J. DIFFERENTIAL GEOMETRY
59 (2001) 87-176

A PROOF OF THE FINITE FILLING CONJECTURE

STEVEN BOYER & XINGRU ZHANG

Abstract

Let M be a compact, connected, orientable, hyperbolic 3-manifold whose
boundary is a torus. We show that there are at most five slopes on OM
whose associated Dehn fillings have either a finite or an infinite cyclic fun-
damental group. Furthermore, the distance between two slopes yielding
such manifolds is no more than three, and there is at most one pair of
slopes which realize the distance three. Each of these bounds is realized
when M is taken to be the exterior of the figure-8 sister knot.

1. Introduction

Let M be a compact connected orientable 3-manifold whose bound-
ary is a torus. We call such 3-manifold a knot exterior. We shall assume
throughout this paper that knot exteriors are hyperbolic, that is, their
interiors admit a complete hyperbolic metric of finite volume. A slope r
on OM is the OM-isotopy class of an unoriented essential simple closed
curve it contains. The set of slopes on M can be identified with the 4-
pairs of primitive homology classes in H;(OM) — a slope r determines
a primitive homology class H1(OM ), well-defined up to sign, obtained
by orienting a representative curve for r and considering the homol-
ogy class it carries. As usual, we use A(r1,72) to denote the distance
between two slopes 71 and ro on M, i.e., their minimal geometric in-
tersection number on OM. The distance between two slopes coincides
with the absolute value of the algebraic intersection number between
the corresponding homology classes.
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The Dehn filling of M with slope r is the manifold M (r) obtained
by attaching a solid torus V to M by a homeomorphism of 9V — oM
which sends a meridian curve of V' to a simple closed curve in 9M of the
given slope r. W. Thurston has shown [34] that all but finitely many
fillings of M are hyperbolic manifolds and a fundamental problem is
to determine constraints on the set of slopes r on 9M for which M (r)
is not hyperbolic. This occurs, for instance, if w1 (M(r)) is either a
finite or an infinite cyclic group. The Cyclic Filling Theorem, due to
M. Culler, C. McA. Gordon, J. Luecke and P. Shalen [11], provides the
model for the type of result which can be expected. If C denotes the
set of slopes r on M such that m (M (r)) is cyclic, then it states that
C contains no more than three slopes and the distance between any two
slopes in C is at most 1. One can visualize this result as follows: the
cyclic filling theorem is equivalent to the statement that there is a basis
a, 3 of Hi(OM) such that the pairs of classes corresponding to C are
contained in +{«, 5, + (}.

Next consider the set F of slopes 7 on M such that w1 (M (r)) is
either finite or infinite cyclic. In his address to the 1990 ICM in Kyoto
[16], Cameron Gordon conjectured that the distance between any two
slopes in F is no more than 3. Since that time his conjecture has
taken on the more definitive form below (see Conjecture B of Gordon’s
problem 1.77 in [21]).

The Finite Filling Conjecture [C. McA. Gordon|. For a hyper-
bolic knot exterior M, there are at most 5 finite or infinite cyclic filling
slopes on OM and the distance between any two such slopes is at most
3. Further the distance 3 is realized by at most one pair of slopes.

The number 5 and the distance 3 in the statement of the finite
filling conjecture are the best upper bounds that one can expect —
they are realized on an example due to Jeff Weeks (see Example 11.7).
An elementary argument shows that the conjecture is equivalent to
the statement that there is a basis a, 3 of Hj(OM) such that +-pairs
of primitive classes in H;(OM) corresponding to F are contained in
+Ha, B, a+ B, a+208,a+ 35}.

Let #F denote the number of slopes in F and A(F) the maxi-
mum distance between a pair of its slopes. Shortly after Gordon an-
nounced his conjecture, S. Bleiler and C. Hodgson obtained the in-
equalities #F < 24 and A(F) < 23 [1] through an analysis of when
the manifolds M (r) admit a Riemannian metric of strictly negative sec-
tional curvature. More recently, S. Boyer and X. Zhang obtained the
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bounds #F < 6 and A(F) < 5 in work which should be thought of as
a continuation of [11]. This line of thought is further developed here,
leading to a proof of the conjecture.

Theorem 1.1. The Finite Filling Conjecture is true.

Of particular significance is the case where M is the exterior My
of a hyperbolic knot K in the 3-sphere. Let px denote the meridinal
slope of K. This is the slope on M represented by an essential curve
which bounds a disk in a tubular neighbourhood of K. It is conjectured
(see Conjecture A in problem 1.77 [21]) that if 7 is a slope on My for
which 71 (Mg (r)) is a finite group, then A(r, ux) < 1.

Theorem 1.2. Let K be a hyperbolic knot in S® and let My
denote its exterior. There is at most one finite filling slope r on OMg
satisfying A(r, pg) > 2, and if there is one, A(r, ux) = 2.

Proof. It was proved in [2] that A(r, ux) < 2 for any finite filling
slope r. Since the distance between any two slopes 11 # ro on OMg
for which A(r;, ukx) = 2 is divisible by 4, Theorem 1.1 implies that not
both of r1, 7 can be finite filling slopes. q.e.d.

Specializing further, suppose that Mg is the exterior of an am-
phicheiral hyperbolic knot K in the 3-sphere. If pu,\ € H;(0Mk)
are the primitive classes corresponding to a meridian-longitude pair
for K, then the slopes on OMg are in bijective correspondence with
QU {§} via “slope r < +(pp + qA) < g”. We remind the reader that
Hi(Mk(2)) = Zy.

Theorem 1.3. If K C S? is an amphicheiral hyperbolic knot, then
the only fillings, other than the trivial one, which can possibly yield a
manifold with a finite fundamental group, are those corresponding to 1
and —1. In particular, only the binary icosahedral group can occur as
the fundamental group of a manifold with a finite fundamental group
obtained by a nontrivial filling of an amphicheiral knot exterior.

Proof. Note that as K is amphicheiral, Mg (%) is homeomorphic

to My (%p) for all slopes £ € QU {5} Hence if £ is a nontrivial finite

filling slope of My, then %p is as well, yielding a manifold with the
same fundamental group. Note that ¢ # 0 as the slope is nontrivial,

while p # 0 because otherwise, H (M K (%)) would be infinite. Thus
Ipg| > 1. On the other hand, the finite filling conjecture implies that 3 >
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A (%, %p) = 2|pq| and therefore |pg| < 1. Hence £ = +1. Consideration
of the abelianizations of the seven types of finite groups which can be
isomorphic to the fundamental group of a 3-manifold (§2) shows that
the fundamental group of M (41) is either the trivial group or the binary
icosahedral group. But since A(1,—1) = 2, the cyclic filling theorem
implies that the first possibility cannot arise. The proof of the theorem

is therefore complete. q.e.d.

We will sketch our proof of the finite filling conjecture in what re-
mains of the introduction, and then describe the organization of the
paper.

Let 7 denote the fundamental group of M. The set of characters of
representations of 7 with values in SL(2,C) may be identified with the
points of a complex affine algebraic set X (M) [12]. Since M is hyper-
bolic, X (M) contains the character x of a discrete faithful representa-
tion of 7 in SL(2,C). It turns out that any algebraic component X of
X (M) containing y is a curve [13] and Culler and Shalen have shown
how such a curve determines a Culler-Shalen norm || - || : Hi(OM;R) —
[0,00) (see Chapter 1 of [11]). Roughly speaking, if r is the slope as-
sociated to a primitive element o € Hi(9M), then ||| measures the
number of characters of representations 71 (M(r)) — SL(2,C).

The unit || - ||-ball B is a finited-sided, convex, balanced polygon
which encodes topological information about M in a striking way - the
vertices of B are rational multiples of primitive elements in Hy(0M)
whose associated slopes are the slopes of the boundaries of certain es-
sential surfaces in M. It turns out that amongst all the nontrivial classes
in H1(OM;Z), the norm | - || takes on relatively small values on those
classes which correspond to finite or cyclic filling slopes, but which are
not boundary slopes ([11] and [2]). This suggests that not only are there
few such classes, but that they are “close” to each other. In fact this
idea was one of the essential ingredients used in [2] to deduce the in-
equalities #F < 6 and A(F) < 5. More can be said though. It follows
from [2] and [4] that the conjecture holds except perhaps for a finite
number of explicitly given norms. The new element we introduce in
this paper to deal with the remaining open cases is the A-polynomial,
due to D. Cooper, M. Culler, H. Gillet, D. Long and P. Shalen [8]. We
describe it now.

Fix a basis p, A of m (OM) = Z? and let Dy be the closure in C? of the
set of all pairs (u, v) where there is some representation p : 7 — SL(2,C)
satisfying:
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* X, € Xp.

e p|m(OM) is upper-triangular.

-p(u):<g u:>7p(k)=(g U:)-

It turns out that Dy is a plane algebraic curve and is thus defined by
a polynomial, called the A-polynomial of Xy. In order to exploit this
construction to our best advantage, it is essential for us to work with
a polynomial having integer coefficients. One way to achieve this is
to replace Xg by its orbit Cy under the natural Aut(C) x H'(M;Zy)-
action on the components of X (M) (§5). The curve Cy has various
useful properties, but in particular the plane curve D,; it determines
(as above) is defined over the rationals. Hence it is the zero set of a
primitive polynomial p € Z[u, v] without repeated factors. We take the
A-polynomial of Cy, written

Ay(u,v) = Z b nu™ "™ € Zlu, vl

(m,n)

to be a certain power of p (§6), the power being chosen to better reflect
the close relationship between A, and the Culler-Shalen norm || - ||y
determined by Cy;. This definition is a natural consequence of the ap-
plications we have in mind, but we warn the reader that following the
original definitions ([8]), the A-polynomial of Cy would have been taken
to be p(u,v).

The Newton polygon Ny, of Ay is the convex hull of {(m,n) | by, n #
0}. The notion of width, due to P. Shanahan [31], is introduced in §7 and
is used to show how the geometry of Ny, determines the Culler-Shalen
norm || - ||y of Cy (§8). One consequence of this relationship is that Ny
and By, the || - ||y-ball of radius sy = min{||a||y | « € Hi(OM) \ {0}}

determine each other in a very nice way.

Theorem 1.4. The Newton polygon N, is dual to B, in the fol-
lowing sense. The line through any pair of antipodal vertices of B, is
parallel to a side of Ny,. Conversely the line through any pair of antipo-
dal vertices of Ny, is parallel to a side of B,.

This relation gives, in particular, a different and simple proof of one
of the main results of [8] — the slope of a side of the Newton polygon
is a boundary slope of M (see Corollary 8.4).

91
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Our proof of the finite filling conjecture can now be described. Con-
sider one of the putative Culler-Shalen norms where the work in [2] and
[4] does not suffice to prove the conjecture, and suppose that M is a
hyperbolic knot exterior for which || - ||\ coincides with this norm. From
the preceding discussion, we can determine precisely what the polygon
Ny would have to be. Now the coefficients of A,; are constrained in var-
ious ways. For instance Cooper and Long have shown that b, ,, = £1 if
(m,n) is a corner of Ny [10]. Further it follows from [8] that the edge
polynomials of Ay (see §6) are products of cyclotomic polynomials. We
show in §11 that the assumption that a filling of M along a given slope
yields a manifold with a finite fundamental group implies that the roots
of an associated specialization of the variables in the A-polynomial are
either +1 or certain roots of unity. It turns out that in each of the
cases we consider, except one, we are able to use these constraints to
show that the conjecture holds. In this one bad case, the constraints
allow us to determine A,;, but do not lead to a contradiction. Never-
theless, in the appendix we are able to prove that this polynomial is not
the A-polynomial of any hyperbolic knot exterior M. The idea behind
our argument goes back to [8]. There it is described how work of C.
Hodgson shows that if the given polynomial was the A-polynomial of a
hyperbolic 3-manifold M, then the real 1-form

w = In |u|d(arg(v)) — In|v|d(arg(u))

is exact on the smooth part of Dy, = Ay'(0). In particular the integral
of w over any closed, piecewise-smooth loop in D, is zero. We find an
explicit closed curve in Dy, on which this condition fails. Arguments of
this type were first used by D. Cooper and D. Long in [9, §10]. We are
grateful to Daryl Cooper for his suggestions concerning our calculations
and for verifying them with his own computer programme.

The paper is organized as follows. In §2; 3, 4 some of the work of
[2] is recalled, refined and further developed. The action of Aut(C) x
H'(M;Zs) on the components of the character variety X (M) is dis-
cussed in §5. The theory of A-polynomials is broached in §6 and that
of width in §7 with an eye to deriving various relationships between
A-polynomials and Culler-Shalen norms in §8. We specialize these con-
structions to the canonical curve Cy; and develop its particular proper-
ties in §9 and §10. Applications to Dehn filling is the purpose of §11.
Our proof of the finite filling conjecture is outlined in §12, where we
split it into five propositions which are examined successively over the
paper’s next five sections. In the last section we make some general
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remarks on finite surgery on knots in the 3-sphere and give a new proof
that hyperbolic 2-bridge knots admit no nontrivial finite surgeries (due
to Delman [14] and independently to Tanguay [32]). Finally, there is
an appendix which provides a proof that a certain polynomial in Z[u, v]
cannot be the A-polynomial of a hyperbolic knot exterior.

2. Preliminaries

Our references for the basic notions, terminology and notation relat-
ing to the topology of 3-manifolds are [19] and [20], for knot theory [29],
for algebraic geometry [30], and for the SL(2,C)-character varieties of
3-manifolds [12].

All manifolds are assumed to be orientable and smooth, unless oth-
erwise specified. By a surface we mean a compact 2-manifold. By an
essential surface in a compact 3-manifold we mean a properly embed-
ded, incompressible surface no component of which is 9-parallel and no
2-sphere component of which bounds a 3-ball. A 3-manifold is called
irreducible if it does not contain an essential 2-sphere, and reducible
otherwise.

Throughout the paper, M will denote a hyperbolic knot exterior. A
slope r on OM is called a boundary slope if there is an essential surface
F in M such that 0F N OM is a nonempty set of parallel simple closed
curves on OM of slope r. A boundary slope r on M is said to be strict
if there is an essential surface F' in M such that F' is not the fiber in
any representation of M as a fiber bundle over the circle and such that
OF N OM is a nonempty set of parallel simple closed curves on OM of
slope 7.

The finite groups which can arise as the fundamental groups of
closed, orientable 3-manifolds are contained among the seven following
families [25]:

C-type: Cyclic groups Z; = Z/jZ for j > 1.

Even D-type: Dy, X Z; with n > 2 even, j > 1 and ged(n, j) = 1,
where Dy, = (z,y | 22 = (zy)? = y™) is the binary dihedral group of
order 4n.

0dd D-type: D(2%,21+1) x Z; for k> 2, j > 1,1 > 1, ged(2(2l +
1),5) = 1, where D(2¥,21 + 1) = (z,y | 22 =1, ¢ =1, zyz~! =
y~1). Note that D(22,20+1) is isomorphic to the binary dihedral group
Dygs1y = {2,y | 2% = (zy)* = y*T) of order 4(20 + 1).
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T-type: T(8,3%) x Z; for k > 1, j > 1, ged(6,5) = 1, where
T(8,3%) = (z,y,2 | 2% = (29)? = ¥, A = 1, zaez7t =y, zyz=t = ay).
Note that T'(8,3) is isomorphic to the binary tetrahedral group Th4 =
(z,y|2? = (xy)® = y°, 2* = 1).

O-type: Oyg x Z;j for j > 1, ged(6,5) = 1, where Oys = (2, y | 2% =
(zy)® = y*, 2* = 1) is the binary octahedral group.

I-type: I1o9 x Zj for j > 1, ged(30,5) = 1, where I129 = (z,y | 22 =
(zy)® =y°, 2* = 1) is the binary icosahedral group.

Q-type: Q(8n,k,l) x Zj, where Q(8n, k,1) = (z,y, 2 | 2% = (zy)* =
M =1, zza7!l = 27, yzy~t = 271, n,k,1,j are relatively prime
odd positive integers, r = —1 (mod k) and r = 1 (mod [).

We call a slope » on M a finite filling slope or a cyclic filling slope
if M(r) has, respectively, a finite or a cyclic fundamental group. If r is
a slope on OM such that the fundamental group of M(r) is of one of
the types listed above, then we shall say that r is a finite filling slope of
that type.

Lemma 2.1. If M admits a finite filling slope r, then Hy(M;Q) =
Q. Further:

(1) If r is a T-type or I-type slope, then Hyi(M(r);Zs) = 0 and
Hl(M;ZQ) = 7.

(2) If r is an O-type or odd D-type slope, then Hyi(M(r);Ze) = Zo
and Hl(M; ZQ) = 7o or Lo @ Zo.

(3) If r is an even D-type or Q-type, then Hi(M(r);Za) = Zo & Zs.

Proof. The proof is a simple homological argument which can be
easily deduced from [2, Lemma 5.1]. q.e.d.

Proposition 2.2 ([11]). Ifr is a finite or cyclic filling slope in OM
and is also a boundary slope, then A(r,r") < 1 for any other finite or
cyclic filling slope r'.

Proof. If the first Betti number of M is 1, then the conclusion of the
lemma follows from [11, Theorem 2.0.3]. If the first Betti number of M
is larger than 1, then by Lemma 2.1, both r and r' must be (infinite)
cyclic filling slopes. Thus A(r,r’) < 1 by the cyclic surgery theorem of
[11]. q.e.d.
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We shall frequently use V' and L to denote Hi(90M;R) and H;(OM,;
Z) respectively. Once we have fixed an ordered basis {u, A} of L, we
shall often identify the pair (V,L) with (R? Z?) by associating u to
(1,0) and A to (0,1).

By a pair of elements in V we mean a + pair {(a,b),(—a,—b)}.
A slope on OM determines, and is determined by, a pair of primitive
elements of L. We call a primitive homology class a boundary class, or
a strict boundary class, or a cyclic filling class or a finite filling class,
etc., if the corresponding slope has that property.

For a primitive class o € L corresponding to a slope r on M, the
manifold M (r) will also be denoted by M («).

If two slopes 71 and ro correspond to £(p1, q1), =(p2, ¢2) € Z?, then
basic surface topology can be used to show that A(ri,r2) coincides
with the absolute value of the algebraic intersection number between
the classes in Hy(OM) corresponding to (p1,q1) and (p2,g2). Thus

A(ry,72) = |p1g2 — p2q1].

Consequently, for any two elements « and  in H(OM;Z), we use
A(a, ) to denote the absolute value of their algebraic intersection num-
ber.

Any rank 2 subgroup of the homology group L will be referred to as
a sublattice.

The following lemma will prove useful later in the paper.

Lemma 2.3. Let z~be a sublattice of L = Hy1(OM;Z) of index
q > 1. Suppose that o € L is primitive in L.

(1) If B € L is a class such that Ao, 8) = 1, then L = {ja +
kaB | j.k € Z}.

(2) ~ € L if and only if Ala, ) = 0 (mod q).

Proof. Since o and ¢g@ are both in L and span a sublattice of L

of index ¢, part (1) holds. To prove part (2), let v = ja+ mfg € L.

Then A(a,v) = |m|. In particular, A(a,v) = 0 (mod g) if and only if
|m| = 0 (mod ¢). By part (1) the latter holds if and only if v € L.

q.e.d.

For an irreducible complex affine curve C, we denote its smooth
projective model by C. Note that C' is birationally equivalent to C' and
that any birational equivalence between them induces an isomorphism

between the function fields C(C') and C(C'). Thus any rational function
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J on C corresponds to a rational function fon C. For f € (C(é) and
point z € C, we use Z;(f) to denote the multiplicity of x as a zero of
f. The multiplicity of = as a pole of f will be denoted by II,(f).

A birational equivalence from C to C is regular at all but a finite
number of points of 6’, called ideal points of C. Normalization (30,
Chapter II, §5] determines a surjective regular map v : C¥—C of C
where C” is a nonsingular affine set which can be identified with the
subset of C' whose complement C \ C" is the set of ideal points of C.

Let C be an affine curve having n irreducible components C, ..., Cy,
and set C = C1U---UC,, C¥ = CYU---1UCY (here “lJ” denotes disjoint
union). An ideal point of C is an ideal point of 5'2 for some 1, i.e., a
point of C'\ CV.

A point x on a complex, affine, algebraic set X is called a simple
point if it is contained in a unique algebraic component Xg of X and
is a smooth point of Xy [30]. The point z is simple on X if and only
if the dimension of the Zariski tangent space of X at x is equal to the
dimension of some irreducible component of X which contains x.

3. The type of a finite filling slope

In order to develop the theory of finite filling classes in the most
useful way, we need to refine our notion of the type of a finite filling
slope.

Recall that a representation p € R(G) is reducible if p(G) can be
conjugated into the set of upper triangular matrices. We call a repre-
sentation p € R(G) virtually reducible if there is a finite index subgroup
G of G such that the restriction of p to G is reducible. The reducibility
of a representation in R(G) is determined by its character [12, Corollary
1.2.2] and so we call x € X(G) reducible, or virtually reducible, if it is
the character of a representation having that property. A representation
or character which is not reducible is called irreducible.

Suppose that « is a finite filling class and that p : m (M (o)) —
PSL(2,C) is an irreducible representation. Let T2, Igg, O24 and D,
denote, respectively, the tetrahedral group, the icosahedral group, the
octahedral group, and the dihedral group of order 2n. It follows from
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[2, §5] that
D, for somen >2 if ais D or Q-type
. .~ ) Tio if a is T-type
image(p) = § - if o is I-type
Oo4 or D3 if a is O-type.

Let @be the composition m (M) — 71 (M («)) LA PSL(2,C) and define
¢ = p|m (OM).

Lemma 3.1. Let p, 1, and ¢ be as above and set ¢ = |¢(m1(OM))].
If a has O-type assume that image (p) = O4. Then:

(1) ¢ € {1,2} if a is D or Q-type and Y can be arbitrarily closely
approximated on R(M) by non-virtually reducible representations.

(2) (a) ¢=3if o is T-type and H1(M;Z) has no 3-torsion.

(b) ¢ € {1,2} if a is T-type and Hi(M;Z) has nontrivial 3-
torsion.

(3) ¢ €{1,2,3,5} if « is I-type.

(4) (a) ¢ €{2,4} if a is O-type and Hi(M;Z) has no 2-torsion.

(b) q € {1,2,3} if  is O-type and H1(M;Z) has nontrivial 2-
torsion.

Proof. Suppose first of all that « is of type T'. Since ¢(m1(OM)) is
cyclic and is a subgroup of Tis, it has order ¢ € {1,2,3}. If Hy(M;Z)
has no 3-torsion then Hy(OM;Zs) — Hy(M;Zs) = Zs is surjective, and
hence the composition Hy(OM;Z3) — Hy(M;Z3) — Hi(M(a);Z3) %
Hy(Ty2;Z3) is as well, where ¢ is the homomorphism induced by p.
It follows that the cyclic group ¢(m1(OM)) does not lie in [Ti9, Tio] =
Lo & Zs, and therefore ¢(m (OM)) = Zg, i.e., ¢ = 3.

Suppose next that « is of type T and H;(M;Z) has nontrivial 3-
torsion. Then Hy(M;Z3) = A & B where A = image(H(0M;Z3) —
Hl(M;Zg)) = Z3 =~ B. Since Zg = Hl(M(Oé);Zg) = (A/(lmage(oz))) S5
B we see that the composition Hy(0M;Zs) — Hi(M(«);Z3) is zero.
This implies that ¢(m(OM)) C [Tia,The] = Zy @ Zs, and therefore
q € {1,2}.

The cases where « is of type I or O are handled in a similar fashion.

Next assume that « is D or Q-type. The argument here is necessarily
more involved as the torsion in the image of p has arbitrarily high order.

97
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Without loss of generality we may suppose that ¢ > 1. Now 1) is
a point on R(M), the PSL(2,C)-representation variety of 7y (M) ([3]).
Arguing as in Lemmas 4.3 and 4.4 of [2], it can be shown that the
dimension of the Zariski tangent space of R(M) at 1) is 4. It follows
that 1 is a simple point of R(M) (cf. §2) and hence X, the component of
the PSL(2,C)-character variety of w1 (M) which contains the character
of 1, is a curve. The hypotheses of part (1) of this lemma imply that X
contains non-virtually reducible characters. The argument in the proof
of [2, Theorem 2.1] can then be adapted to a PSL(2,C) setting to see
that there is an index 2 sublattice L of L, which contains «, on which

¢ is trivial (compare [2, Lemma 6.1(3)]). Thus ¢ = 2. q.e.d.

Definition 3.2. Suppose that a is a T, I or O-type class and fix
an irreducible representation p : m (M («)) — PSL(2,C) whose image
is Og4 if « has type O. According to [2, Lemma 5.3], p is well-defined
up to conjugacy, and an outer automorphism of its image when « is of

type I. If ¢ denotes the composition 71 (M) — w1 (M) — 71 (M (a)) LA

PSL(2,C), we shall say that a finite filling class has type T'(q) if it
is of type T and ¢ = |p(m1(OM))|. Similarly we define I(q)-type and
O(q)-type filling classes.

A simple consequence of these definitions is the following useful re-
sult.

Proposition 3.3. Suppose that « is a finite filling class of type
T(q), I(q) or O(q). If B € L is another finite filling class such that
A(a,B) = 0 (modq), then it also has, respectively, type T(q), I(q) or
O(q)-

Proof. Say o has type T'(¢) and fix a representation p : w1 (M (a)) —
PSL(2,C) whose image is the tetrahedral group Th2. If we denote by ¢

the composition m1(IM) — 71 (M) — m (M («)) LA Ti9, then from the
definition of ¢ and the hypothesis that A(«, 5) =0 (mod ¢) we deduce

that ¢(8) = £1I. Thus the composite 71 (M) — 71 (M ()) ﬂ T} factors
through 71 (M(3)). It is shown in [2, Lemma 5.3] that if the fundamental
group of a 3-manifold is finite and admits a homomorphism onto the
tetrahedral group, then it is T-type. From the definition of ¢ we now
see that 3 is actually of type T'(q). q.e.d.
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4. Norm curve components of X (M)

In this section we collect some basic facts and properties of the
norm curve components of the SL(2,C)-character variety of M, and
of the Culler-Shalen norms which they determine on the 2-dimensional
real vector space Hi(OM;R). These norms were originally defined in
[11] and applied to the study of cyclic and finite fillings in [11] and
[2]. See [3] for a discussion of Culler-Shalen norms in the setting of the
PSL(2,C)-character variety of M.

For a finitely generated group G, we use R(G) to denote the set
of all representations of G with values in SLy(C). It is well known
that R(G) has the structure of a complex affine algebraic set [12]. The
character of an element p € R(G) is the function x, : G—C defined
by x,(g) = trace(p(g)). The set of characters of the representations
in R(G), denoted by X(G), is also a complex affine algebraic set [12]
and is called the SL(2,C)-character variety of G. The surjective map
t : R(G)—X(G) which sends a representation to its character is regular
in the sense of algebraic geometry. For a compact manifold W, R(W)
and X (W) will denote R(m(W)) and X (71 (W)) respectively.

For each g € G, the evaluation map I, : X(G)—C defined by
I(xp) = xp(g) is regular [12] and so f, = (I; +2)(I; — 2) is as well. It
is easy to verify that I,, and hence f,, is unchanged if we replace g by
its inverse or any of its conjugates in G.

Consider a hyperbolic knot exterior M. The Hurewicz homomor-
phism induces an isomorphism H;(9M; Z) = 7w1(OM), and so we can
identify L = H1(0M;Z) with a subgroup of m (M), well-defined up
to conjugacy. Kach § € L therefore determines a regular function
Is : X(M) — C. An irreducible 1-dimensional algebraic component
X, of X(M) is called a norm curve component (for reasons to be made
clear below) if I5 is nonconstant on X for every § € L\ {0}. Since M is
an orientable hyperbolic manifold, X (M) contains the characters of dis-
crete faithful representations [12, Proposition 3.1.1]. It is proven in [11,
Proposition 1.1.1] that any irreducible component of X (M) containing
such a character is a norm curve component of X (M ).

Proposition 4.1. Let Xy be a norm curve component of X(M).
Then all but finitely many characters in X1 are irreducible.

Proof. 1t follows from Lefschetz duality that the rank of the natural
homomorphism H;(0M;Z) — Hy(M;Z) is 1, and so there is a nonzero
class a € H1(0OM;7Z) which is homologically trivial in M. Thus if x is
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the character of an abelian representation, we have y(«) = 2.

Now every reducible character in X (M) is easily seen to be the
character of a diagonal, and therefore abelian, representation of m (M).
Hence it follows from the previous paragraph that if X; contains in-
finitely many reducible characters, then I,|X; is constantly equal to 2,
contradicting the assumption that X; is a norm curve. Thus we are
done. q.e.d.

The set of virtually reducible characters in a norm curve is also
constrained. Our next result shows that if this set is infinite, then
the norm curve consists of the characters of very special collection of
representations.

Let D denote the set of diagonal matrices in SL(2,C) and consider
the group

z 0 0 w "
{5 (7)o}

which contains D as an index 2 subgroup.

Proposition 4.2. Let X be a norm curve component of X (M)
which contains infinitely many virtually reducible characters. Then there
is an index 2 subgroup m C m (M) such that x|7 is reducible for each
X € X1. Indeed each element of X1 is the character of a representation
p:m (M) — N and 7@ = p~Y(D) for the generic x, € X1.

Proof. Suppose that p € R(M) is irreducible and 7 is a finite index
normal subgroup of m (M) such that p|7 is reducible, but not central.
The non-centrality of p|# implies that there are at most two lines in C?
which are invariant under the 7-action determined by p. Since 7 is a
normal subgroup of 71 (M), these one or two lines are actually invariant
under the action of 1 (M) on C? determined by p. The irreducibility of p
implies that there are exactly two lines Ly, Lo C C2 invariant under this
action. Fix any A € SLo(C) which takes L; U Ly to the coordinate axes.
Then the image of p; = ApA~" lies in N. Tt follows that 7 = p; '(D) is
an index 2 subgroup of 71 (M) on which p is diagonal.

Now suppose that {x1, x2, X3, --. } C X1 is an infinite set of virtually
reducible characters. By Proposition 4.1 we may assume that each x; is
the character of an irreducible representation p; € R(M). We claim that
we may assume that each p; conjugates into N. This follows from the
preceding paragraph if we suppose that infinitely many of the p; have
infinite image. Suppose then that each p; has finite image. From the
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classification of finite subgroups of SL(2,C) (see e.g., [36, Lemma 2.6.5])
we see that pj(m1(M)) is either the binary tetrahedral group, the binary
octahedral group, the binary icosahedral group, or a binary dihedral
group. There are only finitely many characters of representations in
R(M) of the first three types, so without loss of generality, the image
of each p; is a binary dihedral group, and hence conjugate into N.
Assume then that each p; conjugates into /N and define 77; = pj_l(D),
an index 2 subgroup of 71 (M). Since there are only finitely many such
subgroups we may assume that 7; = 7, for each j, k > 1. Then x;|m; is
reducible for each j. But the set of characters in X; which are reducible
when restricted to 7; is an algebraic subset of X; (cf. [12, Corollary
1.2.2]) and therefore x|m is reducible for each x € X;. One may now
argue, as in the first paragraph of the proof, that each irreducible char-
acter xy € X is the character of a representation p € R(M) for which
p(m1(M)) C N and p~!(D) = 7. The density of such characters in X
implies that the proposition holds. q.e.d.

Our next two corollaries show that norm curve components of X (M)
contain only finitely many virtually reducible characters as long as M
is the exterior of a knot in the 3-sphere, or a manifold which admits a
finite filling which has neither a cyclic nor dihedral fundamental group.

Corollary 4.3. Suppose that X1 is a norm curve component of
X(M). If H(M;Zy) = Zs, then X contains only finitely many virtu-
ally reducible characters.

Proof. Suppose that X; contains infinitely many virtually reducible
characters. According to Proposition 4.2, there is an index 2 subgroup
7 of m for which x, is reducible for each x, € X;1. Let p: M — M be
the 2-fold cover determined by 7. Restriction determines a regular map
p*: X1 — X (M) whose image determines a curve Y7 in X (M).

Let T be a boundary component of M and consider & € H(T;Z) \
{0}. Since X is a norm curve, the identity I, &)|X1 = I5|Y1 o p* im-
plies that Iz|Y7 is nonconstant. Then by Proposition 4.1, OM cannot
be connected and so m1(OM) C 7r1(]\7). But then there is a surjection
T — /7 = Zy which vanishes on 7 (0M ). This is impossible as the hy-
pothesis that Hl(M; Zg) = ZQ implies that H1(8M7 Zg) — Hl(M; Zg)
is surjective. Thus there are only finitely many virtually reducible char-
acters in Xj. q.e.d.
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Corollary 4.4. Suppose that X1 is a norm curve component of
X (M) and that it contains the character of a representation p with finite
image which is neither cyclic nor binary dihedral. Then X; contains
only finitely many virtually reducible characters.

Proof. Our hypothesis on p implies that it does not conjugate into
N. Thus the corollary follows from Proposition 4.2. q.e.d.

Now consider a norm curve component X7 of X(M). The method
of [11, §1.4] can be used to define a norm || - ||; on H;(0M;R) which
satisfies (and is determined by) the identity

|0|l1 = degree(fs|X1) = 2degree(Is|X1) for each element § € L.

Our next proposition lists some of the basic properties of this norm.

Proposition 4.5.
(1) Let

si = min{ [|0]1 [0 € L\{0}}
B = {veV||vlh<si}

Then By is a compact, convex, finite-sided, balanced (i.e., By =
—By) polygon whose vertices are rational multiples of boundary
classes in L. They are strict boundary classes if X1 contains non-
virtually reducible characters.

(2) There are at most three (pairs of) classes of L which lie on 0B
but are not vertices. Their mutual distances are at most 1.

(3) Choose an ordered basis {j, A} for L such that |p|1 = s1 and
identify V' with the u\-plane (as discussed in §2). Then if (a,b) €
Bi, we have |b| < 2. Moreover, if there is some (a,b) € By with
b = 2, then (a,b) € L and By is a parallelogram with vertices
+(1,0) and +(a,b).

Proof. Part (1) is proved as in [11, §1.4], though see [11, Proposition
1.2.7] and [3, Proposition 5.2 (5)] for the strictness of the boundary
slopes associated to vertices of B; when X7 contains the character of
a non-virtually reducible representation. Part (2) can be found in [11,
§1.1], while part (3) is proved in [2, Lemma 6.4]. q.e.d.

It was shown in [11] and [2] how to obtain restrictions on the norms
of finite or cyclic filling classes, which are not strict boundary classes,
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from norm curves which contain the character of a discrete, faithful
representation. These results can be extended to general norm curves.

Proposition 4.6. Suppose that X1 is a norm curve component and
that o = (m,n) € L is a finite or cyclic filling class which is not a strict
boundary class.

(1) Ifa € L is a cyclic filling class, and X7 contains a character which
is not virtually reducible, then ||al|y = s1. Hence o € OBy but is
not a vertex of By.

(2) If a is a D-type or a Q-type filling class and X1 contains a char-
acter which is not virtually reducible, then

(1) fleafls < 2s1,
(i) flally < 18]
for any nonzero element 3 € L such that A(a, ) =0 (mod 2).
(3) (a) If a is a T(q)-type filling class and Hy(M;Z) has no 3-
torsion, then ¢ = 3 and
(1) fledls < s1+4,
(i) fledls < 1811
for any nonzero element B € L such that A(a,[3)
0 (mod q).
(b) If « is a T(q)-type filling class and Hy(M;7Z) has nontrivial
3-torsion, then q € {1,2} and
(1) llafly <5144,
(i) fledl < 11811

for any nonzero element 3 € L such that A(a,[)
0 (mod q). If ||a||1 > s1, then ¢ = 2.

(4) If « is an 1(q)-type filling class, then q € {1,2,3,5} and
(i) lleflh < s1+38,
(i) flefly < 118l

for any nonzero element 3 € L such that A(a, ) =0 (mod q). If
|le|[1 > s1, then ¢ > 1.

(5) (a) If a is an O(q)-type filling class and Hy(M;Z) has no 2-
torsion, then q € {2,4}, and
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(1) flefly < s1+6,
(i) flally < 18]
for any nonzero element 3 € L such that Aa,3) =
0 (mod q).

(b) If a is an O(q)-type filling class and Hy(M;Z) has nontrivial
2-torsion, then q € {1,2,3}, and

(i) llafly < s1+12,
(i) flafly < 18]

for any mnonzero element 3 € L such that A(a,[) =
0 (mod q). If |||y > s1, then ¢ > 1.

Proof. Most of the details of the argument can be found in the proof
of [2, Theorem 2.3], taking into account Lemma 2.3, Proposition 4.1,
and Corollary 4.4 of this paper. The fact that ¢ > 1 when |a|; > s;
follows from [2, Lemmas 4.1, 4.2, and 5.3]. q.e.d.

Corollary 4.7. Suppose that o and (8 are finite filling classes, but
not strict boundary classes. If a is of type T(q), I(q) or O(q) and
A(e, B) =0 (mod q), then ||B]]1 = [lall1.

Proof. The result follows immediately from Propositions 3.3 and
4.6. q.e.d.

The final result of this section will prove useful in the proof of the
finite surgery conjecture.

Corollary 4.8. Suppose that X1 is a norm curve component which
contains a non-virtually reducible character. Choose a basis {j, A} for
L such that ||u||1 = s1 and identify Hi(OM;R) with the pX-plane. If
a = (4,2) is a finite or cyclic filling class, but is not a strict boundary
class, and q < 2, then « is neither a C, D, Q, T(q), O(q) or I(q)-type
filling class.

Proof. Suppose otherwise. Then there is an integer m such that
a = (2m + 1,2) is, say, a D-type filling class (the other classes can be
treated similarly). Since A(a,p) = 2, Lemma 2.1 implies that both
«a and p are contained in the index two sublattice L of L described in
Proposition 4.6 (2). Thus ||a|1 < ||u|1 = s1, 1.e., a = (2m+1,2) € 0B;.
Hence Proposition 4.5 (3) implies that (2m + 1,2) is a vertex of Bj,
and thus is a strict boundary class by Proposition 4.5 (2). But this is
contrary to our assumption. q.e.d.
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5. The Aut(C) x H'(M;Zs)-action

Let Aut(C) denote the group of field automorphisms of the complex
numbers. As we shall see below, the group Aut(C) x H'(M;Zs) acts in
a natural fashion on the set of norm curve components of X (M). A key
fact for us is that the orbits of this action are defined over the rationals.

The group Aut(C) acts on both C™ and the ring Clz1, 22, . .., zn]:
for ¢ € Aut(C), (¢1,ca,...,¢,) € C*, and polynomial

mi .ma m
E am, 21 T2y 2oz € Cler, 22, ..., 2n),
M

we have

pler,ca, .5 n) = (d(c1), ple2), - .., dlen))
o <Z Am, 21" 252 z,T") = Z dam, )21 2y oz

These actions are compatible in the sense that if V(J) denotes the
algebraic set associated to an ideal J in Clzq, 29, . .., 2, ], then

p(V(J)) = V(e(J))

for each ¢ € Aut(C). Similarly if V' C C" is an algebraic set and
J(V) C Clz1, 22, ..., 2y] is its ideal, then

¢(J(V)) = J(o(V)).

Algebraically definable notions such as “dimension”, “irreducible”,
“component”, “simple point”, etc. are preserved by the actions.

We say that an ideal J C Clzq, 29, ..., 2, is defined over a subfield
K of C if it is generated as a C[z1, 29, ..., 2,]-module by polynomials
fiyooos fm € K[z1, 22, ..., 25). If J is defined over K and each field over
which J is defined contains K, we say that K is the minimal field of
definition for J. The following theorem is due to André Weil (see e.g.,
[22, §III, Theorem 7 and §III.5]).

Theorem 5.1 (Weil). Each ideal J C C|z1, 22, ..., 2y has a mini-
mal field of definition. Further, the algebraic set V(J) C C" is invariant
under ¢ € Aut(C) if and only if ¢ restricts to the identity on the mini-
mal field of definition of J.

Corollary 5.2. An ideal J C Clz1, 29, ..., 2] is defined over Q if
and only if V(J) is invariant under each automorphism of C.
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Next consider a finitely generated group G. The action of Aut(C)
on SLy(C) given by

o((22)- (50 %)
determines actions of Aut(C) on R(G) and X(G) where for p € R(G)

we have

and for x, € X(G),

P(Xp)(9) = Xo(0)(9) = D(Xp(9))-

These actions are compatible with those described above under the al-
gebraic embeddings of R(G) and X (G) into affine space discussed in
[12]. Hence by Corollary 5.2, both R(G) and X(G) are defined over
Q. Indeed the same holds for the union of the algebraic sets in any
Aut(C)-orbit of components of either R(G) or X (G).

Lemma 5.3. Let X; € X(M) be a norm curve component of X (M)
and ¢ € Aut(C).

(1) Then Xo = ¢(X1) is also a norm curve component of X (M).
Indeed || - ||2 = || - |[1. Thus the norm polygon By defined by X
and the norm polygon Bo defined by Xo coincide.

(2) If X1 contains a character which is not virtually reducible, then
so does Xo = ¢(X1).

Proof. For each § € L there is a commutative diagram

X4 ¢ - Xo

f5l X1 fs|Xo

¢

C - C.

Since the degree of a map between curves is the cardinality of the inverse
image of a generic point in its range, and since ¢ is a bijection (non-
continuous in general), we see that the degree of f5|X; and that of fs5]|Xo
coincide. Thus || - ||y = || - [|2-
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Part (2) of the lemma is easy to deduce, for if 7 is a subgroup
of m (M) and p € R(M) restricts to a reducible representation on 7,
there is a line L; in C? invariant under the 7-action determined by p.
Then ¢(L1) is invariant under the T-action determined by ¢(p). Thus
p virtually reducible if and only if ¢(p) = ¢ o p is. q.e.d.

Two other actions of interest to us are those determined by H!(G; Zs)
= Hom(G, {£1}) on R(G) and X(G). For € € H'(G;Zs), p € R(G) and
Xp € X(G) we define

and
€(Xp)(9) = Xe(p)(9) = €(9)x0(9)-

These actions are by algebraic isomorphisms and thus permute the al-
gebraic components of X (G), conserving dimension.
When G = 71(M), we shall identify H'(G;Zy) with H'(M;Zs).

Lemma 5.4. Let X; € X(M) be a norm curve component and
e € H'(M;Zy).

(1) Then X9 = €(X1) is also a norm curve component of X(M).
Indeed || - ||2 = || - ||1. Thus the norm polygon By defined by X1
and the norm polygon Bo defined by Xo coincide.

(2) If X1 contains a character which is not virtually reducible, then
so does Xo = €(X7).

Proof. For each 6 € L there is a commutative diagram

€

X1 > X2
fsl X1 fsl X2
C - - C.
Since €| X is an isomorphism, we see that [|d][1 = ||d]|2. Thus || - |1 =
- ll2-
The conclusion of part (2) is obvious. q.e.d.

The actions of Aut(C) and of H'(M;Zs) commute, and so there are
combined actions of the direct product Aut(C) x H'(G;Zsy) on R(G)
and X (G). From Corollary 5.2 we derive the following proposition.
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Proposition 5.5. Let Y be the union of the algebraic sets in an
Aut(C) x HY(G; Z3)-orbit of components of either R(G) or X(G). Then
Y is defined over Q.

6. A-polynomials

In this section, we discuss the A-polynomial of M associated to a
norm curve component X; and defined with respect to a fixed ordered
basis B = {u, A} of m1(0M). The basic reference is [8]. Bearing in mind
its use in the proof of the finite filling conjecture, it is most natural for
us to choose a different normalization for the A-polynomial from that
found in [8] — our A-polynomial is a power of theirs.

Fix a basis B = {u, A} of m1(OM). Given a norm curve component
X1 of X(M), one can construct an algebraic plane curve D; as follows.
Let ¢* : X(M)—X(0OM) be the regular map induced by the inclusion
induced homomorphism iy : m(OM)—mi(M). Let A be the set of
diagonal representations of 71 (OM), i.e.,

A={pe R(OM) | p(u), p(\) are diagonal matrices}.

Then A is a subvariety of R(OM) and it is readily seen that t|/A : A —
X(OM) is a degree 2 surjective map. We may identify A with C* x
C* through use of the eigenvalue map Pg : A—C* x C*. It sends a

representation p € A to (u,v) € C* x C* if p(u) = ( u 0 ) and

0 ul
p(N) = ( i )

By hypothesis the function I, is nonconstant on X; and it clearly
factors through X (90M). Thus if Y7 = i*(X;) is the algebraic closure
of i*(X1) in X(OM), then Y; is an irreducible curve in X (0M). Next
let 7 denote the curve [, (V1) in A, and finally define D; to be the
algebraic closure of Pg(W7) in CxC. The following diagram summarizes
the construction.

~Y

AWy =t (V) Ps(W1) C Ps(W;) = D; C C?

X — Y = Z*(X1> C X(@M)
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The curve D; is characterized by the conditon that generically speaking,
a point (u,v) lies on Dy if and only if there is a representation p € R(M)
with x, € X such that p|m(OM) € A and the upper left hand entries
of p(u) and p(A) are u and v respectively.

Let p1(u,v) be a defining polynomial of Dy with no repeated factors.
Note that by construction, D contains neither of the coordinate axes
so that p; is not divisible by either u or v. Set

Aq(u,v) = pi(u, v)dl

where d; is the degree of the map i* : X;—Y;. We call A;(u,v) the
A-polynomial of X, with respect to the basis B = {u, \}. Note that
A1 (u,v) is uniquely determined up to multiplication by a nonzero com-
plex constant.

Remark 6.1. (1) In [8] the authors considered the A-polynomial
of the whole character variety of M. Specifically, they proved that
each algebraic component of X (M) gives rise, by the process described
above, to a plane algebraic set of dimension less than or equal to 1.
Let D be the the union of the curves which arise from this process.
The A-polynomial of [8] is a polynomial with no repeated factors which
defines D. In particular they do not take into account the degree dy of
i* : X1 — X(0M). Thus in the notation above, our pj(u,v) is always
a factor of their A-polynomial, but if d; > 1, our A-polynomial is not.
Our choice of normalization is, of course, a matter of convenience, but
it is also quite natural. This will become evident in §8.

(2) Very little seems to be known about the degree d; of i* : X1 —
X(OM), though Nathan Dunfield has shown that if X; contains the
character of a discrete, faithful representation, then dy < |H'(M;Zs)|/2
[15, Corollary 3.2].

Proposition 6.2 ([8]). There are integers r,s > 0 such that
Ay (u,v) = eu" v Ay (ut ot

where € € {£1}.

Proof. This follows directly from the construction of A;(u,v). One
verifies that two elements p, p’ € A have the same image under the map
. . u 0 v 0
t|a if and only if when p(u) = ( 0 ol > and p(A) = ( 0 y-1 ),

-1 -1
then p'(p) = < uo 2 ) and p'(A) = < UO 2 > It follows that D

109
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is invariant under the involution (u,v) + (u~!,v~!). Hence there are
integers 7,5 > 0 and a constant ¢ € C* for which u"vsA;(u=!,v71) =
cAj(u,v). It is simple to deduce that ¢ € {£1}. q.e.d.

Corollary 6.3. Suppose that Ai(u,v) = Y ampu™v" is the A-
polynomial of a norm curve component X1 of X(M). Let mqg be the
mazximal exponent of Aj(u,v) in u and ng the maximal exponent in v.

Then amp = €amyg—mno—n for all m and n and some fized constant
e e {£1}.

The Newton polygon of a two variable polynomial p(u,v) =
> ampu™v™ is the convex hull in R? of the set {(m,n) | amn # 0}.
A polygon in R? is called balanced if it is invariant under reflection in
some point of R2.

Proposition 6.4 ([8]). The Newton polygon N1 of A1(u,v) is finite
sided, convex and balanced. If N1 has an edge of slope q/p, then pu+ g\
1$ a boundary class of the manifold M.

Proof. (Sketch). The first statement follows from the definition
of the polygon and Corollary 6.3. The second is proved exactly as in
[8]. The idea is that an appropriate Puiseaux parameterization of D;
associated to the given edge determines the asymptotic behaviour of
both I,, and I at some ideal point of X;. This behaviour was shown in
[12] to determine a boundary class of M, which in this instance can be
shown to be pu + gA. (In §6, we will give another proof of this result
which does not appeal to Puiseaux expansions.) q.e.d.

The A-polynomial has many interesting properties, one of the most
remarkable we describe next. Let N be the Newton polygon of the
A-polynomial A;(u,v) =) ampu™v" of a norm curve X;. Fix an edge
E of N; having slope ¢/p, say, so that there is an integer k for which
gm — pn = k for each (m,n) € E. Then after taking appropriate roots
we have

-k . '
Z am,num’un = ’U; Z(m,n)eE am,n(zvp) ifp#£0
ua Z(m,n)GE am7n(uqv)n lf q ?é 0

The edge polynomials associated to E are

fe(z) = Z amnz™ fp#0

(m,n)eF
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and

ge(2) = Z amnz" if ¢ #0.

(m,n)eE

When both p,q # 0 it is easy to verify that zy is a nonzero root of fg
if and only if there is a nonzero root z; of gg such that zf = 2{. The
significance of these roots is explained in the following proposition.

Proposition 6.5 ([8]). Let E be an edge polynomial of the Newton
polygon Ny. Then every root of an edge polynomial associated to E is a
root of the unity. Further if oo = pu+qX is the boundary class associated
to the edge E and zy, respectively z1, is a nonzero root of fg, respectively
gE, then f, takes on the value (25 — 25 7)?, respectively (24 — 27 7)?, at
some ideal point of Xi. In particular if one of £1 s a root of either fg
or gg, then f, takes on the value zero at some ideal point of )N(l.

We shall see in §8 that the A-polynomial of a norm curve component
of X (M) determines the associated Culler-Shalen norm. The proof will
be based on our next result.

Proposition 6.6. Let Xy be a norm curve component of X (M)
and suppose that ||u||1 = 2n1 and ||A||1 = 2my. Then my is the largest
power of u which occurs in Aj(u,v) while ny is the largest power of v.

Proof. We show that ||u||1 = 2n1 where n; is the largest power of v
in A(u,v). The other equality is derived similarly.

Recall the plane curve D; associated to X; and the polynomial
p1(u,v) € Clu,v], without repeated factors, which defines it. Consider
the commutative diagram

1%

DiN(C* x C*) —=» C* x C*
degree 2
N

degree 2

where pr, is projection on the first factor, v is defined by the commu-
tativity of the diagram, and J, : Y1 — C sends x to x(u). It follows
that

[l = 2degree(1,[X1) = 2d1degree(y)).

111



112 S. BOYER & X. ZHANG

Now degree(1)) is the cardinality of ¢ ~!(ug) for a generic point ug € C*,
and this, in turn, equals #{v € C* | p1(up,v) = 0}. To compute this
quantity, think of p; as a polynomial in v, say

k
p1(u,v) = Z hs(u)v®
s=0
Since A; = pcll1 we have n; = dik. Expand % in a similar fash-

ion and consider the resultant Res,(p1, %) € Clu). Since p; has no

repeated factors, this resultant is nonzero (see, for instance, [23, Corol-
lary, §V.10]). From the properties of the resultant we see in particular
that for the generic uyg € C*, p1(up,v) is a polynomial of degree k in v
with distinct roots. Hence degree(y)) = k and so from above

|1 = 2degree(1,| X1) = 2didegree(v) = 2d1k = 2n;.
o
q.e.d.

Corollary 6.7. If i is not a boundary class parallel to an edge of
the Newton polygon Ny. Then Aq(1,v) is a polynomial of degree @
with nonzero constant term. Similarly Ai(u, 1) is a polynomial of degree

A .
% with nonzero constant term.

Proof. We shall continue to use the notation in the proof of the pre-
vious proposition. Recall that A;(u,v) = p1(u,v)4 = (E];:o hs(u)v®)h

where ny = kdy. Thus
Aq(u,v) = ho(u)™ + (terms involving v, ...,v™ 1) + hy(u)Bo™,

Since p is not a boundary class, there is no edge of N which is horizontal
(Proposition 6.4). Hence hg and hj are nonzero constant polynomials.
The desired result is then a consequence of this fact and Proposition 6.6.

q.e.d.

It is necessary to extend our notions to more general curves in X (M ).
To that end let C = X7 U---UX where X1, Xo, ..., X} are norm curve
components of X(M). Let || - ||; be the Culler-Shalen norm of X; and
Aj(u,v) its A-polynomial with respect to a basis {u, A} of m(OM).
Define the Culler-Shalen norm of C, denoted | - ||¢ : H1(OM;R) —
[0, 00), by
- lle =Dl ll2 4o A 1 s
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and the A-polynomial of C, with respect to {u, A}, by
Ac(u,v) = A1 (u,v)Ag(u,v) ... Ag(u,v).

Note that A is well-defined up to multiplication by a nonzero complex
constant. Of particular interest to us is the case where C' consists of the
curves in an Aut(C) x H'(M;Zy) orbit.

Suppose that X7 is a norm curve component of X (M) and fix (¢, €) €
Aut(C) x H'(M;Zs). By Lemmas 5.3 and 5.4, X2 = (¢,€)(X7) is also
a norm curve component of X (M) and in fact || - |2 = - ||l1-

Next consider the A-polynomial of X5 with respect to a fixed basis
{p, A} of 7 (OM). Let D; be the plane curve associated to X; and
pi(u,v) a polynomial, without repeated factors, which defines it. From
the construction of the plane curves D;, it is not difficult to see that

Dy = {(e(w)d(w), e(AN)¢(v)) | (u,v) € D1},
which we denote by (¢, €)(D;). Hence we may take

p2(u,v) = ¢(p1)(e()u, e(A)v),

which we denote by (¢, €)(p1(u,v)). Let d(X1) € Z4 denote the degree
of the restriction map X; — i*(X;) C X(0M) which is induced from
the inclusion i : m (OM )—m1(M).

Lemma 6.8. Suppose that X1 is a norm curve component in X (M).
Then d((9,¢)(X1)) = d(X1).

Proof. Both (¢,€¢) : X1 — (¢,€)(X1) and (¢,e01d) : i*(X1) —
(¢, €0i)(1*(X1)) are injective functions, so the conclusion is an immediate
consequence of the commutativity of the following diagram.

Z‘*

X - *(X0)
(¢’ 6) (¢7 €0 Z)
(6.6)(X) L ((6,0(X1)) = (€ 0 i) (X1)).

q.e.d.

Corollary 6.9. Suppose that X1 is a norm curve component of
X(M) and (¢,¢€) € Aut(C) x HY(M;Zs). If Xo = (¢,€)(X1) then

As(u,v) = G(Ar)(€(p)u, e(Av).
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We finish this section with a proposition describing some of the
main properties of the A-polynomial of an Aut(C) x H'(M;Zs)-orbit
of a norm curve component of X (M).

Proposition 6.10. Suppose that X1 is a norm curve component in
X(M). Let X1,Xs,..., X be the distinct components in its Aut(C) x
HY(M;Zs)-orbit. Set C = X1 U Xo U -+ U Xy and let Ag(u,v) =
Y amnu™v™ be the A-polynomial of C with respect to a basis {u, \}
of m(OM). Let N be the Newton polygon of A.. Then:

(1) After multiplying by a nonzero complex constant, Ac(u,v) may be
taken to have integer coefficients whose greatest common denomi-
nator is 1. Such a representative is well-defined up to sign.

(2) Let mg be the mazimal exponent of u occurring in Aq(u,v) and
no that of v. Then for some € € {£1}, amn = €amo—mng—n for
all m and n.

(3) The coefficients of Ac(u,v) indexed by the corners of N are equal
to £1.

(4) The nonzero roots of any edge polynomial fg(z) or gg(z) deter-
mined by Ac(u,v) are roots of the unity. In fact fr(z) and gg(z)
are products of a power of z with some cyclotomic polynomials.
Further if a = (p,q) is the boundary class associated to the edge
E and if £1 is a root of either fr(z) or gr(2), then f, takes the

value zero at some ideal point of C'.

(5) Leti:dM — M be the inclusion and i, : Hy(OM; Zo)— Hy(M;Zs)
the associated homomorphism.

(i) If is(p) # 0 and i.(X) = 0, then amyn =0 when m is odd.
(ii) If ix(p) = 0 and i, (X) # 0, then ampn = 0 when n is odd.
(iii) Ifis(p) # 0 and ix(X\) # 0, then ay,n = 0 when m+n is odd.

Proof. Let D; be the plane curve associated to Xj;. Since Xi, Xy,
..., X} consists of several Aut(C)-orbits, the discussion prior to Lem-
ma 6.8 implies that Dy, Do, ..., Dy consists of several Aut(C)-orbits as
well, though note that there is a positive integer r, possibly larger than
1, such that each orbit occurs r times. It follows from Corollary 5.2 that
Dy UDsU---U Dy is defined over Q, and so after multiplication by a
suitable nonzero complex constant,

p1(u,v)p2(u,v) ... pr(u,v) € Qlu,v).
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By Lemma 6.8,

Ac(u,v) = Ty pj (u, 0) ™) = (T pj(u, v)) " € Q[u, v].
After multiplying by a further nonzero rational constant we can assume
that Ac(u,v) € Z[u,v] and that its coefficients have no common integer
factors, other than +1. This determines Aq(u,v) up to sign. Part (1)
of the lemma is therefore proved.

Next note that the conclusion of part (2) is a consequence of Propo-
sition 6.2 and the identity Ac(u,v) = A1(u,v)A2(u,v)... Ag(u,v).

For part (3), we observe that the proof of the main theorem in [10]
applies verbatim to our situation, by the normalization we have chose
in part (1) for Ac(u,v).

Part (4) follows from Proposition 6.5.

Finally consider part (5). From the definition of C' and Corollary
6.9, it follows that A(u,v) = A(e(u)u,e(N\)v) for any € € HY(M;Zs).
If u & ker(H,(OM;Z)—Hy(M;Z)) but X is, there is € € H'(M;Zs)
such that e(u) = —1 and €(\) = 1. Hence A(u,v) = A(—u,v) for each
(u,v) € C2. Therefore all odd exponents of u in A(u,v) must be zero.
The other two cases are handled in a similar fashion. q.e.d.

7. Width

In this section we define and study the width function of a polygon,
originally introduced in [31]. It is the key ingredient to understanding
the relationship between Culler-Shalen norms and the A-polynomial.

We consider R? as a standard uv-plane. A polygon N in R? is called
balanced if it is invariant under reflection in some point of R%. Two
points on N are called antipodes if they are related by such a reflection.

Let N C R? be a convex, balanced polygon whose vertices lie in
72. The width function w = wy : QU {occ} — Z is defined by taking
w(q/p) = k if k41 is the number of lines in the plane of slope ¢/p which
contain points of both Z? and N.

The group SLy(Z) acts on both R and R? in the following fashions.

IfU = < Z Z ) € SLy(Z) then for u € R, we set W(u) = Zgj:g, and for

(u,v) € R%, we set ¥(u,v) = (au + bv, cu + dv). Since ¥ takes lines in
R? of slope u € RU{oo} to lines of slope (¥(u~1))~!, we readily deduce
the following lemma.

115
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Lemma 7.1. If N is a convez, balanced polygon in R? whose ver-
tices lie in Z2 and ¥ € SL(2,7Z), then W(N) is a convex, balanced
polygon whose vertices lie in Z* and

wy ) (P(p/q)) ") = wy(a/p).

Fix a convex, balanced polygon N C R? whose vertices lie in Z2.
Starting from a fixed vertex v; of N and passing around N in a counter-
clockwise fashion, we may order the remaining vertices va,vs, ..., v, v],
v3,...,v; where v; and v;-‘ are antipodes. The plane is decomposed into
a collection of sectors by the lines based at the origin whose slopes are
those of the edges of N. The sectors are numbered in a natural fashion
S1,82,...,8:,57,55,...,5f as indicated in the figure below. Note that
for each j, S;j and S} are antipodal sectors.

\ =

Figure 1: Sectors of a balanced polygon.

Lemma 7.2. Let q/p be the slope of a line based at the origin which
lies in S; U ST. If vj = (m,n) and vi = (m*,n*), then

wy(q/p) = |(m —m*)g — (n —n")p|.

Proof. Let [vj,v]] denote the line segment in the plane spanned by v,
and v}. By our choice of ¢/p, if wx(q/p) = k, then the number of lines in
the plane of slope q/p which contain points of both Z? and (v}, v;‘] is k+1.

Choose integers s, t such that gs—pt = 1 and define ¥ = ( ilt —Sp ) €
SLy(Z). Then from Lemma 7.1 we see that wy(q/p) = weny(00), while
Wy (ny(00) is easily seen to be the absolute value of the u-coordinate of

U(m,n)—¥(m*,n*) = ((m—m*)g— (n—n*)p, —(m—m*)t+ (n—n*)s).
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Thus
wy(q/p) = |(m —m")g — (n —n")p|.
q.e.d.

In our next result we obtain a closed expression for width in terms
of the coordinates of the vertices of V.

Lemma 7.3. Let N be a convex, balanced polygon whose vertices
lie in Z* and are numbered consecutively vy,..., v, v, ..., v} as above.
Denote by (mj,n;) the coordinates of vj and by (Mmys1,ni41) those of
vi. Then for each pair of relative prime integers p,q,

wy(q/p) = ) (mjt1 —my)g — (nj41 — ny)p).
j=1

Proof. Recall the sectors Sy, ..., 5, ST, ..., S} determined by N and
the given ordering of its vertices. Now the ordering of the vertices of
N depends only on the choice of v; and since N is balanced, the sum
22:1 |(mj+1 — mj)g — (nj4+1 — nj)p| remains unchanged if we make
any other choice. Thus we may assume that (p,q) € Si. Set o; =
(mjt1 —mj,nj1 —nj) and observe that by Lemma 7.2

wy(q/p) = [(me+1 —ma)g — (ne41 — na1)p|

= Z{(mj+1 — mj)q — (nj+l - nj)p}

J=1

t
j=1

where a; - (¢, —p) denotes the scalar product between «; and (g, —p).
Now by construction oy, as, ..., a; all lie in the sector S3US3U---USY.
On the other hand, since (¢, —p) is obtained by rotating (p,q) € Si
by an angle of 7/2 in a counterclockwise direction, it lies in the sector
disjoint from (S5 US5U---USF)\{(0,0)} and bounded by the half-rays
throuh the vectors obtained by rotating «; clockwise by 7/2 and oy
counterclockwise by 7/2 (Figure 2). In particular «; - (¢, —p) < 0 for
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each j € {1,2,...,t}. Thus
t
wxlg/p) = Y a;-(q,-p)
j=1
t
= > laj- (g, —p)|
j=1
t
= > |(mjt1 —my)qg — (nj41 —n;)pl
j=1

as claimed. q.e.d.

Figure 2: Calculating the width of ¢/p from sectors.

Proposition 7.4. Let N be a convex, balanced polygon whose ver-
tices lie in Z2. Then N determines a norm ||-||y : R? — [0, 00) satisfying

(P, q)|Ix = wn(g/p)

for each pair of coprime integers p,q. Further, if the vertices of N
are numbered in counterclockwise order vi,va,...,v,v],05,...,0; and

(mj,mj) are the coordinates of vj and (mey1,ne41) those of vy, then

t

(s o)l =Y [(mj1 = my)v = (njp1 —ny)ul.
j=1
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Proof. According to the previous lemma, for any pair of relatively
prime integers p, ¢ we have

wn(a/p) = ) |(mjs1 —m;)q — (njp1 —n;)p|.
j=1
Define
Iy : R* — [0, 00)
by
t
(s )l =Y (M1 — my)v = (i1 — ny)ul.
j=1
Then | - ||5 is clearly a norm and has all the required properties. q.e.d.

Two convex, balanced polygons in R? are called dual if each edge
of one polygon is parallel to the line segment between some pair of
antipodal vertices of the other.

Figure 3: A pair of dual polygons.

Corollary 7.5. The boundary of a || - ||n-ball is a convez, balanced
polygon which is dual to N.

Proof. Tt follows from Lemmas 7.2 and 7.3 that

[(u,v)||x = [(mj —m})v — (nj —n;)ul for all (u,v) € S;US;.

In particular if B; is the ball of radius 1 of || - ||x, then 0By NS; and
O0B1 N S} are line segments of slope 7:; :;ﬁ It follows that 9B; is a

J
balanced, convex polygon whose edges are parallel to the line segments
in the plane whose endpoints are antipodal vertices of N and whose
vertices lie on the half-rays 951 UdSaU---U0S; UIST U---UAIS{. By
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construction, the boundaries of these half-rays are parallel to the edges
of N. Thus N and Bj are dual polygons. q.e.d.

8. Relations between Culler-Shalen norms and A-polynomials

One of our main goals in this section is to show that the norm
polygon defined by a curve in X (M) and the Newton polygon of the
associated A-polynomial are dual in the sense of the previous section.
We shall continue to use the notation developed previously in the pa-
per: for a norm curve component X; of X(M), || - ||1 will denote
the Culler-Shalen norm it defines, B; the || - ||;-ball of radius s; =
min{||0|l1 | 6 € L\ {0}}, Dy the plane algebraic curve associated to
X1, p1(u,v) a polynomial without repeated factors which defines D1, d;
the degree of the restriction-induced map X; — ¢*(X;) C X(9M), and
A1 (u,v) = [p1(u,v)]% the A-polynomial associated to X7 relative to the
basis {p, A}. Recall that A;(u,v) is well-defined up to multiplication by
a nonzero complex constant and is divisible by neither » nor v.

If the ordered basis {u, A} of m1(OM) is replaced by another {o =
P9 ¢ = pfAt}, where ¥ = < ]: (t] ) € SLy(Z), and fll(w,z) is the
A-polynomial of X; with respect to {o,(}, then there are integers a, b
for which

Aj(w,z) = w2 Ay (w' 2=, w3 2P).
Hence we deduce the following lemma.
Lemma 8.1. Consider a new basis {o,(} = {pPA?, u* X'} of w1 (OM)

where ¥ = ( IZ (g > € SLy(Z). Let Ny be the Newton polygon of the

A-polynomial of X1 relative to {u,\} and N; the Newton polygon of
the A-polynomial of X1 relative to the basis {PAY, u*At}. Then up to a
translation in the plane,

Nl — (\I]transpose)fl(Nl)'

Proposition 8.2. Let X; be a norm curve component of X(M).
Fiz an ordered basis {p, \} of Hi(OM;Z) C Hi(OM;R) and let Ay (u,v)
be the A-polynomial of X1 relative to it. If Ny is the Newton polygon of
Ai(u,v) and (p,q) € L is a primitive class, then

(P, @)|l1 = 2w, (¢/p).
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Hence for each (u,v) € R,

(s )1 = 2[[(w; ) [ v, -

Proof. Since Aj is not divisible by u, Proposition 6.6 implies that
A1 = 2wy, (00). Similarly [|u]l1 = 2wy, (0).

Consider a pair of relatively prime integers p,q. Choose s,t € Z
such that pt — gs = 1, set ¥ = ( 3 _i ) € SLy(Z) and observe
that ¥(p,q) = (0,1). Then from Lemma 7.1 we see that wy, (¢/p) =
wy(n,)(00). From Lemma 8.1 we see that up to a translation in the
plane, W(Np) is the Newton polygon of X; relative to the basis
{u=s X7t uPA} of 1 (OM). Hence from the previous paragraph we see
that 2wg(n,)(00) = [|[pp + gA[l1. The proof is completed by noting that
any two norms on R? which agree on Z? are identical. q.e.d.

Corollary 8.3. Under the hypotheses of Proposition 8.2, the New-
ton polygon N1 of Ay and the norm polygon By of ||-||1 are dual polygons.
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Proof. The conclusion follows from Proposition 8.2 and Corollary 7.5.

q.e.d.

Let X7 be a norm curve component of X (M). It is shown in [11,
Lemma 1.4.1] that if = is an ideal point of X7, then one of the following
holds:

(1) IL.(f,) = 0 for each slope 7 on OM.
(2) There is a unique slope r for which ITL,(f,) = 0.

We say that a slope r is associated to an ideal point x of X, (and vice
versa) if f.(x) is finite while f,/(z) = oo for some other slope r’. By
[11], a slope r associated to an ideal point of X; must be a boundary
slope. Also note that there may be several ideal points of X associated
to a given slope r.

Corollary 8.4 ([8]). There is an edge of slope q/p of the Newton
polygon N1 of the A-polynomial of X1 if and only if pu+qX is a boundary
class associated to some ideal point of X1.

Proof. A primitive pair +(pu-+g\) corresponds to a slope associated
to some ideal point of X7 if and only if it is a rational multiple of some
vertex of the norm polygon Bj of || - |1 (]2, Lemma 6.1]). Since Bj is
dual to the Newton polygon Ni, the latter occurs if and only if Ny has
an edge of slope ¢/p. q.e.d.
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Our next result gives another characterization of || - ||; in terms of
Aj. Define the span of a Laurent polynomial p(z) € C[z,27!] to be

span(p) = max degree, p(z) — min degree, p(z).

Proposition 8.5. Suppose that pu + qX is not a boundary class
associated to an ideal point of X1. Then

lpp + g1 = 2spandy (279, 2P).

Proof. The case where pu + g\ equals p or A\ follows from Corol-
lary 6.7. For the general case fix a basis {0, (} = {uPA?, u*\'} of w1 (OM)
where pt — gs = 1. We noted before Lemma 8.1 that if A;(w, z) is the
A-polynomial of X; with respect to {o,(}, then there are integers a, b
for which

Aj(w,z) = w2 Ay (w'z=9, w5 2P).

Since pu + g is not a boundary class associated to an ideal point of X7,
Corollary 6.7 implies that |[pp + gAl[1 is twice the degree of A1(1,2) =
2P A1(279,2P). Thus ||pp + g\||1 = 2spand;(z79, 2P). q.e.d.

It is shown in [11, §1.4] that for any slope 7, there is a linear function
¢r + Hi(OM;R) — R such that

‘(br(é)‘ = Z Hw(ﬁ)

ideal points = of )?1
associated to r

for each § € H1(OM;Z). It follows that for each n € Hy(OM;R) we

have
Inllh=">_ lérm)l.

slopes r
Our next result shows how the Newton polygon determines |¢,|.

Proposition 8.6. Suppose that p and q are coprime integers such
that q/p is the slope of an edge of the Newton polygon Ny of Aj(u,v).
Suppose further that the endpoints of this edge have coordinates (m,n)
and (m/,n’). If r denotes the slope associated to +(pu + q\), then

|6 (u,0)] = 2|(m = m")v = (n = n)ul.

Proof. Let vy, va,...,v,v7,v5,...,vf be an ordering of the vertices
of N1, as in the previous section. Let (m;,n;) be the coordinates of v,
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and (myy1,ne+1) those of vj. Choose relatively prime pairs of integers
(p1,q1), (P2,42), - - -, (P, q¢) such that (mj11—mj, njp1—n;) is an integral

multiple of (pj,q;), say
(mjp1 —my,njp1 —ng) = 1i(pj, q5)-
Then by Corollary 8.4, the slopes associated with the ideal points of X;
are 11,72, . ., Where r; corresponds to & (p;u+¢q;\). Since ¢, (pj, q;)
= 0, there is a nonzero integer l;» for which
o, (u,v) = |l |pjv — gjul.
Thus if (u,v) ER2 =V,

t

> 1w — giul

j=1

t
= Z ‘(ZSTJ' (U7 'U)’
7=1

= [[(w, v)|x
= 2||(u, v)||n, by Proposition 8.2

t
= 2|(mjp1 — my)v — (nj41 — ny)u| by the definition of | - ||,
j=1

t
= 2lL;l[pjv — qyul.
7=1

Thus for each (u,v) € R?, 2221(2%\ — 5D Ipjv—qjul = 0. Since (pj, g;)
and (p, qx) are linearly independent for j # k, it follows that for each

value of the index j,

r; (u,v) = |I||pjo — gyul = 2|lj]|pjv — gjul
= 2|(mjt1 — mj)v — (nj11 — nj)ul
as claimed. This completes the proof. q.e.d.

Next we extend the results of this section to more general curves
in X(M). Consider C = X; U...UX, C X(M) where each X;
is a norm curve component of X(M). Recall, from §6 that the A-
polynomial of C, with respect to a basis {u, A} of m1(9M), is given by
Ac(u,v) = H?ZlAj(u, v), where A; is the A-polynomial of X; with re-
spect to {u, A}. Let N, N1, ..., Ni be the associated Newton polygons
and Wy, Wy,,- - -, Wy, their width functions.
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Lemma 8.7. wy, = wy, + Wy, + -+ + Wy, -

Proof. Since wy,(0) is the largest power of v occurring in Ac(u,v),
and similarly for each wy, (0), it is clear that wy, (0) = wy, (0)+wy, (0)+
o (0)

Let p, ¢ be an arbitrary pair of coprime integers and choose s,t € Z

_tq 8 > and observe that by
Lemma 7.1 we have wy(q/p) = Wy (0). Now ¥(N¢) is the Newton
polygon of the Laurent polynomial

such that tp — sq = 1. Set ¥ =

Ac(w, 2) = Ac(wPz?,w2")
= Ay (wP29, w2 ) Ag(wP 29, w2t . .. Ap(wP 2%, w2t)
= Aj(w,2)Ay(w, 2) ... Ap(w, 2).

Hence if NC, Nj are the Newton polygons of flc, flj, j=1,...,k, then
N¢ = VU(Ng) and Nj = U(N;). Thus

Wng (q¢/p) = Wy (N) g (0)
= wy.(0)
= wg,(0) + wg,(0) + - + wg, (0)
= Wany)(0) + Wany) (0) + -+ + Wy, (0)
= wx,(q/p) +wn,(q/p) + - +wn,(a/p).

This completes the proof. q.e.d.

Theorem 8.8. Suppose that X1, Xo,..., Xk is a collection of dis-
tinct norm curve components of X (M) and set C = X1 UXoU---U Xp.
Let || - ||c be the Culler-Shalen norm of C' and || - ||n, the width function
norm determined by the Newton polygon N of the A-polynomial of C.
Then the following results hold:

W) 2[ - lve =1+ lle-
(2) If pu+ g\ is not a boundary class associated to an ideal point of
C, then

Ipp+ gAllc = spandc(2?, 277).
(3) N¢ is balanced and dual to the norm polygon Bo of || - ||o-

(4) N¢ has an edge of slope q/p if and only if By has a vertexr whose
associated slope is q/p.
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(5) Suppose that r is a slope on OM and ¢, the linear functional on
Hy(OM;R) which satisfies

o ()] :Z Z I (fa)

k
1

J ideal points = of )N(j

associated to r

for « € H(OM;Z). If (m,n) and (m',n’) are the coordinates of
the endpoints of an edge of N of slope q/p, then

|6r(u,0)] = 2|[(m = m")v — (n = n')ul.

Proof. Let ||-]|; be the Culler-Shalen norm of X; and N; the Newton
polygon of its A-polynomial.
If p, g are relatively prime integers, then

21(ps@)lIne. = 2wn.(q/p)

k
= QZwNj(q/p) by Lemma 8.7
j=1

k
= 2 [, @),
j=1

k
= Z l(p,q)ll; by Proposition 8.2
j=1

= |l(p,@)llc-

Hence (1) holds.

Next observe that part (2) is a consequence of the definitions and
Proposition 8.5, while part (3) follows from (1), Corollary 7.5 and Corol-
lary 6.3. Finally (4) and (5) are proven exactly as the analogous results
are handled in the proofs of Corollary 8.4 and Proposition 8.6. q.e.d.

9. The canonical curve and norm

In this section we define the canonical curve in the character vari-
ety of a hyperbolic knot exterior and study the associated norm and
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A-polynomial. We shall continue to use the notations established in
previous sections.

According to the rigidity theorem for hyperbolic 3-manifolds of fi-
nite volume [34, §5], there are exactly two conjugacy classes of dis-
crete faithful representations of 71 (M) in PSLs(C). Further the char-
acters of these two conjugacy classes differ by complex conjugation.
Thurston proved that all such representations lift to SLy(C) (see [12,
Proposition 3.1.1]), and thus the set of characters of such lifts consists
of two orbits of the H'(M;Zs)-action on X (M), one orbit the com-
plex conjugate of the other. It can then be shown that there are pre-
cisely 2|HY(M; Z3)| = 2|H1(M;Zs2)| conjugacy classes of discrete faith-
ful representations of 71 (M) in SL(2,C) (]26, Corollary V.1.3], compare
Lemma 9.5).

Let X1, Xo,..., X} be the components of X (M) which contain the
character of a discrete faithful representation and recall from §4 that
each is a norm curve component. From the discussion above we see that
C\r, the Aut(C) x Hy(M;Zg)-orbit of X; (cf, §5), contains Xo, ..., Xk.
Indeed it characterized by the fact that it is the smallest subvariety
of X (M) which is defined over the rationals and which contains these
curves. Thus we call Cy; the canonical norm curve of X (M).

Suppose that C), contains n algebraic components, say

By Lemmas 5.4 and 5.3 each X is a norm curve component of X (M).

Let || - ||;, sj, and B; denote respectively the Culler-Shalen norm, the
minimal nonzero value of || - ||;, and the ||-||;-ball of radius s;. Let |- ||,
su, and B, denote those of C),. We call || - ||, the canonical norm on
Hi(M; 7).

Proposition 9.1.
(1) [+ lar =7l - llt, s$ar = ns1, and By = Bu.

(2) By is a finite-sided convex polygon balanced about the origin whose
vertices are rational multiples of strict boundary classes of L.

(3) B contains at most three (pairs of) nontrivial classes of L which
are not vertices of By, and their mutual distances are at most one.

(4) Choose a basis {u, \} for L such that ||p||ly = su and identify
H,(OM;R) with pX-plane. If (a,b) € By, then |b| < 2. Further if
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there is some (a,b) € By with b = 2, then (a,b) € L and By, is a
parallelogram with vertices £(1,0) and +(a,b).

Proof. Part (1) is a consequence of the definition of || - ||,, and the
Lemmas 5.4 and 5.3. The rest follows mostly from Proposition 4.5,
though for the strictness of the boundary slopes in part (2) we combine
Lemma 5.3 with the observation that discrete faithful representations
are not virtually reducible. q.e.d.

Lemma 9.2. The inequality 4 < 2|H(M;Zs2)| < sy holds.

Proof. We noted above that there are exactly 2|H;(M;Zs)| charac-
ters of discrete faithful representations of 71 (M) in SL(2,C), and each
of these characters lies in C',. Fix y € L N 0Bwm and note that since f,
takes the value zero at each of these characters, we have sy = ||u|lu =

Z?Zl degree(fu)|)~(j > 2|Hy(M; Zs)). q.e.d.

The inequality given in the lemma is sharp as sy, = 4 when M is the
figure eight knot exterior. For this manifold, ', is an irreducible curve
(see [6] for details).

Proposition 9.3. Fiz a basis {u, \} of L where |u|ly = sy and
identify H1(OM;R) with the pA-plane. Suppose that oo € L is a finite
or cyclic filling class but is not a strict boundary class.

(1) If « is a C-type filling class, then:

(1) ||let||se = su- Hence o € OB,y but is not a vertex of By,.
(ii) The absolute value of the A-coordinate of « is less than or
equal to 1.
(2) If a is a D-type or a Q-type filling class, then:

(1) [lellar < 28

(ii) [Jalln < |1Bllx for any nontrivial element € L satisfying

A(a, ) =0 (mod 2).
(iii) The absolute value of the A-coordinate of « is less than or
equal to 1.
(3) (a) If a is a T(q)-type filling class and Hy(M;Z) has no 3-
torsion, then ¢ = 3 and:

(1) [lellar < 50+ 4.
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(ii) |lalls < ||Bllar for any nontrivial class 5 € L satisfying
A(a, 8) =0 (mod q).
(iii) If B € L is a finite filling class satisfying Ao, 3) = 0
(mod q), then B is also of type T'(q) and |G|y = ||| u-
(b) If « is a T(q)-type filling class and Hy(M;Z) has 3-torsion,
then q € {1,2} and:
(i) |lellar < s+ 4 and g =2 if |||y > Su-
(i) ||l < ||B||la for any nontrivial class B € L satisfying
A(a, 8) =0 (mod q).
(iii) If B € L is a finite filling class satisfying Ao, 3) = 0
(mod q), then 3 is also of type T'(q) and |5y = ||| u-

(4) If a is an I(q)-type filling class, then q € {1,2,3,5} and:

() llally < su+8 and g > 1 if ||af[a > s
(ii) [[erllar < |Bllas for any nontrivial class B € L satisfying A(«, )
=0 (mod q).
(iii) If B € L is a finite filling class satisfying A(c, ) = 0 (mod
q), then B is also of type I(q) and ||5||» = ||| u-

(5) (a) If a is an O(q)-type filling class and Hy(M;Z) has no 2-
torsion, then q € {2,4} and:
(1) ||| ar < 81+ 6.
(i) [|alla < ||Bl|a for any nontrivial class B € L satisfying
A(a, ) =0 (mod q).
(iii) If B € L is a finite filling class satisfying A(a, ) = 0
(mod q), then (3 is also of type O(q) and ||B]|x = ||| a-
(b) If a is an O(q)-type filling class and Hy(M;Z) has 2-torsion,
then q € {1,2,3} and:
(1) [|ally < sy+12 and g > 1 if ||al|y > su-
(i) [|alla < |8l for any nontrivial class B € L satisfying
A(a, 8) =0 (mod q).
(iii) If B € L is a finite filling class satisfying A(a, ) = 0
(mod q), then B is also of type O(q) and ||5||xm = ||| u-
Proof. Parts (1), (2) of the proposition follow directly from Propo-
sition 4.6 (1), (2) and Proposition 9.1. Parts (3) (ii) and (iii) are conse-
quences of Propositions 4.6 (3) and 3.3 respectively. To prove part (3)
(1), first recall that

6’1\1:)?1UUX77{
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For each § € L,

161 =D 1161l =D degree(fslg ) =Y > Za(fs
j=1 j=1

Jj=1 :cEX]

where Zx(f(;) is the multiplicity of x as a zero of ]A‘;;. Hence

el = el + Cledlhe = llpllse) = 55+ > > (Zolfa) = Zo(fu)-

j=1 Z‘E)?j
Thus if J = {z € Cy | Zo(fa) > Zm(ﬁ)}, then

el < su+ Z Z(F))-

zeJ

Recall that )?j = X/ UZ; where X7 4 X is the normalization of X
and Z; is the finite set of ideal points of )~(j. Fixz € JN )ij. The
hypothesis that « is not a strict boundary slope implies that z € X/

([11, Prop. 1.6.1] and Proposition 4.5). We now proceed in the manner
of [2, §4]. It was shown there that:

hd Zz(f;z) - Z:r(]?;t) =2
e The Zariski tangent space of X (M) at v(z) is 1-dimensional.

e v(J) is the set of characters in Cm correspondingto representations
which send « to {£/} and whose image is the binary tetrahedral

group.

The first statement shows that |lafly < sy + 2|J|. It follows from
the second that v(x) is a simple point of X (M) (cf. §2) and therefore
v~ 1(v(z)) = 2. Hence ||a|y < sy + 2|v(J)]. Finally combining the
third with the method of [2, Lemma 5.6] implies that |v(J)| = 2. Thus
llr||s < sm + 4, as claimed.

Parts (4) and (5) can be proved similarly. q.e.d.

Remark 9.4. The previous proposition can be sharpened under
certain additional assumptions. For instance if p is a cyclic filling class,
but not a strict boundary class, then Z, (fu) < Zy(fa) for each z €

129
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Cu [11, Proposition 1.1.3]. Hence following the method of proof of
Proposition 9.3 we have

Sum OF Sy + 4 if a is T-type
Sy Or Sy + 8 if o is I-type
Sy Sm + 4,8y + 8, or sy + 12 if « is O-type
and Hy(M;Zs) = Zo ® Zo.

el =

We close this section with some useful properties concerning the
canonical norm of a class in the kernel of Hy(9M;Za) — H1i(M;Zs).

Lemma 9.5. H'(M;Zs) acts freely on the Zariski open set of non-
virtually reducible characters in C);.

Proof. Let x, € C\ be a non-virtually reducible character and
suppose there is an € € H'(M;Zsy) such that x, = € - x,. We will show
that e is the trivial homomorphism m (M) — {£I}.

Since p is irreducible and €-x, = X¢p, there is a matrix A € SL(2,C)
satisfying ep = ApA~!. Suppose that there is some ¢ € 71 (M) for which
(€) = ~I. Set p(€) = B. Then —B = e(§)p(¢) — Ap(€)A~L = ABAY,
and so A = —BAB~!. Tt follows that trace(A) = 0, and so without
(Z) —Oz > The subgroup
7 = ker(e) of w1 (M) has index 2 and for any v € 7, p(y) = Ap(y) A~ Tt
follows that p(7) is diagonal and thus p|7 is a reducible representation.

But this contradicts our choice of p. Hence € is the trivial element of
HY(M; Zs). q.e.d.

loss of generality we may assume that A = (

Consider the |H;(M; Z2)|-sheeted regular covering p : M—M corre-
sponding to the surjective homomorphism 1 (M )— Hq(M; Zs). The ho-
momorphism p : 7T1(M)—>7T1(M) induces a regular map p* : X(M)—
X(M) and the closure E\; of p*(Cy) in X(M) is a curve in X(M) It is
an elementary exercise to show that if x1, xo € Cy are two non-virtually
reducible characters then p*(x1) = p*(x2) if and only if y2 = ex:
for some ¢ € H'(M;Zsy). Hence by Proposition 4.2 and Lemma 9.5,
p* : C—E is generically a |H(M;Zs)|-to-one map.

Fix a boundary component T of OM. For any element sel =
Hy(T;Z) C L (we identify L with py(L)) let I; : X(M) — C be the
evaluation map and set f; = I§ — 4. There is a commutative diagram
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of surjective rational maps

*

p

m Is

C.

C(M

Define the degree of a rational function f : X — Y between curves to
be ) degree(f|X; : X; — f(Xj)), where the sum is over the algebraic
components X; of X. Then

[P () ln = degree(fp#(g)\CM) = |H1(M; Zg)]degree(fg]EM).

If fg|6’M has p distinct poles, then its degree is at least 2p since f; =
(I3 +2)(Iz — 2). In order to apply this observation, let 51, 52,..., 3y
be the strict boundary classes associated to the vertices of By. Then
for any j = 1,2,...,n there are ideal points 1, z2,...,z, of )?j such
that for § € L, ]?5(1‘]) € C if and only ¢ is a nonzero, integral multiple

of ;. For each j, choose a class (3; € L such that p4(B;) is a nonzero
multiple of 3;. Then from the commutativity of the diagram above we

see that f%(p*(.%'j)) € Cif and only py4 (g) is a nonzero multiple of 3;. It
follows that for any § € L\ {0}, f; has at least p — 1 distinct poles in
X;. Further if p,(J) is a primitive class which is not a boundary class
associated to a vertex of By, then f; has at least p distinct poles. In
summary, we have derived the following proposition.

Proposition 9.6. Suppose that o € L is a primitive class which lies
in the kernel of the homomorphism Hy(OM;Zs)—Hy(M;Zs) induced by
inclusion. Let n be the number of algebraic components of C,.

(1) lallu is divisible by 2n|Hy(M;Zs)).

(2) If By has p pairs of vertices then

2n(p — 1)|H1(M;Zs)| if « is a rational multiple
ol > of a vertex of By,
e

M= 2np|Hy (M ; Zs9)| if ais a rational multiple

of a vertex of By,.
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10. The canonical A-polynomial

Let X1, Xs,...,X, be the algebraic components of Cy; and B =
{u, A} a basis for m1(0M). Suppose that A;(u,v)) is the A-polynomial
of X; with respect to B. The canonical A-polynomial of M, with respect
to the basis B, is the product

Ay (u,v) = Ar(u,v)Ag(u,v) ... Ap(u,v).

Let Ny be the associated Newton polygon. Our next results follow
immediately from Theorem 8.8 and Proposition 6.10.

Proposition 10.1. The canonical norm polygon B, is dual to the
canonical Newton polygon Ny and |||y = || ||, Further, ||u|xm = 219
and |||y = 2mg, where ng is the mazimal exponent of v in Ay(u,v)
and my that of u.

Proposition 10.2. If pu+ gX is not a boundary class associated to
an ideal point of Cy,;, then

llppe + g\ || = 2spandy (29, 27P).

Proposition 10.3. The canonical A-polynomial Ay(u,v) =
Y amnu™v™ of M has the following properties:

(1) After multiplying by a nonzero complex constant, A (u,v) may be
taken to have integer coefficients whose greatest common denomi-
nator is 1. Such a representative is well-defined up to sign.

(2) Let mg be the mazimal exponent of w occurring in Ay(u,v) and
no that of v. Then for some € € {£1}, amn = €amo—mng—n for
all m and n.

(3) The coefficients of Ay(u,v) indexed by the corners of N are equal
to £1.

(4) The nonzero roots of an edge polynomial fr(z) or gr(z) deter-
mined by Ay (u,v) are roots of the unity. In fact fg(z) and gg(z)
are products of a power of z with some cyclotomic polynomials.
Further if « = (p,q) is the boundary class associated to the edge
E and if £1 is a root of either fr(z) or gr(z), then f, takes the

value zero at some ideal point of C,.

(5) Leti: OM — M be the inclusion and iy: Hi(OM;Zo)—H(M;Zs2)

the associated homomorphism.
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(i) If is(p) # 0 and ix(X) = 0, then ap,n = 0 when m is odd.
(ii) Ifis(p) = 0 and ix(X) # 0, then ap,n =0 when n is odd.
(iii) Ifis(p) # 0 and ix(X) # 0, then ap, n = 0 when m+n is odd.

Corollary 10.4 ([8]). If M is a knot exterior in S and {u, \} is
the standard meridian-longitude basis of L, then the powers of u occur-
ring in the canonical A-polynomial of M are even numbers.

11. Applications to Dehn filling

In this section we discuss some results concerning the manifolds
obtained by Dehn filling on M, results derived from the canonical poly-
nomial Ay (u,v).

A 3-manifold is smallif it does not contain any closed incompressible
surfaces. If a small 3-manifold is homeomorphic to a Seifert fibred space,
then it admits a Seifert structure whose base orbifold is S? with at most
three singular fibres [20, §IV].

Proposition 11.1. Let X; be a norm curve component of X (M)
and suppose that o € L is a primitive class. Suppose that x € X{ where
Zy(fa) > Zu(fs5) for some 6 € L\ {0} and v(z) = x, € Xi.

(1) If M(«) is a small 3-manifold which is a Seifert fibred space, then
Xp is a simple point of X(M). Furthermore x, takes only real
values on w1 (M) and the eigenvalues of p(vy) lie on either the real
line or the unit circle.

(2) If M(«) has a finite fundamental group then x, is a simple point
of X(M). Furthermore the eigenvalues of p(d) are roots of unity
of order less than or equal to 10.

Proof. (1) By [11, §1.5], the condition that Z,(fs) > Z.(f5) implies
that there is some p € t~!(v(x)) with non-cyclic image in PSL(2,C)
such that p(a) € {I,—I}. In fact p can be chosen to have a non-
abelian image, for the argument in [11] shows that p can be chosen
so that its image is also non-diagonalisable in PSL(2,C). Hence if
its image is abelian, then it must conjugate into the group of upper-
triangular parabolic matrices. But this cannot occur because the hy-
pothesis that M («) be small implies that rank Hy (M («);Z) = 0. Thus
rankH;(M;Z) = 1 and therefore any parabolic representation has cyclic
image in PSL(2,C), contrary to our choices.
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Assume then, without loss of generality, that image(p) is nonabelian.
We can also assume that p(m(M)) is nonabelian when projected to
PSL(2,C), for otherwise image(p) would be the quaternion group of
order 8, and so again the proposition holds. Since p(a) = +1, p induces
a representation m (M («)) — PSL(2,C) and our assumptions imply
that the latter factors through a group A of the form (a,b | a? = b? =
(ab)" = 1) for some p,q,7 > 2. Choose aj,b; € m(M) which are
sent to a,b under the composition 71 (M) — m (M (a)) — A. Now fix
g € G. There is a word w = w(ay,b1) such that p(g) = £p(w) so that
Xp(9) = £X,p(w). It follows from [12, Proposition 1.4.1] that x,(w) =
P(xp(a1), Xp(b1), xp(a1b1)) where P is a polynomial with integral coef-
ficients. Now by construction, each of p(ay), p(b1) and p(a1by) has finite
order in SL(2,C), and so have real traces. Thus x,(g) = £x,(w) € R.
Finally, x, is a simple point of X (M) by [5].

Fix g € G. By part (1), trace(p(g)) is real. Now p(g) is conjugate
to a matrix of the form
u ok
(6 71);

Let u=re?. Then u+u~! =re?+Le ® = (r4+1)cosf+i(r—1)sing
and so (r — 2)sing = 0. If sin@ = 0, then u is real. If r — 1 =0, then
r =1 and w lies on the unit circle. _ _

(2) Again by [11, §1.5], the condition that Z,(fa) > Zz(fs) implies
that there is some p € t~(v(z)) with non-cyclic image such that p(a) €
{I,—1I}. Thus « has type T,1,0,D or Q. By [5], x, is a simple point
of X(M). We can use p to construct an irreducible representation p :
m1(M(a)) — PSL(2,C). It follows from Lemma 3.1, and the discussion
immediately preceding it, that p(m1(OM)) is a cyclic group of order no
larger than 10. Thus part (2) holds. q.e.d.

Let Ay (u,v) be the canonical A-polynomial of M with respect to
the basis {u, A}.

Proposition 11.2. Suppose that o = (p,q) € Hi(M;Z) is a primi-
tive class which is not a strict boundary class. Let (ug,vg) be a solution
of either

Ay (u,v) =0 Ay (u,v) =0
{ uPv? =1 or { uPv? = —1.

Assume that M («) is a small 3-manifold.

(1) If one of uy or vy is not +£1, then there is a representation p €
R(M), with nonabelian image, whose character lies in Cy and for
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which
- uQ 0 . Vo 0

(2) If one of ug or vy is neither real nor on the unit circle, then M («)
is not a Seifert fibred space which is small.

(3) If one of uy or vg is not a root of unity of order less than or equal
to 10, then w1 (M («)) is not finite.

Proof. (1) We shall assume that uyg # +1. The case vy # £1 is
handled similarly.

As (up,vp) is a solution of Ay, there is an algebraic component X
of Cy whose associated plane curve D; contains (ug,vg). Recall from
86 that we have the following diagram of regular maps between affine
algebraic sets:

Wi =t]{' (Y1) CA —— Dy = Ps(W;) CC x C

X, *Yi:i*(Xl)CX(aM)

Hence we have an associated diagram of rational maps between smooth
projective sets:

W, Dr

t

.

X Vi

Each map in this latter diagram is surjective, so there is a point w € Wl
which is mapped to a point d € v~ (ug,v9) C DY C D;. Fix any
2 € X1 such that 7*(z) = {(w) € Y. Note that by construction fu( ) =
(up —ugh)? € C*, while fo(x ) = 0. Hence Z, (f) =0 < Zo(fa).
Assume first that z € X; — X7, ie., z is an ideal point. Since
a is not a strict boundary class, [11, Prop. 1.6.1] implies that there
is an essential closed surface in M which remains essential in M(a),
contrary to our supposition that M(«) is a small 3-manifold. Thus
r € X{. Set v(z) = x, € X1 where p € R(M) and note that by
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the argument in the proof of [11, Proposition 1.5.5], we may assume
that p is not diagonalisable. Hence if the image of p is abelian, then
its non-central elements would have to consist of parabolic matrices.
But this would imply that wg,vg € {£1}. Hence p is a nonabelian
representation. Finally observe that since one of ug, vq is different from
+1, we can assume that p|m(OM) is diagonal.

(2) We continue to use the notation of part (1). Since M(a) is a
Seifert space which is small and Z,(f,) = 0 < Z,(fa), Proposition 11.1
implies that x, is a real valued function. But this contradicts the fact
that either x, (1) = uo +uy ' € R or x,(1) = vo+vy* & R. Thus M(a)
cannot be a Seifert space which is small.

Part (3) follows from a similar argument. q.e.d.

In our next two results we see how the existence of finite filling slopes
of a given type constrains the A-polynomial.

Proposition 11.3. Suppose that o = pu+ g\ € L is an 1(5)-type
finite filling class which is not a strict boundary class. Suppose further
that |||y > sy The following statements hold:

(1) There are integers a,b,c,j where j > 1 and 6 € {£1} for which
Ay(29,27P) = £2%(2 — 1)z + 1)(2* +02° + 22 + 02+ 1)7.

(2) Let € be the nonzero element of H'(M;Zs) = Zs and choose €
{£1} so that Ay(29,27P) = £2%(z — 1)b(2 4+ 1)¢(2* + 023 + 22 +
0z +1). Then:

(i) If q is odd, Ay(z?,—27P) = £2%(z — e(u)°(z + e(p))e(z* +
e()023 + 22 4 e(pu)0z + 1)7.

(il) If p is odd, Ay(—27,27P) = £2(z — e (2 + e(N)e(2* +
e(N)023 + 22 + e(N\)hz + 1)7.

Remark 11.4. It can be shown that the power j which occurs in
Proposition 11.3, and in the proposition which follows, is 1. As we won’t
be needing this in the proof of the finite filling conjecture, we will only
prove the simpler statements.

Proof. According to Lemma 2.1, Hy(M;Zg) = Zg and further i, («)
is a generator of this group. In what follows, € will denote the nonzero
element of Hy(M;Zs). Clearly we have ¢(a) = —1. _

The hgpothesis ﬂOéHM > sy implies that there is a point x € Cy; such
that Z,(fa) > Zz(f,). Since w1 (M (c)) is finite, [11, Proposition 1.6.1]
implies that x € CY. If we set v(x) = x,, € Cu, then from [11, §1.5] it
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follows that we can assume that pg is nonabelian and that pg(a) = £1.
By possibly replacing pg by € - pg we may arrange for po(a) = I. Since
a has type I(5) and pg factors through 7 (M («)), po(m) C SL(2,C) is
isomorphic to the binary icosahedral group (see §3) and po(7w1(0M)) has
image Zs in PSL(2,C). After conjugating py by an element of SL(2,C)
we may arrange for its restriction to 71 (OM) to be diagonal, say

wi) = (0 2 )= (2.
Choose integers s,t so that gs — pt = 1 and set zp = uivl. Then
28 = wp and z,” = vy so Au(zd,z,") = 0. Further it is clear that
+po(m (OM)) = Zs C PSL(2,C) is generated by +po(spu + tA) =

ZOO 291 Thus zy is a primitive n*”
|p0(771(80]\4))] € {5,10}. Since Ay is an integral polynomial it follows
that Ay (z9,27P) is divisible by the irreducible polynomial of zp, which
s 2+ 23 +22+2+1ifn=50rz*—22+22—-2+1ifn=10. To
complete the proof of part (1) of the proposition, we must show that
any nonzero root z; of Ay (29, z7P), different from 41, is also a primitive
n root of unity.

Let 21 be such a root and note that (27)%(z; )t = 297" = 2; # +1.
Thus if (u1,v1) = (21,2,7), then one of uy,v; is different from +1.
By Proposition 11.2 there is a character x,, € Cy of a nonabelian
representation p; € R(M) such that

p1(p) = < 161 u(l)l >7 p1(A) = ( Uol U?l )

Therefore p;(a) = I. Now it is shown in [2, §5] that up to conjugacy
there are precisely four nonabelian representations p : 7 — SL(2,C)
such that p(a) = +I. In fact these four representations are given
by po,€ - po,® o po and € - ¢ o pg where ¢ is a nontrivial outer au-
tomorphism of the image of py (the binary icosahdral group). Since
e(a) = —1, it follows that up to conjugation there are exactly two non-
abelian representations p € R(M) satisfying p(«) = I and they are
po and ¢ o py. In particular p; is conjugate to one of these two rep-
resentations. In either case, u; is a primitive m!” root of unity where
m = |p1(m1(0M))] = |po(m1(O0M))| = n. This completes the proof of
part (1) of the proposition.

To prove part (2) choose 6§ € {£1} and integers a,b,c,j so that
Ay(29,27P) = 429z — 1)%(z + 1)¢(z* + 023 + 22 4+ 02 + 1)7. Since

root of unity where n =
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€(Dy) = Dy, we see that Ay (u,v) = £Ay(e(p)u, e(A)v). Now e(a) =
—1 and so if ¢ is odd then €(\) = €(A\)? = —e(u)P. Therefore Ay (u,v) =
+Au(e(p)u,e(AN)v) = FAy(e(p)u, —e(u)Pv). Thus Ay(z9,27P) =
+Ay(e(p)2?, —(e(n)z)™P) = £AM((e(p)2)?, —(e(p)z)~P). In particular
the roots of Ay(2%,27P), counted with multiplicity, correspond bijec-
tively to those of Ay (29, —z~P) under the function which sends a zero z;
of Ay (29, 27P) to the root e(p)z of Ay (27, —27P). Hence Ay (29, —27P)
= 42z — () (2 + e(pu)(2* + e()02% + 22 + €(u)0z + 1)7. A similar
argument works if p is odd. This completes the proof of the proposition.

q.e.d.

Similarly one can show:

Proposition 11.5. Suppose that o = pu + g\ € L is a T(3)-type
finite filling class which is not a strict boundary class. Suppose further
that ||| s > sy The following statements hold:

(1) There are integers a,b,c,j where j > 1 and 0 € {£1} for which
Ay(29,27P) = £2%(2 — 1)%(2 + 1)¢(22 + 02 + 1)7.

(2) Let € be the nonzero element of H'(M;Zy) = Za and choose 0 €
{£1} s0 that Ay(29,27P) = 2%z — 1)b(z + 1)°(2% + 0z + 1)/,
Then:

(i) If q is odd, Ay(z%,—277) = £2°(2 — e(n))*(z + e(u))°(2* +
e(pn)fz +1)7.

(il) If p is odd, Ay(—27,27P) = £2°(z — eA)P(z + e(N)e(22 +
e(A\)fz +1)7.

Example 11.6. Let M be the exterior of the (—2,3,7)-pretzel
knot. It is known [1] that M is hyperbolic and that if u, A are the stan-
dard meridian-longitude coordinates for knots in the 3-sphere then the
17p+ Mfilling of M has fundamental group 129 X Z/17. It is also known
that 18 and 19-fillings yield lens spaces. The canonical A-polynomial of
M, with respect to u, A, has been calculated in [8] to be

Ay(u,v) = =1+ (u'® — 2u'® + u®)v + (200 + u*®)0?
F(—u™ = 200t 4 (= 4 2092 — )5 4 1045,
From the polynomial and its Newton polygon we see that the minimal

norm Sy = 12 and further that the norm of the slope 17 is 20 = sy + 8.
Specializing the variables to v = 2717 and v = —2~'7 yields

Az, 2z = (A =B+ 22— 24+ Dz - 13z +1)3271
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in the former case and
Ay(z,—2 ) = (A + 24+ 22+ 2+ 1)z - 1)3(z +1)3271

in the latter. Setting v = z and v = 278 or +2719 yields Laurent
polynomials whose roots are £1.

..
-

¢

Figure 4: The (-2, 3, 7)-pretzel knot.

Example 11.7. In our second example we take M to be the ex-
terior of the knot K in the lens space L(5,1) obtained by Dehn filling
one of the boundary tori of the Whitehead link exterior with the slope
5 (with respect to the standard meridian-longitude coordinates). It is
commonly referred to as the figure-8 sister knot. This manifold is also
hyperbolic and admits five finite Dehn fillings [35]: The two fillings
parameterized by 3u+ A and 3u+ 2\ are of T-type, while those parame-
terized by 2u+ A, i+ A and p-fillings are lens spaces. A computer-aided
calculation shows

Ay(u,v) =1+ (u? — u)v — 2ut0? + (—u* + ub)0® + uo?

and so sy = 8 while the norms of both 3u+X and 342X\ are 12 = sy, +4.
Corresponding to the T-type filling associated to 3u + A we have

Ay(z,273) = —(22 — 24+ 1)(z = 1)?(z +1)%27°
while

Ay(z,—273) = (2 + 2+ 1)(z — 1)%(z +1)%27°.
Corresponding to the T-type filling slope 3u + 2\ we have

Au(22,273) = Au(=22, 273 = (2 — 2+ 1) (z = D)2 (e + 12271,
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A >s

Figure 5: The figure-8 sister knot.

12. Outline of the proof of the conjecture

From now till the end of the paper pu € L will denote a class satisfying
lit]]ar = sa- We shall also assume that either

e 1 is not a vertex of By, or
e cach class in 9By N L is a vertex of By.

Let A € L be a class such that {p, A} is a basis for L. We parameterize
the slopes on OM by the set of primitive classes pu + g\ € L where
either g >0 or ¢ =0 and p = 1.

A class in L will be called integral if its A coordinate is +1.

Define Fy to be the set of finite or cyclic filling classes a = pu + gA
which are not strict boundary classes.

Theorem 12.1. Let #, A, and ng denote respectively the num-
ber, the mazximal mutual distance, and the mazximal value of the -
coordinates of all classes in Fo. Then # <5, A <3, ng < 2. Further
A = 3 can be realized by at most one pair of classes.

Assuming Theorem 12.1 holds, we may complete the proof of the
finite filling conjecture as follows.

Proof of the finite filling conjecture. Denote by F the set of all finite
or cyclic filling classes and by S the set of all strict boundary classes.
If NS = (), then the conjecture follows from Theorem 12.1. Suppose
next that F NS = {a}. By Proposition 2.2, any finite or cyclic class
has distance at most 1 from «. Hence if a = p, then all other finite or
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cyclic classes are integral and so by Theorem 12.1, their number is at
most four and their maximal mutual distance is at most 3, realized at
most once. This implies that the conjecture holds. Similarly if o # p,
the truth of the conjecture is easy to verify. Finally, if FNS D {ay, a2},
then it follows from Proposition 2.2 that # < 4 and A < 2. q.e.d.

The rest of the paper is devoted to the proof of Theorem 12.1. One
easily sees that it is a consequence of the following five propositions
(the inequality ng < 2 has been proved in [2, Theorem 7.2]). Recall
that 4 < s, =0 (mod 2) (Lemma 9.2).

Proposition 12.2. If s, < 6 then # < 5,A < 3 and there are at
most two classes in Fy whose mutual distance is 3.

Proposition 12.3. When s, > 8, there is at most one class in Fy
whose \-coordinate is equals 2.

Proposition 12.4. When s, > 8, there are at most four integral
classes in Fo and their maximal distance is at most three.

Proposition 12.5. When s,, > 8, A < 3.

Proposition 12.6. When s,, > 8, there is at most one pair of
classes o and (B in Fy for which Aa, 3) = 3.

These propositions will be proved in the next five sections. Through-
out, i : OM — M will be the inclusion and i, : H1(OM;Zs) —
H{(M;Zs) the induced homomorphism.

13. Proof of Proposition 12.2

We shall divide the proof of Proposition 12.2 into two main cases:
(I) spg =4 and (II) sy = 6.

Case I. s,, = 4.

By Lemma 9.2, Hy(M;Zs) = Z2 and by Proposition 9.3, Fy C 3By,.
We shall divide Case I into two subcases depending on whether or not
w is a vertex of By.

Subcase I.1. p is not a vertex of By;.

It then follows from [2, Lemma 6.5] that C), is an irreducible compo-
nent of X (M), and B,, is a parallelogram with vertices +(a,2/(k + 2))
and +(a+2,2/(k+2)), for some integer k > 0 satisfying a(k+2)/2 € Z.
In fact using the Newton polygon we can find a much stronger constraint
on k.
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Lemma 13.1. £ =2 (mod 4).

Proof. According to Proposition 9.6 (2), we must have i.(u) # 0.
We claim first that k& must be even. We may assume that £ > 0 and
so from the shape of By, there exist two consecutive integral classes in
L, say oy = (m,1) and ag = (m + 1, 1), such that neither a; nor as
is a boundary class corresponding to a vertex of By and that [|aq||y =
laallm = 2(k + 2). Since ix(p) # 0, one of a1 and a9, say aq, must lie
in the kernel of i,. Hence applying Proposition 9.6, we see that ||aq]|yu

is divisible by 4, and so k is even.

Now we replace A by the class corresponding to (%ﬁa + (k;2)7 1).

Then B, becomes the parallelogram whose vertices are + (—1, ﬁ)

and £ (1, ﬁ) It follows from Proposition 10.1 that the Newton

polygon is a parallelogram whose vertices are (0,1), (k+2,1), <(k;r2) , 0)

and <(k;2),2) (the case k = 4 is depicted in Figure 6). In particular
aw2 o # 0. Since ix(p) # 0, Proposition 10.3 implies that @ is
2 K

even. Thus k = 2 (mod 4). q.e.d.
When k£ = 2, one can easily check from the shape of B, together
with Proposition 9.3, that # < 4, A < 2 (recall Fy C 3By). Similarly

when k£ > 6 the only possible class in Fqy is . Thus Proposition 12.2
holds in Subcase I.1.

A v

3D (-2, 1] -1,1)| (0,1) 1,1 2,1 |31

n
1 (1,0)

Figure 6: The canonical norm polygon and Newton polygon when k = 4
in Subcase I.1.

Subcase I.2. u is a vertex of By,.
By the convention set at the beginning of §12, all points of 0B,, N L
are vertices of B,,;. Since s,; = 4, Cy is either irreducible or contains
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(ee)  ea) ()

(-1,2)] (1,2)

) © (eb)
3B, U

(-2, 11,1 0,1 2,1
-1,1)]  (0,1) 1,1 N2, 1) ) @ e u

o| B\, 0 0

Figure 7: The canonical norm polygon and Newton polygon when & = 0
in Subcase 1.2.a.

exactly two components, i.e., Cyy = X7 or Cy = X7 U X5. According
to [2, Lemma 6.6 (2)] (which remains true for B,, since By = Bj by
Proposition 9.1), there are three types possible for the shape of By,.

Subcase (1.2.a). B, is a parallelogram with vertices £(1,0) and

+ (,?—_?"”2, 1%2) for some integers m and k > 0.

We may assume that m = 0. When k£ > 1, the fact that Fo C 3By,
is sufficient to obtain the estimates A < 2 and # < 2. Suppose then
that £ = 0. In this case B, is a parallelogram with vertices £(1,0)
and +(0,1) (Figure 7). Since Fy C 3B, consists of non-0-slopes,
Fo € {(-1,2),(1,2),(-2,1),(-1,1),(1,1),(2,1)}. Now by Proposi-
tion 10.1, the canonical Newton polygon Ny is as shown in Figure 7
and by Proposition 10.3 (1)-(3), the canonical A-polynomial of M with
respect to the basis B = {p, A} is of the form

Ay (u,v) = 1+ au + equ® + (b + cu + ebu?)v + (ee1 + eau + eu®)v?,
where a,b € Z and €,¢; € {£1}. Since ||p|lx = ||A\||m = 4, the zero sets
in éM of both f, and f) consists of the four discrete faithful characters
of m1(M). In particular, neither f, nor fy has a zero at an ideal point of
Cy. Therefore by Proposition 10.3 (4), +1 and —1 are not zeros of any
edge polynomial of Ay (u,v). At least one of p and A is not contained
in the kernel of i, and without loss of generality we take i.(u) # 0.
Then by Proposition 10.3 (4) and (5), we have a = 0 and since +1
are not roots of the edge polynomials of Ny, we have e; = 1. Hence
Ay (u,v) = 14+u?+ (b4 cu+ ebu®)v + (e + eu?)v?. We now use Ay (u,v)
to show:

Lemma 13.2. When k =0, a = (—2,1) is not a finite filling class.
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Proof. Suppose otherwise. From Figure 7, we see that |a|u =
sy + 8 and « must be an I(5)-type class by Proposition 9.3 (recall
Hy(M;Zs) = Zs2). Also by Proposition 11.3 there is an integer d > 1
for which A (u,u?) = 1+ (b+ 1)u® + cu’ + (b + 1)u? + eub is divisible
by either (u* +u? +u? +u+1) or (u* —u? +u? —u+1)/ and the only
roots of the quotient are +1. Obviously j = 1.

Fix 6 € {41} and suppose that A,,(u,u?) is divisible by u* + fu® +
u? + Ou + 1. Long division yields the quotient eu? — efu + e(b+1). But
since the coefficient of u is odd, eu? — efu+ €(b+1) has roots other than
41. This contradiction completes the proof of the lemma. q.e.d.

Similarly one can show that none of the classes (2,1), (1,2) and
(—1,2) can be in Fy. Thus when k& = 0, we have A <2 and # < 2.

Subcase (1.2.b). B, is a parallelogram with vertices £(1,0) and

2(2j+1) _4
i( k2 0 k2

In this case, one can easily verify that Fy N 3B,; contains at most
four classes, the distance between any two of them is at most three, and
the distance three is realized by at most one pair of these classes.

), for some integers j and k > 2.

Subcase (1.2.c). By, is a polygon with vertices £(1,0), £ (,f—fz, ki”) ,
+ (2(;1?), %), for some integers m, j, k with 7 > 1 and k > j — 1.

We may assume that m = 0. By the dual relationship between By
and Ny (Proposition 10.1), the latter has vertices (0,0), (0,1), (4, 2), (k+
2,2), (k+2,1) and (k+2—j,0) (see Figure 8). In particular the coefficient
of v in Ay is nonzero. Thus by Proposition 10.3 (5) we see that i,(\) =
0. Hence i,(¢) # 0 and so applying the same result we see that no
odd powers of u occur in Ay(u,v). Consideration of the coefficients
corresponding to the vertices (7,2) and (k + 2,2), we see that both j
and k are even. In particular this implies j,k > 2. When k£ > 4, one
readily verifies that Proposition 12.2 is a consequence of Proposition 9.3,
so the only case we need consider is when k = j = 2.

Suppose then that k = j = 2. The only classes in 3B,, which can lie
in Fo are (—1,1),(1,1) and (3,1) (Figure 8). We need only show that
(—1,1) is not a finite filling class. From the previous paragraph we see
that the canonical A-polynomial is of the form

Ay (u,v) = 1+ equ® + (63 + cu® + eequ)v + (eeru? + eut)v?

where ¢ € Z and €,¢€1,€e3 € {£1}. Since ||u|u = 4, }L has no zeros at
ideal points of Cy;. Hence by Proposition 10.3 (4) we have ¢; = 1. So
Ay (u,v) = 1+ u? + (€2 + cu?® + eeaut)v + (eu? + eu)v?.
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(eey) (€a) (e)

2,0 Lol Aol 3B oy e [oo €) (b) © eb)  |ee,)

Bu |uo u N @ u

Figure 8: The canonical norm polygon and Newton polygon when k =
j =2 in Subcase [.2.c.

Lemma 13.3. When k = j =2, a = (—1,1) is not a finite filling
class.

Proof. Suppose otherwise. From the shape of B,;, we see that
o[ = su + 8 and therefore a must be an I(5)-type class (recall
H\(M;Zs) = Zz). Then by Proposition 11.3, Ay (u,u) = 1 + eu +
u? + cu? + eu + eeu® + eub is divisible by either u* +u? + u? +u + 1
or u* —u® + u? —u+ 1, and the roots of the quotient are +1. But
for § € {£1}, the quotient of A, (u,u) by u* + 6ud + u? + Qu + 1 is
q(u) = eu® + e(ez — O)u + €(1 — fez). Since the leading term of q(u) is
not congruent (mod 2) to its constant term, it has a root other than
+1. Thus a = (—1,1) cannot be a finite filling class. q.e.d.

Case II. s,;, = 6.
In this case we also have Hy(M;Zs2) = Zy (Lemma 9.2). Therefore
by Proposition 9.3, Fy C %3 v- We consider two subcases.

Subcase II.1. p is not a vertex of By,.
By [2, Lemma 6.5 (2)], there are three subcases to consider.

Subcase (II.1.a). B, is a parallelogram with vertices £(3(2m +
1)/|k|,6/]k|) and £(3(2m + 1 + k)/2|k|,3/|k]|), for some integer m and
odd integer k, with |k| > 5.

After an appropriate change in A\, we may assume that m = 0. By
symmetry, we may also suppose that £ < —5.

According to Proposition 10.1, Ny has vertices (0, 1), (1, 3), (%, 2)

and (= +k),0 the case k = —5 is pictured in Figure 9). Since (0,1
2

is a vertex, Proposition 10.3 (5) implies that i,(\) = 0, so i.(u) # 0.
But then the same result implies that no odd power of u occurs in Ay,

145
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contrary to the fact that (1,3) is a vertex of Ny. Thus this case cannot
arise.

(-1.2)] ;\
2| (eb) (ea)| €gy),
N7
( 3By Ny
2h  (-1,1) (0,1) (1,1) 2,1 (e1) (a) (b)
\ '

Figure 9: The canonical norm polygon and Newton polygon when k& =
—5 in Subcase II.1.a.

Subcase (I1.1.b). B, is a parallelogram with vertices +(3m/|k|, 3/|k|)
and +(3(m + k)/2|k|,3/2|k|), for some integers m and k, with |k| > 3.

We may assume that m = 0 and k > 3. If £ > 7, the primitive classes
in %BM are a subset of {£u, £}, and so we need only consider k = 3,4,5
and 6. The cases kK = 3,5, 6 can be handled in a straightforward manner
using Proposition 9.3 alone, so we shall assume that k& = 4. In this case
FoNn %BM C{u,—p+ N p+AN2u+ A 3u+ A} It suffices then to prove
that at least one of —p + A and 3u + A is not an element of Fy.

Assume otherwise and set & = —pu+ A\, 5 =3u+ A. As Ao, B) = 4,
neither of these classes can be a boundary class (Proposition 2.2). Fur-
ther since [|a|ly = ||Bllm = 14 and Hi(M;Zs) = Zg, it follows from
Proposition 9.3 that a and 8 both have type I. Finally through con-
sideration of the shape of B, the same result implies that in fact they
both have type I(5).

In order to determine the Ay (u,v), we first observe that the Newton
polygon Ny has vertices (0,0),(0,2),(4,1) and (4,3). As (4,1) is a
vertex of Ny, Proposition 10.3 implies that i,(\) = 0 and hence i, (u) #
0 € Hi1(M;Zsy). The same result now shows that there are integers a, b
and €, €; € {£1} such that

Ay(u,v) = 14 (a + bu? + equt)v + (eer + ebu? + eaut)v? + eutv.

According to Proposition 11.3, there is some 6 € {£1} and integer j > 1
for which

Ayn(u,u) = eu” + eaul + e u® + ebut + budeeiu® + au+ 1
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is divisible by (u* + 6u® + u? + fu + 1)7. Moreover, the roots of the
quotient lie in {£1}. Obviously 7 = 1 and performing the division
yields the quotient

q(u) = eu® + e(a — 0)u? + (e — efa)u + (eb — €10)
and the four identities

(1 eb—e0=1
(2 0b — €10 =1
( €1 +e€0 —e0=1
(

O0a — Oe; + ea = 1.

3
4

— — ~— “—

Since the roots of ¢ lie in {£1} we have

eq(u) = u? + (a — O)u® + (ee; — Ba)u + (b — ee1h)
e{*+3u+3u+1,ud —u? —u+ 1,0 +u? —u—1,
u? — 3u® 4 3u — 1}

and so in particular a is even. Now Identity (1) implies that b—ee16 = €
and so a further examination of the possible coefficients of eq(u) yields
a— 0 =¢e(eeg — Oa) = €1 — efa. Hence

€1+ 0= (1+€ef)a=0 (mod 4).
Thus both sides of this equation are zero. It follows that
€1 = —0 and a = —efa

Hence by Identity (2) we deduce that b = 0. It follows from these
calculations that

Ay (u,v) = 14 av — futv — ev? — fauv? + eutv?

and consequently

Ay(u,u™) = 14au™> —u— eBu % — fau™? + eu™
—0u%(u — 0)(ub + au® — fe).

But this contradicts Proposition 11.3 since our assumptions imply that
B = 3u+ Ais an I(5)-type class of non-minimal norm which is not a
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boundary class. Hence at least one of «, 3 is not an element of Fy. This
completes the analysis of Subcase (II.1.b).

Subcase (I1.1.c). By, has three pairs of vertices +(3m/(2j+q), 3/(2j+
q)), £(3(m=+4)/(G+4),3/(j+4)) and £(B(m+j+q)/(1+2q),3/(1+29)),
for some integers m, j > 0, ¢ > 0, with j +¢ > 3.

We may assume that m = —j. Then the vertices of Ny are (0, 1),
(0,2),(¢,3), (5 + ¢,2),(j + ¢,1) and (4,0) (the case j = 1,q = 2 is
depicted in Figure 10). Since i*(u) # 0 (Proposition 9.6) it follows from
Proposition 10.3 (5) that both j and ¢ are even. One can now verify,
using Proposition 9.3, that Proposition 12.2 holds.

v

3

(12) (1.2) /
|(ee;)  eb)] (ea) [E)
I
30m ﬁ Ny,
(2.1 (-1,1) (0,1) (1,1) (2,1)/ (e) (a) (b) ©))

Figure 10: The canonical norm polygon and Newton polygon when
j=—1,9 =2 in Subcase Il.1.c.

Subcase I1.2 p is a vertex of B,,.
According to [2, Lemma 6.6 (3)], we have seven subcases to consider.

Subcase (I1.2.a). B, is contained in a parallelogram with vertices
+(1,0) and £(m, 1), with (m, 1) being a strict boundary class associated
to a vertex of B,,.

We may assume that m = 0. Then, %BM is contained in the par-
allelogram with vertices =+ (%,0) and + (O, %) In this parallelogram
the primitive classes are £(1,0),£(—1,1),£(0,1) and £(1,1). Noting
that (1,0) and (0,1) are rational multiples of the vertices of By, and
therefore strict boundary classes, we have # <2, A <2,

Subcase (I11.2.b). B, is contained in a parallelogram with vertices
+(1,0) and + (%2, %) with (2m + 1,2) being a strict boundary class
associated to a vertex of B,,.

We may assume that m = 0. Then %B w18 contained in the parallelo-
gram with vertices + (£,0) and £(0,14/5). The primitive classes in this
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parallelogram are +(1,0), £(—1,1), £(0,1), £(1,1), £(2,1) and £(1, 2).
Since (1,0) and (1, 2) are strict boundary classes, we have # <4, A <3
and there is at most one pair of slopes realizing the distance 3.

Subcase (I11.2.c). B, is contained in a parallelogram with vertices
+(1,0) and £ (3, 1) where (m,3) is a strict boundary class associated
to a vertex of B,,.

We may assume that m = 1. Then %B v 1s contained in the parallel-
ogram with vertices + (%, O) and + (%, %) The primitive classes in this
parallelogram are +(1,0),4+(—1,1), +(0,1),£(1,1) and £(1,2). Since
(1,0) is strict boundary class we have # < 4, A < 3 and there is at
most one pair of slopes realizing the distance 3.

Subcase (11.2.d). B, is contained in a polygon with vertices (1, 0),
+(m,1) and £ (3(2m+1) g) where (2m+1,2), (1,0) and (m, 1) are strict
boundary classes associated to vertices of B,,.

We may assume that m = 0. Then 7B w 1s contained in the polygon
with vertices + (%,0), + (O, 3) and + (7 14) The primitive classes in
this polygon are +(1,0), £(—1,1), £(0,1), £(1,1), £(2,1) and +(1,2).
But (1,0), (1,2) and (0, 1) are strict boundary classes, so # <3, A <3
and there is at most one pair of slopes realizing the distance 3.

Subcase (11.2.e). B, is contained in the polygon with vertices

i(Lo),i4n1+1ﬂ1)and:t<4@@i9,g> where (2m + 1,2), (1,0) and
(m+ 1,1) are strict boundary classes associated to vertices of By,.

We may assume that m = 0. Then 7B w is contained in the polygon

with vertices £ (%, 0), + (%, %) and + (7 14) The primitive classes in
this polygon are £(1,0), £(—1,1), £(0,1), £(1,1), £(2,1) and £(1, 2).
But (1,0), (1,2) and (1, 1) are strict boundary classes, so # <3, A <3

and there is at most one pair of slopes realizing the distance 3.

Subcase (11.2.f). B,, is a polygon with vertices £(1,0), + (B—m i)

[k[+q’ Tk[+q
and + (32(|T£|+};), 2|k|+q> for some integers m, k # 0 and ¢ > 0, satisfying
k[ +q > 3.

We may assume that m = 0 and & < 0. Then N, has vertices
(0,0),(0,2),(—k,3),(¢—k,3),(¢—k,1) and (q,0) (the case k = —1 and
g = 2 is shown in Figure 11). We already know that since ||u|n = 6,
i*(u) # 0. Hence g is even by Proposition 10.3 (5). On the other hand,
from the shape of N,; we see that both even and odd powers of v occur
in Ay, and so i,(\) # 0. Proposition 10.3 (5) therefore implies that k
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is odd. When |k| + ¢ > 3, one can easily check that Proposition 12.2
is a consequence of Proposition 9.3. Thus we must analyze the case
k=-1,q=2.

When k = —1 and ¢ = 2, By, and Ny are shown in Figure 11 and the
canonical A-polynomial is of the form A, (u,v) =1+ au + equ® + (b +
cu + du? + eaud)v + (eex + edu + ecu® + ebu)v? + (ecru + eau? + eu®)v?
for some integers a,b,c,d and €,€e1,eo € {£1}. Since i*(u) # 0 and
ix(X) # 0, Proposition 10.3 (5) implies that a = b = d = 0. Thus

Ay(u,v) =1+ equ? + (cu + eau®)v + (eeg + ecu®)v? + (eeru + eud)v.

The primitive classes contained in %BM are +(1,0), =(—1,1), +(0,1),
+(1,1), (2,1) and £(1,2). It suffices for us to show that (2,1) is not in
Fo.

3 ee) (€a) ®)

(-1.2) (1.2) (ed) (€c)  (eb)l
?|(ee,)

@y 14 e @, e ® @ @ @

" (1) @ () u
2

Figure 11: The canonical norm polygon and Newton polygon when
k= —1 and ¢ = 2 in Subcase I1.2.f.

Lemma 13.4. When k = —1 and ¢ = 2, o = (2,1) is not a finite
filling class.

Proof. Suppose otherwise. From the shape of B,;, we see that
o)l = su + 8 and since Hy(M;Zo) = Zo, o must be an I(5)-type
class. Therefore by Proposition 11.3, A,/ (u,u™2) = 1 + equ® + (cu +
eou)u2 + (eea + ecu®)u™ + (eeru + eud)u0 = u=3(eer + eequ + eu® +
ecu’ + cut + ud + equb + 61u7) is divisible by either et rui+u+1
or u* —u? 4+ u? —u+1 and the roots of the quotient polynomial are +1.

Fix § € {£1}. If Ay (u,u™2) is divisible by u* +60u3 +u?+0u+1, the
quotient polynomial is g(u) = e1u® + (e2 — e10)u? + (1 — e20)u + (c — 0).
By hypothesis g(u) is congruent to (u+1)3 (mod 2) and so €3 — €16, the
coefficient of u? in ¢, is odd. This is clearly false. Thus (2,1) is not in
Fo. q.e.d.
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Subcase (11.2.g). By, is a polygon with vertices £(1,0), £(3m/(2j+
k+4q),3/(25 +k+q), £B(m + )/ +k+4q),3/(j +k+q) and
+(B3(m+j+k)/(j+2k+q),3/(j + 2k + q)), for some integers m, j >
0,k>0,qg>0.

We may assume that m = —j. Then Ny has vertices (0, 1), (0,2),
(k,3),(k+4q,3),(j+k+¢2),i+k+q1),(+q0) and (4,0). From
Proposition 10.3 we see that both j and ¢ are even while k is odd. It
now follows from Proposition 9.3 that Proposition 12.2 holds in this
case. The proof of Proposition 12.2 is therefore complete. q.e.d.

14. Proof of Proposition 12.3

From now till the end of §17 we assume that s,; > 8. The proof of
Proposition 12.3 is based on the following three lemmas.

Lemma 14.1. Suppose that s,; = 8.

(1) If u is not a vertex of By, then By, has at most four pairs of ver-
tices and the absolute values of the \-coordinates of the associated
boundary classes are no larger than 3. Further:

(i) If By has a pair of vertices whose associated boundary classes
have A-coordinates equal to 3 in absolute value, then B,, is
a parallelogram and the absolute value of the A-coordinate of
its other pair of vertices is 1.

(ii) If By has at least two pairs of vertices whose associated
boundary classes have \-coordinates which are larger than 1
in absolute value, then B, is a parallelogram and the abso-
lute value of the A-coordinate of its other pair of vertices is
2.

(2) If p is a vertex of By, then By has at most five pairs of ver-
tices and the absolute values of the \-coordinates of the associated
boundary classes are no larger than 4. Further:

(i) If By, has a pair of vertices whose associated boundary classes
have A-coordinates equal to 4 in absolute value, then B,, is
parallelogram.

(ii) If By has a vertex pair whose associated boundary classes
have \-coordinates equal to 3 in absolute value, then B, has
exactly one more vertex pair, besides +u, and its associated
boundary classes are integral.
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If By has two pairs of vertices whose associated boundary
slopes have A-coordinates equal to 2 in absolute value, then
By, has no other vertex pairs, besides +p.

Apply [2, Lemma 6.2]. q.e.d.

Lemma 14.2. Suppose that s,; = 10.

(1) If p is not a vertex of By, then By, has at most five pairs of ver-
tices and the absolute values of the A-coordinates of the associated
boundary classes are no larger than 4. Further:

(i)

(i)

(iii)

If By, has a pair of vertices whose associated boundary classes
have \-coordinates equal to 4 in absolute value, then B,; has
only one other pair of vertices and the absolute value of the
A-coordinates of its associated classes is 1.

If By, has a pair of vertices whose associated boundary classes
have \-coordinates equal to 3 in absolute value, then By, has
at most one vertex pair whose associated boundary class has
A-coordinate equal to 2, in which case B, is a parallelogram.

If By, has a pair of vertices whose associated boundary classes
have A-coordinate equal to 3 in absolute value, then B, has at
most two more vertex pairs whose associated boundary classes
are integral.

(2) If pis a vertex of By, then By, has at most six pairs of vertices and
the absolute values of the \-coordinates of the associated boundary
classes are no larger than 5 in absolute value. Further:

(i)

(if)

(iii)

If By, has a pair of vertices whose associated boundary slopes
have A-coordinates equal to 5 in absolute value, then B, is
parallelogram.

If By has a verter pair whose associated boundary classes
have A-coordinates equal to 4 in absolute value, then B,; has
exactly one vertex pair, besides £, in which case the asso-
ctated boundary class is integral.

If By has a verter pair whose associated boundary classes
have \-coordinates equal to 3 in absolute value, then B,; has
at most one vertex pair whose associated boundary slope has
A-coordinate equal to 2 in absolute value, in which case B,
has exactly three vertex pairs.
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(iv) If By has a vertex pair whose associated boundary classes
have \-coordinates equal to 3 in absolute value, then B,; has
at most two other vertexr pairs whose associated boundary
classes are integral.

Proof. Apply [2, Lemma 6.2]. q.e.d.

Lemma 14.3. Suppose that sy, = 8. If By is a parallelogram
with vertices =(m — 1,1) and +=(m + 1), then Fo C {(1,0),(m,1)}. In
particular # < 2 and A < 1.

Proof. We may assume that m = 0 and so By is as shown in Figure
12. According to Proposition 9.3, any finite filling class is contained in
5By Therefore Fy C {(-1,2),(1,2), (-2,1),(2,1),(0,1),(1,0)}. We
now use A,; to show that a = (—2,1) € Fy. By symmetry neither are
(—=1,2),(1,2) or (2,1).

If a € Fo, then since sy +8 = ||a|lv > ||| m, (|20, [|at-3pe|as
Proposition 9.3 implies that it must be an I(5)-type class. Thus by
Lemma 2.1, i, (X)) = ix(a) # 0.

4 (

3 €C)  (eb) (ea,

ey ) © (ed) (ee,)
) t

2B, N

@l 1,1 ©,n @, |en "

a) b ()

ol B |0 H

Figure 12: The canonical norm polygon and Newton polygon.

By Proposition 10.1, Ny is as shown in Figure 12. Hence the canon-
ical A-polynomial is of the form A, (u,v) = u? + (au + bu® + cu?)v +
(€1 +du+ eu? + edu® + eeyu*)v? + (ecu + ebu? + eau?®)v> + eu?v* for some
integers a,b,c,d,e and €,¢; € {£1}.

By Proposition 11.3, there is some 6 € {£1} such that u=2A,,(u, u?)
= 1+au+(b+e)u?+(c+d)ud+eu +e(c+d)ud+e(b+er )ub+eau”+eud is
divisible by (u* +60u? +u? +60u+1)7 for some integer j > 1. Further the
roots of the quotient lie in {£1}. Obviously j < 2 but in fact it’s easy
to see that j = 1. For otherwise Proposition 11.3 implies that neither
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A(u,u?) nor A(u,—u?) have roots in {#1}. But this contradicts the
fact that any discrete faithful character in Cy; corresponds to a point in
{#£(1,1),4(1,—1)}. Hence we have j = 1.

Let € be the nonzero element of Hy(M;Zy) = Z2 and recall that
we have shown €(\) # 0. If e(u) = 0 then Proposition 10.3 (5) implies
that @ = b = ¢ = 0. Thus u 24, (u,u?) = 1+ eu? + dud + eu* +
edu® + eequb + eud. Tts quotient by u? + Oud + u? + Ou + 1 is q(u) =
eut — efud + ee;u® + e(d — €10)u + (e — €fd) where e — efd = 1. But since
the coefficient of u? in ¢ is odd, ¢ has roots other that +1, contrary to
our set-up.

Assume then that e(u) # 0. Then Proposition 10.3 (5) implies that
b =d = 0. Calculation shows that up to a power of u we have

Ay (u, uz) = eu® + eau” + eerub + ecu® + eut + cu® + e1u® + au + 1.

Dividing Ay (u, u?) by u* + 0u® + u? + 0u + 1 yields the quotient poly-
nomial

q(u) = eut + e(a — 6)u3 +e(e; — 9a)u2 +e(c—fep)u+ 1.

Since the roots of ¢ lie in {£1}, examination of its coefficients shows
that both a and ¢ are odd. Hence by Proposition 10.3 (4) we see that
|a] = |¢| = 1. The same result then implies that ¢, = ¢ = 1. Hence
the leading and constant coefficients of ¢ are both 1. It follows that
q(u) is either (u+ 1)* (u — 1)%, or (u + 1)*(u — 1)2. Since |a| = 1 we
have |a — 0| < 2 and thus q(u) = (u + 1)%(u — 1)? = u* — 2% + 1.
Examination of the coefficient of u? in ¢ implies that a = #. But then
from the coefficient of u? we obtain —2 = €(e; — fa) = 1 — 1 = 0. This
final contradiction completes the proof of Lemma 14.3. q.e.d.

We are now ready to give the proof of Proposition 12.3. For points
v1,v9 € H1(OM;R), let [v1,v2] denote the line segment they span.

Assume that there are two classes in Fy whose A-coordinate is 2.
By [2, Theorem 1.1(1)], there are at most two such classes and if two,
we may assume without loss of generality that they are +(1,2) and
+(—1,2). By Proposition 9.3 (1) and (2), neither of these two slopes
has type C, D, Q,T(2),0(2) or I(2).

Assume first that |[(—=1,2)|u, [|(1,2)|ln < 2sy. Then [(—1/2,1),
(1/2,1)] C By. Since this segment contains (0, 1) it follows that it ac-
tually lies on OB). Noting that (0,1) is not a vertex of By, our conven-
tions imply that neither is (1,0). Hence if sy, = 8, Lemma 14.1 implies
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that By, must be a parallelogram with vertices £(—1,1),4+(1,1). But
then from Lemma 14.3 we deduce that (—1,2) ¢ Fy. Thus sy > 8 and
since ||(—1,2)||m = ||(1,2)|lm = 28y, it follows from Proposition 9.3 that
(—1,2) and (1, 2) are both of type O(3). Now A((1,2),(—1,1)) = 3, and
so from Proposition 9.3 we see that 2sy = ||(1,2)||u < [[(=1,1)]lu. But
this contradicts the fact that (—2/3,2/3) € [(—1/2,1),(—1,0)] C By
and therefore [|(—1,1)lv = 2[/(—2/3,2/3)lu < 2sum. Thus one of
II(—=1,2)||m and [|(1,2)]|x is larger than 2sy;.

By symmetry we may suppose that a = ||(1,2)|x > 2sy. From
Proposition 9.3 we see that it must be an O(3)-type filling class and so as
above we have 2s,, <||(1,2)||» <||(=1,1)||r,. Therefore ||(—=1/2,1/2)]
> sp. Now (—1/2,1/2) € [(—1,0),(0,1)] and since ||(—1,0)|[y = Su, the
convexity of |||\ implies that ||v]|y > sy for eachve[(—1/2,1/2),(0,1)].
In particular we have [[(—1/3,2/3)|ln > su. Thus |[(—1,2)||m > 35y >
sm + 16, which contradicts Proposition 9.3 (5). The proof of Proposi-
tion 12.3 is therefore complete. q.e.d.

15. Proof of Proposition 12.4

Let Zy be the set of integral classes in L which are finite or cyclic
filling classes, but not strict boundary classes, and let A(Zy) denote the
maximal distance between elements in Zy. We only need to show that
A(Zp) < 3 (which implies that the number of elements in Z is at most
4).

Fix a1 € Zp which satisfies

Ha”M < HQIHM for each o € Zo.

As a first case, suppose that [|aq |y < 2sy. Then Zg C int(2By). Since
each horizontal line in the pA-plane intersects By, in a line segment of
length no larger than 2, there exists a line segment L C {(u,1) | u € R}
of length strictly less than 4 which contains Zy. Thus Proposition 12.4
holds in this case.

We shall therefore assume below that |||y > 2sy. Since sy > 8,

Proposition 9.3 implies that we may assume one of the following cases
holds:

e o is of type D, @, I(q) or O(q) where ¢ < 3.

o sy = 8, |Jai|lu = 16, and each a € Zy with [ja|uy = 16 is an
I(5)-type class.
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We consider these two cases separately below.

Case 1. a1 is of type D, @, 1(q) or O(q) where ¢ < 3.

Suppose first of all that there is an integral class g in L such that
llaol|m < |ler]|m. Then there is an integer j # 0 such that ag = aq + ju.
Set € = j/|j| and choose integers m,r > 0 such that r < g and |j| = md+
r. Then by the choice of ¢ we have ||a1 +emqpl|u, |1 +e(m~+1)qul|m >
lla|ln > |l = |loa + €(mg + r)p||m. By the properties of a norm we
must have ||aq +ekpl|y > ||aa||u for each & < mq and each k > (m+1)gq.
But this implies that m = 0 and Zy C {a1, a1 + €, ..., 1 + gep}.
Therefore Proposition 12.4 holds.

Now assume that [|aq]|y < [|a||u for each integral class o € L. By
the choice of o it follows that |||y = || ]|m for each a € Zy. Without
loss of generality we may assume that Zyp C {a1,01 + ..., 0 + ku}.
Clearly ||a + jp|lwn = ||evr||w for 0 < 5 < k. Since A(Zy) = k, we need
to show that k£ < 3.

If [|aq ||y = 28y and k > 4, then G-, G +p and 5 +2p all lie on 0By,
It follows that By is a parallelogram with vertices <t and S +2u. But

then oy is a strict boundary class, contrary to our h?/potheses. Thus we
must have k£ < 3 when ||ai||y = 25y, so Proposition 12.4 holds in this
case.

We may suppose then, for the rest of the proof of Case 1, that
lloi||m > 2sy. From Proposition 9.3, we see that sy, = 8 or 10, each
a € Iy is an O-type class, ||a1|u < sy + 12, and Hy(M;Zg) = Zo @ Zo.

If sy, = 10 then by Proposition 9.6, u & ker(Hy(0M;Zso) — Hi(M,
Z3)) and so one of ||aj||y and || + pl/m is divisible by 4. But then
since 20 = 2sy < |laa|lm < sm + 12 = 22, ||ag + plln # [Ja1]|u. Hence
k=0.

Last we consider the case where sy, = 8. As 2oy € ker(H1(90M;Zs)
—H(M;Zs2)), ||201]||u is divisible by 8 by Proposition 9.6 and thus
|laq||n is visible by 4. But 16 = 2sy < [Ja1|lu < sy + 12 = 20 and so
|ar|lw = 20. Hence Ty C O(3By). Since neither oy nor oy + kpu are
strict boundary slopes we must have k& < 4 (cf. the argument for the
case ||aq|lm = 28m)-

Suppose k = 4. Then 2ay, 2(oq + 2u) and 2(ay + 4p) lie on 9By
but are not vertices of By. By Lemma 14.1, we see that B, is a par-
allelogram with vertices {+2(2ay — p), 2 (20 4+ 9p)}. Without loss of
generality we may take A = o + 2u. Then the Newton polygon Ny
is a diamond with vertices (5,0), (0,2), (5,4) and (10, 2). Therefore the
canonical polynomial Ay (u,v) has u® (up to sign) as a monomial. Now
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we must have p € ker(H(0M;Z2)—H1(M;Z2)) since the monomial
u® appears in Ay (u,v) (by Proposition 10.3 (5) (i) (iii)). But then by
Proposition 9.6 (2), we would have ||u||; > 16 (note that 4 is not a ver-
tex of By). This contradiction completes the proof of Proposition 12.4
in Case 1.

Case 2. sy = 8, ||a1]lu = 16, and each a € Zy with ||a||y = 16 is
an I(5)-type class.

Choose ag € Zy and k > 0 so that ag + ku € Zp and Zy C {ag, ag +
Wy ... 00+ kp}. We must show that k& < 3.

Since Zg C 2By we have k < 4. If k = 4 then the horizontal line
segment of length 2, [F*, S +2p], lies in By. This in particular implies
that p is not a vertex of By. Since neither ag nor ag + 4u are strict
boundary classes, Lemma 14.1 implies that B, is a parallelogram with
vertices {= (oo + 1, 1), £(co + 3, 1)}, or {£1 (200 + 1), 3 (200 + Tp) },
or {£1(3a0+2pu), £(ao+3u)}, or {£(ap+p), £5(3ao+104)}. Now the
latter two cases are not possible because for these configurations we have
8 = || & (cw+2p) |l and so [[ag+2p[|y & Z. By Lemma 14.3, the first case
cannot occur. Hence By must have vertices {£3(2a0 + p), :i:%(Zao +
7w)}. In particular, ||apllum = ||oo + 4|l = 16 and thus both of ap and
ag + 4p are I(5)-type filling classes. The proof of Proposition 12.4 in
Case 2 is completed by an appeal to the following lemma.

Lemma 15.1. Suppose that s, = 8 and B, is a parallelogram with
vertices {j:%(2a0 + 1), :l:%(an + Tu)}, where ag is an integral class in
L. If o is an I(5)-type class, then ag + 4p is not an I1(5)-type class.

Proof. Without loss of generality we may take A = ag + 2u. Then
B, is the polygon with vertices j:%(—?), 2), :l:%(3, 2) and therefore Ny
is the diamond with vertices (3,0),(0,2),(3,4) and (6,2). It follows
from Proposition 10.3 that i.(u) = 0. The same result now implies
that there are integers a,b,c and €,¢; € {£1} such that Ay(u,v) =
u3 + (e1 + au + bu? + cu® + ebu? + eau® + eeyu®)v? + eudv? where ¢ = ec.
Setting v = u? we obtain

Ay (u, u2) = u3[6u8 +eeru” 4 eau® + ebu® + cut + bud + au® + qu+ 1].

Suppose that ag = (—2,1) is an I(5)-type class. Then by Proposi-
tion 11.3 there is a @ € {41} and d > 1 for which Ay (u,u?) is divisible
by (u* 4 0ud +u? +0u+1)7. Asin Lemma 14.3, we see that j = 1. Long
division of u=3 Ay (u, u?) by (u* + 0u? +u? + Ou + 1) yields the quotient

q(u) = eut + e(e; — 0)u® + e(a — e )u® + (b — fa)u + 1
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as well as the equation ¢ — feb = 1. Since the roots of ¢ are +1 and
the coefficient of u? is €(e; — ) € {—2,0,2}, it follows that eq(u) =
(u—1)3(u+1), (u—1)%(u+1)? or (u—1)(u+1)3. It can then be argued
that

a=—-1,b=—€e,c=0,¢1 = €b.

Thus

Ay (u,v) = u® + (e — u — eBu® — fu* — eu® + Gub)v® + euv?.

If we assume that ag + 4 = 2p + A is also an I(5)-type class then
S Ay (u,u™?) = ud + Ou” — eu® — Gu’ — eud — u? + ebu + €

has either ( = e or —( as a root. Substituting these values into
Ay (u,u?) yields € = 1 and

o 1 if ¢ is a root of Ay (u,u™2)
| =1 if = is a root of Ay(u,u"?).

Thus
Ayi(u,v) = ud + (0 —u — 0u? — Gu? — u® 4 0u®)v?® + udo?.

But it is proven in the appendix to this paper that there is no compact,
irreducible, orientable, hyperbolic 3-manifold M whose boundary is a
torus which has such a canonical A-polynomial. Thus aqg + 44 is not an
I(5)-type class. q.e.d.

16. Proof of Proposition 12.5

Suppose that «, 5 € Fy. We need to show that A(a, 3) < 3. Suppose
otherwise. Then by Propositions 12.3 and 12.4 we see that one of o and
0, say (3, has A-coordinate 2, while « is integral. After possibly changing
A we can assume that 5 = (1,2). Since the distance between an integral
class and (3 is always an odd number, [2, Theorem 1.1(1)] implies that
A(a,3) = 5. Hence a = (—2,1) or (3,1) and by possibly changing the
orientation of A we may assume that a = (—2,1). Let v and n denote
(—=1,1) and (1,1) respectively.

An application of [2, Theorem 1.1 (2)] yields the fact that neither «
nor 3 is a cyclic filling class.

Recall that for points w, 0 € V = H1(OM;R), we use [w, o] to denote
the line segment in V' with endpoints w and o.

The following lemma records several useful inequalities.



A PROOF OF THE FINITE FILLING CONJECTURE 159

Lemma 16.1.

(1) MM ass llar < 11811

2) (i) 5”)\”M < |le|ar + 2|| 8| with equality if and only if [HzﬁfMa,
Tl € OBu.

of type 1(5).

Proof. (1) Suppose that ||B]lm < |[A|u. Then since 5 = 2\ + u we

3) 18Il < ||lel|ar and || By = ||| s if and only if both o and 3 are

have [|B]lu = [|2A+ pellse = 2([ Al — s > 2[|Blln — s and so [[B[x < su
which contradicts Propsition 4.5 (3). Thus ||8||m > [|A[]x and a similar
argument shows that [|3]|y > \|77||M

(2) (i) The line segment [

tersects the A-axis at (0

, ||ﬁ||M*6] lies entirely in By, and in-
’m) On the other hand 0B, inter-
sects the positive A-axis at (O,ﬁ%) and so ||0fHM5JL:I§/IH/8HM < |I§\m/1’ ie.,
5 M lm < ||leef|m + 2||B]|m. Further if there is equality then the three
points HZINIMQ, ||§\1m1M)\’ ||B||Mﬁ of norm sy all lie on [HZIWM , IIBIIM ]. Thus
[”Z%a, ”g% ] C 0By

(ii) If bsy = ||af|m + 2|1 8]|um, then part (i) shows that sy = ||A|u-

(3) According to part (1) of this lemma we have ||3|| > sy and so by
Proposition 9.3, 8 cannot have type C, D, Q, or T(q), I(q),O(q) where
q<2

Assume next that (3 is of type T'(3), O(3) or I(3). Recall v = (—1,1).
Then since A(S3,~) = 3, Proposition 9.3 implies ||3]|m < ||7|lm- There
are some x,t € (0,1) such that v = z((1 — t)a + tf) and so ||y]|lu <
11— D)+ 8 < (1 — Dl + el < (1 — &)l + tl1]le. Hence
lelle > il 2 181l

If 3 is of type I(5), then since A(3, o) = 5, Proposition 9.3 (4) shows
that « is also of type I(5) and ||5||m = ||@||m- Hence part (3) of the
lemma holds in this case.

Next we suppose that 3 is of type O(4) and that |aly < ||B]u-
According to Proposition 9.3 (5), [|3||m < su + 6 and so by part (2) we
have 55y < 5||A||lm < |laf|m + 2|8]|m < 3sm + 16. Thus sy = 8, [|a||u =
su +4, |8l = su + 6 from part (2) we obtain ||A||y = sy and the line
segment [”j‘%a, HZ%B] = [2a, 2] lies in OBy;. Now the segment [, 23]

o n @

also lies in B); and intersects the horizontal line through %oz € 0By in
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the point (%, %) 3a + 12,u But this is impossible as B,; contains no
horizontal segment of length larger than 2.

Finally suppose that 3 is of type O(4) and that |a|u = ||B]|u. We
must show that this case cannot occur. The inequalities of part (2)
imply that sy = 8,[[A|m = su and [[ally = [|Bu = su + 6 = Isy.
Hence by Proposition 9.3 (3) and (5), we see that « is not of type T As
B is of type O(4) we have H(M;Zs) = Zs and therefore by Lemma 2.1
isx(p) = i4(8) = 0. It follows that i.(a) # 0 and so H1(M(«);Zs2) = 0.
Hence Lemma 2.1 implies that o must be of type I (we already knew
that it is not of type C' or T'). Now « cannot be of type I(2) since
|l > s = ||A|lm- It cannot have type I(5) for otherwise § would
also (Proposition 9.3 (4)), so as our final case assume it is of type I(3).
Then since A(a,n) = 3 we have |||y > ||a|ly = $u + 6 and therefore
(‘%, ‘%) is not contained in the interior of By. On the other hand, we
have ||8]ly = su + 6 and thus the line segment [(2, ), 4] is contained
in By, But the segments [(%, 7) u] and [n, —n] intersect in the point
(&, &), which implies that (2,2) is contained in the interior of Bi,.
This contradiction completes the proof of the lemma. q.e.d.

We now complete the proof of Proposition 12.5.

Lemma 16.2. « cannot be of type C, D, Q or O(q),T(q), I(q) where
q<3.

Proof. This follows from Proposition 9.3 since ||a|u > [|8]u >
||)\||1\4, Hn”l\/l > SM by Lemma 161 qed

Lemma 16.3. « cannot be of type O(4).

Proof. If a has type O(4) then from Proposition 9.3 (5) and Lemma 16.1
(3) we see that ||B||u < ||a|lm < s+ 6. Hence by Lemma 16.1 (2) we
have 5sy < 3sy + 14. But then sy < 8, a contradiction. Therefore the
lemma holds. q.e.d.

Lemma 16.4. « cannot be of type 1(5).

Proof. If a is of type I(5), then from Proposition 9.3 (4) we see
that 8 also has type I(5) and |||y = ||3]|m- Hence Lemma 2.1 implies
that i.(u) = ix(8) = ix(a) # 0 while i,(y) = ix(n) = 0. Then by
Proposition 9.6, both ||y||x and ||n||y are divisible by 4. Since ||« =
I8l < sm + 8, Lemma 16.1 (2) shows that one of the following cases
holds:
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(1) su =12 = [[All, [[aflw = [[Bllm = su + 8, and [HZIHII\/IO[7 2Bl C
aBM-

(ii) sy =10 = |[Al|y and [lafly = [|B]lm = sm + 8.
(iii) s =8 = [|Allm and [[al[y = [|B]lm € {sm + 6,5 + 8}

We’ll deal with these cases separately.

In Case (i) note first that the line segment of negative slope [y, 23]
lies in By, and calculation shows that it intersects the horizontal line
through %a in the point %a + 2p. On the other hand, the fact that «
is not a strict boundary class implies that the edge of 0By containing
[2a, 23] extends through 2o and ends below and to the left of it. It
follows that there is a horizontal line lying just below %a which intersects
B, in a segment of length strictly longer than 2, which is impossible.
Thus Case (i) leads to a contradiction.

Next consider Case (ii). Recall ||7y||u, ||7]lx = 0 (mod 4) and since
the segments [Sa, A] and [u, 2] lie in By and it follows that [|v|y =
]l = 12. The segments [—, 3a] and [, 37 lie in By and are parallel,
so in fact they lie in 0By. Hence p is not a vertex of By. Now gﬁ €
By so there is a vertex vy of By whose A-coordinate is larger than 1.
Actually v; may be taken to lie in the sector bounded by the half-rays
based at the origin and passing through A and . Let (m1,n1) € L be the
strict boundary class associated to v;. Since 3 is not a strict boundary
class we have [n1| > 3. Consider the edge of By which contains [—p, 2a].
Since « is not a strict boundary slope this edge passes through %oz to an
edge vy associated to a strict boundary class (mg, ng) where |ng| > 2.
An application of Lemma 14.2 reveals that |ni| = 3, |n2| = 2 and By, is
a parallelogram. Since ||A||; = sy it is easy to see that (mq1,n1) = (2, 3)
while (mg,n2) = (—2,3). The Newton polygon of Ay, is a parallelogram
with vertices (0, 2), (2,5), (5,3) and (0, 3). In particular since (0,3) is a
vertex of Ny, Proposition 10.3 (5) implies that i.(x) = 0, contrary our
previous calculations. Thus Case (ii) leads to a contradiction.

Now consider Case (iii) when |« = [|f]lm = su + 6. The line
segment [p, %B] lies in B,;, which implies that ||n|y < IS—ISM = 11.

Hence since ||n||y is divisible by 4, ||n||;x = 8 = sy. The segment [u, 7]
is therefore contained in By, as is [—pu, %a]. But then B,; contains a
horizontal line segment of length longer than two, which is impossible.

Finally suppose that |||y = [|B]ly = su + 8 in Case (iii). The
line segment [, A] lies in By, which implies that ||y[s = 8 or 12.

If [[y]lu = 8, then as ||a/2||y = su and lies on [—u,v] we see that
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this segment is contained in 0B, Similarly since ||A||y = sy and is
contained on [y, %ﬁ], this segment is contained in 9B, as well. Thus ~
is a vertex of By. Let e be the edge of By which contains [7, %ﬂ] and vg
the endpoint of e other than v. Now v; # %ﬂ since (3 is not a boundary
class associated to a vertex of B,,. Further Lemma 14.3 shows that
v1 # 1 = (1,1). Then by Lemma 14.1, we see that v; = (3,1). Now
[v1, p] is contained in By which implies that ||n]ly < %sM < 11. Thus
since ||n||um is divisible by 4, ||n|lu = 8. But then [y,7] is contained in

0By, which contradicts Lemma 14.3. Therefore we have ||y||y = 12.
The segment [y, 3/3] lies in By and so [|n||y = 8 or 12. In the
former case the parallel segments [u, 7], [—u, @/2] lie in By and have
horizontal separation equal to 2, so in particular they lie in 0B,; and
therefore p is not a vertex of By. Further we have [n,\] C 0B, as
I18/2]lm = sm. Thus 7 is a vertex of By. By Lemma 14.3, v cannot be a
vertex of By, and so since « is not a strict boundary class, Lemma 14.1
can be used to prove that By, is the polygon with vertices +n, £\ and
+(—1,2/3). But then Ny has a vertex at (3,0), which implies that
ix(p) = 0 (Proposition 10.3 (5)), contrary to our previous calculations.
Thus ||n|lw = 12. It follows that [u, 8] C 9By and since 8 is not a
strict boundary class, this segment extends upward along an edge of By,
to a vertex, say vi, of By, whose A-coordinate is larger than 1. If v;
is a positive multiple of a primitive class (m,n) € L, then Lemma 14.1
implies that that n = 3 and since A € 9B,,, an easy calculation shows
that v1 must be the point (%, g), which is the intersection of the two
edges of By containing the segments [u, 3] and [Ja, A]. Lemma 14.1
now shows that By has at most one other vertex pair different from
+u, and this pair corresponds to an integral class. Owing to the fact
that « is not a strict boundary class, we deduce that B,; must be the
parallelogram with vertices :t(%, g) and :t(—g, %) But then N, is the
parallelogram with vertices (3,0), (0,1), (1,4) and (4, 3). In particular
Proposition 10.3 (5) implies that i,(u) = 0, contrary to our previous
calculations. This final contradiction completes the proof of the lemma.
q.e.d.

According to the three previous lemmas, o ¢ Fy. This contravenes
our hypotheses and so completes the proof of Proposition 12.5. q.e.d.

17. Proof of Proposition 12.6

If there is no half-integral class in Fy, then Proposition 12.6 holds
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by Propositions 12.3 and 12.4. So we may assume that there is some
B € Fp whose A-coordinate is 2. Without loss of generality, we may
assume that § = (1,2). Applying Propositions 12.3 and 12.5, we see
that Fo C {8, = (—=1,1),A = (0,1),n = (1,1),v = (2,1),m = (1,0)}.
If Proposition 12.6 is not true, then «a,~ € Fy. We shall assume this in
order to derive a contradiction.

We start by developing some useful inequalities.

Lemma 17.1.
(1) su < [l 118115 (17| ar-
(2) MM [0l < 118 -

(3) Q) 31 < lallu+ 1B with equality if and only if
[ CIVEPN T 5} C OB,

Talla TBlm
(ii) If 3sy = ||| ar + | 8| as5 then X € OB,,.

(4) (1) 3l < Iyl + IBllar with equality if and only if
[t ) < 0B
(ii) If 3sy = ||7llar + 18]l ass then X € OBy,

Proof. (1) The inequality ||3||m > su follows from Proposition 4.5.
Suppose next that [|«|y = su. Then ||| > 2sy as otherwise A would
be contained in the interior of By. If ||3]] = 2sy then as neither « nor
B are strict boundary classes, [« (3/2] is contained in the interior of an
edge of 0B,;. Let v be the endpoint of this edge which has negative
p-coordinate. Then [—u,v] C By. Hence if ||v|lu < 2sy then the line
{(z,1/2) | x € R} intersects By, in a segment of length larger than 2.
As this is impossible it follows that either |||y > 28y or ||7]|m > 25u-
If [[y]]m > 2Sm, then « is of type O(2) or O(3) by Proposition 9.3.
In the former case we have 25y < ||[7||lm < [[Allm = [ + pl|m < 280,
which is obviously impossible. The latter is ruled out by the inequalities
2sm < [[7]lm < |||l = sm. A similar argument shows that |||\ cannot
be larger than 2sy. Hence sy < |la/y and an identical argument gives
su < [l

(2) This may be deduced in the same manner that was used to prove
Lemma 16.1 (1).

(3) (i) The line segment [”Z%oz, H;%ﬁ} lies entirely in B, and

intersects the \-axis at (0, HMISS%) On the other hand 0B, in-

cLs A SM 3sMm SM
tersects the positive A-axis at (0, 7||)\HM> and so Tt 13T < DIYE
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i.e., 3| A|m < |laflm + ||B]|m- Further if there is equality then the three

; SM SM SM : _SM SM
points ol ||)\||M)\’ Hﬁ”Mﬁ of norm sy all lie on Tal @ HﬁHM’B]' Thus

[ S, 6| € 0By,

[[xfne
(ii) If 3sy = |le||m + ||8]|um, then part (i) shows that sy = ||A|u-
(4) This follows as in part (3). q.e.d.

The following lemma is a consequence of Proposition 9.3 and Lem-
ma 17.1.

Lemma 17.2. 8 cannot have type C, D, Q or T(q),0(q), I(q) where
q<2.

Lemma 17.3. (3 cannot have type O(3).

Proof. 1f (3 is of type O(3) then so are o and 7 (Proposition 3.3).
Theorem 1.5 of [2] implies that Hy(M;Z2) = Zo & Zy and so from
Lemma 2.1 we deduce that i,(pu) = i.(8) # 0. Thus either i.(y) = 0
or ix(a) = 0. But then Hi(M(«);Z2) = Zo & Zo or Hi(M(v);Z2) =
Zy @ Zs, contrary to Lemma 2.1. Thus 3 is not of type O(3). q.e.d.

Lemma 17.4. 3 cannot have type T'(3) or I(3).

Proof. 1If 3 is of type T'(3) or I(3), then both a and ~ have the same
type as 8. In particular Hy (M (03); Zs) = H1(M(«); Zo) = H1(M(v); Z2)
=0 and H1(M;Zs2) = Zs. Thus i.(1) = ix(8) # 0 but either i,(vy) =0
or ix(a) = 0. Then Hi(M(«);Zs) = Zo or Hi(M(7);Za) = Z2, giving
a contradiction. Thus § cannot have type T'(3) or I(3). q.e.d.

Lemma 17.5. 3 cannot have type O(4).

Proof. Suppose otherwise. Then Proposition 10.3 implies that
H(M;Zs) = Zg, and thus i.(u) = i.(5) = 0. Hence i (a) = ix(y) # 0.
Therefore by Lemma 17.1 (1), both o and ~ have type I or T. Also
Proposition 9.6 implies that ||u||n and ||3||\ are divisible by 4. Hence
as sy < ||Bllm < su + 6 we deduce that |||y = su + 4. Now 3sy <
lleel| + [|8]] < 2sm + 14 (recall a has type T or I) and so sy < 14. But
Sy = ||pt]|m 1s divisible by 4, so sy, = 8 or 12. In the latter eventuality
Lemma 17.1 (3), (4) implies that:

o |lallu =20, |Alv =12 and [2a,33] C 9By

i H'VHM = 20, HUHM =12 and [%’7, %ﬂ] C OBy
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Therefore %ﬁ is a vertex of By, contrary to our assumptions, and
so sy = 8. Another application of Lemma 17.1 (3), (4) shows that
e, (Y]l = 12 while [[Ally = [Inlx = 8.

Since the point %B is in By, the polygon B, has a vertex whose
associated boundary class has A-coordinate at least three. According to
Lemma 14.1 there are only four possible shapes for By:

(i) a parallelogram with vertices £ (p + 3)) and +1(3u + \),
(ii) a parallelogram with vertices +1(—2p + A) and £5(2u + 3)),
(iii) a polygon with vertices p, :I:%(,u + 3)) and 7,
(iv) a polygon with vertices u, A and :l:%(Q,u, + 3)).

In each of these four cases one verifies that the associated Newton poly-
gon has a corner at a lattice point whose second coordinate is odd. But
we have already shown that i,(u) = 0 while 4,(\) # 0 and so Proposi-
tion 10.3 (5) shows that Ay (u,v) involves only even powers of v. This
contradiction completes the proof that 5 cannot be of type O(4). g.e.d.

Lemma 17.6. (3 cannot have type 1(5).

Proof. Suppose otherwise. Then Hi(M;Zs) = Zo and i.(u) =
i«(8) # 0. Thus exactly one of o and + is not in ker(H(OM;Zs)—
H(M;Zs)). We will treat the case a & ker(H1(OM;Zo)—H1(M;Zs)),
the other can be handled similarly.

Now our hypotheses imply that Hi(M(«a);Z2) = 0 while
Hi(M(7);Z2) = Zy. Thus « is either a T or I-type class and ~ is
either a D or O-type class (neither a nor v has C-type by Lemma 17.1
(1)). We also have

[Allse = [[7llse = 0 (mod 4)

by Proposition 9.6.

First note that v cannot be of type O(3) because (3 is of I-type
and A(8,7) = 3. Next assume that v is of type O(2) or D so that
17l < ||Allm- Then by Lemma 17.1 (1) we have ||[A[|[y > sy and so
part (3)(i) of that result implies 3(sy + 2) < 2sy + 16, or sy < 10. If
sy = 10, then Lemma 17.1 gives 10 < |||y < 12 and so [[A||y = 12.
We also have [|y||y = 12 since 10 < ||v]|u < [|[A|m and |||y is divisible

by 4. Lemma 17.1 now implies that |||y = ||a||lu = su+8 and |||y =

SM SM SM SM
=M oM and are
Tl & Tal 5} [MM% [ 5}

10. Hence the line segments
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contained in 0B,;. But this is impossible as it implies H;%ﬂ is a vertex

of By. Hence sy # 10. If sy = 8, Lemma 17.1 implies that | Ay = 8 =
su (recall it is divisible by 4), contradicting the fact that |||y > su-
Thus « cannot be of type D or O(2).

Finally suppose that « is of type O(4). Then ||7y|u < sy + 6 and so
by Lemma 17.1 we see that sy < 14.

If sy, = 14, then by Lemma 17.1 we obtain [|A||y; = 14, which is not
divisible by 4, a contradiction.

Next suppose that sy = 12. Then Lemma 17.1 implies that |[|A||y =
Inll = 12. As [|v|lm > su and divisible by 4, ||v||y = 16. Hence

from Lemma 17.1 we see that ||3]|x = 20 and [‘@%% ”Eﬁﬂ} C OBy
Now ||7H ~ is not a vertex of By and so if v € (u, ”,Y”Mv) we have

||UHM < syu. Hence for such v we have ||[v — 2u|\ > sy. In particular

Sa+2ue (u, Tl ) so ||2ally > sy =12, or [|ally > 20 = sy + 8, a
contradiction. Therefore sy # 12.

Now consider the case where s, = 10. By Lemma 17.1 we have
Inllmy = 10 and |[A|[y = 12 (note again that ||\l divisible by 4).
Hence Lemma 17.1 implies that ||a|y = ||f|lm = 18. Further the

segment |:H21|\fM ,”ﬁ” ﬂ} C OBy. Lemma 17.1 also gives 12 < ||y||u-

Hence [|v|]y = 12 or 16. In fact ||y|]]ly = 16. To see this suppose
that it is 12. Then 3|9y = ||7|lm + [|Bllm and therefore the seg-

_SM _SM SM _ SM SM
ment [nwnM’V’ ||ﬂ||Mﬂ} C 9Bu. But then 58 = | i 7||5||Mﬂ} n

lleelln
[”f;%’y, ”Z_}%ﬂ] is a vertex of By, implying that (3 is a strict boundary

class, a fact our hypotheses exclude. Thus |7y|ly = 16. Next observe
that since sy = 10 and 3 is not a strict boundary class, the segment

[&a, H;%ﬁ} C OBy extends past ”;%ﬁ to a vertex vy of By corre-

alln
S];|>|0|I|1ding to a boundary class mu +nA where 3 <n <5and 1 < > <2
(Lemma 14.2). We claim n # 5. For otherwise By, would be a paral-
lelogram with vertices +u and 4v; which is impossible as ||v||y < 28y.
So (m,n) = (2,3) or (3,4). The latter case can be excluded as it would
imply that 7 lies in the interior of By;. Thus v; lies on the line of slope %

through the origin. One can now verify that [vl, %7} C 0By Since

both [nanM

wards to two more vertices vo and vz of By, whose associated boundary
classes must be integral (Lemma 14.2). By hypothesis o and v are not
strict boundary classes, so v lies on a line through the origin of slope

sn o] e )
@, HBHMﬂ} and [Ulv ||,y||MV} lie in OBy, they extend down
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—% where k is an integer which is at least 2, and vy lies on the line of
slope % through the origin where j is at least 3. But this is impossible as
one can now easily see that By, contains a horizontal segment of length
longer than 2. This contradiction completes the proof that sy # 10.

Finally assume that sy = 8. Since ||A||y is divisible by 4 and
MM < el + 18llm < 2sm + 16 = 32, we have |||y = 8. Also
lInllhve < Ivllv + [|18]lm < 28y + 14 = 30 and therefore ||n||y = 8 or
10. Now sy < [|[7||lu < su + 6 = 14 and ||y|v is divisible by 4, so in
fact [|v]lm = 12. If we now assume that |||/, = 10, then we obtain the
impossible relation 30 = 3||n|ln < ||Y|ln + ||Blln < 124 16 = 28. Hence
IInllx = 8. Note that |||l < su + 8 = 16. We shall consider two cases
I8l < 16 and ||3]|m = 16 separately.

Suppose first of all that |||y < 16 = 2sy and let v1 = up + v be
the vertex of By which has the maximal A-coordinate. Let mu + nA
be a primitive class which is a positive rational multiple of v;. Since
IIB]|m < 2sm and 3 is not a strict boundary class, n > 2. Now by Lemma
14.1, vy is the unique vertex of By, whose A-coordinate is larger than 1.
It follows that [v1, A] and [vq, 7] are contained in 0By and thus extend
downward to two more vertices of By, which can be easily seen to be
distinct from +pu. But this contradicts Lemma 14.1.

Finally suppose that |||y = 16. Then |X|u = [|5/2]|n = [|7]lm =
8 = sy. It follows that the segment [\, 7] C dBy. If 7 is not a vertex of
By, then By, is a parallelogram by Proposition 9.6 (2) and the segment
[A, 1] extends to a vertex v; which is either %,u + A3+ A or gu +
A. The first and third are ruled out by the fact that if either were a
vertex then A would be as well (Lemma 14.1). But then By would
not be a parallelogram. Thus v; = %,u + X. We see then that B, is
the parallelogram with vertices &(—3,1) and £(3,1). So the Newton
polygon Ny is the parallelogram with vertices (1,0), (0,2), (3,4) and
(4,2). Hence the A-polynomial Ay (u,v) contains u (up to sign) as a
monomial, which contradicts to Proposition 10.3 (5).

Assume now that 7 is a vertex of By;. By Proposition 9.6 (1), By
contains at most two more vertex pairs. Since 2y = (%, 2) is in OBy,
there is vertex vy of By whose p-coordinate is larger than 1. Since « is
not a vertex of By, one can easily see that By, has two vertices with non-
positive p-coordinates and positive A-coordinates. So By, would have at
least four pairs of vertices, which contradicts Lemma 14.1. Therefore ~
cannot be of type O(4). q.e.d.

The above lemmas imply that 3 & Fy. This contradiction completes
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the proof of Proposition 12.6. q.e.d.

18. Finite surgery on small knots in 53

In this section we make some general remarks concerning finite
surgery on small knots in the 3-sphere, i.e., those knots K whose exte-
riors Mg contain no closed essential surface, and show how the theory
developed previously in this paper can be used to give a quick proof of
the classification of the finite surgery slopes of 2-bridge knots (due to
Delman [14] and independently to Tanguay [32]).

The finite surgery slopes on Mg have been classified when K is a
torus knot [27] and a satellite knot [2], so we only need to consider small
hyperbolic knots. Fix such a knot and let M denote its exterior, Cy; the
canonical norm curve in X (M), and By the canonical norm polygon.
It is a consequence of Theorem 2.0.3 of [11] that the finite filling slopes
on OM are not boundary slopes. Hence the canonical norm of a finite
filling class is subject to the constraints imposed by Proposition 9.3 and
so in particular if {u, A} denotes the standard meridian-longitude basis
of Hi(OM), |||l = sm and g is not a vertex of By. Consider a non-
meridinal finite filling class on 0M. According to Proposition 9.3 we
have |||y < max{2sy;, sy + 8}. Therefore

O[EBBM ifSN[:4
QE%BM ifSNIZG
a € 2By if sy > 8.

We also know that the absolute value of the A-coordinate of « is strictly
less than than 2 (Theorem 1.2). Set

h(By) = sup {y | there is an z such that xu + y\ € By }.

Proposition 18.1.  Suppose that K C S3 is a small hyperbolic
knot with exterior M, and that o is a non-meridinal finite filling class
on OM.

(1) The inequality h(B,) > 5 holds.

(2) If « = mu+2X\ for some odd integer m, then « is of type T'(3),1(3)
or 1(5). Further sy, > 8 and h(B,) > 1.

Proof. (1) We observed above that if sy; > 8 then a € 2By, and so
h(By) > % If sy = 4, then a € 3B, so that h(By) > % But since pu is
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not a vertex, Subcase 1.1 of §13 implies that there is an integer n > 1
such that h(By) = 5. Hence we must have h(By) = 3.

Finally assume that sy, = 6. Then a € %BM and so h(By) > %
According to Subcase I1.1 of §13, either h(By) = % for some integer

k > 3 (Subcase II.1.b), or h(By) = ﬁ for some even integers j,q > 2

(Subcase IL1.c). In the latter case the inequality h(By) > 2 implies
that j 4+ ¢ € {4,6} and therefore h(By) > 3. In the former we see that
k€ {3,4,5,6,7}. But if £ < 6, then h(By) > , while the case k = 7
cannot arise because otherwise it follows from Subcase I1.1.b of §13 that
the only non-meridinal primitive class in %BM is a vertex of By, and so
a would be a boundary class.

(2) If @« = mp + 2X is a finite filling class of K, the cyclic surgery
theorem [11] implies that it is not of C-type. Thus since m is odd, it
must be either T-type or I-type (see §2). Since « is not a boundary
class, a ¢ 0By, (Proposition 4.5), and therefore |||y > sy. It follows
that a has type T'(3),1(3) or I(5) (Proposition 9.3).

We observed above that if sy, > 8, then o € 2By, and so h(By;) > 1.
To complete the proof we note that under our hypotheses, sy # 4 or
6. For instance if sy = 4, then a € 3B, so that h(By) > % But this
contradicts Subcase IL1 of §13 which implies that h(By) < 3. Finally
if s\y = 6, consideration of Subcase II.1 of §13 shows that the only
possibility is for B, to be a parallelogram with vertices +(m,1) and
+((m+k)/2,1/2), for some integer m and « to be (2m + 1)u + 2X. In
this case ||a|ly = 14 = sy + 8 and so a has type I. But this cannot
be as the shape of By, implies that a does not have type I(gq) for any
g € {3,5} (Proposition 9.3). Hence the case sy, = 6 does not arise
either. q.e.d.

The 2-bridge knots are an interesting collection of knots in the 3-
sphere (see, for instance, [7]). According to [18], they are small knots
and further their boundary classes are even integer classes, i.e., they
have the form 2pu + A for some integer p.

Theorem 18.2. A hyperbolic 2-bridge knot admits no nontrivial
finite surgery slope.

Proof. Let K be a hyperbolic 2-bridge knot in S with exterior M.
The result will follow from the previous proposition if we can show that
h(Bwm) < ;, a fact due to Tanguay [32].

Let p: M—M be the (unique) 2-fold cover and {fi, A} the basis for

(8M) corresponding to {x, A}. Then M is hyperbolic and M( ) is
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the double branched cover of S% branched over K, which is known to
be a lens space (see [7]). Thus g is a cyclic filling class of M.

By the discussion proceeding Proposition 9.6 (cf. also [2, Section
3]), the cover p : M—M induces a regular map p* : X(M)HX(M) and
Ey = p*(Cy) is a norm curve in X (]\7 ) with norm |- [z . Moreover for
every 4 in Hl(aﬁ) it can be shown that if p4 : H1(8M) — H1(OM) is
the homomorphism induced by p|8]T4/ , then

P4 (8) Il = 2110 5,,-

Now 1 cannot be associated to an ideal point of y € Ey as otherwise u
would be associated to each of the ideal points of (p*)~(y) C Cy, which
is impossible as it is not a boundary class. Thus ||uz < [I8]/z,, for

each nonzero 8 € Hy(OM) (see Theorem 6.1 of [3]). Since even integer
classes in Hy(0M) lift to classes in Hy(0M), it follows that

181l = [12llse = 212l s

for every even integer slope 3 on M. We now show that this inequality
holds strictly for all primitive classes 8 # 4u, and so h(By) < %

Let 8 be a boundary slope of M associated to a vertex of By, i.e.,
there is an ideal point x € Cy for which fg(x) is finite but f,(z) =
00. According to Theorem 5.4 of [28], the components of the essential
surfaces in M associated to x have one or two boundary components.
This fact implies, by §5 of [8], that fg(z) = 0. If I, : X(M) — C
denotes the evaluation map, then f, = Iﬁ —4 and f, = Iﬁ fu- Hence
fu2(w) = oo. Therefore the norm of 3 is strictly larger than that of 24.
It follows that the norm polygon By, lies strictly below the horizontal
half-integer line. Hence Proposition 18.1 implies that K admits no non-
meridinal finite filling slope. q.e.d.

Appendix
The goal of this appendix is to prove the following result.

Proposition. Let § € {£1}. The polynomial Ag(u,v) = u® + (6 —
u— Ou? — Qut — ud + 0ul)v? +udv?t is not the canonical polynomial of a
hyperbolic knot exterior.
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Proof. Let M be a compact, connected, orientable 3-manifold whose
interior admits a complete hyperbolic structure of finite volume. Sup-
pose further that the boundary of M is a torus. In [8] it is described
how work of C. Hodgson implies that the real 1-form

w = In |u|d(arg(v)) — In|v|d(arg(u))

is exact on the smooth part of Dy. In particular its integral over any
closed, piecewise-smooth loop in Dy, is zero. We'll show that this con-
dition does not hold for the zero sets of the polynomials under consid-
eration in the proposition. Arguments of this type were first used by D.
Cooper and D. Long in [9, §10].

First observe that we may assume that = 1. For if ¢ : A7(0) —
A~1(0) is the isomorphism given by (u,v) — (—u,v) and C C A7'(0)
is a piecewise-smooth curve, then fcw =/ w(C) - Consider then

Au,v) =ud + (1 —u—u? —ut — ud + ub)v? + 3ot

and set
D = AY0).
The singular set of D consists of the simultaneous solutions of the equa-
tions oA 94
A=0, — =0, — =0
T Ou )

and is readily calculated to be ¥ = {(u,v) | > = v* = 1}. The
projection induced map

7:D—C, 7:(u,v)—u

has degree 4 and is branched at the points of B = %—‘3_1(0) \ X. The
automorphism ¢ : (u,v) — (u,—v) of D satisfies m o ¢ = 7, so the
branching at a point (u,v) € D is necessarily of order 2 if v # 0. Set

up = (1 —V/17) — 5v/2v/17 — 2 and uy = i. It is easy to verify that
(UO, i), (UO, —i), (ul, i), (ul, —i) € B.

The path u(t) = (1 — t)ug + tu; in the u-plane lifts to four smooth

paths o;(t) = (u(t),v;(t)) (j = 1,2,3,4) in D which we can determine

as follows. Any lift v(t) of u(t) satisfies the identity

14+ g(t)v(t)? +v(t)*
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where
g(t) =u3(t) —u () —u () — u(t) — u?(t) + u3(t).

Solving for v(t) shows that

- \/—ga) £ /g7 4
2

The reader may verify that g(¢t) = +2 if and only if ¢t € {0,1}, and so
there are precisely two smooth functions 71 (t) and ra(t) whose square
is g(t)2 — 4. They are unambiguously determined by requiring that
Re(ri(t)) > 0 and Re(ra2(t)) < 0 when t is close to zero. Evidently
rg = —ri. Next note that since —g(t) + r1(t) # 0, there are exactly
two smooth functions vy, vs satisfying v3 = v3 = %(—g + r1). They are
determined by requiring that v (0) = ¢ while v3(0) = —i. Similarly there

are exactly two smooth functions ve, vy satisyfying v% = vi = %(— g+r2)

and they are determined by requiring that v2(0) = 7 while v4(0) = —i.
Evidently v3 = —v1 and vy = —vo. We take

a;(t) = (u(t), v;(t))-

It follows from our choices that

220 1 1 L9 o
vivy = Z(—g—i—ﬁ)(—g-l—’m)—l = Z(—g‘i‘ﬁ)(—g—ﬁ) = 1(9 —-ri) =1
and hence for each t € [0, 1], we have vy (t)va(t) = v1(0)v2(0) = —1. In

particular since vy (1) = €i for some € € {£1}, we must have v2(1) = e
as well. It follows that C' = o1 x 0 Lis a closed, piecewise-smooth curve

/(y—/()_/(y
C g1 g2

while from the relation vyvo = —1 and the form of the integrand we see
that

Hence
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To compute the latter we proceed as follows. One can verify that if w(t)

is a smooth path in the complex plane, then % arg(w(t)) = Im <

It follows that

ngzéﬁmww%m(

Let f(t) be the integrand of this integral.

Figure 13.
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Figure 13: The graph of f(t).

Now with n = 10,000 we have

(1)
u(t)

1 n J
st~y 1)
0 = "
1 1 n—1 n—1 7
< F(t)dt| + )| / f(t)dt — /&)
0 % =
1
| a0
< 4K (n —22)L
n n
4K + L

w'(t)

w(t)

).
)}

Its graph is depicted in
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K:&m{u@|he{m;yjrglﬁ}k
=sw{lrol |re 120}

Crude estimates show that K < 2 while L < 1,700. Thus

1 n i
/ f(t)dt—zf(j) < LB g
0 =

where

10,000

and so

/01 f(t)dt‘ > zn: f(ng‘) —0.2.

7j=1
. : n I
Computer assisted calculation shows |>° je1 | > 0.94 so that we
conclude .
/w:Z/ w:—/ ft)dt # 0.
C o1 0

This completes the proof of the proposition. q.e.d.
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