,52)
and t = (t1,t2) be any linearly independent sections of O @& O(2), where
s1,t1 € T'(O) = C and sg9,t2 € T'(O(2)). Then take a,b € C such that
as1 + bty = 0. Then as + bt can be regarded as a non-zero section of
O(2) so that it has two zeros. q.e.d.

Next we introduce some notations which will be used throughout this
section. As in the previous sections, A € R denotes a parameter on the
space of real U(1)-invariant planes. In other words, A is a parameter
on the real locus [ of the real line ly := {yo = y3 = 0}. The function
fA) =AA+1)(A—a), (a > 0) defines four open intervals in the circle
lg:

I = (—o0,—-1), Iy = (—1,0), Is = (0,a) and Iy = (a,+00).
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Namely, I; UIs ={A € R| f(A) <0} and LU I4 = {X € R| f(\) > 0}.

By Proposition 2.3, the equation Q(),1)?> — f(A\) = 0 has a unique

real solution A = Ag which is necessarily a double root. Since we have

F(Xo) = Q(Xo,1)2 >0, \g € I, U I4. By applying a projective transfor-

mation (yo,y1) — (ay1, —yo) (interchanging Iy and I4) if necessary, we

may suppose that A9 € I4. Then we set I, = (a, \g) and I}” = (Ao, +00).
Next suppose A € L UI; U Ij, and let

CE™" ={Cy C H\|Cy is defined by (9)}

be the set of real touching conics of generic type on Hy. Note that if
A = Xg or if A € I1 U I3 there is no real touching conic of generic type
on H)y by Proposition 4.2 (ii). Similarly, for A € I U I3, let

C\¥ = {Cp C H\|Cy is defined by (10)}

be the set of real touching conics of special type on Hy). Note that if
A € I, U1y there is no real touching conic of generic type by Proposition
4.3 (i). Finally for A € Io U Iy, let

e ={Cac Bl -Q-VI<a<-Q+ /7,
Cy is defined by (11)}

be the set of real touching conics of orbit type on Hy. Note that the
restriction on « implies that the two irreducible components of the in-
verse image are respectively real (Proposition 4.8 (v)). C£ and C;P
are parametrized by a circle on which U(1) naturally acts transitively,
whereas Cy{™ is parametrized by a closed interval on which U(1) acts
trivially.

5.2. The case of generic type. This is the easiest case since touching
conics of generic type do not pass through the singular points of By
and hence resolutions of Zy do not have effect on the normal bundles.
Suppose A € I, UI; U} and take Cy € C£™. First we calculate the
intersection of Cy and I, where [ is the real line defined by yg = y1 =0
as before. Let x9 = ya/ys be a non-homogeneous coordinate on I
(around Py = (0:0:0:1)).

Lemma 5.2. The set {Cy Nl |Cy € C3} consists of disjoint two
circles about Py, in lo, whose radiuses (with respect to the coordinate
x9 above) are given by

ho(\) := Qv —f \i/cfgz_f and ho(A\) "' = Q-ve —f \;/ny_f

respectively, where we put Q = Q(\, 1) and f = f(\) as before.

Note that we have Q> — f > 0 and @Q > +/f by Proposition 2.6,
and therefore hg > 1 > hy '~ 0 holds. Moreover, hg and hy L are
differentiable on I, U I, U I} .
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Proof. On Hy = {(yo : y1 : ¥2)}, loo is defined by y; = 0. Therefore
by (9) we readily have

—-QEVQE-Ff _i
CoNleo = T2 = e .
(12) oM { 2 T }

This directly implies the claim of the lemma. q.e.d.

By Proposition 4.6, ®~1(Cy) consists of two irreducible components,
both of which are real rational curves. We denote these components by
L; and Ly , although there is no canonical way of making a distinction
between these two. Again by Proposition 4.6, L; and L, respectively
form disjoint families

Ly ={L;|0€R} and Ly ={L,|0€ R}

of (real and smooth) rational curves on Sy = ®~!(H)). These are real
members of real pencils on Sy and each member has no real point by
Proposition 4.2 (iii). Because U(1) acts also on the parameter spaces
(= S1) of £] and L3, the normal bundles of L, and L, inside Z, are
independent of the choice of . The following proposition plays a key
role in determining the normal bundle:

Proposition 5.3. For any L € E;\r ULy, the normal bundle of L in
Zy is isomorphic to either O(1)%2 or O®O(2). Further, the latter holds
iff X is a critical point of ho(\) defined in Lemma 5.2.

In particular, members of Ei and £, have the same normal bundle
in ZO.

Proof. L is contained in the smooth surface Sy = ®~!(H,) and there-
fore we have an exact sequence 0 — Ny, /g, — Nz — Ng, 7,/ — 0.
By Proposition 4.6 (ii), we have Ny ,g, =~ Op. On the other hand, Sy
is a smooth member of |(—1/2)Kz|. Therefore by adjunction formula
we have Kg, ~ Kz|s, ® Ng,/z ~ Kz|s, ® (=1/2)Kz|s, and hence
NSA/Z ~ (—1/2)Kz‘s)\ ~ —KS)\- Hence we get NSA/Z‘L ~ _KS)\|L ~
—Kp ® Npjg =~ Op(2). Therefore by the short exact sequence above,
N := Ny 7 is isomorphic to either O & O(2) or O(1)®2. Thus we get
the first claim of the proposition.

In order to show the second claim, we recall three facts; the first
one is about the the natural real structure on I'(N) ), the space of sec-
tions of Ny. Since L is real, o naturally acts on I'(/Vy) as the complex
conjugation. For s € I'(IV)) we denote by Res and Ims the real part
and the imaginary part of s respectively. Namely, Res = (s + o(s))/2
and Ims = (s — 0(s))/2. Secondly, recall that L N ® !(Is,) consists
of a conjugate pair of points, one of which corresponds to the point
of Iy satisfying xo = ha(A\)e?, and the other to the point of Iy satisfy-
ing 29 = hy'(\)e? (see (12)). Let zy and Z, be the former and the
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latter point respectively. Thirdly recall that any one-parameter family
of holomorphic deformation of L in Z naturally gives rise to a holo-
morphic section of Ny: roughly this section is obtained by taking the
tangent vector of the ‘orbit’ for each point of L. More precisely, take
a neighborhood U of each point of L and a holomorphic coordinate
(21, 22,23) on U, such that each L, |z| < e with Ly = L of the given
one-parameter family is defined by zo = f(21,2) and z3 = g(z1,x) sat-
isfying f(z1,0) = g(21,0) = 0. Then a representative of the section of
Ny is given by (0f/0x,0g/0y).

Now we have the following two one-parameter families of deforma-
tions of L in Z: the first one is obtained by moving L by C*-action,
where the C*-action is the complexification of the U(1)-action. The
second one is obtained by moving the parameter A in C, while fixing 6.
Let s € I'(Ny) and ¢t € I'(N)) be the holomorphic sections associated
to the former and the latter family respectively. These are linearly in-
dependent sections, since each representative of s is tangent to Sy (by
the C*-invariance of Sy ), whereas that of ¢ is not. Because the C*-
action preserves S, it follows from Proposition 4.6 (ii) and (iii) that
each of the curves of the former family is disjoint. This implies that s
is nowhere vanishing. Next we consider the latter family. First, noting
Hy) N Hy =l for A # X, t can be zero only on ®~!(I) (cf. Figure
1 in Section 2). Suppose A is a critical point of hg; namely hy(A) = 0,
where the derivative is with respect to real A, of course. Then, since
h is a holomorphic function of A, it can be easily derived from the
Cauchy-Riemann equation that (0hg/0MN)(A) = 0. By the way how we
take a representative of the section of NV explained in the previous para-
graph, this directly implies that ¢ vanishes at z). On the other hand,
hiy(A) = 0 implies (hg')(A) = 0. Then in the same manner as above,
we have (Ohy'/OA)(A) = 0. This implies that ¢ also vanishes at Zy, and
we have obtained #(z)) = t(Z)) = 0. Therefore by Lemma 5.1, we get
Ny~0& 0(2).

Next suppose hjy(\) # 0, so that (hg')'(A) # 0. We claim that Re(bs+
t) cannot vanish at z and Z) simultaneously, for any b € C. Because Cy
intersects [, transversally, ¢ also becomes a nowhere vanishing section
under our assumption. Hence the claim is true for b = 0. Putting
b= b1 + b, b1,b2 € R, we easily get

(13) Re(bs + t) = biRes + (Ret — baIms).

Since s comes from the C*-action, and since its real part corresponds
to the U(1)-action, (Res)(z)) is represented by the tangent vector of
the U(1)-orbit going through z). On the other hand, (12) implies
that (Ret)(z)) is represented by a tangent vector which is parallel to
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(Ims)(zx). Hence by (13), we can deduce that Re(bs + t)(z)) = 0 im-
plies by = 0 and

(14) (Ret)(2x) = ba(Ims)(zy).
Similarly, Re(bs + t)(z)) = 0 implies by = 0 and
(15) (Ret)(Zx) = ba(Ims)(Z)y).

Suppose by > 0. Then since {Res(z)),Ims(zy)} is an oriented basis of
T,,(®71(ls)) from the beginning, (14) implies that {Res(z,), Ret(z))}
is an oriented basis of T, (®7*(ls)). Further, we have

(Res)(Zx) = 0«((Res)(zx)) and (Ret)(Zx) = o«((Ret)(zr))-
Hence we get by (15)
1

(Ims)(22) = 3

(Ret)(22) = - ((Ret)(22))
So we have

{(Res)(Za), (Ims)(Zx)} = {o«((Res)(2x)), o« ((Ret)(21))/b2}-

But since ¢ is anti-holomorphic, o is orientation reversing. Further, as
is already seen, {Res(2y), Ret(z))} is an oriented basis of Ty, (71 (lx))
(if bo > 0). This implies that {o.((Res)(zx)),o«((Ret)(zr))/b2} is an
anti-oriented basis of T3, (#71(lo)). This contradicts the fact that
{(Res)(zy), (Ims)(z))} is an oriented basis of 7%, (®71(lx)). Therefore,
Re(bs + t) cannot vanish at z) and Z) simultaneously, provided by > 0.
Parallel arguments show the same claim holds for the case by < 0. Thus
we have shown that Re(bs + t) cannot vanish at z) and Z) at the same
time, as claimed. On the other hand, it is obvious that bs + ¢ does not
vanish except {zy,Z)}. Therefore, the zero locus of bs + ¢ consists of at
most one point for any b € C. Since s is a nowhere vanishing section,
Lemma 5.1 implies Ny ~ O(1)%2. q.ed.

The following lemma can be proved in an elementary way. So we
omit a proof. (We need Proposition 2.5; see [7, Lemma 5.4].)

Lemma 5.4. Let hg = ho(\) be the positive valued function on IoUly

defined in Lemma 5.2, which is differentiable on Iy U I4\{\o}. Then hg
has a unique critical point on Iz, and has no critical point on I4\{\o}.
(See Figure 6.)

We use the lemma to prove the main result of this subsection:

Proposition 5.5.
(i) If X € Iy and if X # Ao, we have Ny, =~ O()®? for any L €
LIucLy.
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Figure 6. Behavior of hyg.

(ii) There is a unique A € Iy such that Np,z ~ O @ O(2) for any
L e E:{ U LY. For any other X € I, we have Ny 7 ~ 0(1)%2 for
arbitrary L € E;f ULy.

(iii) If A € I», any member of L UL} is not a twistor line in Z (even
if Z is actually a twistor space).

Proof. (i) and (ii) are direct consequences of Proposition 5.3 and
Lemma 5.4. To show (iii), let A € Iy be the unique critical point of
g. Then by (ii), any L' € Ej\’, U L), is not a twistor line. We can see
that for any A € Iy and for any L € E;\r ULy, L can be deformed into
some L' € Ej\r, U L), preserving the real structure. In fact, we have
(L) = Cy for some Cy € CF™. Then since I is an interval in R, Cp
can be canonically deformed into some Cj € C5™. (The point is that
we take a constant 0 for any A € I5.) Correspondingly, we obtain defor-
mation of L into L' € £}, U L}, such that ®(L') = C}. Thus we get an
explicit real one-dimensional family of rational curves in Z containing L
and L’ as its members, as claimed. Any member of this family is real by
Proposition 4.6 (iv). Since any deformation of a twistor line preserving
the real structure is still a twistor line, it follows that L is not a twistor
line. q.e.d.

We note that the proof of (iii) does not work for Iy, since as A goes to
Ao, the curve Cy (defined by (9)) degenerates into a double line. This is
an important point for our global construction of arbitrary twistor lines
in Z.

Corollary 5.6. If A € I, only the members ofCAorb can be the image
of twistor lines. Namely over I, members of Cfen cannot be the images
of twistor lines.

Proof. By Proposition 4.5 (i), the image of a twistor line contained
in H) is either a touching conic of generic type or that of orbit type for
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A € I, U I4. But by Proposition 5.5 (iii) the former cannot be the image
of a twistor line if \ € Is. q.e.d.

Corollary 5.7. A twistor line of a self-dual 4-manifold (i.e., a fiber of
the twistor fibration) is not in general characterized by the property that
it is a real smooth rational curve without real point whose normal bundle
is isomorphic to O(1)®2. More concretely, the twistor space of any non-
LeBrun self-dual metric on 3CP? of positive scalar curvature with a
non-trivial Killing field always possesses such a real rational curve.

Proof. Let Z be a twistor space as in the corollary. Then Z has a
structure as in Proposition 2.1, where @) and a satisfy the conditions in
Proposition 2.6. By (ii) and (iii) of Proposition 5.5, Z always has a real
smooth rational curve L which satisfies Ny, =~ 0O(1)®2, but which is
not a twistor line. This L has no real point by Proposition 4.2 (iii) and
the reality of ®. q.e.d.

5.3. The case of special type. In this subsection we calculate the
normal bundle of Lt and L~ in Z, where Lt and L~ are curves which
are mapped biholomorphically onto a real touching conic of special type.
Compared to the case of generic type, the problem becomes harder and
the result becomes more complicated, since touching conics of special
type go through the singular point P, and P4, of B, so that the situ-
ation, and hence the result also, depend on how we resolve the corre-
sponding singularities of Zj.

First we recall the situation and fix notations. Let ®q : Z;, — CP3
be the double covering branched along B. Put pe := ®;'(Px). In a
neighborhood of P», = (0 : 0 : 0 : 1), we use (xg,z1,22) as an affine
coordinate by setting x; = y;/y3. Then around P, = (0,0,0), B is
given by the equation (z2 + Q(z0, z1))? — xox1 (20 + 21) (20 — ax1) = 0.
Let z be a fiber coordinate of O(2) — CP3. Then Z; is given by the
equation

(16) 22+ (z2 + Q(zo, xl))2 — zox1(zo + 1) (20 — ax1) = 0.

This can be also written as {z+i(x2+Q(xo, z1)) Hz—i(x2+Q(x0, 21)) } =
zox1(xo + x1)(x0 — ax1). Setting & = z + i(z2 + Q(zo,x1)) and n =
z —i(x2 + Q(xo, 1)), we get

(17) Zy: &n=xox1(zo + 1) (20 — axq).

Thus peo = {(z0,21,&,m) = (0,0,0,0)} is a compound As-singularity.
Small resolutions of po, are explicitly given by steps as follows: first we
choose ordered three linear forms {¢1, f2, (3} C {xg, z1, z0+21, T0—ax1}.
Next blow-up Zj along a surface {£ = ¢; = 0}. Since this surface
is contained in the threefold Zj, and since it goes through p.,, the
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exceptional locus is a smooth rational curve. Concretely, by setting
& = uly we get a threefold

(18) un = zoz1(xo + 1) (T0 — ax1) /0

which has a compound As-singularity at the origin. The exceptional
curve is given by I'1 := {(u,n, zo,x1) |7 = o = 21 = 0}. We can use u
as an affine coordinate on I'y. Next, as the center of the second blow-up,
we choose {u = ¢ = 0} which is also contained in the threefold (18).
Setting u = vls, we get

(19) vn = x0$1($0 + 951)(930 — al‘l)/glgg

which still has an ordinary double point at the origin. The exceptional
curve of this second blow-up is given by I'y := {(v,n, 20, 21) |n = 29 =
x1 = 0}, on which we can use v as an affine coordinate. Finally by
blowing up along {v = 3 = 0} and setting v = wls, we get

(20) wn = xoxl(.%'o + xl)(xo — axl)/ﬁlégﬁg,

which is clearly smooth in a neighborhood of the origin. The exceptional
curve of the last small resolution is given by I's := {(w,n, zo,x1)|n =
xo = x1 = 0}, on which we can use w as an affine coordinate. Thus the
composition of these three blow-ups provides a small resolution of peo,
whose exceptional curve is I' := I'y + I's 4+ I'3 that is a chain of smooth
rational curves. (See Figure 7.)

Note that this small resolution of the singularity p is easily seen to
be U(1)-equivariant, since our U(1)-action is written as

(&,1, To, 1) — (621'957622‘077’61‘91:0761‘%1).

Once a resolution of p., is given, it naturally determines that of P
by reality. Let I' = Ty + 'y + '3 be the exceptional curve over p...
Let poo : Zy — Zy be the small resolution of ps and p,, produced
in this way (for some choice of ¢1, ¢5 and ¢3). Note that Z| yet has a
real ordinary double point over the unique real double point of B (which
was denoted by Pp). Each choice of ¢1, £, (3 (and ¢4) determines a small
resolution of po, and p,, and there are 4! = 24 ways of resolutions in
all.

Next we prove the following lemma which is promised in the proof of
Proposition 2.7. Let Hy, C cp? (1 <i < 4) be a real plane defined by
¢; = 0. Let Ty, C Hy, be the tropes of B. ®~1(T},) is defined by ¢ =
n = ¥{; = 0 around ps. Py Y(Hy,) consists of two irreducible components
H éi and F’ei, both of which are C*-equivariantly biholomorphic to Hy,
(~ CP?). (These are defined by ¢ = ¢; = 0 and n = ¢; = 0 around poc.
We have &, (T},) = Hy N EI&_.) Therefore us! (@, (Hy,)) also consists
of two irreducible components, which we write Dy, and Dy,.
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Ly,

Figure 7. The inverse image of I, and four tropes.

Lemma 5.8. Consider a C*-action on CP? defined by (y1,y2, y3) —
(y1,ty2,t 1y3), t € C*, which has smooth conics as the closure of general
orbits. Let C' be one of such conics. Choose any one of the two C*-fized
points on C and let D — CP? be the composition of three blow-ups
whose centers are always the C*-fized point on (the strict transform of)
C just chosen. Then the natural C*-equivariant morphism Dy, — Hy,
is equivariantly biholomorphic to the morphism D — CP2.

In particular, Z always contains a C*-invariant divisor Dy, which is
U(1)-equivariantly biholomorphic to D, and such that Dy, + Dy, is a
fundamental divisor.

Proof of the lemma. First, notice that for any C*-invariant plane H D
lso, our C*-action coincides with the C*-action given in the lemma. We
prove the claim for Dy, by direct calculation using the local coordinate
(&,m, zo, 1) introduced above. Dy, can be assumed to be the inverse
image (by j) of the surface H)y = {n = (4 = 0} C Zy. As is described
above, we first blow up Zp along {£ = ¢; = 0}. Then since we can
use (£, 41) as a local coordinate on Hé4 around poo (= the origin), H24 is
actually blown-up at pe. Then (the inverse image of ) H,, is still defined
by {(u,n,zg,z1)|n = €4 = 0}, where u = £/¢; is an affine coordinate
on the exceptional curve as before. Hence for the second blow-up whose
center is {u = ¢ = 0}, the origin of the surface {n = ¢4 = 0} is again
blown-up. The situation is the same for the third blow-up. Thus the
original surface H é4 C Zy is blown-up three times at the C*-fixed point.
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Moreover, the blown-up points are always over the trope on Hy,, as is
easily verified from the fact that on the surface H, , &g Y(Ty,) is given
by £ = 0. (Note that our coordinate change is not linear and a conic on
Hy, is transformed into a ‘line’ on H, é4 with respect to the coordinate
(gv El))

So far we have only seen what happens around po,. Around p.,, we
claim that on the surface H, 24 nothing changes through our blow-ups.
To see this, set ; = y;/y2 for i = 0,1,3. Then in a neighborhood of
Doos 2o is defined by

2+ (a + Q(z, #1))? — @' (g + 2 (g — azy) = 0.
Thus setting {’ = z + i(z5 + Q(x(, x})) and 7' = z — i(xh + Q(z(, z1)),
we can write
Zo: € = ol (ah + 22zl — azh).
Then since we have 0z = Z, 0*z¢ = (), ox; = T} and o*zy = T, we
have

0§ =0" (z +i(z2 + Qz0,71))) =Z +i(T3 + Q(To, 71))

=Z+i(@3 + Q(T0,71)) = z — (23 + Qz0,71)) = 7.
Similarly we have o*n = E/. On the other hand, we easily get o*¢; = ¢;
for 1 < i < 4. Hence FZ; = o(Hy,) is defined by ¢ = ¢4, = 0 in a
neighborhood of p,. This implies that H; is defined by ' = £4 =0
around p,,. On the other hand, by reality, the center of the first blow-
up must be {n = ¢; = 0}, which intersects H} transversally along a
smooth curve. Therefore, H, é4 has no effect under the first blow-up of Zj.
Similarly, nothing happens for the remaining two blow-ups. Combined
with what we have seen around p.,, we have shown that Dy, — Hy, is
C*-equivariantly biholomorphic to D in the lemma. q.e.d.

By similar direct calculations, we can show the following lemma. (The
case Ly, is actually proved in the last lemma.)

Lemma 5.9. Let u (9 (Hy,)) = Dy, + Dy, and Ty, C Hy, (1 <i <
4) be as above. Then Ly, = Dy, ﬂﬁgi s a real smooth rational curve in
Z{, satisfying the following properties:

(i) Le, are mapped biholomorphically onto Ty,,

(ii) the normal bundle of Ly, in Z}) is isomorphic to O(1)%2,
(iii) the intersection of Ly, with ®~1(ls) is as in Figure 7.

Next we prove that, as promised in the proof of Proposition 3.5, our
small resolution /i, gives a resolution of the surface ®;'(H)) which has
Doo and P, as its As-singularities:

Lemma 5.10. If A # —1,0,a,00, Sy = ®~(H,) is non-singular.
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Proof. This can be also seen by direct calculation using coordinate
(&,m, xo, 1) around ps above. As H) is defined by zo = Az, @al(H)\)
is locally defined by &n = f(A\)z] around ps. Substituting & = ufy for
the first blow-up, the inverse image becomes un = (f(\)/f1(\,1))z3.
Next substituting u = vfs for the second blow-up, we get

vn = (FON)/0(X Dla(X, 1))zt

Finally substituting v = wf3 for the third blow-up, we get wn =
(f(N)/l1( A 1)la(X, 1)€3(N\,1))x1. This is smooth. By reality, the con-
jugate singular point p,, of Sy is also resolved by our blow-ups. Thus
both p and p., are resolved. These are of course minimal resolution of
the As-singularity and the self-intersection number of each irreducible
component in S) is —2.

If A # Ao (and X\ # —1,0,a,00), BN Hy has no singular point other
than po, and p.,, and it follows that Sy is smooth provided A # Ag.
Because B has a real ordinary double point at Py = (A\g : 1 : 0 : 0),
oy '(H),) has a real ordinary double point over Py. But this singular
point is also resolved through small resolution of Zy. This is of course
rather simpler than the above case and we omit the calculation. q.e.d.

Next, in order to calculate the intersection L™ and L~ (cf. the begin-
ning of this subsection) with I, we need a one-parameter presentation
of Cy, in a neighborhood of puo:

Lemma 5.11. Let Cy C H)y be a real touching conic of special type
whose equation is given by (10), and (zo,x1,x2) the affine coordinate
around P, as above. Then in a neighborhood of Py, Cy has a one-
parameter presentation of the following form:

Tro = )\.1‘1
(21) . Voo Vror .
x9 = —Be Wz — Q22 f+Q$% + ng f+QBewm:f + O(:U‘ll),

where we put B := B(\) = (\/Q? — [ — Q)%/\/i
Note again that f < 0 guarantees v/Q? — f — Q > 0.

Proof. By solving (10) with respect to x3, we get

B /P f

1+ Beifx,

(22> L2 = _g(xl) < Iy, g($1) =

Calculating the Maclaurin expansion of g(z1), we get (21). This is
routine work and we omit the detail. q.e.d.

By using this lemma, we can prove the following
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Lemma 5.12. In a neighborhood of pso, each of the two irreducible
components of <I>61(C'9) has a one-parameter presentation with respect
to x1 in the following forms respectively:

, - if
(23) €= —2iBe ¥z +0(2?), n= ZZfoif +0(x}), x0 = Az1,
ie’f 4 4 : —if 2
(24) ¢=- 55 1 + O(x]), n=2iBxrie” " 4+ 0O(z7), o= A11.
The proof being routine and elementary, we omit the detail (cf. [7,
Lemma 5.10}).

By taking a small resolution which is explicitly given in (18)—(20) we
obtain the following lemma (cf. [7, Lemma 5.11]).

Lemma 5.13. Let L; and Ly be the curves in Zj which are the
proper transforms of the curves (23) and (24) respectively. Then we
have:

(i) Lg' and I'1 intersect transversally at a unique point satisfying
T

(25) uw=—2iBe .
1

and Lj NIy and L; N3 are empty,
(i) L, NTy and L, NTy are empty and L, and '3 intersect transver-
sally at a unique point satisfying
ief
2B l14ol3
where we use u and w as local coordinates on 'y and I's respectively
as explained before, and B = B(\) is as in Lemma 5.11.

(26) w=

Here note that x1/¢; and x‘%/ﬁlégﬁg do not depend on x1, and depend
on A only. Further, we have B > 0 since f < 0.

As in the previous subsection we put £ = {L} |0 € R} and £, =
{L, |0 € R}. (Note that this time we explicitly specified L and L,
respectively in Lemma 5.12.) U(1) again acts transitively on the pa-
rameter spaces of these families. By Lemma 5.13, L; NI’y is a point,
and {LJ NT1 |60 € R} is a circle in I'y whose radius is

hl()\) = 2B - ‘1'1/61‘
Similarly, {L, NT3]6 € R} is a circle in I'3 whose radius is
ha(A) := (=f/2B) - |21/01€205).

(he will appear in the next subsection.) Then we have the following
proposition, which implies that the normal bundles of L; and L, in Z)
are determined by the behavior of h; and hs respectively.
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Proposition 5.14. Assume A € Iy U I3 and take any L = L; € C;\r.
Then either N,z =~ 0(1)%2 or Npjzy ~ O @ O(2) holds. Further, the
latter holds iff X is a critical point of hy above. The same claims also
hold for LY if we replace hy by hs.

Proof. The first claim can be proved in the same way as in Proposition
5.3. The other claims can also be proved in the same manner as in
Proposition 5.3: take any L € E;\r. Then the two one-parameter families
of L in Z|, in the previous proof make sense also in this case, so that we
again have two linearly independent sections s and ¢ of N, Nx = Ng, z}-

Then the previous proof works if we replace ho by h1, ®1(ls) by T1Ul'y,
and (12) by (25). For L € L3, replace ho by hg, ®(lo) by '3 UTs,
and (12) by (26). q.e.d.

By definition, hy and hs depend on the choice of 1, ¢ and ¢35. There-
fore, Proposition 5.14 implies that the normal bundles of L; and L, in
Z/, depend on how we resolve po,. More precisely, the normal bundle of
L; depends on the choice of /1 only, whereas the normal bundle of L,
depends on that of {1, (2, ¢3}.

Thus we need to know the critical points of h; and hs for every choice
of /1,05 and f3. At first glance there may seem to be too many functions
to be investigated, but it is easily seen that hg is a reciprocal of hy (up
to a constant) for some other choice of ¢1,fy and ¢3. Consequently,
what we need to know is the behavior of hq for the four choices of ¢;.
(Behavior of these functions near the endpoints of I; and I3 below will
be needed in §5.5.)

Lemma 5.15.

(i) If €1 = x1, h1 has no critical point on I, and has a unique critical
point on I3. Further, we have limy|_o h1(A) = +00 and hi(—1) =
0.
(ii) If 61 = xo, h1 has a unique critical point on Iy, and no critical
point on I3. Further, we have limy g hi(\) = 400 and hi(a) = 0.
(iii) If 1 = zo + x1, h1 has no critical point on Iy, and has a unique
critical point on Is. Further, we have limy|_o h1(A) = 0 and
hmAT—l hl()\) = +00.
(iv) If 64 = zo—ax1, hy has a unique critical point on I, and no critical
point on I3. Further, we have hi(0) = 0 and limy;q h1 () = +00.

Proof. (i) If {1 = x1, we have h? = 2(/Q? — f — Q). Since hy > 0
on I; U I3, the critical points of h% and hy coincide on I; U I3. We
think of h} as a real valued function defined on the whole of R, but
one which is not differentiable at A = Ag in general. It is immediate
to see that h3(—1) = h3(0) = hi(a) = 0, limy|_ h}(\) = +oo and
limyjoo h3(A) = —00. Then because h? is differentiable on A # Ao, h?
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has a critical point on I and I3 respectively. On the other hand, we
have

) L 20Q /2@ V@]
(Ve*-7-¢) T

and it follows that (1/Q? — f — Q)’ = 0 implies

(27) (2QQ" - f') =4Q"*(Q* - /).

It is readily seen that the degrees of both sides of (27) are six, and that
both have (A — \g)? as a factor. Since we have already got two critical
points of A3 other than A = )y, there are at most two solutions of (27)
remaining.

We set g := 2(—+/Q? — f—Q) which is also defined on R and possibly
not differentiable at A = A\g. Note that if we replace h? by g on A > Ao,
then the resulting function is differentiable at A = A\g. It is easily verified
that ¢ = 0 also implies (27) and it gives a solution not coming from
(h?)’ = 0. Further, we readily have limy| oo g(A) = limyje0 g(A) = —00.

Suppose that g has a critical point. Then together with the above
two critical points of h? on I U I3, we have three solutions of (27) other
than A\ = X\g. If h? has critical points on I3, its number is at least two.
This implies that (27) has five solutions other than A = A\g and this is
a contradiction. Therefore h? has no critical points on I3, if g has a
critical point. Similarly, if the number of the critical points on I3 is not
one, then it must be at least three. This is again a contradiction. Thus
if g has a critical point, h?, and h; has no critical point on I; and a
unique critical point on I3.

So suppose that g has no critical point. This happens exactly when
g attains the maximal value at A = Ag. Then we have limyy, ¢'(A) > 0,
since otherwise g has a critical point on A < Xg. Because we have
lim)\p\o g’()\) = lim)\l>\0 (h%)/()\), we get limAle (h%)/()\) > 0. Since
limyjoo h2(A) = —o0, it follows that h? has a critical point on Iy. Thus
we get three solutions of (27) other than \g. Then by the same argument
as in the case where g has a critical point as above, we can deduce that
h1 has no critical point on I; and a unique critical point on I3. Thus
we get the claim of (i) concerning critical points of h;. The remaining
claims of (i) immediately follow from the definition of h;.

Claims of (ii), (iii) and (iv) about critical points can be obtained
by applying a projective transformation A +— 1/\ for the case (ii),
A= 1/(A+ 1) for the case (iii), and A — 1/(\ — a) for the case (iv)
respectively. The other claims are immediate to see. q.e.d.

As is already mentioned, the behavior of hg can be easily seen from
that of h; for some other choice of ¢1,f5 and f3. The result is the
following:
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Lemma 5.16.

(i) If {l1,02,03} = {xo,x0 + 1,20 — ax1}, hg has no critical point
on I, and has a unique critical point on Is. Further, we have
hm)\ifoo h3(A) =0 and lim)\T,1 h3()\) = +00.

(i) If {€1,02,03} = {x1,20 + 1,20 — azx1}, h3 has a unique critical
point on I, and no critical point on Is. Further, we have h3(0) =0
and limyyq hg(A\) = +00.

(iii) If {1, 02,03} = {x0, 21,20 — ax1}, hs has no critical point on
Iy, and has a unique critical point on Is. Further, we have
hm/\i—oo hg()\) = 400 and h3(—1) = 0.

(iv) If {1, 02,03} = {x0, 21,20 + 21}, h3 has a unique critical point on
I, and no critical point on I3. Further, we have limy o hz(\) =
+oo and hg(a) = 0.

Note that in the lemma we do not specify the ordering of ¢1, ¢ and
?3; for instance {{1, f2, (3} = {x0, xo+ 21,20 —az1} in (i) does not imply
{1 = xo,lo = 29+ x1 and f3 = xg — axq.

Corollary 5.17. For any choice of £1,02 and {3, the following (i)
and (ii) hold:
(i) members of LI (X € I1) and L] (X € I3) cannot be twistor lines
at the same time,
(ii) the same claim holds also for L .

Proof. Suppose that A € I U I3 is a critical point of hA;. Then by
Proposition 5.14, any member of E;\r is not a twistor line because its
normal bundle in Z, is O®O(2). Then just as in the proof of Proposition
5.5, any member of E:j cannot be a twistor line provided that p €
I, UI5 and X belong to the same interval (I or I3). By Lemma 5.15, hy
necessarily has a critical point on just one of I; and I3. Hence (i) holds.
The proof is the same for £ if we use Lemma 5.16 instead. q.e.d.

Thus together with Proposition 5.14, we have obtained new families of
real smooth rational curves which have O(1)®? as their normal bundles,
but which are not twistor lines.

Proposition 5.14 and Lemmas 5.15 and 5.16 enable us to determine
the normal bundles of L, and L, in Z for every choice of small resolu-
tions of poo. In particular, the normal bundles of L; and Ly, in Z), and
also which component has to be chosen as candidate of twistor lines,
depend on the choice made.

5.4. The case of orbit type. Suppose A € I, U I4. In this subsection
we calculate the normal bundles of LT and L7 in Z{, where L} and L
are curves which are mapped biholomorphically onto a real touching
conic C,, € Cfrb defined by (11). Note again that C, and L depend
not only on «, but also on A\ € Iy U I;. Compared to generic type and
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special type, calculations are much easier since the equations of touching
conics of orbit type are much simpler.

First we make a distinction of LT and L;. We use local coordinates
(zo, 1,2, 2z) and (g, z1,&,n) as in the previous subsection. Recall that
i Y(H)) is defined by &y = fx, so that the equation of irreducible
components of ®51(C,) is given by 2z = +(f — (a + Q)Q)% z?. Then
we denote by LI (resp. L) the components corresponding to z =
(f — (a+ Q)Q)% 22 (vesp. 2z = —(f — (o + Q)Q)% 2?). L and L, are
curves in Z|. Of course we have L and L coincide if « = —Q £ /.

Recall that in the previous subsection we have introduced an affine
coordinate v = £/¢1¢5 on the exceptional curve I'y. Points on I'y are
indicated by using this v. Then by elementary calculations, we obtain
the following lemma (cf. [7, Lemma 5.16]).

Lemma 5.18. Let L} and L, be as above. Then Lt NTy,LE N
I's, L, NTy and L, NT3 are empty, and L} NTs and L, NTy are points
satisfying respectively

LINTy =
a 102 {” 016

(Vi—@rar+ia+Q) AL,

2
LQQUZ{U:(— f—(a+Q)2+z‘(a+Q)> Z—EQ}

where each intersection is transversal. Moreover, L} and L, do not
intersect provided o # —Q £+ \/f (namely LT # L7).

Here, note again that x%/ﬁlfg does not depend on x7.

Since LE and I'y are U (1)-invariant, L,NT's must be U(1)-fixed point.
In particular, any points on I'y is U(1)-fixed. From these lemmas, we
immediately get the following

Lemma 5.19. Fiz A\ € Iy U Iy. Then the set {(LY UL;)NTy| —
Q—Vf < a< —-Q+f} is a circle in Ty whose center is To N T3
(= {v = 0}) and whose radius is \/f |x3/l1{2]|.

The following proposition, which corresponds to Propositions 5.5
(generic type) and 5.14 (special type), can be proved by using the same
idea as in Proposition 5.14. So we omit the proof.

Proposition 5.20. Set ho(A\) = /f (23/l102), which is clearly dif-
ferentiable on Iy U Iy. Let N denote the normal bundle of LY in Z|).
Then we have either N ~ O(1)®2 or N ~ O®O(2), and the latter holds
iff X is a critical point of ha. The same claim holds also for L .

Needless to say, hy depends on the choice of ¢; and f5. Thus as in
the case of special type, the normal bundles of L} and L depend on
the choice of small resolution of py. In view of Proposition 5.20, we
need to know the critical point of hy for each choice of {¢1,¢2}. There
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are 4!/(212!) = 6 choices for {¢1,l2}. If we take {{1,¢2} = {xo,x1} for
instance, we have ha(A\)? = (A + 1)(A — a)/), and it is elementary to
determine the critical points of this function. For any other choices, we
always get ho in explicit form and it is easy to determine their critical
points. So here we only present the result:

Lemma 5.21.

(i) If {€1, 02} = {xo,z1}, ha has no critical point on Iy U I4. Further,
hg(—l) = O,Iim)\To hg()\) = +oo,h2(a) =0 and hm)\Too hg(/\) =
+00.

(i1) If {l1,02} = {xo+x1,20—ax1}, hy has no critical point on Iy Uly.
Further, limy|_1 ha(X) = 400, h2(0) = 0,limy |4 ho(X) = +o0 and
limMoo hg()\) =0.

(iii) If {€1,€2} = {x1,20+x1}, ho has no critical point on Is\UIy. Fur-
ther, limy|_1 ha(X) = +00, ha(0) = 0, ha(a) = 0 and limy;o ha(A)
= 00.

(iv) If {€1,02} = {x0,20 — ax1}, ha has no critical point on Iy U Iy.
Further, ha(—1) = 0,limy0 h2(X) = 400, limy |4 ho(A) = +00.

(V) If {51,62} = {xo,.%'() + 371}, or if {61,62} = {331,1‘0 — axl}, ho has
a unique critical point on Iy and Iy respectively.

By Corollary 5.6, if A € I, images of twistor lines in H) must be of
orbit type. Therefore by Proposition 5.20, if a small resolution of Zj
yields a twistor space, ho does not have critical points on Is. Hence by
Lemma 5.21, we can conclude that {¢1, 2} # {xo,xo+x1} and {¢1, 02} #
{z1,20 — az1}. Namely, our investigation decreases the possibilities of
small resolutions. We postpone further consequences until the next sub-
section.

5.5. Consequences of the results in §5.2—-5.4. Before stating the
results, we again recall our setup. Let B be a quartic surface defined
by (3) and assume that @ and f satisfy the necessary conditions as in
Proposition 2.6. Let ®; : Zy — CP3 be the double covering branched
along B. On CP?3 there is a pencil of U(1)-invariant planes { H)}, where
H) is defined by zp = Azj which is real iff A € RU{oco}. As explained in
§5.3, an ordering ¢1, {2, (3, ¢4 of the four forms {xo, x1, o +x1, 20— azx1}
determines a small resolution of p, and p.,, which are compound As-
singularities of Zy. pe : Z) — Zy denotes this small resolution. Then
oo is only a partial resolution of Zy; namely Z still has a (unique and
real) ordinary double point py corresponding to the ordinary double
point Py of B. For any small resolution v : Z — Zj of py, we put
P 1= Bppoov, and let {Sy = ®~1(H))} be (the real part of) a pencil of
U(1)-invariant divisors on Z, where we put Sy = ®~!(H,) as before.

We start with the following proposition, which uniquely determines
the type of real touching conics which can be the images of twistor lines
contained in U(1)-invariant fundamental divisors.
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Proposition 5.22. Suppose that there is a small resolution v : Z —
Z{, of the real ordinary double point py such that Z is a twistor space.
Let L be a twistor line of Z contained in Sy for some A € R. Then
®(L) is a real touching conic of:

(i) special type if X € I U I3,
(i) orbit type if X € I,
(iii) generic type if X € Iy and if X # Ao.

Note that by Proposition 3.2, ®(L) C H) is a line if A = \g.

Proof. (i) immediately follows from (ii) of Proposition 4.5 and (v) of
Proposition 4.8.

(ii) is just Corollary 5.6.

Finally we show (iii). By (i) of Proposition 4.5 it suffices to show that
if A € Iy, the image cannot be of orbit type. In view of Lemma 5.21, we
have ho(I2) = (0,00) and ha(ly) = (0,00) for any of the cases (i)—(iv)
of the lemma. (We have already seen that case (v) can be eliminated.)
This implies that the circles that appeared in Lemma 5.18 sweep out
I[o\{I's N Ty,T2 NT3}. Therefore, LE C Sy with A € Iy, and LT C S),
with A € I cannot be the images of twistor lines at the same time.
Therefore, if A € Iy and if A # Ag, the images of twistor lines must be
of generic type, as required. q.e.d.

The following is the main result of this section. Recall that p, is a
compound As-singularity of Zj, and there are 4! = 24 choices of small
resolutions of ps, each one corresponding to a choice of ¢1, ¢35, ¢35 (and
4) (see Section 5.3). Recall also that once a resolution of p, is given,
it naturally induces that of p,, by reality.

Proposition 5.23. Among the 24 ways of possible small resolutions
of Poo, 22 resolutions do not yield a twistor space. The remaining two
resolutions are given by the following two choices of linear forms:

(I) =21, b2 =20+ 21, {3= 0,
(H) {1 =x9 —ax1, lo =xo, 3 =x0+ 21.

Here we do not yet claim that the threefolds obtained by these two
resolutions are actually twistor spaces.

Proof. By Proposition 5.22 (i), if A € I, the images of twistor lines in
S are real touching conics of special type. As in Section 5.3, there are
two families Lj\r and L) of real rational curves which are candidates of
twistor lines in S). As we have already remarked in Section 4, L; € E;\r
and L, € L cannot be twistor lines simultaneously. Suppose first that
(any of the) members of L7 are twistor lines. Then by Proposition 5.14,
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the function h; does not have critical points on I;. By Lemma 5.15, this
implies that we have either

(28) fi=x1 or {1 =ux0+ 1.

On the other hand, by Corollary 5.17 (i), under our assumption, mem-
bers of £, are twistor lines for A € I3. Therefore, again by Proposition
5.14, hs does not have critical points on I3. Then by Lemma 5.16, the
cases (i) and (iii) of the lemma are eliminated and we have either

(29)

{01,€2,43} = {z1, 20 + 21,00 —az1} or {l1,la,l3} = {wo, 21,70+ 21}

(Note again that we do not specify the order.)

Next we consider twistor lines in Sy for A € I5. By Proposition 5.22
(ii) the images are real touching conics of orbit type. Then Proposition
5.20 implies that he has no critical point on I». Hence by Lemma 5.21,
we have either

(30) {l1,02} = {xo, 21}, or {zo+ z1,20 — ax1},
or {z1,x0+ 21}, or {zg,zo —axi}.

Now we note other restrictions: namely, when X\ increases to pass
from I to Iy, twistor lines in S) must vary continuously, so that we
have

-1
31 lim Ay (A) = [ lim ho(A .
(31) tim () = Jim na() )
(Here the inverse of the right hand side is a consequence of the fact that
' Ny = {u =0} = {v=o00}.) Similarly, moving A from I, to I3, we
have

—1

(32) () = (tmrav)

Take ¢; = x; for the first example. Then by Lemma 5.15 (i) we have
hi(—1) = 0. Hence it follows from (31) that limy|_; ho(\) = co. Then
the cases (i) and (iv) of Lemma 5.21 fail and we have {{1, 02} = {xo +
x1, 0 —axy} ((ii)) or {41,062} = {z1, 20+ 1} ((iii)). The former clearly
fails and we get fo = x9 + x1. This appears in (30). Then we have from
Lemma 5.21 (iii) that ho(0) = 0. Hence by (32), we have limy g h3(\) =
oo. It then follows from Lemma 5.16 that ¢35 = x¢. Thus we get ¢ =
x1,ly = x0 + 21, 3 = x0.

Next take £1 = x¢ + 1. Then we have limy;_; ~1(\) = 400 (Lemma
5.15 (iii)), so that limy|_; ha(A) = 0. Then looking at (i)—(iv) of Lemma
5.21, this possibility fails. Namely, we have 1 # x¢ + 1. Thus we can
conclude that if L; € Ei is supposed to be a twistor line over Iy, we
have to choose ¢1 = z1,{2 = xo+ 1 and f3 = xg. This is item (I) of the
theorem.
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Next suppose that L, € L is a twistor line over I and repeat
the similar argument above. By Proposition 5.14, hs has no critical
point on I;. It then follows from Lemma 5.16 that either {¢i, ¢35, ¢3} =
{$0,LEO + L1,y — axl} ((1)) or {61,52,53} = {560,56171‘0 — aml} ((111))
holds. On the other hand, (30) is valid also in this case. Further we
have as before

-1 -1
@) Jim ha) = (Jim ma)  and () = (lmm())

If {51,62,63} = {.%(),.CC() + 21,20 — aa:l}, then lim)\T,1 h3()\) = 400
(Lemma 5.16 (i)), so that we have limy|_; ho(X) = 0 by (33). Hence by
Lemma 5.21 we have {{1,¢2} = {x, xzo—az1}, which implies limy;o ha(\)
= 00 ((iv) of Lemma 5.21) and ¢35 = 2o + z1. Hence limy|ghi(A) = 0
by (33). It follows from Lemma 5.15 that ¢; = ¢y — ax;, which means
ly = xo. (iv) of Lemma 5.15 says that h; has no critical point on I3,
which is consistent with the fact that L;’ is a twistor line over I3.

If {fl,fg,fg} = {1'0,1‘1,1'0 - axl}, h3(—1) =0 (Lemma 5.16 (iii)),
so that we have limy|_1 ha(X) = oo by (33). Therefore we get the
two possibilities (ii) and (iii) of Lemma 5.21, but both contain zg + x;
which is not compatible with our choice of {¢1,/s,¢3}. Thus we have
{l1,02,03} # {0, 21,20—az1}. Thisimplies that if L, € L} is a twistor
line for A\ € I, then 1 = g — ax1,f> = xp, and 3 = x¢ + x1. This is
case (II) of the theorem, and we have completed the proof. q.e.d.

Next we summarize which irreducible components of the inverse im-
age of touching conics have to be chosen as candidates of twistor lines.
Note that for touching conic of special type, we have made in Section 5.3
a distinction of the two components L; and L, by the property that L;
intersects I'; and T'y, and L, intersects I'3 and I's (Lemma 5.13). For
touching conics of generic type, we have not made distinction of L;’ and
L, so far. To make a distinction, we write ® !(loo) —I'—T = Z+E, and
® gives isomorphism of Z ~ I, and E ~ I, (cf. Proposition 2.10). We
can suppose that Z intersects I'y (and hence T'3) as in Figure 7. Then
= intersects I's (and fl). Recall that Cy intersects I, at two points
indicated by e?hg()\) and e~*?hyt(\) (Lemma 5.2 and its proof). Thus
L(j intersects = at a point indicated by e?hg or e*wha ! Now we make
a distinction of L;’ and L, by declaring that L; N = is indicated by
ehy for A < \g, and e_who_l for A > Ag. It then follows that L, NE
is indicated by e‘ieha Lfor A < Ao and €?hg for A > Ag. The following
result is essentially showed in the proof of Proposition 5.23.

Proposition 5.24.

(i) If we take the small resolution determined by (I) of Proposition
5.23, members of Ej\r must be chosen as twistor lines on Sy for
A € I, both members LT and L7, must be chosen for a € Iy,
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members of L, must be chosen for X\ € I3, and Lj\r must be chosen
forNe I UI.

(ii) If we take the small resolution determined by (II) of Proposition
5.23, members of L, must be chosen as twistor lines on Sy for
A € I, both members LY and L, must be chosen for X € Iy,
members of Ej\r must be chosen for A € I3, and L must be chosen
forAe I, U II.

Proof. We only verify (i) because (ii) can be seen by parallel argu-
ment. The claims for A € I} U I3 are already seen in the proof of
Proposition 5.23. (ii) immediately follows from Proposition 4.8 (and its
subsequent comment) and Corollary 5.6. It remains to see the claim for
A € If. Over I3, members of Ly must be chosen as above. Further,
we have h3g(a) = 0 by Lemma 5.16 (iv). This implies that as A goes to
a, the intersection circle U{I's N L, | L, € L) } shrinks to be the point
I'3sNZ=. Therefore the intersection circle of twistor lines in Sy and Z also
has to shrink to be I's NE. On Z, one can use s = y2/ys as an affine
coordinate whose center is the intersection point with I's. By the rule
explained just before the proposition, the radii (with respect to x2) of
intersection circles of L; NZ and L, NZ are respectively indicated by hy 1
and hg. We have limy|q ho(A) = 400 and limy |, hal()\) = 0. (cf. Figure
6). Hence we conclude that L;’ N Z must be chosen for A € I . Similar
argument shows that for A\ € I, L('; N Z must still be chosen.  q.e.d.

Differences of the two resolutions (I) and (II) of Proposition 5.23 can
be displayed as in Figure 8. Roughly we can say that exchanging the
two resolutions reverses the direction of the moving of the intersection

circles as \ increases.
S N
/N
/\/< r
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L1 y // F:: L, >
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r \/ T,
7 N

La

Ty
/N

[1]]
[1]]

D (ID)

Figure 8. The intersection circles rotate as A increases.
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5.6. Connectedness of the families of real lines obtained in
85.5. In the last subsection we have determined the families of twistor
lines contained in Sy = ®~!(H)), where X is in the intervals I;, 1 <
j < 4. Namely, we have detected two S'-families of real lines on Sy for
A€ U?:ll—ja A # Ag. It is obvious from our explicit description that,
for each 1 < j < 4, the two S'-families respectively form a connected
2-dimensional family of real lines whose parameter space is a cylinder
I; x S1. As stated in Proposition 5.22, these families have different
descriptions depending on 1 < j < 4. In this subsection, we show that
any member of these families is convergent to the inverse image of the
four tropes of B, when the plane moves to the four planes on which the
tropes lie. This implies that the parameter spaces I; x S1 are joined
(connected) by adding four points corresponding to the tropes. This
connected result will be needed in our proof of the main theorem.

Recall that the branch quartic surface B is defined by

(y2y3 + Q0. y1))* — yoy1 (Yo + y1) (yo — ay1) = O.

Let T_1,Ty,T, and T, be the four tropes which are intersections of
B with the planes yg = —y1,y0 = 0,90 = ay; and y; = 0 respectively.
The inverse image of the tropes in Zj is of course smooth rational curves
which are mapped biholomorphically onto the tropes. These four curves
on Zy define, as the strict transforms, smooth rational curves on Z|) for
any small resolution Z; — Zy of ps and p,,. We denote these curves
in Z{ by L_1, Lo, L, and Lo respectively. These are C*-invariant real
rational curves naturally biholomorphic to the tropes. By Lemma 5.9,
the normal bundles in Z} are isomorphic to O(1)®? by Lemma 5.9. (In
the lemma these were written Ly,.)

In the following we investigate limits of real lines on Sy when \ ap-
proaches the endpoints of I;. We begin with the case of A € I; UI3. In
this case we know by Proposition 5.22 that the image of twistor lines on
S is a touching conic of special type. Moreover, Proposition 5.24 shows
that if we choose the small resolution determined by (I) of Proposition
5.23, then L; must be selected as twistor lines on S for A € I;, whereas
L, must be selected for A € I3. Similarly, if we choose the small resolu-
tion determined by (II) of Proposition 5.23, then L, must be selected
as twistor lines on S, with A € I, whereas L; must be selected for
A € I3. The next two propositions in particular imply that when the
real plane H) moves to the endpoints of I; and I3, these real lines are
convergent to the real lines Ly,, \; = —1,0, a or oo.

Proposition 5.25. Assume X\ € I1 U I3 and let Lét be the real lines
in Sy which are the irreducible components of the inverse image of real
touching conic Cy C Hy of special type as in Section 5.3. If we choose
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the small resolution (1) of Proposition 5.23, we have the following:
lim L = Lo, lim Ly = Lo +T1+ T2+ T + 1Ty,
Al—o0 Al—o0 .
lim L =Ly, lim Ly =L +Ty+7Ty,
A—1 =1

and B
lgfIOlL;_:Lo-f—FQ-i-Fg, 1)%?(}[19_2110,
limLI =1L r r T T limL, = L,.
)\lTnal 0 atlot+l3+1o+13 ;TII; 0 a

Proof. 1t is immediate to verify from the explicit equation of touching
conic of Cp obtained in Proposition 4.3 that limy| o, Cy = T. Since
o 1(Cy) =Ly + L, and @ (Ts) = Loo + ' 4+ T, we obtain

lim (Ly +Ly) = Lo + I +T.

Al—oo
Moreover, both limy_, L;’ and limy_, o, L, contain L, as their ir-
reducible components, since L; and L, are mapped biholomorphically
onto Cy. First we consider lim L;’ as A | —oo. By Lemma 5.13, L(';
intersects I'; at a unique point

u=—2iBe . x1 /b = ie Oh,

where w is the affine coordinate on I'; introduced in the beginning of
Section 5.3, and h; = hi()\) is a function introduced before Proposition
5.14. Now since we are choosing the small resolution determined by
(I) of Proposition 5.23, we have ¢; = x; and h; behaves as in (i) of
Lemma 5.15 (i). In particular, we have limy|_o h1(A) = co. Because
Ly is as in Figure 8 in this case, this implies that the intersection
point L; NIy goes to the point Lo, NI'y. Hence limy| o L; does not
contain any components of I' and T’ and we get limy| oo L; = Leo.
limyj_g L; = L_41 can be proved in a similar way. Next we look into
the limit of L, as A approaches —oo and —1. We know by Lemma 5.13
that L, does not intersect I'y UT's and that L, N I3 is a unique point
satisfying
ief  af . if
YETOB hibaty O

where w is the affine coordinate on I's introduced in Section 5.3, and hg
is a function introduced before Proposition 5.14. Moreover, by Lemma
5.16 (iv) (plus some easy calculations), we have limy|_o hg(A) = oo
and limy;_; h3(A) = co. This implies that the point L, NI'3 approaches
LoNI's when A | —oo and A T —1. On the other hand, as is already men-
tioned, limy|_ L, contains L, as its irreducible components. Then

since limy|_o, L, must be connected, it must contain I'y and I'y (see
Figure 8). By reality, we conclude limy|_o, L, = Loo+I'1+1 +T+4T,.
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Similarly, limy;_; L, must contain I's and Ty and we get limy;_1 L, =
L_1+T5+T9, as claimed.

For other limits A | 0 and A T a, we can prove the claim of the
proposition in a similar way by using Lemmas 5.15 and 5.16. We omit
the detail. q.e.d.

For another small resolutions, we have the following proposition. We
omit the proof since it is completely parallel to the above case.

Proposition 5.26. In Proposition 5.25, if we choose the small reso-
lution (II) of Proposition 5.23 instead, we have the following:
lim Lf = Lo+ T2+ T3+ T2+ T3, lim L, = L,
Al—o0 Al—o0
. + _ el . - _
)}%IEII Ly =L_1+T2+ T, /\l%r_nl Ly =L_q,

and
lgﬁ)l[f; = Ly, 1;%1[19_ = Lo+ T+ 1,

imL) =L,, UmL, =L,+T1+To+T1+To.
ATa ATa

Next we investigate the limit of twistor lines on S when A approaches
the endpoints of Is. In this case we know by Proposition 5.22 that
the image of twistor line is a touching conic of orbit type denoted by
C. C H), and that by Proposition 4.8 there are two irreducible com-
ponents L} and L, of ®~!(C,) which are biholomorphic to C, by ®.
As remarked at the end of Section 4, both LT and L, must be twistor
lines (because they are members of the same pencil on S)).

Proposition 5.27. Assume \ € I and let LT be the real lines in S
which are irreducible components of the inverse image of real touching
conic Co, C Hy of orbit type as in Section 5.4. Then regardless of which
small resolution (I) or (II) of Proposition 5.23 we take, we have the
following

lim L} = lim L, = Ly, limL} =lim L, = L.
Yim Lf = Jim Ly = Lo, Ym Ly =lmL5 = Lo
Proof. This can be proved by the same argument as in Proposition

5.25, if we replace Proposition 4.3 by Proposition 4.4, Lemma 5.13 by
Lemma 5.18, and Lemmas 5.15 and 5.16 by Lemma 5.21. q.e.d.

Finally we study the case A\ € I;. Again by Proposition 5.22 the
image of twistor lines are real touching conics of generic type. We have
®~1(Cy) = L + L, . Recall that in Section 5.5 (the explanation before
Proposition 5.24) we have made distinction of Lj and L, by considering
the intersection with = and =.
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Proposition 5.28. Assume A\ € I, U Ij and let L;t be as above.
Then the following (I') and (I') respectively hold depending on which
small resolution (1) and (II) of Proposition 5.23 we take:

imL =L, lmL, =L, +T+T,
Iy--- Ala Ala =
)1\1TI£>L; = Loo, )1\1Tr(£10L9 =L +T+T.
limL; =L, +T+T, lmL, =L
(11 YD v
lim L) = Lo + I+ T, lim L, = L.
AToo AToo
Proof. 1t is immediate to verify from the explicit equation of touching
conics of generic type obtained in Proposition 4.2 that limy, Cy = T,
and limyo, Cp = Too. As @7 1(Cy) = LS +L, and @ '(T,,) = Lo+T+T
and ®1(T) = Lo + '+ T, we obtain

im(Ly +Ly)=Lo+T+T, lim(Ly +L;)=Loc+T+T.
Ala AToo

By Lemma 5.4 (plus easy calculation; see Figure 6), we have limy |4 ho())
= 00 and limyjo hg ' (A) = 0. By the rule for making distinction of L
and L, , these imply that L;’ N Z goes to the point ZN T3 as A | a,
and goes to the point ZEN Ty as A T oo. On the other hand, we have
L,NE =T3NZ and LoNZE = I'1NE for the small resolution determined
by (I) of Proposition 5.23 (Figure 8). Namely as A | a and A T oo
respectively, =N L, approaches =N L, and ZN L. Therefore we have
limy |, L;{ = L, and limy1oo L; = L if we take the small resolution
coming from (I) of Proposition 5.23.

Next we look into the limit of L, as A | a and A T oo for type (I)
resolution. It is immediate from Lemma 5.4 and Figure 6 again to get
that the point =N L, goes to the points =N Ly, as A | a and goes
to the points =N L, as A T oo. Then since limy, L, is connected
and contains L, as its irreducible component (and since moreover the
limit does not contain =), it follows that limy |, L, contains I'. Then by
reality limy |, L, also contains T. Thus we get lim) laly = Lo +T'+ T.
Similarly we get limyjoo Ly = Loo + 1"+ T.

Finally, we can immediately obtain the limit for the type (II) reso-
lution, if we note that exchanging resolution of type (I) and type (II)
interchanges L, and Lo (Figure 8). q.e.d.

Propositions 5.25-5.28 can be summarized as follows:

Proposition 5.29. Let Z) — Zy be the small resolution of the con-
Jugate pair of singularities determined by (1) or (II) of Proposition 5.23,
and consider the families of real lines on Sy (A € I;) for each 1 < j <4
determined in Proposition 5.24, (i) or (ii) respectively. Then if we move



234 N. HONDA

H) into the planes on which the tropes of B lie, the real lines on Sy con-
verge to the real line which is (an irreducible component of) the inverse
image of the trope.

6. Twistor lines whose images are lines, and a resolution of
the ODP

In Sections 3-5 we have intensively studied real lines in Z whose
images are touching conics. But as Proposition 3.2 says, we cannot
obtain arbitrary twistor lines by considering such real lines only. In
the first half of this section we study real lines whose images become
lines. These real lines are needed for compactifying the space of real
lines obtained in Sections 3-5.

On the other hand we showed in the last section that among many
(twenty-four) ways of possible small resolutions of the conjugate pair
of singularities of Zj,, there are just two resolutions which can yield
a twistor space (Proposition 5.23). In the second half of this section
we show that once a small resolution of the unique ordinary double
point of Zj is given, it uniquely determines which one of the above two
resolutions have to be taken for the conjugate pair of singularities. We
keep the notations and assumptions in Sections 3-5.

As showed in Proposition 3.2, if L. C Z is a real line intersecting
Iy, then ®(L) is a line going through Py. The next proposition is its
converse.

Proposition 6.1. Let | ¢ CP? be any real line going through Py.
Then ®=1(1) has just two irreducible components, both of which are real,
smooth and rational. One of the components is the exceptional curve I'g
and another component is mapped (2 to 1) onto l. Further, the normal
bundle of the latter component in Z is isomorphic to O(1)®2.

Proof. First we note that if [ is a real line, B N[ consists of just
three points, one of which is Py. This follows from the facts that B is
a quartic, B N1 is real, Py is the unique real point of B (Proposition
2.5), and P, is a double point. Therefore ®;'(I) — [ is a two-to-one
covering branched at three points. Let P and P be the two branch
points other than FPy. Because [ intersects B transversally at these two
points, ;' (P) and @' (P) are smooth points of &5 (I). Further, since
Py is an ordinary double point of B, py = ®;'(Py) is a node of ®;(1).
From this it follows that ®~!(I) has just two irreducible components,
one of which is I'g. Let L be the irreducible component different from
T'g. Then L is smooth and L — [ is a two-to-one covering whose branch
points are P and P. Therefore (by Hurwitz) L is a rational curve. L is
real since ®5 (1) is real.

It remains to show that N,z ~ O(1)®2. The idea is similar to
Propositions 5.3, 5.14, and 5.20. We first show that N,z ~ 0(1)%2 or
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Npz = O @® O(2). By Bertini, H N B is smooth outside I for general
plane H containing [. Further, since H N B is a quartic, S := ®~!(H)
is a smooth rational surface with ¢? = 2. Moreover, ®~1(I) is an anti-
canonical curve of S so that we have (I'p + L)? = 2 on S. Furthermore,
it is readily seen that 2 = —2 and I'g- L = 2 on S. Therefore we
have L? = 0 on S. Then the argument in the proof of Proposition 5.3
implies Ny, ~ 0(1)®2 or Npjz ~ O(2) @ O. To show that the latter
does not hold, we first see that I'y/(o) is canonically identified with the
projective space of real lines going through Py. Concretely, for each real
line I > Py, we associate the intersection I'o N (®1(I) — I'y) which is
a conjugate pair of points. We show by explicit calculation that this
correspondence, which we will denote by v, is actually an isomorphism.
The problem being local, we use a local coordinate (w1, w2, ws3) (around
Py) defined in (4). Then in a neighborhood of py = @' (Py), Zo is given
by the equation

(34) 22 + w? + wowsz = 0.

Small resolutions of the double point py € Zy are explicitly obtained
by blowing-up along {z + iw; = w3z = 0} or {z + iw; = wy = 0}.
In the former case, we can use (z + iwy : w3) = (—w2 : z — iwy) as
a homogeneous coordinate on I'g, whereas in the latter case we can
use (z + iwy : we) = (—ws : z — dwp) instead. We see only in the
former case, since the calculation is identical. Let (w; : wy : ws) be
a real line through Fy. Namely, we assume w; € R, wy = w3, and
w? + |wy)? # 0. Then by (34), we have z = +i(w} + |wo|?)'/2. Hence
we get (z +iwy : w3g) = (i(wy £ (w? + |wa|?)'/?) : W). Namely, 1 is
explicitly given by

(35) wi(wliwziﬁz)HG (wli\/m> i@)'

(Note that the image of (35) is considered as a point of I'g/(0).) First
suppose w1 # 0. It is readily seen that we can suppose wy = 1. Then
in (35) the image becomes (i(1 £ (1 + |w2|?)/?) : Ws). Taking the sign
‘+’, (35) can be rewritten as

—1wWo

14 /1+ [wy]?’

where we use (the second entry)/(the first entry) as an affine coordinate
on I'g. The image of (36) is clearly contained in the unit disk {u €
C||u| < 1}. It is easily verified that (36) give a diffeomorphism between
C = R? and the unit disk.

Next consider the case w; = 0. Then we have ws # 0, and the
image becomes (i|ws| : Wa) = (1 : +iwy/|ws|). From this, it easily
follows that (35) gives a diffeomorphism between the two subsets {(0 :
1:w)|lwe U)} and {(1 : u) € T'g|u € U(1)}/{(o). Moreover on

(36) Y :C 3wy —
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RP?\R? we can use (1/r,0) as a local coordinate on RP?. Then we
can readily show that (d/ds)(k(1/s))|s=0 # 0. This implies that ¢
is diffeomorphic also on a neighborhood of RP?\R?. Note that the
bijectivity of v implies that if [ # I’, then the corresponding rational
curves in Z are disjoint.

Next take any real plane H containing [. On H there is a one-
dimensional family of lines through Fy. Taking the inverse image, we
obtain a one-dimensional holomorphic family £y of rational curves in
Z, containing L as a real member. Any real member of Ly defines a
conjugate pair of points as the intersection with I'g. Consequently, real
members of L determine a real circle Cg in I'g. If s denotes the section
of N = Ny ; associated to L (viewed as a deformation of L in Z),
then Res(z) is non-zero by the diffeomorphicity of ¢, and is represented
by a tangent vector of Cy at z, where we put {z,z} =T'oN L.

Let {v1,v2} be any oriented orthogonal basis of 7.y, where we take
the complex orientation and orthogonality. Then since we have the
isomorphism ), there is a unique real plane H; (i = 1,2) containing [
such that v; is tangent to Cp,. Let s (resp.t) be the global section of
N = Nyp,z associated to Ly, (resp.Lp,). We now claim that as + bt
does not vanish at z and z simultaneously, unless (a, b) = (0,0). Putting
a = a1 + tas and b = by + ibe, we readily have

(37) Re(as + bt) = (a1Res — bolmt) + (b1 Ret — azlms).

Since (Res)(z) and (Res)(Z) (resp. (Ret)(z) and (Ret)(Z)) are repre-
sented by tangent vectors of Cp, (resp. Cm,), our choice of H; and Hs
implies that (Res)(z) is parallel to (Imt¢)(z) and (Ret)(z) is parallel to
(Ims)(z). The same is true at Z. Hence by (37) if Re(as+bt)(z) = 0, then
a1Res(z) = bolmt(z) and b1Ret(z) = aglms(z), and Re(as + bt)(Z) =0
implies similar equalities. Since Res, Ret,Ims and Im¢ can not be zero
at both z and Z as was already mentioned, a; = 0 iff by = 0 and
as = 0 iff by = 0. Therefore either ajbs # 0 or bias # 0 holds.
Suppose aijbs # 0. Then we show that a;Res(z) = bolmt(z) and
a1Res(Z) = belmt(Z) cannot hold simultaneously: suppose that aijbe >
0. Then Res(z) and Imt(z) have the same direction and it follows that
{Ret(z),Res(z) (= (b2/a1)Imt(z))} is an oriented basis of T,T'g. On the
other hand, we have Res(zZ) = o.(Res(z)) and Ret(z) = o.(Ret(2)).
Therefore {Ret(z), Res(Z)} is an anti-oriented basis of 75y because o
is orientation reversing. On the other hand, a;Res(z) = baImt(z) and
a1bz # 0 imply that {Ret(z),Res(Z)} is an oriented basis of T5I'g. This
is a contradiction. The case biag > 0 is similar. Therefore Re(as + bt)
cannot be zero at z and Z simultaneously provided a1bs # 0. If bjas # 0,
then bjRet(z) = aglms(z) and biRet(Z) = a2lms(Z) do not hold at the
same time. Thus we have shown that Re(as + bt) cannot be zero at
z and Z simultaneously for any (a,b) # (0,0). Hence so does as + bt.
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Therefore we get N ~ O(1)®2 by Lemma 5.1 and complete a proof of
Proposition 6.1. q.e.d.

Note that among this family of real lines in Z, just one member is
U(1)-invariant. Further, the member is fixed by U(1) pointwise.

Definition 6.2. We will call the real lines in Z obtained by Proposi-
tion 6.1 real lines at infinity. Namely, a real line is said to be at infinity
if its image in CP? (by @) is a line (necessarily going through Py).

Because there are RP%’s worth of real lines in CP? going through
Py, real lines at infinity are parametrized by RP2. In the rest of this
section we will study deformations in Z of real lines at infinity.

For any real plane H going through Fy, we define a line bundle Ly
over the smooth surface Sy = ®~!(H) (cf. Proposition 3.5) by

Ly = *0y(1) - To.

Of course, we consider T'y as a divisor on Sy. Clearly |Lg]| is a real
pencil on Sy and its real part is precisely the family of real lines at
infinity lying on Sp. Since Sy is rational, Ly — Sy uniquely extends
to a line bundle Ly — Sg for any real plane H’ sufficiently near to
H, and that |Cpy| is still a real pencil whose real members are smooth
rational curves parametrized by S'. Let us consider the particular case
that the above planes H and H' contain lo. Namely H = H,, and
H' = H) € (l)? with A € I; UI; in the notations of Section 5. As
introduced in Section 5.2, there are two families

L ={Ly cSy\|e? cUQ)}, Ly ={L, CSy|e? cU(1)}

of real lines lying on S\ = Spq,; L; and L, are irreducible compo-
nents of the inverse images of touching conics of generic type on Hj.
It is expected that either Ej\“ or L is precisely the family obtained by
deforming real lines at infinity. This is true, since the image of real
lines not at infinity is always a real touching conic (Proposition 3.2)
and since touching conics of generic type are the only ones which do
not go through P, and P, on H)y (Propositions 4.2, 4.3 and 4.4),
and since a real line is preserved under small deformation. Now recall
the distinction between £ and £, (A € I; UI]) made in Section
5.6. We have assumed EN L, = {z3 = eho(\)} for A < A¢ and
ENL, ={z2 =ehy'(\)} for A > Ao, where 3 = yo/ys is used as a
coordinate on = ~ [, and hg is a function on I, introduced in Section
5.2 that behaves as in Lemma 5.4. Assume for instance that members
of E;\r are obtained as a deformation of real lines at infinity for A < Ag.
We claim that this assumption implies that the same is true for A > Ag.
Suppose not. Then members of £, must be deformations of real lines at
infinity. However, the behavior of kg displayed in Figure 6 shows that,
for any A < Ag and for any Lj € E;, there exists X' > Ag such that



238 N. HONDA

L, € L,, intersects L; on =. Namely L; C S) intersects L, C Sy.
On the other hand, we already know that real lines at infinity have the
right normal bundle (Proposition 6.1) and therefore Z has a structure
of twistor space, at least on a neighborhood of real lines at infinity.
In particular, L; C Sy and L, C Sy must be disjoint, because they
are assumed to be obtained by deforming real lines at infinity. This is
a contradiction and we obtain that members of Ej\“ are obtained as a
deformation of real lines at infinity for A > Ag. By the same reason,
if members of £} are obtained as deformation of real lines at infinity
for A < Ao, then the same is true for £y for A > Ag. Thus we have
proved that real lines at infinity ‘connect’ £ (A < Ag) and L3 (A > Ao),
or L, (A < Ag) and Ly (A > Xg). It is obvious that just one of these two
situations happens. The following proposition shows that which one
happens depends on the choice of a small resolution of pg.

Proposition 6.3. Changing a small resolution of py € Zy switches
which one of L';\r and L, (XN € 1) is obtained as deformation of real
lines at infinity . Namely, which irreducible component of ®~1(Cp) (Cy
being a touching conic of generic type) is a deformation of real lines at
infinity depends on the choice of small resolution of py.

Proof. Recall that by Proposition 4.2 a touching conic of generic type
on H) is defined by

(38)  Co: 2(Q°— )yt + /[ ys + 2Quays + V/fe yi = 0.

(We always need to keep in mind that Cp depends on A.) Also recall that
H, contains Py precisely when A\ = \g, which satisfies (Q? — f)(\o) = 0.
Hence substituting A = )¢ into the above equation, we get eiey% +
2y9y3 + e ~¥y2 = 0. This can be written as (egyg + e‘gyg)2 = 0. Let Iy
be the line on Hy, defined by egyg + e_%yg =0 (and yo = Aoy1). We
have seen that limy_,, Cp = ly. Taking the inverse image, we obtain

lim & (Cy) = Ly + Ty,
A— Ao
where Ly denotes the irreducible components of ®~1(l) that are mapped

surjectively onto lg. Since ®~1(Cy) = Lj + L, , it follows that either
one of the following holds:

39 lim L} =L lim L, =Ly +T

( ) )\1 o /] 0 )\1 o "] 0 0y
40 lim Ly =Ly +T lim L, = Ly.
( ) )\1 o /] 6 0 )\1 o 0 0

To prove the proposition it suffices to show the following:

(*) Changing a choice of small resolution of py interchanges which
one of (39) and (40) happens.
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By applying U(1)-action, it suffices to prove (x) for the case § = 0.
We write Cy—¢ and L;tzo to mean the curves obtained by substituting
f# = 0 into Cy and Ly respectively. We note that two small resolutions
of pg given in the proof of Proposition 6.1 are also obtained by first
taking the blowing-up at pp (in the usual sense) and then blowing-down
the exceptional divisor (~ CP! x CP?) in the two directions. Consider
U )\L(;LO and UyL,_,, which are surfaces in Zy. (Remind that L;t are
contained in Sy and depend on \.) To prove (x) we consider the tangent
cones at pg of these surfaces. As in the proof of Proposition 2.2, putting
v; = yi/y1 and (Q%— f)(vo) = g(vo)(vo—Ao)?, we can use three functions

w; = v/g(v0) - (o — No), w2 = /2Q(vg, 1) + vav3 - va,
w3 = v/2Q(vo, 1) + vov3 - v3

as a local coordinate around Py. Then rewriting (38), the equation of
Cy—o C Hy in a neighborhood of Py becomes

w1 = \/§()\—)\0),
VI (3 +ud) +2{(@Q ~ V@ + wrws +Q (@~ f +waws) } =0.

Then since we have Q% — f = w? and since Q(A\o, 1) # 0 and f(A\o) # 0
(basically because we are assuming Condition (A) of Proposition 2.6),
a surface UyCy—g is singular at Py and its tangent cone is

VI (w3 +w2) +2Qu? + 2Q (w} + waws) = 0,

where we consider @ and f as a function of wy. But since Q(\g,1) =
V/f(Xo) we get an equation of the tangent cone of UyCy—g to be 4w? +
2wows + w% + w§ = 0. Thus the tangent cone splits into a union of two
planes 2w; = +i(wg + w3). On the other hand, in a neighborhood of py,
Zy was defined by 22 +w? + wyws = 0. Hence a equation of the tangent
cone of U)\flbal(ngo) at pg becomes

{22 — (wa —w3)} {22 + (w2 —w3)} =0, 2w; = +i(we + ws),

which is also a union of two planes. On the exceptional divisor of
blowing-up at pg, these equations define a reduced reducible curve of
bidegree (2, 2) constituting of four irreducible components, two of which
are a conjugate pair of curves of bidegree (1,0) and the other two are
a conjugate pair of curves of bidegree (0,1). Hence we get that the
tangent cone of Uy®, 1(09:0) at po defines, on the exceptional divi-
sor (~ CP! x CP%), the reducible curve of bidegree (2,2). On the
other hand, we know that each irreducible component of ®; L(Cy) is
real (Proposition 4.6) (iv)). Moreover, easy calculations using local co-
ordinates show that real structure on the exceptional divisor acts as a
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product of complex conjugations on each factor and does not exchange
the factors. Therefore, on the full-blowup, either

lim L}_, = Lo—o + (2 lim L,_, = L= 2

)\LH)\IO 0=0 6=0 +( ’O)a )\LH/\lo 0=0 9=0 + (Oa )
or

lim Lg:o = Lp—o+(0,2), lim Ly_y= Lo=o + (2,0)

A— Ao A—Xo
holds, where (2,0) (resp. (0,2)) means a reducible curve of bidegree
(2,0) (resp. (0,2)) that is a conjugate pair of curves of bidegree (1,0)
(resp. (0,1)). If we blow down the exceptional divisor along the direc-
tion whose fibers are curves of bidegree (2, 0), we get, on the blown-down
space Z, that either

lim LY . =Lp_g, lim L, .= Lyp_g+T

or

)\li_g\lo Lj_, = Log—o + I, Alir&lo Ly_o= Lo
holds, depending on the above two cases respectively. Also we have an
alternative conclusion for another blow-down of the exceptional divi-
sor. This implies that just one of (39) and (40) happens, depending on
the direction of blow-down of the exceptional divisor. This implies the
desired conclusion. q.e.d.

Combining Proposition 5.29 with Proposition 6.3, we obtain the fol-
lowing proposition which will be needed in our proof of the main theo-
rem.

Proposition 6.4. For each of the two small resolutions Zj — Zy
determined in Proposition 5.23, there exists a unique small resolution v :
Z — Z), of the ordinary double point satisfying the following properties:

Let p : Z — Zy be the composition of the two resolutions, and put
® = ®gu. Then

(i) @ preserves the real structure,

(i1) for each Hy € (loo)?, A € Iy UIy U I3 U Iy, there exists a family of
real lines on Sy = ®~1(H)) whose parameter space is S*, thereby
getting families of real lines parametrized by I; x S, 1 < j <4,

(iii) for A = —1,0,a, 00, the intersection of the two irreducible compo-
nents of ®~1(Hy) is a real line in Z,

(iv) when A\ approaches the endpoints of I, the real lines in (ii) con-
verge to the real lines in (iii),

(v) if A = Ao, the S'-family of real lines on Sy, in (ii) are real lines
at infinity,

(vi) when A € I, U II approaches Xy, the real lines on Sy obtained in
(ii) converge to the real lines at infinity.
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Moreover, if we change the small resolution ((I) and (IT) of Propo-
sition 5.23), then the above resolution of the ordinary double point also
changes.

The point of this proposition is (iv) and (v) which imply that the
S1-family of real lines on Sy, A € I; U, U I3 U I, U I4Jr obtained in
(ii) form a connected family, whose parameter space is a union of four
spheres, where ‘North pole’ of each sphere is identified with ‘South pole’
of the next sphere.

7. Global construction of twistor lines and their disjointness

In Section 5.5 we have proved that there are only two (small) res-
olutions of the conjugate pair of singularities of Zy which can yield a
twistor space (Proposition 5.23). In the previous section we have shown
that once one of the above two resolutions is given, a resolution of the
remaining singularity (the real ordinary double point) is automatically
determined and that, then, real lines contained in Sy, A € R U {oc}
naturally form a connected family. Because the parameter space of this
family is real two-dimensional, and because we already know that the
normal bundles in Z of the members are O(1)®2, the family is not a
complete family. In this section we first show that members of this
family can be extended in Z to give a (real) four-dimensional family
of real rational curves (Proposition 7.1). Next we show that these real
rational curves are disjoint and further cover Z; namely they foliate Z
(Proposition 7.3).

For these purposes, we briefly recall notations and results in Section
3. Let (RP3)V be the dual projective planes of real planes in CP3,
and RP%, C (RP?)Y the set of real planes going through Py. Then
(I0)7, the set of real planes containing I, becomes a line in (RP3)Y,
intersecting RP?Z transversally at a point (for which we have denoted
Hy,). Clearly we have (RP?)V\RP2, = R?. By Lemma 3.4, R3\ ()"
is precisely the set of real planes intersecting B smoothly; namely we
have U° = R3\(lo,)?(~ C* x R). We have constructed a fibration
Cye — U? whose fiber over H € U? is the set of touching conics of
HnNB. Cys — U7 is a fiber bundle whose fiber is a union of 63 copies
of CP! (Proposition 3.11). Recalling that the inverse image of touching
conics splits into two curves and taking the inverse image by the double
cover Zg — CP3, we get a fiber bundle Cyo — U? whose fiber is a
union of 128 copies of CP'. Each CP! of the fibers of Cyjo — U7 is
a parameter space of pencils on Sy, whose image is a one-dimensional
family of touching conics. The following proposition gives all twistor
lines in Z:
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Proposition 7.1. For any real plane H different from the four planes
on which the tropes of B lie, we can find a S'-family of real smooth
rational curves on Sy = ®~Y(H) satisfying the following properties:

(i) if H € (loo)?, the S*-family on Sy is just the family of real lines

obtained in (ii) of Proposition 6.4,

(ii) if H € RP?%, the S'-family is just the family of real lines at
infinity whose images are real lines in H, )

(iii) there is a real connected component of the total space of Cyye — U?
such that the real circles of each fiber (CPY) are just the S'-family
of real curves on Sy for any H € U?,

(iv) for any two real planes H and H', and for any members L C Sy
and L' C Sy of the S'-families, L and L' can be connected by a
deformation in Z preserving the real structure,

(v) when a real plane moves to any one of the four planes on which
the tropes of B lie, members of the S -family converge to the real
lines over the tropes.

Proof. This is a compilation of the results we have obtained in this
paper so far. In this proof we put U = (RP3)Y\(4 points), where
the four points represent the four planes on which the tropes of B are
lying. Note that U? is an open subset of U. For any H € U, Sy =
®~Y(H) is a smooth rational surface with ¢ = 2 (Proposition 3.5).
So we can consider the local system H? over U whose fiber over H is
the cohomology group H?(Sy,Z) (~ Z®). Note that H? — U is not
necessarily trivial, since 71(U) ~ 71 (RP?) ~ Z,. The four intervals
Ij, 1 < j < 4, can naturally be considered as a subset of U. For
each I; consider the S'family of real lines on Sy = Sp, for A € I;
obtained in Proposition 6.4 (ii). As in Section 4, this S'-family is the
real part of a real pencil on S). Let £, — S be the associated real line
bundle. (In Section 5, £ was used to mean the S-family of real lines
on Sy. But there should be no confusion since the real lines are simply
the real members of |£y| for the present £, — Sy.) Because these S'-
families form a connected family (Proposition 6.4), the cohomology class
determined by L) is independent of I; to which A belongs. Therefore,
by associating the cohomology class of £y, we obtain a section (of H?)
over (lo)?\(the 4 points). This section can be naturally extended to a
section over U\RPZ2_, since U\RP? is contractible to (I,)?. On the
other hand, we have a section over RP2, of H?, which associates the
cohomology class of the line bundle ®*Og (1) — Ty for each H € RPZ..
These two sections fit together to give a global section of H? — U, since
when \ approaches \g, £y converges to the line bundle ®*Oy (1) — Ty by
Proposition 6.4 (vi). This section must be real, since £ is real. Thus
we have obtained a real global section of H? — U. Recalling that Sy is
a smooth rational surface (implying H?(Sy,Z) ~ Pic Sy), the section
uniquely determines a real line bundle Lz — Sy for any H € U. Now
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we claim that | L] is a (real) pencil for any H € U. First, if H € (lo)?
or H € RPZ | the claim is obvious from the above construction of the
section. (This implies (i) and (ii) of the proposition.) So it suffices
to prove the claim for H € U°. Since we have H°(S), L)) ~ C? and
HY(S\, L)) = 0 for i > 1, it is easily verified that |Lp| is also a (real)
pencil for any real plane H sufficiently near the original planes H.
This implies that there exists a neighborhood W of (l.)? in U such
that [Lg| is a pencil for any H € W. Real members of this pencil can
be assumed to be real lines, since real members of |£,| are actually real
lines, and since N ~ O(1)®2 is an open condition. Then by Proposition
3.2, the image of these real lines on Sy must be real touching conics
on H and these form a S'-family of real touching conics on H. If H is
moved in U?, then the S'-family of real touching conics automatically
survives since as in Proposition 3.10 any smooth quartic has 63 families
of touching conics. Taking the inverse image, this implies that |Ly| is
a pencil for any H € U7, as claimed.

Thus we have specified a real pencil |Lg| for any H € U. We claim
that any real member of this pencil must be irreducible. For H € (I5)7
this is obvious from our explicit construction of the family of touching
conics. For H € RP?, this is also immediate from Proposition 6.1.
For H € U?, HN B is a smooth quartic curve. It follows that reducible
members of the pencil | £ | must be a sum of two smooth rational curves
intersecting transversally at a unique point (cf. the proof of Proposition
3.10). Therefore a real reducible member of the pencil gives a real point,
contradicting the fact that Z has no real point (Proposition 2.5). Thus
|£ | has no real reducible member for any H € U.

Then for each H € U we associate |£y|” which forms an S!-family
of smooth real rational curves on Sg. Then it is obvious from the above
construction that (i)—(iv) of the proposition hold. Further, (v) is also
immediate from Proposition 6.4 (iv). q.e.d.

Remark 7.2. In view of our proof of Proposition 7.1, one may expect
that the family of line bundles L — Sy, H € U is further extended to
®~1(H;), 1 <i < 4, where H; are the four planes on which the tropes of
B lie. However this is not true, since the real lines lying over the tropes
are not Cartier divisors on ®~!(H;). (Recall that ®~!(H;) is a reducible
surface and that the two irreducible components intersect transversally
along the real lines over the tropes.)

The following proposition, saying that the real rational curves in
Proposition 7.1 foliate Z, is the final main step in our proof of the
main theorem given in the next section:

Proposition 7.3. For any point of Z there uniquely exists a unique
real smooth rational curves obtained in Proposition 7.1 going through
the point.
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Proof. Because our proof is somewhat long, we give an outline. First
we take any real line [ in CP3. Then E := ®~!(I) is a real curve in Z
which becomes either a smooth elliptic curve or a cycle of smooth ratio-
nal curves consisting of two or eight irreducible components, depending
on how [ intersects B. Next we show the following claim:

(4) For any point of E there uniquely exists a real plane H contain-
ing [, on which there exists a member L of the S'-family (obtained in
Proposition 7.1) going through the given point.

This directly implies the claim of the proposition. In the following, let
U and Ly — Sg (H € U) have the same meaning in the previous
proof. In particular, the S'-family of real smooth rational curves on Sy
of Proposition 7.1 is just the real part |Lg|? of |Lg|. Moreover, for a
real line I C CP3, (I) denotes the pencil of planes containing ! and (I)°
denotes its real members parametrized by S*.

First we consider the case that the real line [ intersects B transversally
(at four points). In this case £ = ®~!(I) is a real smooth elliptic curve.
For each real plane H containing [ we define a subset of E by

Ty = {LﬂE|L € ’ﬁH‘U}

Since (F, L)s,, = 2 (by adjunction), and since E has no real point, LNE
is a pair of conjugate points for any L € [Lg|?. It is readily verified
that the restriction map H°(Sy,Ly) — H°(E,Lpg|g) is isomorphic.
Therefore 7y is also the union of the zero locus of all real sections of
the line bundle Ly|g. This implies that if 77 N 7y is non-empty, then
Ty = Ty (as a subset of E).

Next we investigate structure of 7p;. We show in this paragraph
that 7y is a disjoint union of two circles 7,5 and 7;; such that (a)
o(7;) = T;, (b) T;; and T;; are homologous but not zero-homologous.
Since the parameter space of |Ly|” is a circle, it is obvious from the
beginning that 7z is a (connected) circle or a union of two disjoint
circles. To show that the former case cannot happen, consider the double
covering £ — [. Since E has no real point (because Z has no real point
by Proposition 2.5), the four branch points of E — [ are not real. Since
[ is real, we can decompose [ as [T U7 Ul~, where [ is the real locus
(a circle) of [ and [* are hemi-spheres satisfying o(I*) = I~. First we
consider the case that H € (I)° does not go through Fy. In this case
® gives an isomorphism between L € |Ly|? and ®(L) which is a real
touching conic. Hence (because L does not have real point) ®(L) N1
consists of two points, one of which belongs to [ and the other belongs
to {~. Therefore the set {®(L)NI|L € |Ly|°} C I must be two circles.
It follows that 7y is a union of two circles, which we denote by le
and 7;;. The decomposition [ = [T U1° Ul yields the decomposition
E = Etu®~1(I1°)UE~, where we set E = &~ 1(I*) and B~ = &~1(I7).
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We can suppose 7, C ET and T;; C E~. Then obviously o(7;) =
7, and we get claim (a) for H not going through Fy. We postpone
(b) for planes of this kind and consider a unique real plane Hy € (1)
going through Py. It is readily seen that 7y, = ®~1(I7). Because the
branch points of E — [ are non-real, ®~1(I%) is a circle or a disjoint
union of two circles. Suppose the former. Then since E\®!(19) is
evidently disconnected, ®~!(I?) becomes homologous to zero and hence
bounds a disk. o clearly has to act on this disk, and so has a fixed
point by the Brouwer fixed point theorem. This is a contradiction and
we conclude that ®~1(19) is a disjoint union of two circles. We also
denote these circles by TI;{O and T . Then since ®(7, Ijo ) =@(Ty,) =1°,
we have U(’TJO) = Ty, and we get (a) for H = Hy. Further, since
o gives an automorphism of E and since ’Z}:{O and Ty are disjoint,
7, I}FO and 7y must be mutually homologous. Furthermore, they are
not homologous to zero since otherwise E\®!(I°) would have three
connected components, which is not the case. Thus we obtained (b)
for H = Hy. This immediately implies (b) for H # Hy, since when H
continuously moves in ()7, 7y also moves in E continuously.

Next we show that {7 | H € (1)?} gives a foliation of E. Namely we
show

(41) E = U Th = U (7, UT;) (disjoint union).
He(l)

He(l)o
Tay —,
TH
T4
Ti,

Figure 9. The foliation on F.

To prove (41) let Pic2E be the set of line bundles on E of degree two. Of
course, Pic2E can be identified with Pic’ E (though there is no canonical
isomorphism). Then we define a map

ap: (1)7 — Pic’E; H — Lyle.
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Then oy(H) = oy(H') if and only if 7y = Tp. Further, as is already
seen, 7y = T if and only if they are not disjoint. Hence to prove
(41) it suffices to show that « is diffeomorphic. Since the line bundle
Ly — Sy can be holomorphically extended to that on Sy for any
H' € (I) sufficiently near H, oy can be extended to a holomorphic map
& : A — Pic’E, where A is an annulus which is an open neighborhood
of (I)? in (). In particular, the ramification index of o makes sense for
any point of ([)?. Let Hy € (I)? be the unique plane satisfying Py € Hy
as in the last paragraph. We then have a;(Hp) = ©*O;(2). Moreover,
since L € |L|? is mapped biholomorphically onto a touching conic for
any H # Hy, oq(H) # ©*0;(2) for any H # Hy. In particular, o; is not
a constant map. Now recall that we have already seen in Proposition 6.1
that Ny, 7 ~ O(1)®? for L € |Lp,|° and therefore Z has a structure of
twistor space in a neighborhood of L. This implies that the ramification
index of oy at Hj is one, since otherwise L can be deformed in Z in such
a way that its Kodaira-Spencer class in H(N, /Z) vanishes at two points
(= LN E), which means that Ny, contains O(2) as a subbundle. On
the other hand, the image of o is contained in (Pic?E)°. Because Pic’E
is an elliptic curve, its real locus is, if not empty, either a circle or a
union of two circles. In any way, the image of a; is contained in the
connected component of (Pic?E)? containing ®*O;(1). In particular the
degree of oy as a differential map from S' to S' makes sense. Now since
we have already shown that the ramification index of a; at Hy is one
and that o '(®*Oy(1)) = {Hp}, it follows that the degree of o is one.
Hence «; must be surjective. It remains to show the injectivity of «;, or
more precisely, that the differential do; does not vanish everywhere on
(1)?. Suppose that H € ()7 is a critical point of ;. This implies, as in
the proof of Proposition 5.3, that Ny, contains O(k) as a holomorphic
subbundle, where k denotes the ramification index of &; at H € (l). It
is readily seen that Ny 5 is either O @ O(2) or O(1)®2. Therefore we
have k = 2 for any critical points (if any). Under the assumption of
the existence, the number of critical points of «; is obviously greater
than one. On the other hand, our choice of real lines over H € (lo)?
(done in Section 5.2-5.5) implies that for any L € Lp,, Hy € (Ix)?,
we have Np/7 ~ O(1)®2 (because we have chosen the touching conics
on H) in such a way that the function h; (0 < ¢ < 3) has no critical
points). Therefore, (because N ~ O(1)®2 is an open condition) we
have Np,z; ~ O(1)%? for any L € |Lg|°, where H € (I')?, I being a
real line sufficiently near to lo,. Hence for this real line I’, oy must be
diffeomorphic and does not have critical points. Now consider a smooth
real one-dimensional family of real lines {l; |0 < ¢ < 1} such that [y = I’
and [; = [, and such that l; N B is transversal for any ¢t. Then the map
oy = oy, clearly varies differentiably. Because g is diffeomorphic, and
because a; was assumed to have at least two critical points, there must
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be some t, 0 < t < 1, such that o4 has a critical point whose ramification
index is greater than 2. This implies that for L; € |Lg,|7, Hy € (I)°,
Ny, 7z contains O(k), k > 3 as a subbundle. This is a contradiction and
we get that a; does not have critical points, as claimed. Thus we obtain
(41), which of course implies that (f) is true for our [ intersecting B
transversally.

Next we consider the case that the real line | does not intersect B
transversally. Then we have [ ¢ B since B does not have a real point
except Py. Hence | N B consists of one, two or three points. If IN B
is one or three points, then it must contain Py by reality. But we have
already shown in the proof of Proposition 6.1 that if a real line [ goes
through Py, then [ N B consists of three points. Hence we consider the
case that [ N B consists of three points, one of which is Fy. In this case
®~1(I) is a union of the exceptional curve I'y and the real line L over
[, intersecting transversally at two points (cf. the proof of Proposition
6.1). As proved in Proposition 6.1, real lines L of this form (which
were called ‘at infinity’) are disjoint. Furthermore, the isomorphism
between I'g /(o) and the projective space of real lines through Py in the
proof means that, for any point of I'g, there uniquely exists a real line
at infinity through the point. This directly implies (f) for real lines [
going through Fp.

So it remains to see the case that [ N B consists of a conjugate pair
of points; namely [ being a real bitangent. By Proposition 3.14, such
a bitangent [ must be always trivial, which means that [ lies on one of
the four real planes on which the tropes lie. Let H; D [ denote this
real plane. First we assume [ # lo. In this case ® () becomes a
cycle of two smooth rational curves intersecting transversally over the
tangent points. We write ®~1(I) = E = E* + E~ with B~ = E", and
P; and P; denote the intersection points of £+ and E~. Further, write
®~1(H;) = D; + D; and L; = D; N D;, which is the only candidate for
a twistor line lying on ®~!(H;) = D; + D;. Then we have L; N E =
{P;,P;}. Next, for any real plane H D [ different from H;, we set
Thy = {LNE|L € |Ly|°}. Then as in the case of E being a smooth
elliptic curve, each L N E consists of a conjugate pair of points and 7z
is a disjoint union of two circles 7, I}F and 7, one of which is contained
in ET and the other is in £~. We claim that

(42) E\{P,P}= |J Tu
He(l)o\{Hi}

holds; namely E\{P;, P;} is foliated by 7y (Figure 10).

To show this, let Picl"! E denote the subset of the Picard group of E
whose elements represent holomorphic line bundles on E whose degrees
of restriction onto E* and E~ are both one. Take an affine coordinate
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T,

+
0

Figure 10. The foliation on £ = E* + E~.

z (resp. w) on ET (resp. E~), whose origin represents P; and infinity

represents P;.

Claim. Suppose that F € Picl''FE is real (i.e., 0*F ~ F). Then
the union of the zero locus of real sections of F' consists of two circles
7+t C ET and 7~ C E~ having the radiuses |z| =r > 0 and |w| = 1/r
respectively. Moreover, F' ~ F’ iff the two circles coincides respectively.

We postpone a proof of this claim and continue the proof of Propo-
sition 7.3. We define a map

o (V\{H;} — Pic"'E; Hw— Ly|g.

Then by definition 7 is again the union of the zero locus of real sections
of ay(H) = Ly|g. Since L N E belongs to the linear system |Lg|g| for
any L € |Lyg|?, Ty = Ty holds iff Ty and 7y intersect. Thus by the
above claim, to prove (42), it suffices to show that «; is a bijection onto
(Picl''E)?. First we show the surjectivity. We have seen in Proposition
7.1 (v) that as the real plane H goes to H;, members of the S!-family
|Lg|” converge to L;. Hence the two circles 7,5 and 7,; will shrink to
the two points P; and P; as H goes to H;. On the other hand, we have
Np,z ~ O(1)%* (Lemma 5.9). Therefore Z has a structure of twistor
space in a neighborhood of L;. In particular, all small deformations of
L; in Z keeping the reality must be disjoint. This implies that, when
a real plane H moves in (I)? to pass H; from one side to another side,
then the intersection circle 7,5 and 7;; moves to pass (via shrinking)
from ET to E~ (or E~ to E1) without turning the direction. This
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implies that 7 sweeps the whole of E\{P;, P;} when H runs through
(1)°\{H;}. Hence a; must be surjective onto (Pic'"! E)?. The injectivity
can be proved in a similar way as in the case where [N B is transversal.
Therefore a; must be injective and (42) holds. Hence (#) is proved for
a real bitangent [ # [.

Finally, we prove that (f) is true for | = I, or equivalently,

(43) E\{P;, Pi}i_, = U T,
He(loo) " \{Hi}{_,

where E = ®7!(l,), 7y have the same meaning as before, and
{P;, P;}}_, denote the singular points of E. This is possible thanks
to the explicit construction of real lines on Sy given in Sections 4-5.
By Proposition 2.10 (see Figure 7), ® 1(l5,) is a cycle of eight rational
curves. First consider the case where we take the small resolution deter-
mined by (I) of Proposition 5.23. If H is of the form Hy = {yo = Ay1}
where A € I; (resp.\ € I3), then Lg' (resp. L, ) must be chosen by
Proposition 5.24 (i), where L(jt is of course the irreducible components
of the inverse images of touching conics of special type. Hence by Lemma
5.13, Ty is two circles, one of which is contained in I'; (resp.I's) and the
other in I'y (resp. I's). Further, their radiuses are given by the function
hi (resp. hs) defined after Lemma 5.13. For our choice of ¢1(= 1),
Lemma 5.15 (i) implies that the function h; gives a bijection between
I; and RT. This implies that 7p, foliates 't UTy (with the U(1)-fixed
points removed) when A runs through I;. In the same manner, 7y, foli-
ates T3 UT3 (with the U(1)-fixed points removed) when A runs through
I5. Next, if H is of the form Hy = {yo = Ay1} where A is in I, then
by Lemma 5.18, 7 is two circles, one of which is contained in I's and
the other is contained in T's. Moreover, their radiuses are given by the
function hg defined in Proposition 5.20. For our choices of ¢1(= x7)
and l2(= zo + x1), Lemma 5.21 (iii) implies that he gives a bijection
between I and R*. This implies that 7y, foliates 'y U Iy (with the
two endpoints removed) when A runs through I5. Finally, when H is of
the form Hy = {yo = Ay1} where \ is in I, UI,, then Ty is two circles,
one of which is contained in Z and the other is contained in =. Further,
their radiuses are given by hg and hy L Thus if we recall that L; has to
be chosen (Proposition 5.24), and if we recall the rule of distinction of
Lg and L, made in the explanation just before Proposition 5.24, Ty,
covers = U = with the unit circles in Z and Z, and the four U(1)-fixed
points removed. The unit circles (in Z and =) are covered by real lines
in H), whose images are real lines going through Fy. Thus 7y, foliates
1 Ul (with the four U(1)-fixed points removed) when A runs through
14. Finally, the remaining points, that is, the eight singular points of
E, are passed by L;, 1 < i < 4. Thus we have verified that 7y foliate



250 N. HONDA

®71(ly) as H runs through (l+,)?, and we have completed the claim of
Proposition 7.3. q.e.d.

Proof of the claim. Let F € Pic'E be a line bundle which is not nec-
essarily real. Because F|g+ ~ O(1) and F|g- ~ O(1), F must be the
line bundle associated to the effective divisor a + b on E, where a € C*
(resp. b € C*) represents a point on ET\{P;, P;} (resp. E~\{P;, P;})
satisfying z = a (resp. w = b). Namely, we have F = [a + b] in the
usual notation. Then it is elementary to see that for (a’,0’) € C* x C*
the divisor a’ + V' is linearly equivalent to a + b iff (a/,b") = (ca, cb) for
some ¢ € C*. Indeed, the condition of linear equivalence is the same
thing as the existence of a meromorphic function f on £ having z = a
and w = b as simple zeros, and z = d’ and w = b’ as simple poles.
This f must be of the form ¢(z — a)/(z — a’) on E* for some ¢ € C*
and ¢(w —b)/(w — b') on E~ for some ¢ € C*. Further, the values
of these two functions must coincide at P; (i.e., z = w = 0) and P;
(i.e., z = w = 00). This implies that a/b = a’/V/. Now consider a map
from Divi’lE to C* sending a + b to a/b, where Divi’lE denotes the
set of effective Cartier divisors whose degrees on ET are one. Then the
above argument implies that this map descends to give an isomorphism
PicllE ~ C*.

Next assume that F' €Picb'E is real and s is a real section of F.
Recall that there is a (branched) double covering £ — [ commuting
with the real structures, where the real structure on E interchanges ET
and E~, and the real structure on [ (a real line) is a complex conjugation.
Therefore we can write F' = [a 4 1/a] for some a € C* Thus the image
of F in C* by the above isomorphism Pic'"'E — C* is (1/@)/a = 1/|al|?.
This implies the image of real line bundles is R~q. (Although not needed
in the sequel, this calculation also implies that if we change the real
structure on [ from the complex conjugation to the antipodal map (and
yet assuming o(ET) = E~ and that E — | commutes with the real
structures), then F' becomes real iff the image is in R<¢.) It is immediate
to see that for a real divisor a+1/a EDivi’lE, aa+ (/@) remains to be
real iff @ € U(1). This implies that the union of the zero locus of a real
line bundle F' = [a+1/a] is two circles |z| = |a| (in ET) and |w| = 1/]a|
(in £7), which implies the claim. q.e.d.

8. Main theorems

In this section, based on the results in the previous section, we
prove our main result that our quartic surfaces always determine twistor
spaces of 3CP? whose self-dual metrics are non-LeBrun while admitting
a non-trivial Killing field (Theorem 8.1). Then by using this, we deter-
mine the moduli space of these self-dual metrics on 3CP? (Theorem
8.4).
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In order to state our result precisely, we now recall the setting. Let
(y0, Y1, y2,y3) be a homogeneous coordinate on CP? and consider a real
structure defined by

(44) (o, y1:y2,y3) — (Yo: Y1, Y3: Y2)-
Let B be a quartic surface defined by
(45) (y2y3 + Q(Yo,1))* — yoy1 (yo + 1) (Yo — ayr) =0,

where a is a positive real number, and @) is a quadratic form of yy and y;
with real coefficients. Then B is preserved by the real structure. Sup-
pose that @ and a satisfy the following properties which are necessary
conditions for getting a twistor space (Proposition 2.6):

Condition (A): If A satisfies A\(A+1)(A —a) >0 (i.e., if A € [y U Iy),
then
(46) QAN 1) > VAA+1)(A—a)

holds. Moreover, there exists a unique Ao, Ao > a (i.e., Ao € I4) such
that the equality of (46) holds for A = X.

(We can assume Ao > a by possible application of a projective trans-
formation (yo,y1) — (ay1,—vyo0) as explained in Section 5.1. This as-
sumption will be technically important afterwards.) Then B has three
singular points Py, Ps, and P, where P is a real ordinary double point
and {Ps, P} is a pair of conjugate points which are simple elliptic sin-
gularities of type E; (Proposition 2.2). Let Zy — CP? be the double
covering branched along B. Since B is real, the real structure on CP?
naturally induces that on Zjy. Zj has three singular points pg, ps and
Doo Over the singularities of B respectively. Then the following result,
saying in particular that a quartic surface (45) canonically determines
(via twistor space) a self-dual metric on 3CP? is the main result of this

paper:
Theorem 8.1.

(i) There are precisely two small resolutions of Zy such that the re-
sulting compact complex threefolds are twistor spaces of 3CP2.

(ii) The two self-dual metrics on 3CP? defined by the two twistor
spaces are mutually conformally isometric.

(iii) The self-dual metrics on 3CP? determined by the above twistor
spaces have an isometric U(1)-action but are not conformally iso-
metric to LeBrun melric.

(iv) For any non-LeBrun self-dual metric on 3CP? of positive scalar
curvature admitting an isometric U(1)-action, there exists a quar-
tic surface (45) satisfying Condition (A) such that the resulting
twistor space is the twistor space of the given self-dual metric.
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(Concerning (iv) of the theorem, there are two choices of quartic
surfaces representing given self-dual metrics in general, as will be shown
in Lemma 8.3.)

Proof of Theorem 8.1. By Propositions 5.23 and 6.4 there are precisely
two small resolutions of Z; such that the resulting non-singular three-
folds Z can have a structure of twistor space. We show that these two
threefolds are actually twistor spaces of 3CP2. By Proposition 7.1, Z
has a connected family of real smooth rational curves. Moreover, by
Proposition 7.3, different members of this family are disjoint and Z is
foliated by the curves of this family. Therefore Z must be a twistor
space of some four-dimensional manifold M, having this family as the
set of twistor lines. By Lemma 5.8 or 5.9, Z always possesses a divisor
D + D such that D is biholomorphic to the three points blown-up of
CP2. In particular, D is diffeomorphic to CPQ#(@Q#@Q#C—PQ),
where CP~ denotes the complex projective plane with the complex ori-
entation reversed. Then L = DND is areal line in Z (Lemma 5.9) and L
is a member of our family of real lines in Z (Proposition 7.1 (v)). Since
D and D intersect transversally along L, we have (Np /z)|lL =~ Np /D
Hence (D, L)z = deg([D]|L) = deg(Np,z|L) = deg(NL/B), and the last
term is one. Thus we get (D, L)z = 1. It follows that (D, L")z =1 for
any member L’ of our family. Moreover, our construction of the fam-
ily implies that L is the unique member which is contained in D + D.
Therefore for any L' # L, L' intersects D (and D) transversally at a
unique point. This implies that the parameter space of our family can
be identified with a one-point compactification of D\ L. It is easily seen
that the latter space is diffeomorphic to 3CP? with the usual complex
orientation reversed. Thus we have shown that Z is a twistor space of
3CP? and we get (i) of the theorem.

Next we show (ii). We remark that our family of real lines is a unique
family which gives Z a structure of twistor space, since by Proposition
3.2 real lines in Z intersecting ' must be of the form ®~!(1) —T'y (which
is actually contained in our family of real lines), where [ is a real line
through Py. Hence to prove (ii) it suffices to construct a biholomorphic
map ¢ between the two twistor spaces, such that ¢ commutes with the
real structures on the twistor spaces, because we have the above unique-
ness of the family of twistor lines. Let ¢ : CP? — CP? be a holomorphic
involution defined by ¢(yo,v1,%2,y3) = (Yo, Y1, Y3, y2). It is immediate
to verify that « commutes with our real structure on CP3, ¢ preserves
B, and that ((Py) = Py, 1(Px) = Po hold. Moreover, ¢ naturally lifts
on the line bundle O(2) — CP? in such a way that (*zg = xf, "] =
o', 1"y = and 1*z = z hold, where (xo, 1, %2) = (Yo/y3, Y1/Y3, Y2/y3)
and (x(, 2}, 25) = (Yo/y2,Y1/y2,y3/y2) are non-homogeneous coordi-
nates on y3 # 0 and yo # 0 respectively as in the proof of Lemma
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5.8, and z is a fiber coordinate on the bundle O(2) — CP3. If we still
denote ¢ for this lift on O(2), ¢ preserves Zy C O(2) invariant, and ¢
commutes with the real structure on O(2). Moreover, by (34), ¢ inter-
changes two factors of CP! x CP! that is the projectified tangent cone
of Zy at Py. Hence ¢ is lifted to give a biholomorphic map between two
small resolutions of Zj, and we get the desired biholomorphic map ¢.
Thus we obtain (ii).

To prove (iii) let p be a U(1)-action on CP? defined by (yo, y1, 2, y3)
— (Y0, y1,€%y2, e Py3), € € U(1). It is immediate to see that p com-
mutes with the real structure on CP? and preserves B. Hence it is
naturally lifted on Zp to be a (holomorphic) U(1)-action commuting
with the real structure. Moreover, since p fixes the singular points of B,
this U(1)-action on Zj is automatically lifted on a small resolution Z.
This action on Z is clearly a holomorphic U(1)-action commuting with
the real structure. Therefore it induces an isometric U(1)-action of the
corresponding self-dual metric on 3CP2. Moreover, the self-dual met-
rics are not conformally isometric to LeBrun metrics, since |(—1/2)Kz]
of our twistor spaces do not have a base point (cf. Proposition 2.8) but
LeBrun twistor spaces do. Thus we get (iii).

Finally, (iv) is obvious from Proposition 2.1. q.e.d.

We use Theorem 8.1 to determine the moduli space of self-dual met-
rics on 3CP? of this kind. We begin with the following:

Lemma 8.2. Let M be the set of the quartic surface (45) satisfying
Condition (A). Then M is diffeomorphic to R3.

Proof. Since the quartic (45) is determined by a quadratic form
Q(yo,y1) and a > 0, we represent a point of M by a pair (a, Q). Let N/
be an open subset of R? defined by

N ={(z,y) e R*|z >0, y > z}.

We consider the map @ : M — N defined by w(a, Q) = (a, Ag), where
Ao is the unique real number attaining the equality of (46). Then it is
obvious that w is surjective. Fix (a,\g) € N and set f(\) = A(A +
1)(A — a) as before.

The graph of \/f()\) is as in Figure 11 and @ '(a, \g) is the set
of Q(yo,y1) such that the graph of Q(A,1) is over that of \/f ( on
I, U1y) and is tangent (from above) at the point (Mg, v/ f(Ag)). Writing
Q(yo,y1) = by + cyoy1 + dy?, the last condition is equivalent to the two
equalities

(47) A+ cho+d=Vf(N), 2bAo+c=( f(A))’

A=Xo
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.

Figure 11. Graphs of \/f and Q.

These define a line in R3. Moreover, an elementary argument shows that
there is a positive constant by = bg(Ag) > 0 such that Condition (A) (for
fixed \g) is equivalent to (47) together with the inequality b > bg(\).
Thus we get that @1 (a, \g) is a half-line in R?. Namely @ : M — N
is a half-line bundle on A/. On the other hand it is readily seen that A/
is diffeomorphic to R2. Hence M is the total space of R-bundle over
R2. Therefore M must be diffeomorphic to R3, as desired. q.e.d.

At first sight M may be thought of as a moduli space of self-dual met-
rics. However, there is a possibility that different quartics of the form
(45) determine the same (i.e., conformally isometric) self-dual metric.
Actually, we have the following;:

Lemma 8.3. Let (a,Q) and (a/,Q’) be points of M, and B and B’
the associated quartic surfaces defined by (45) respectively. Let g and
g be the self-dual metrics on 3CP? canonically associated to B and B’
respectively by Theorem 8.1. Then g and g’ are conformally isometric
if and only if the following two conditions are satisfied:

(i) a=d,

(ii) @'(ayo + ay1,yo — ay1) = ala + 1)Q(yo, y1)-

Proof. 1f there is a conformal isometry between g and ¢’, it naturally
defines a biholomorphic map between the twistor spaces. This auto-
morphism also defines an automorphism G of CP? commuting with the
real structure (44), because CP? is canonically identified with the dual
projective space of H°(Z,(—1/2)Kz) ~ C*, and the automorphism of
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the twistor space naturally lifts on the line bundle (—1/2)Kz. We have
clearly G(B) = B’. So suppose that G is an automorphism of CP?
commuting with the real structure (44), and satisfies G(B) = B’. Of
course, GG is a projective transformation.

Assume first that G(Ps) = Ps. Then it follows that G(Ps) = Poo,
and it can be easily verified that G must be of the form
(48)

. A1 0] . a9 0
G—( O AQ)’ AleGL(2,R), A2—< 0 ﬁg)’ ag#o.

Moreover, we have G(B) = B’ if and only if the following two conditions
are satisfied:

(49) Q,(y[l)vyll) = |a2|2Q(y07y1)7

(50) Yoy (o + v1) (wh — a'yh) = lazl*yoy1 (o + y1) (Yo — ayr),

where we put *(y),y}) = A1 - “(y0,y1). Because the cross-ratio is in-
variant under projective transformations, (50) implies a = o'. Tt is
elementary to show that if a # 1, there are just three linear transfor-
mations of CP! preserving the four points {—1,0, a,c0}, where we put
-1 =(-1,1),0 = (0,1),a = (a,1) and co = (1,0), and that they are

concretely given by

1 0 a 2 [ a a 3) 1 —a
A= 5) an=(1 ) av=( )

Note that these define involutions on CP!, Agl) preserves orientation
of RP! ~ §1, A?) and Ag?’) reverse it, A(ll) and Agg) interchange I» =
(=1,0) and Iy = (a,0), A(IQ) preserves I and Iy, and that Agl) =
AgQ)Agg) in PGL(2,R). (Thus Agl),A?) and A§3) generate a subgroup
of PGL(2,R) which is isomorphic to Zy x Z3.) Thus Agl) and A(13) do
not preserve Condition (A) (since they interchange I and Iy and hence
does not preserve the property \g € I4). Therefore, at least if a # 1,
AEQ) is the unique one which can determine G satisfying G(B) = B'.
It is immediate to check that under Agz), the right hand side of (50)
is just multiplied by a?(a + 1)2. Hence we obtain |as|?> = a(a + 1).
Substituting this into (49), we get Q'(y(,y1) = a(a + 1)Q(yo,y1). This
is the equation in (ii) of the lemma. If a = 1, there arise other A;’s

preserving the four points. But all of them satisfy y(y} (yo+v1) (vo—v1) =
cyoy (yo+y1) (Yo —y1) with ¢ < 0 (or more precisely ¢ = —1 or —4), and

this is not compatible with (49). Thus even if a = 1, we have A; = Agz).
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Next, assume that G(Py) = Ps. Then it can be also easily seen
that
(51)
o Al O o 0 a9
G_<O A2>, AleGL(2,R), A2—<_ 0),0,2#0.

a
Once this is obtained, it is completely parallel to the last paragraph to
conclude that a = o/, Ay = A§2) and |as|? = a(a + 1). Hence we again
get Q' (ayo + ay1,yo — ay1) = a(a+ 1)Q(yo, y1) and we have proved the
necessity.
Conversely, suppose that (a,Q) and (a/, Q') € M satisfy a = ' and

Q' (ayo + ayr,yo —ay1) = ala+1)Q(yo, y1). Then for the real projective
transformation

G : (Yo, y1, Y2, y3) — (ayo +ay1,y0 — ay1, Vala + 1)ya, Va(a + 1)y3> :

we readily have G(B) = B’. This G (automatically) maps singular
points of B onto B’. Therefore G naturally lifts on a small resolution
of the double covers. Thus G gives rise to an isomorphism of the two
twistor spaces. Hence the converse is also proved. q.e.d.

We use these two lemmas to obtain the following result which de-
scribes a global structure of the moduli space:

Theorem 8.4. Let M be the set of conformal classes of self-dual
metrics g on 3CP? satisfying the following properties:

(i) the scalar curvature of g is positive,

(ii) g admits a non-trivial Killing field,
(iii) g s not conformally isometric to LeBrun’s explicit self-dual met-

rics [11].

Then M is naturally identified with an orbifold R3/G, where G is an
involution of R? having a two-dimensional fized locus.

Proof. By Lemma 8.3, M is naturally identified with M/G, where
G is an involution on M defined by

1

(52) (a, Q(yo,y1)) — <a7 m@(ayo +ayi,yo — ay1)> :
By Lemma 8.2, M is diffeomorphic to R3. Therefore, in order to prove
the theorem, it suffices to show that G acts on M ~ R? having a two-
dimensional fixed locus. To see this, write Q(yo, y1) = byg + cyoyr + dy?
with b, ¢,d € R, as in the proof of Lemma 8.2. Then as in the proof, we
can use (a, A\g,b) as a coordinate on M, because ¢ and d are uniquely
determined from b by (47). Write G(a, Ao,b) = (a/, A\, b’). Then (52)
means that

alo + a
(53) (Z/ = a, )\6 = m
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Moreover, (52) also implies that b’ is the coefficient of y% of the polyno-
mial

(54) )Q(ayo + ay1,yo — ay1).

ala+1

Now we assert that the fixed locus of G is precisely the set {(a, Ao, b) €
M| \o = a++a?+ a}. This directly implies the theorem. To show the
assertion, first it is obvious that Ay must be the fixed point of the frac-
tional transformation in (53), which is easily known to be a + va? + a.
On the other hand, by (54), we have b’ = (ba? + ca+ d)/a(a+ 1), where
¢ and d are determined by (47). Substituting A\g = a + v a? + a, various
cancellations occur and finally the last one becomes just b. Therefore,
if \g = a + Va?+ a, then b gets no effect from G. This proves the
assertion and we obtain the theorem. q.e.d.

By the above proof, a self-dual metric on 3CP? of positive scalar cur-
vature with a non-trivial Killing field admits an isometry not contained
in the U(1)-isometry generated by the Killing field, iff the corresponding
point of the moduli space M is a G-fixed point. Moreover, in such a
case, the isometry must be an involution.

We also note that by construction of LeBrun [11] and his classification
theorem [12], the moduli space of self-dual metrics on 3CP? whose isom-
etry group is just U(1) (i.e., cannot extend to U(1)%-isometry) acting
semi-freely on 3CP? is identified with the set of different non-collinear
three points on the hyperbolic three-space modulo the isometry group.
In particular, it has dimension 3 x 3 —6 = 3. It will be really interesting
to try to find an explicit description of the self-dual metrics associated
to our quartics.
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