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Odd manifolds
of small integral simplicial volume

Clara Löh

Abstract. Integral simplicial volume is a homotopy invariant of oriented closed connected
manifolds, defined as the minimal weighted number of singular simplices needed to represent the
fundamental class with integral coefficients. We show that odd-dimensional spheres are the only
manifolds with integral simplicial volume equal to 1. Consequently, we obtain an elementary proof
that, in general, the integral simplicial volume of (triangulated) manifolds is not computable.

1. Introduction

Simplicial volumes are homotopy invariants for oriented closed connected man-
ifolds, defined as the infimal weighted number of singular simplices needed to rep-
resent the fundamental class with respect to the given coefficients. Originally, Gro-
mov introduced the simplicial volume with R-coefficients [10][15][21] in his study of
Mostow rigidity. In the context of the connection of simplicial volume with Betti
numbers or L2-Betti numbers, integral versions of simplicial volume play a central
role [12][16][22].

We will consider the most basic integral version: The integral simplicial volume
of an oriented closed connected n-manifold M is defined as

‖M‖Z :=min
{
|c|1

∣∣ c∈Cn(M ;Z) is a Z-fundamental cycle of M
}
∈N,

where |c|1 :=
∑k

j=0 |aj | for any chain c=
∑k

j=0 aj ·σj in C∗(M ;Z) (in reduced form).
Integral simplicial volume lacks most of the convenient inheritance properties of
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ordinary simplicial volume (such as multiplicativity under finite coverings and gluing
formulae), and hence is rather difficult to control.

In the following, we will characterise manifolds with integral simplicial vol-
ume equal to 1, and derive an elementary non-computability statement for integral
simplicial volume:

Theorem 1.1. Let n∈N>0 and let M be an oriented closed connected n-mani-

fold. Then ‖M‖Z=1 if and only if n is odd and M is homotopy equivalent to Sn.

Remark 1.2. In view of the positive solution of the Poincaré conjecture, the
conditions in Theorem 1.1 are also equivalent to M∼=TopS

n.

Corollary 1.3. Let n∈N≥5 be odd.

1. It is not decidable whether a given triangulated oriented closed connected

n-manifold M satisfies ‖M‖Z=1.
2. In general, the integral simplicial volume of triangulated oriented closed con-

nected n-manifolds is not computable.

The basic strategy of the proof of Theorem 1.1 is as follows:
– We show that any manifold of integral simplicial volume 1 of dimension >1

is simply connected. This step is based on quotients of the standard simplex that
model singular cycles consisting of a single simplex (Section 2).

– Similar to the Betti number estimates for integral simplicial volume [19, Ex-
ample 14.28], we will use Poincaré duality and an explicit formula for the cap-
product to prove that any manifold of integral simplicial volume equal to 1 is an
integral homology sphere (Lemma 3.1).

– Finally, we apply the Hurewicz and Whitehead theorems to conclude.
More generally, this technique also gives a characterisation for multiples of the

fundamental class (Theorem 3.2), which is interesting in the context of integral
approximations of simplicial volume (Section 3.3).

We then derive the non-computability statement of Corollary 1.3 from The-
orem 1.1 by comparison with the sphere-recognition problem. Alternatively, this
result can also be obtained from Weinberger’s non-computability result for ordi-
nary simplicial volume of homology spheres, which is based on far less elementary
techniques [24, Theorem 2, p. 88].

More concretely, already the case of integral simplicial volume equal to 2 is
more involved than Theorem 1.1: For example, in even dimensions, spheres are not
the only oriented closed connected manifolds of integral simplicial volume equal to 2
(Proposition 4.6). Moreover, the oriented closed connected 3-manifolds with integral
simplicial volume equal to 2 are precisely (up to homotopy/homeomorphism) S1×
S2, RP 3, and L(3, 1) (Proposition 4.4, Remark 4.5).
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Organisation of this article

In Section 2, we study the combinatorics of singular cycles that consist of a sin-
gle singular simplex. Section 3 contains a proof of Theorem 1.1 and a generalisation
to multiples of the fundamental class; moreover, we discuss the relation with inte-
gral approximations of simplicial volume. In Section 4, we discuss some aspects of
the case that the integral simplicial volume equals 2. Finally, in Section 5, we briefly
introduce the relevant setup from computability theory and derive Corollary 1.3.

2. Model spaces of cycles of a single singular simplex

Singular cycles that consist of a single singular simplex have a very restricted
combinatorial structure. The corresponding model spaces for such cycles are simply
connected (Proposition 2.6), but fail to be closed manifolds in general (Proposi-
tion 2.7).

2.1. The model spaces

A model space associated with a cycle consisting of a single simplex is a stan-
dard simplex where the faces are glued according to their cancellation in the singular
boundary.

Definition 2.1. (matching, model space) Let n∈N be odd.
– An n-matching is a bijection {0, 2, ..., n−1}−→{1, 3, ..., n}.
– For j∈{0, ..., n}, we denote the inclusion of the j-th face of Δn by ij : Δn−1−→

Δn.
– Let π be an n-matching. Then the model space associated with π is

Mπ :=Δn/∼π,

where ∼π is the equivalence relation generated by

∀j∈{0,2,...,n−1}∀t∈Δn−1 ij(t)∼π iπ(j)(t).

We denote the canonical projection Δn−→Mπ by σπ.

Remark 2.2. (model class) Let n∈N be odd and let π be an n-matching. Then

∂nσπ =
n∑

j=0
(−1)j ·σπ ¨ ij =

(n−1)/2∑
j=0

(σπ ¨ i2·j−σπ ¨ iπ(2·j))= 0,
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where ∂n : Cn(X;Z)−→Cn−1(X;Z) is the singular boundary operator. Hence, σπ∈
C∗(Mπ;Z) is a singular cycle. We write

απ := [σπ]∈Hn(Mπ;Z).

Every singular class that is represented by a single singular simplex is a push-
forward of one of these model classes:

Lemma 2.3. Let X be a topological space, let n∈N>0, and let σ : Δn−→X be

a singular simplex.

1. If R is a ring with unit and ∂nσ=0 in C∗(X;R), then n is odd.

2. If ∂nσ=0 in C∗(X;Z), then n is odd and there exist an n-matching π and a

continuous map f : Mπ−→X such that

Hn(f ;Z)(απ)= [σ]∈Hn(X;Z).

Proof. Let R be a ring with unit and let 0=∂nσ=
∑n

j=0(−1)j ·σ¨ij . Because
map(Δn−1, X) is an R-basis of Cn−1(X;R), this sum has an even number of sum-
mands; in particular, n is odd.

We now consider the case R=Z. In order for these terms to cancel there has
to be a bijection π : {0, 2, ..., n−1}−→{1, 3, ..., n} such that

σ ¨ ij =σ ¨ iπ(j)

holds for all j∈{0, 2, ..., n−1}. Hence, σ factors over the projection map σπ : Δn−→
Δn/∼π=Mπ, i.e., there is a continuous map f : Mπ−→X with f ¨σπ=σ. By con-
struction, Hn(f ;Z)(απ)=[σ]. �

Remark 2.4. (cellular structure on model spaces) Let n∈N be odd and let π be
an n-matching. The face lattice of Δn induces a CW-structure on the quotient Mπ=
Δn/∼π.

Remark 2.5. (trivial extension of matchings) Let n∈N be odd, let π be an
n-matching, and let π′ be the (n+2)-matching with

π′|{0,2,...,n−1} :=π and π′(n+1) :=n+2.

Then Mπ′∼=TopΣ2Mπ, where Σ denotes the unreduced suspension. Indeed, this can
be seen as follows: Let

ϕ : Δn×[−1, 1]−→Δn+2

(x, t) �−→
{

(1−t)·x+t·(1
4 ·en+1+ 3

4 ·en+2) if t≥0
(1−|t|)·x+|t|·(3

4 ·en+1+ 1
4 ·en+2) if t<0.
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ϕ(Δn×{0})

ϕ(Δn×[0, 1])

ϕ(Δn×[−1, 0])

e0

en

Δn

en+1

en+2

Φ(Δn×[−1, 1]×[0, 1])

Φ(Δn×[−1, 1]×[−1, 0])

e0

en

Δn

en+1

en+2

Figure 1. The images of ϕ and Φ from Remark 2.5. We draw the images in Δn+2 instead of
in Mπ′ =Δn+2/∼π′ .

Then it is not hard to show that the map Φ given by
Δn×[−1, 1]2 −→Mπ′ =Δn+2/∼π′

(x, t, s) �−→

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(1−s)·ϕ(x, t)+s·en+2 if t≥0, s≥0
(1−|s|)·ϕ(x, t)+ |s|

2 ·(en+1+en+2) if t≥0, s<0
(1−s)·ϕ(x, t)+s·en+1 if t<0, s≥0
(1−|s|)·ϕ(x, t)+ |s|

2 ·(en+1+en+2) if t<0, s<0

induces a well-defined homeomorphism Σ2Mπ
∼=TopMπ′ (Figure 1).

There is only one 1-matching, and clearly the corresponding model space is
homeomorphic to S1. Hence, by induction, for all odd n∈N the matching π given
by

0 �−→ 1, 2 �−→ 3, ..., n−1 �−→n

leads to the model space Mπ
∼=TopS

n.
However, not all model spaces are homotopy spheres (Proposition 2.7).

2.2. Fundamental group of model spaces

We now show that these model spaces are simply connected:

Proposition 2.6. Let n∈N≥3 be odd, and let π be an n-matching. Then Mπ

is simply connected.

Proof. Clearly, Mπ is connected. We now use the cellular structure from Re-
mark 2.4 to compute the fundamental group of Mπ (with respect to the basepoint
given by the 0-vertex of Δn):

As first step, we describe the 0-skeleton of Mπ: If J,K∈{0, ..., n} satisfying J<

K are matched through π, then the (n−1)-faces
[0, ..., J−1, J+1, ...,K−1,K,K+1, ..., n] and
[0, ..., J−1, J, ...,K−2,K−1,K+1..., n]
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of Δn are glued and so give the same (n−1)-cell in Mπ=Δn/∼π. In particular, the
vertices of Δn numbered by J, J+1, ...,K all project to the same 0-cell of Mπ. Let
∼ denote the equivalence relation on {0, ..., n} generated by

j∼ k ⇐==⇒ ∃J,K∈{0,...,n}(J ≤ j≤ k≤K)∧
(
π(J)=K∨π(K)=J

)
.

Then one can check easily for j, k∈{0, ..., n} that the j-th and the k-vertex of Δn

lead to the same 0-cell in Mπ if and only if j∼k.
As next step, we describe a spanning tree for the 1-skeleton of Mπ: Using the

above description of the 0-skeleton, it is not hard to see that the 1-cells of Mπ

corresponding to the edges

T :=
{
[j, j+1]

∣∣ j ∈{0, ..., n} is maximal in its ∼-equivalence class
}

of Δn is the set of edges of a spanning tree for the 1-skeleton of Mπ.
The 2-skeleton of Mπ now gives us the presentation π1(Mπ)∼=〈S |R〉 of the

fundamental group, where

S :=
{
s[j,k]

∣∣ j, k∈{0, ..., n}, j < k
}

R := {se | e∈T}
∪{s[k,�] ·s[j,k] = s[j,�] | j, k, �∈{0, ..., n}, j < k < �}
∪{s[j,k] = s[j′,k′] | j, k, j′, k′ ∈{0, ..., n}, j < k, j′ <k′, σπ ¨ [j, k] =σπ ¨ [j′, k′]}.

Using the first and second type of relations, we immediately see that π1(Mπ) is
generated by {s[j,j+1] |j∈{0, ..., n−1}, [j, j+1] �∈T}. So it suffices to show that
these elements are trivial in π1(Mπ).

Let j∈{0, ..., n−1} with [j, j+1] �∈T . By construction of T , this means that
there exist J,K∈{0, ..., n} with

J ≤ j < j+1≤K

and the property that J and K are matched through π. We now consider the
following cases:

– Let K �=n. Because J and K are matched through π, we have

σπ ¨ [j, n] =σπ ¨ [j+1, n],

and so s[j,n]=s[j+1,n] in π1(Mπ). Then, the 2-face [j, j+1, n] of Δn shows that

s[j,j+1] = s−1
[j+1,n] ·s[j,n] =1

in π1(Mπ).
– The case of J �=0 can be treated in the same way as the previous case.
– Let J=0 and K=n. Because n≥3 there is at least one other matching

between some J ′,K ′∈{0, ..., n} with J ′<K ′ through π. The same argument as in
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the first case yields s[J ′,J ′+1]=1 in π1(Mπ). On the other hand, π(0)=n gives

s[0,1] = s[1,2] = ...= s[n−1,n]

in π1(Mπ). In particular, s[j,j+1]=s[J ′,J ′+1]=1 in π1(Mπ).
Hence, π1(Mπ) is the trivial group. �

2.3. How close are the model spaces to being manifolds?

These model spaces are (after sufficiently many barycentric subdivisions) n-di-
mensional pseudo-manifolds. However, in general, they do not have the homotopy
type of oriented closed connected manifolds:

Proposition 2.7.
1. Let n∈{1, 3}, and let π be an n-matching. Then Mπ is homotopy equivalent

to Sn.

2. For every odd n∈N≥5 there exists an n-matching π such that the model

space Mπ does not have the homotopy type of an oriented closed connected n-mani-

fold. In particular, Mπ ��Sn.

Proof. Ad 1. The matchings 0 �→1 and 0 �→1, 2 �→3 lead to S1 and S3, respec-
tively (Remark 2.5). It remains to consider the matching π given by

0 �−→ 3
2 �−→ 1.

Recall that any simply connected integral homology sphere is a homotopy sphere by
the Hurewicz and Whitehead theorems. By Proposition 2.6 it is thus sufficient to
compute H∗(Mπ;Z) using the cellular structure from Remark 2.4: A straightforward
calculation shows that:

– By Proposition 2.6, we have H0(Mπ;Z)∼=Z and H1(Mπ;Z)∼=0.
– The cellular chain complex of Mπ in degree 2 has the 2-cells corresponding

to the 2-faces [0, 1, 2] and [0, 1, 3] as a basis; in degree 1, a basis is given by the
1-faces [0, 1], [0, 3], and with respect to these bases, the boundary map is represented
by the matrix (

1 2
0 −1

)
Thus, there are no cellular cycles in degree 2 and so H2(Mπ;Z)∼=0.

– Because π is a matching, the unique 3-cell of Mπ is a cycle; as Mπ has no
cells in dimension at least 4, it follows that H3(Mπ;Z)∼=Z and Hj(Mπ;Z)∼=0 for
all j∈N≥4.
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Therefore, H∗(Mπ;Z)∼=H∗(S3;Z).
Ad 2. We first prove the statement in dimension 5: To this end, we consider

the matching π given by

0 �−→ 3
2 �−→ 5
4 �−→ 1.

Using the cellular structure from Remark 2.4 one can calculate that

Hj(Mπ;Z)∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Z if j=0
0 if j=1
0 if j=2
0 if j=3
Z if j=4, generated by “[1, 2, 3, 4, 5]−[0, 1, 3, 4, 5]”
Z if j=5, generated by “[0, ..., 5]”
0 if j≥6

for all j∈N. Hence, H∗(Mπ;Z) is not compatible with Poincaré duality, and so Mπ

cannot have the homotopy type of an oriented closed connected 5-manifold.
Let k∈N. Taking successive trivial extensions of this matching π as in Re-

mark 2.5 leads to model spaces homeomorphic to Σ2·kMπ of dimension 5+2·k.
Because

Hj(Σ2·kMπ;Z)∼=
{

0 if j∈{1, ..., 3+2·k}
Z if j∈{0, 4+2·k, 5+2·k}

is not compatible with Poincaré duality, these model spaces do not have the homo-
topy type of an oriented closed connected (5+2·k)-manifold. �

3. Manifolds of integral simplicial volume equal to 1

In this section, we will prove Theorem 1.1 and its generalisation to multiples
of the fundamental class (Theorem 3.2).

3.1. Small fundamental class

We follow the strategy outlined in the introduction. In particular, we will
use the model spaces introduced in Section 2 and the following refinement of the
classical Betti number bound [19, Example 14.28]:



Odd manifolds of small integral simplicial volume 359

Lemma 3.1. Let n∈N be odd and let M be an oriented closed connected

n-manifold.

1. Let R be a ring with unit, let m∈Z be invertible in R, and suppose that

‖m·[M ]Z‖1,Z=1. Then for all k∈{1, ..., n−1} we have

Hk(M ;R)∼= 0.

2. In particular: If ‖M‖Z=1, then for all k∈{1, ..., n−1} we have

Hk(M ;Z)∼= 0.

If X is a space and α∈H∗(X;Z), then

‖α‖1,Z :=min
{
|c|1

∣∣ c∈C∗(X;Z) is a cycle representing α
}
.

For example, ‖M‖Z=‖[M ]Z‖1,Z holds for all oriented closed connected manifolds M .

Proof. It suffices to prove the first part. Because of ‖m·[M ]Z‖1,Z=1 there is
a singular simplex σ : Δn−→M that is a singular cycle and that satisfies [σ]=±m·
[M ]Z∈Hn(M ;Z); without loss of generality, we may assume [σ]=m·[M ]Z. Because
m is a unit in R, the Poincaré duality homomorphism

ϕk := · ∩m·[M ]R : Hn−k(M ;R)−→Hk(M ;R)

[f ] �−→ (−1)(n−k)·k ·
[
f(n−k�σ)·σ�k

]
with R-coefficients is an isomorphism for all k∈{0, ..., n}. Hence, it is enough
to show that ϕk is the zero map for all k∈{1, ..., n−1}: If k is even, then the
k-simplex σ�k cannot be cycle (Lemma 2.3), and so the fact that ϕk as described
above is well-defined shows that ϕk=0.(1)

Now let k∈{1, ..., n−1} be odd and let π be an n-matching for σ as in Lem-
ma 2.3. We then define I :=

{
j∈{0, 2, ..., k+1}

∣∣π(j)≤k
}

and I :={0, ..., k+1}\(I∪
π(I)). Moreover, for a sequence (j0, ..., jr) in {0, ..., n} we write

[j0, ..., jr]σ : Δr −→M

(t0, ..., tr) �−→σ

( r∑
s=0

ts ·ejs
)

for the corresponding subsimplex of σ, where, e0, ..., en denote the standard unit
vectors of Rn+1⊃Δn. For example, σ�k=[0, ..., k]σ. With this notation and the
relation σ¨ij=σ¨iπ(j) for all j∈{0, 2, ..., n−1}, we obtain

(1) Alternatively, one can use the arguments for the odd case to show that n−k�σ is a
boundary, whence every cocycle vanishes on n−k�σ.
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∂k+1[0, ..., k+1]σ

=
k+1∑
j=0

(−1)j ·[0, ..., ĵ, ..., k+1]σ

=
∑
j∈I

[0, ..., π̂(j), ..., k+1]σ−
∑

j∈π(I)

[0, ..., ĵ, ...k+1]σ+
∑
j∈I

(−1)j ·[0, ..., k]σ

=0+
∑
j∈I

(−1)j ·σ�k.

Because k is odd, also |I| is odd; moreover, π matches even with odd indices, so the
number of even elements and the number of odd elements in I differ by 1. Therefore,

∂k+1[0, ..., k+1]σ =±σ�k.

Thus, [σ�k]=0 in Hk(M ;R), which implies ϕk=0. �

Proof of Theorem 1.1. Let n∈N be odd, and let M be an oriented closed con-
nected n-manifold with M�Sn. Then ‖M‖Z=‖Sn‖Z. Moreover, ‖Sn‖Z=1 for
odd n, as is witnessed by the cycle Δn−→Δn/∂Δn∼=TopS

n given by the canonical
projection.

Conversely, let n∈N>0 and M be an oriented closed connected n-manifold that
satisfies ‖M‖Z=1. Then n is odd by Lemma 2.3. Because S1 is the only oriented
closed connected 1-manifold we may assume n≥3. We follow the strategy outlined
in the introduction:

The manifold M is simply connected: In view of Lemma 2.3 there is an
n-matching π and a continuous map f : Mπ−→ such that

Hn(f ;Z)(απ)= [M ]Z ∈Hn(M ;Z).

Because Mπ is simply connected, f lifts to a map f̃ : Mπ−→M̃ to the universal
covering p : M̃−→M of M . Thus,

Hn(p;Z) ¨Hn(f̃ ;Z)(απ)=Hn(f ;Z)(απ)= [M ]Z �=0,

and so Hn(M̃ ;Z) �∼=0. In particular, M̃ is compact and p is a finite covering. Trans-
fer shows that im Hn(p;Z)=D·Z·[M ]Z, where D is the number of sheets of π.
Therefore, D=1, and so M∼=TopM̃ is simply connected.

We have H∗(M ;Z)∼=H∗(Sn;Z) by Lemma 3.1.
Hence, M�Sn: Any simply connected integral homology n-sphere is homotopy

equivalent to Sn by the Hurewicz and Whitehead theorems. �
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3.2. Small multiples of the fundamental class

More generally, this technique also gives the following characterisation for mul-
tiples of the fundamental class:

Theorem 3.2. (multiples of the fundamental class of small integral �1-norm)
Let n∈N be odd and let M be an oriented closed connected n-manifold. Then the

following are equivalent:

1. There exists m∈Z\{0} with ‖m·[M ]Z‖1,Z=1.
2. The manifold M is dominated by Sn, i.e., there is a map Sn−→M of non-

zero degree.

3. There is a subsequence of
(
‖m·[M ]Z‖1,Z

)
m∈N

that is bounded by 1.

Proof. The implication “3 =⇒ 1” is clear. For the implication “2 =⇒ 3” we
use self-maps Sn−→Sn of arbitrarily high degree, the fact that ‖Sn‖Z=1 and that

‖H∗(f ;Z)(α)‖1,Z ≤‖α‖1,Z

holds for all continuous maps f : X−→Y and all α∈H∗(X;Z).
We will now prove “1 =⇒ 2”: Without loss of generality we may assume

that n>1. Let m∈Z\{0} with ‖m·[M ]Z‖1,Z=1. We will now proceed as in the
proof of Theorem 1.1:

– Reduction to the simply connected case: Because ‖m·[M ]Z‖1,Z=1, Lemma 2.3
implies that there is an n-matching π and a continuous map f : Mπ−→M satisfying

Hn(f ;Z)(απ)=m·[M ]Z.

The model space Mπ is simply connected (Proposition 2.6); hence, f lifts to a
map f̃ : Mπ−→M̃ to the universal covering M̃ of M . Because m·[M ]Z �=0 it follows
that Hn(M̃ ;Z) �∼=0, and so M̃ is compact and Hn(f̃ ;Z)(απ) is a non-zero multiple
of [M̃ ]Z with integral �1-norm equal to 1.

– We have H∗(M̃ ;Q)∼=H∗(Sn;Q) by Lemma 3.1 and the first step.
– Existence of a non-zero degree map g : Sn−→M̃ : Combining the previous

steps with the rational Hurewicz theorem [6, Theorem 8.6] implies that the rational
Hurewicz homomorphism

hM̃
n : πn(M̃)⊗ZQ−→Hn(M̃ ;Z)⊗ZQ∼=Hn(M̃ ;Q)

[g]∗ �−→Hn(g;Z)([Sn]Z)⊗1

is surjective, and any (pointed) continuous map g : Sn−→M̃ that is mapped via hM̃
n

to an element of Hn(M̃ ;Q)\{0} has non-zero degree.
Composing g : Sn−→M̃ with the universal covering map M̃−→M hence shows that
M is dominated by Sn. �
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3.3. Integral approximations of simplicial volume

Determining the exact relation between ordinary simplicial volume and L2-Betti
numbers of oriented closed connected aspherical manifolds is a long-standing open
problem [11, p. 232]. Estimates between Betti numbers and simplicial volumes can
be obtained in the presence of some integrality of coefficients [12][22], based on
Poincaré duality and a counting argument as in Lemma 3.1. Hence, we are led
to the question in which sense ordinary simplicial volume can be approximated by
integral versions of simplicial volume and how these approximations relate to Betti
numbers and L2-Betti numbers.

On the one hand, one can use the action of the fundamental group to intro-
duce more flexibility in the coefficients. This leads to stable integral simplicial
volume (based on the integral simplicial volumes of all finite coverings) and integral
foliated simplicial volume (based on probability spaces with an action of the funda-
mental group) [7][16]. In contrast to L2-Betti numbers that can be computed by the
corresponding integral approximations [18][9], stable integral simplicial volume and
integral foliated simplicial volume of oriented closed connected hyperbolic manifolds
of dimension at least 4 do not coincide with ordinary simplicial volume [7][8].

On the other hand, ordinary simplicial volume of an oriented closed connected
manifold M coincides with [17, Remark 5.4]

inf
d∈N>0

1
d
·
∥∥d·[M ]Z

∥∥
1,Z.

Therefore, one can use the sequence Σ(M):=(‖d·[M ]Z‖1,Z)d∈N to introduce refined
versions of vanishing of simplicial volume. The strongest such vanishing occurs in
case the sequence Σ(M) contains a subsequence bounded by 1. This is exactly the
situation of Theorem 3.2, which gives a complete geometric characterisation of such
manifolds. More generally, the property that Σ(M) contains a bounded subsequence
is related to weak flexibility of homology classes [17, Theorem 5.1, Remark 5.4][5].
However, it is not clear how Σ(M) is related to L2-Betti numbers in the aspherical
case.

4. Manifolds of integral simplicial volume equal to 2

In the previous section, we gave a complete classification of manifolds with
integral simplicial volume equal to 1. The natural next step is to look at manifolds
with integral simplicial volume equal to 2.

Question 4.1. Which oriented closed connected manifolds M satisfy ‖M‖Z=2 ?
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Figure 2. Fundamental cycle σ−σ′ of the torus; the edges of the square are glued as indicated

However, this problem seems to be much harder than the case of integral sim-
plicial volume equal to 1. In the following, we will give some partial answers.

We begin with a small, but helpful, observation, generalising the parity aspect
of Lemma 2.3:

Lemma 4.2. (parity of cycles) Let M be an oriented closed connected manifold

of even dimension. Then ‖M‖Z is even.

Proof. Let n:=dimM and let c=
∑k

j=1 aj ·σj∈Cn(M ;Z) be an integral fun-
damental cycle. Because Δn has an odd number of (n−1)-faces and because the
singular n-simplices of M form a Z-basis of Cn(M ;Z), the definition of the bound-
ary operator yields that

∑k
j=1 aj is even. Then also |c|1=

∑k
j=1 |aj | is even and thus

‖M‖Z is even. �

4.1. Dimension 2

We start with the simple and well-known case of dimension 2:

Proposition 4.3. (integral simplicial volume of surfaces)
1. We have ‖S2‖Z=2.
2. If S is an oriented closed connected surface of genus g∈N≥1, then ‖S‖Z=

4·g−2.

Proof. In even dimension, there is no cycle consisting of a single simplex
(Lemma 2.3). Thus, oriented closed connected surfaces S satisfy ‖S‖Z≥2. Clearly,
‖S2‖Z=2 and ‖S1×S1‖Z=2; the latter can be seen from the fundamental cycle
depicted in Figure 2.

Let S be an oriented closed connected surface of genus g∈N>1. Then there
is an explicit triangulation of the regular 4·g-gon that shows that ‖S‖Z≤4·g−2
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[10][2]. On the other hand, we have

4·g−4 = ‖S‖≤‖S‖Z.

No fundamental cycle on S realises the optimal value ‖S‖=4·g−4 because no
straight singular simplex on H2 has maximal volume [13]. Therefore, ‖S‖Z>4·g−4.
Because ‖S‖Z is even (Lemma 4.2), we obtain the desired estimate ‖S‖Z≥4·g−2.
�

4.2. Dimension 3

As a next step, we consider 3-manifolds.

Proposition 4.4. The following oriented closed connected 3-manifolds M sat-

isfy ‖M‖Z=2:
S1×S2, RP 3, L(3, 1).

Proof. In view of Theorem 1.1, all of these manifolds have integral simplicial
volume at least 2.

Ad S1×S2: By Proposition 4.6 below, ‖S1×S2‖Z=2.
Ad RP 3: We describe an integral fundamental cycle for RP 3 that consists

of two singular simplices: We view RP 3 as quotient of the 3-ball D3 modulo the
antipodal action on ∂D3=S2. We consider the singular 3-simplices σ, σ′ on RP 3 as
depicted in Figure 3. Then

∂3(σ+σ′)= 0

and looking at the local degree shows that σ+σ′ represents [RP 3]Z. In fact, we
even have that the corresponding model space (in the sense of Remark 4.5) is
homeomorphic to RP 3.

Ad L(3, 1): The construction of a fundamental cycle of L(3, 1) consisting of
two singular simplices is a little bit more delicate: We view the lens space L(3, 1)
as quotient of the 3-ball D3, where points on the southern hemisphere of ∂D3=S2

are identified with points on the northern hemisphere after reflection at the equator
and rotating around the North-South axis by 2·π/3. We consider the two singular
3-simplices σ, σ′′ on L(3, 1) as depicted in Figure 4.

By construction, ∂3(σ+σ′′)=0 and looking at the local degree (inside the ball)
shows that σ+σ′′ represents 2·[L(3, 1)]Z. We now manipulate the local degree of σ′′

in order to obtain a fundamental cycle of L(3, 1): We may construct σ′′ in such a
way that σ′′ on the middle slice

S :=
{
(t0, t1, t2, t3)∈R4 ∣∣ t0+...+t3 =1, t0 = t3

}
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2
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1
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σ′

Figure 3. A fundamental cycle of RP 3 consisting of two singular simplices: The simplex σ fills the
northern part of the ball with the depicted combinatorial structure; here, the face σ¨i0 is the front
half of the northern hemisphere, and σ¨i1 is the back half of the northern hemisphere. Similarly,
the simplex σ′ fills the southern part of the ball.

of Δ3 is the obvious parametrisation of the equatorial “disk” in D3. Let P be
the Δ2-shaped pillow obtained from Δ2×[0, 1] by collapsing the vertical intervals
in ∂Δ2×[0, 1]. One can construct a continuous map τ : P−→L(3, 1) that coincides
with σ′′|S on the top and the bottom of P and that has local degree −3, as follows:
The universal covering of L(3, 1) is S3 (through a 3-sheeted covering). We can con-
struct a continuous map τ̃ : P−→S3 of local degree −1 that, on the top and bottom
of the pillow P , covers σ′′|S (this can be done by looking at the cellular structure
on S3 induced by the standard cellular structure on L(3, 1)). Hence, τ̃ pushes down
to a map τ : P−→L(3, 1) with the desired properties. We then glue τ into σ′′ at S;
because gluing P into Δ3 at S yields a space that is homeomorphic to Δ3 (while
preserving the boundary ∂Δ3), we thus obtain a singular simplex σ′ : Δ3−→L(3, 1)
of local degree 1−3=−2 with ∂3σ

′=∂3σ
′′.

Then ∂3(−σ−σ′)=0 and looking at the local degree shows that the cycle −σ−
σ′ represents [L(3, 1)]Z. �

The lens space L(3, 1) admits an obvious deomposition into two tetrahedra;
however, it is not hard to see that there is no affine parametrisation of these tetra-
hedra that yields an integral fundamental cycle of L(3, 1).

Remark 4.5. If M is an oriented closed connected 3-manifold that is not homo-
topy equivalent/homeomorphic to S1×S2, RP 3 or L(3, 1), then we have ‖M‖Z �=2:
The model space construction of Section 2 can be extended to the case of singular
cycles that consist of more than one simplex. If M has a fundamental cycle c con-
sisting of two singular simplices σ, σ′ : Δ3−→M , then (depending on the signs of
the coefficients) there are two types of matchings to be considered:

– If c=σ+σ′ (or c=−σ−σ′), then one obtains a bijection

{0, 2, 0′, 2′}−→ {1, 3, 1′, 3′},
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σ′′

Figure 4. A fundamental cycle of L(3, 1) consisting of two singular simplices: The simplex σ fills
the ball, where σ¨i0 covers the northern hemisphere, σ¨i3 covers the southern hemisphere and the
faces σ¨i1, σ¨i2 lie on the equator. The simplex σ′′ is constructed in a similar way; here, σ′′

¨i0
covers the southern hemisphere and σ′′

¨i3 covers the northern hemisphere. The simplex σ′ is then
obtained from σ′′ by inserting a pillow of local degree −3.

where the sets {0, ..., n} and {0′, ..., n′} correspond to the faces of σ and σ′ respec-
tively.

– If c=σ−σ′, then one obtains a bijection

{0, 2, 1′, 3′}−→ {1, 3, 0′, 2′}.

Similar to the proof of Proposition 2.6, a lengthy calculation shows that the
(connected components of the) corresponding model spaces constructed out of two
copies of Δ3 whose facets are glued according to these matchings have cyclic fun-
damental group. Moreover, we obtain (e.g., by computer calculations) the integral
homology groups of these model spaces in Table 1 and Table 2.

Hence, all these model spaces have first integral homology group isomorphic to

0, Z/2, Z/3, or Z.

Because these model spaces have cyclic (in particular, Abelian) fundamental group,
these are also the only possible isomorphism types of fundamental groups of such
model spaces.

Let π be the matching corresponding to the considered fundamental cycle c

of M , let Nπ=Δ3�Δ3/∼ be the associated model space, let βπ∈H3(Nπ;Z) be
the model class and let f : Nπ−→M be the continuous map modelling c. Then
H3(f ;Z)(βπ)=[M ]Z, and

Hk(Nπ;Z)
Hk(f ;Z)

�� Hk(M ;Z)

H3−k(Nπ;Z)

·∩βπ

��

H3−k(M ;Z)
H3−k(f ;Z)
��

∼= ·∩[M ]Z

��
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Table 1. Integral homology of model spaces for cycles consisting of two singular 3-simplices with
the same sign.

Matching H∗(·;Z) in degree
0 1 2 3

(0, 1) (2, 3) (0′, 1′) (2′, 3′) Z2 0 0 Z2

(0, 3) (2, 1) (0′, 1′) (2′, 3′) Z2 0 0 Z2

(0, 1′) (2, 3) (0′, 1) (2′, 3′) Z 0 0 Z

(0, 3) (2, 1′) (0′, 1) (2′, 3′) Z 0 Z Z

(0, 1′) (2, 1) (0′, 3) (2′, 3′) Z 0 0 Z

(0, 1) (2, 1′) (0′, 3) (2′, 3′) Z 0 0 Z

(0, 3′) (2, 1′) (0′, 3) (2′, 1) Z 0 Z Z

(0, 1′) (2, 3′) (0′, 3) (2′, 1) Z 0 Z2 Z

(0, 1′) (2, 3) (0′, 3′) (2′, 1) Z 0 Z Z

(0, 3′) (2, 3) (0′, 1′) (2′, 1) Z 0 0 Z

(0, 3) (2, 3′) (0′, 1′) (2′, 1) Z 0 Z Z

(0, 3) (2, 1′) (0′, 3′) (2′, 1) Z Z/3 0 Z

(0, 3′) (2, 1) (0′, 3) (2′, 1′) Z 0 0 Z

(0, 1) (2, 3′) (0′, 3) (2′, 1′) Z 0 0 Z

(0, 1) (2, 3) (0′, 3′) (2′, 1′) Z2 0 0 Z2

(0, 3′) (2, 3) (0′, 1) (2′, 1′) Z 0 0 Z

(0, 3) (2, 3′) (0′, 1) (2′, 1′) Z Z/2 0 Z

(0, 3) (2, 1) (0′, 3′) (2′, 1′) Z2 0 0 Z2

(0, 3′) (2, 1) (0′, 1′) (2′, 3) Z 0 0 Z

(0, 1) (2, 3′) (0′, 1′) (2′, 3) Z 0 0 Z

(0, 1) (2, 1′) (0′, 3′) (2′, 3) Z 0 Z Z

(0, 3′) (2, 1′) (0′, 1) (2′, 3) Z 0 Z2 Z

(0, 1′) (2, 3′) (0′, 1) (2′, 3) Z Z/2 0 Z

(0, 1′) (2, 1) (0′, 3′) (2′, 3) Z Z/2 0 Z

is commutative for all k∈N in view of the naturality of the cap-product. The
right vertical arrow is an isomorphism by Poincaré duality. Hence, Hk(f ;Z) :
Hk(Nπ;Z)−→Hk(M ;Z) is split surjective.

Moreover, covering theory shows that π1(f) : π1(Nπ)−→π1(M) is surjective.
Because π1(Nπ) is cyclic, also π1(M) is cyclic and thus isomorphic to H1(M ;Z). As
we have seen above, H1(f ;Z) is split surjective, and so π1(f) : π1(Nπ;Z)−→π1(M)
is split surjective. Therefore, the fundamental group of M is isomorphic to

0, Z/2, Z/3, or Z.

Now the classification of oriented closed connected 3-manifolds [1] shows that M is
homotopy equivalent (even homeomorphic) to S3, RP 3, L(3, 1), or S1×S2. As we
know that ‖S3‖Z=1 �=2 the only remaining candidates for M are RP 3, L(3, 1), or
S1×S2, as claimed.

4.3. Higher dimensions

The example of the torus generalises as follows:
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Table 2. Integral homology of model spaces for cycles consisting of two singular 3-simplices with
opposite signs.

Matching H∗(·;Z) in degree
0 1 2 3

(0, 1) (2, 3) (1′, 0′) (3′, 2′) Z2 0 0 Z2

(0, 3) (2, 1) (1′, 0′) (3′, 2′) Z2 0 0 Z2

(0, 0′) (2, 3) (1′, 1) (3′, 2′) Z 0 0 Z

(0, 3) (2, 0′) (1′, 1) (3′, 2′) Z 0 Z Z

(0, 0′) (2, 1) (1′, 3) (3′, 2′) Z 0 0 Z

(0, 1) (2, 0′) (1′, 3) (3′, 2′) Z 0 0 Z

(0, 2′) (2, 0′) (1′, 3) (3′, 1) Z 0 Z Z

(0, 0′) (2, 2′) (1′, 3) (3′, 1) Z 0 Z Z

(0, 0′) (2, 3) (1′, 2′) (3′, 1) Z 0 0 Z

(0, 2′) (2, 3) (1′, 0′) (3′, 1) Z 0 0 Z

(0, 3) (2, 2′) (1′, 0′) (3′, 1) Z 0 Z Z

(0, 3) (2, 0′) (1′, 2′) (3′, 1) Z 0 0 Z

(0, 2′) (2, 1) (1′, 3) (3′, 0′) Z 0 0 Z

(0, 1) (2, 2′) (1′, 3) (3′, 0′) Z 0 Z Z

(0, 1) (2, 3) (1′, 2′) (3′, 0′) Z2 0 0 Z2

(0, 2′) (2, 3) (1′, 1) (3′, 0′) Z 0 Z Z

(0, 3) (2, 2′) (1′, 1) (3′, 0′) Z Z Z Z

(0, 3) (2, 1) (1′, 2′) (3′, 0′) Z2 0 0 Z2

(0, 2′) (2, 1) (1′, 0′) (3′, 3) Z 0 0 Z

(0, 1) (2, 2′) (1′, 0′) (3′, 3) Z 0 0 Z

(0, 1) (2, 0′) (1′, 2′) (3′, 3) Z 0 0 Z

(0, 2′) (2, 0′) (1′, 1) (3′, 3) Z 0 Z Z

(0, 0′) (2, 2′) (1′, 1) (3′, 3) Z 0 0 Z

(0, 0′) (2, 1) (1′, 2′) (3′, 3) Z 0 0 Z

Proposition 4.6. For all n∈N>1 we have

‖S1×Sn−1‖Z = 2 =
{

‖S1‖Z ·‖Sn−1‖Z if n is odd

2·‖S1‖Z ·‖Sn−1‖Z if n is even.

Proof. Theorem 1.1 shows that ‖S1×Sn−1‖Z>1 because S1×Sn−1 ��Sn.
Therefore, it suffices to construct a fundamental cycle σ−σ′ of S1×Sn−1 consisting
of two singular simplices σ, σ′ : Δn−→S1×Sn−1. We now describe the construction
of such singular simplices; to this end we construct the two factors of these maps
separately.

The S1-factors are defined on Δn⊂Rn+1 by

σ1 =σ′
1 : Δn −→S1 ⊂C

(t0, ..., tn) �−→ e2πi·
∑n

j=0 j·tj .

In order to understand the definition of the Sn−1-factors we first give the
corresponding matchings:
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– If n is even, then we consider the matching π given by

0←→n′

1←→ 1′

2←→ 2′

...

n−1←→ (n−1)′

n←→ 0′.

Moreover, we define

d0 := 1 =: d′n d1 := 1 =: d′1
∀j∈{2,...,n−1} dj := 0 =: d′j dn := 0 =: d′0.

– If n is odd, then we consider the matching π given by

0←→n

1←→ 1′

2←→ 2′

...

n−1←→ (n−1)′

0′ ←→n′.

Moreover, we define

d0 := 1 =: dn d1 := 0 =: d′1
∀j∈{2,...,n−1} dj := 0 =: d′j d′0 := 0 =: d′n.

We choose x0∈Sn−1 and a homeomorphism Δn−1/∂Δn−1 that maps the point
associated with ∂Δn−1 to x0. We denote the constant map with value x0
by c : Δn−1−→Sn−1 and the projection corresponding to the above homeomor-
phism by p : Δn−1−→Δn−1/∂Δn−1∼=TopS

n−1. For j∈{0, ..., n} we then define

σ2,j :=
{
c if dj=0
p if dj=1.

Because
∑n

j=0(−1)j ·dj=0, these maps can be extended to a continuous
map σ2 : Δn−→Sn−1 with σ2¨ij=σ2,j for all j∈{0, ..., n}. In the same way, we
construct σ′

2 : Δn−→Sn−1 using d′0, ..., d
′
n.

Finally, we set
σ := (σ1, σ2) and σ′ := (σ′

1, σ
′
2).



370 Clara Löh

Because the d0, ..., dn and d′0, ..., d
′
n are compatible with the matching π, the faces

of σ2 and σ′
2 cancel according to π. Also σ1 and σ′

1 are compatible with the match-
ing π because for all (t0, ..., tn)∈Δn we have

∑n
j=0 tj=1, and so σ1¨i0=σ1¨in etc.

Thus, σ−σ′ is a singular cycle on S1×Sn−1.
It remains to show that σ−σ′ represents [S1×Sn−1]Z. To this end we choose

singular cocycles f1∈ C1(S1;Z) and f2∈Cn−1(Sn−1;Z) dual to [S1]Z and [Sn−1]Z
respectively; without loss of generality, we may assume that f2(c)=0. Then the
cohomological cross-product f1×f2 is a cocycle on S1×Sn−1 that is dual to [S1]Z×
[Sn−1]Z=[S1×Sn−1]Z. Therefore, it suffices to show that (f1×f2)(σ−σ′)=1. Us-
ing the explicit description of the cohomological cross-product via the Alexander-
Whitney map, we obtain

(f1×f2)(σ−σ′)= (−1)n−1 ·
(
f1(σ1�1)·f2(n−1�σ2)−f1(σ′

1�1)·f2(n−1�σ′
2)
)

=(−1)n−1 ·(1·dn−1·d′n)
= 1.

Therefore, σ−σ′ is a fundamental cycle of S1×Sn−1. �

In particular, in even dimensions spheres are not the only oriented closed con-
nected manifolds with integral simplicial volume equal to 2.

We now turn our attention to products of higher-dimensional spheres. In cer-
tain cases, we can show that these have integral simplicial volume larger than 2.
However, the general case is still wide open.

Lemma 4.7. Let M be an oriented closed connected n-manifold with ‖M‖Z=2.
Then for all k∈N we have:

1. If k is even, then Hk(M ;Z) is cyclic.

2. If k is odd, then Hk(M ;Z) can be generated by two elements.

Proof. Because of ‖M‖Z=2, there exist singular simplices σ, τ : Δn−→M such
that σ+τ or σ−τ is a cycle in Cn(M ;Z) representing ±[M ]Z. Without loss of
generality, we may assume that [σ+ε·τ ]=[M ]Z∈Hn(M ;Z) where ε∈{−1, 1}.

It suffices to treat the case k∈{1, ..., n−1}. As in the proof of Lemma 3.1, we
consider the Poincaré duality isomorphism

ϕk := · ∩[M ]Z : Hn−k(M ;Z)−→Hk(M ;Z)

[f ] �−→ (−1)(n−k)·k ·
[
f(n−k�σ)·σ�k
+ε·f(n−k�τ)·τ�k

]
Clearly, the image of ϕk can be generated by two elements or less. If k is even,
then neither σ�k nor τ�k is a cycle (Lemma 2.3); hence, there is (up to integral
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rescaling) at most one Z-linear combination of σ�k and τ�k that is a cycle. Thus,
the image of ϕk is cyclic. Because ϕk is an isomorphism and hence surjective, the
result follows. �

In general, these bounds cannot be improved as the example of the torus in
dimension 2 shows (Proposition 4.3).

Proposition 4.8. Let n∈N be even. Then

‖Sn×Sn‖Z ≥ 4 = ‖Sn‖Z ·‖Sn‖Z.

Proof. On the one hand, ‖Sn×Sn‖Z is even (Lemma 4.2). On the other hand,
by Lemma 4.7, we have ‖Sn×Sn‖Z>2 because Hn(Sn×Sn;Z)∼=Z2 and n is as-
sumed to be even. �

Remark 4.9. We have

‖S2×S4‖Z ≥ 4 = ‖S2‖Z ·‖S4‖Z.

Indeed, ‖S2×S4‖Z is even by Lemma 4.2. Because this integral simplicial volume
is non-zero it suffices to prove that ‖S2×S4‖Z �=2.

As in Remark 4.5 we consider model spaces for cycles consisting of two singular
6-simplices. All such cycles are modelled by matchings that are bijections

{0, 2, 4, 6, 1′, 3′, 5′}−→ {1, 3, 5, 0′, 2′, 4′, 6′}.

Calculating the homology of the model spaces of all possible matchings (via a com-
puter) shows that they all have second integral homology that does not surject
onto Z. On the other hand, if ‖S2×S4‖Z were equal to 2, then the cap-product
argument of Remark 4.5 shows that the model map on second integral homology
would need to be surjective. This shows that ‖S2×S4‖Z �=2.

Question 4.10. (integral simplicial volume of products) If M and N are ori-
ented closed connected manifolds, then the ordinary simplicial volume (with R-co-
efficients) satisfies [10][2]

‖M‖·‖N‖≤‖M×N‖≤
(

dimM+dimN

dimN

)
·‖M‖·‖N‖.

The upper estimate is based on the homological cross-product and works in the
same way also for the integral simplicial volume. But the lower estimate depends
on the Hahn-Banach theorem, and the argument does not carry over to the integral
setting. Hence, one might ask whether also ‖M‖Z ·‖N‖Z≤‖M×N‖Z holds.



372 Clara Löh

5. Integral simplicial volume is not computable

We will now briefly introduce the relevant setup for computability and derive
the non-computability statement of Corollary 1.3 from Theorem 1.1:

For n∈N we let Kn be the countable set of all finite n-dimensional simplicial
complexes whose vertices form a subset of N and we let Tn be the subset of all such
complexes whose geometric realisation is an oriented closed connected topological
n-manifold. We now consider an injection in : Kn−→N with the property that
for every K∈Kn the number in(K) can be calculated by integer arithmetic from
the set of simplices, and conversely such that for every m∈in(Kn) the complex K

with in(K)=m can be reconstructed by integer arithmetic. For example, such a
map in can be obtained by considering suitable products of prime numbers.

Using in, we can interpret notions from computability on Tn: A function
f : Tn−→N is computable [resp. semi-computable], if the associated function f ¨

i−1
n : in(Tn)−→N is a partial recursive [resp. μ-recursive] function N−→N with do-

main in(Tn). A subset A⊂Tn is called decidable [resp. semi-decidable] if there is a
computable [resp. semi-computable] function f : Tn−→N satisfying A=f−1(0) and
Tn\A=f−1(1). For the exact definition of (μ-)recursive functions and the relation
with Turing machines we refer to the literature [4].

We can now formulate Corollary 1.3 in a more precise way:

Corollary 5.1. (non-computability) Let n∈N≥5 be odd.

1. Then the set {
K ∈Tn

∣∣ ‖ |K| ‖Z =1
}

is not decidable.

2. In particular, the function

In : Tn −→N

K −→ ‖ |K| ‖Z

is not computable.

Proof. Ad 1. In view of Theorem 1.1, we have{
K ∈Tn

∣∣ ‖ |K| ‖Z =1
}

=
{
K ∈Tn

∣∣ |K| �Sn
}
,

which is known to be not decidable [20].
Ad 2. If In were computable, then the set I−1

n (1)⊂Tn were decidable, which
contradicts the first part. Hence, In is not computable. �
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Remark 5.2. (semi-computability) For all n∈N the function In : Tn−→N is
semi-computable in the following sense: If m∈N, then the set

I−1
n

(
{0, ...,m}

)
=
{
K ∈Tn

∣∣ ‖|K|‖Z ≤m
}

is semi-decidable: Let K∈Tn. If c∈Cn(|K|;Z) is a cycle, then the simplicial approx-
imation theorem and an inductive construction of (relative) homotopies shows that
there is a k∈N and a singular chain c′∈Cn(|K|;Z) with the following properties:

– We have [c]=[c′] in Hn(|K|;Z) and |c′|1≤|c|1.
– The chain c′ is a generalised simplicial chain, i.e., it consists of singular

simplices Δn−→K that are geometric realisations of simplicial maps from the k-fold
barycentric subdivision of Δn (viewed as simplicial complex in the standard way)
to K.
Moreover, all the following operations can be performed by Turing machines: enu-
merate all barycentric subdivisions of Δn, enumerate all simplicial maps between
two finite simplicial complexes, check whether a generalised simplicial Z-chain on a
finite simplicial complex in Tn is a fundamental cycle, and compute the �1-norm of
a generalised simplicial singular Z-chain.

Hence, there is a Turing machine acting on inputs K from Tn such that: If
‖|K|‖Z≤m, then the Turing machine stops and accepts K. If ‖|K|‖Z>m, then the
Turing machine does not stop or, if it stops, does not accept K. In other words,
the set I−1

n ({0, ...,m}) is semi-decidable.

However, in certain restricted situations, integral simplicial volume at least is
a finite-to-one map:

Proposition 5.3. Let m∈N. Then there exist only finitely many homeomor-

phism types of oriented closed connected 3-manifolds M with ‖M‖Z≤m.

The proof uses models of singular cycles, similar to the ones discussed in the
previous sections. A more detailed description of such combinatorial models of
cycles and their associated homology classes can be found in the discussion of weak
flexibility [17, Section 5.1].

Proof. Let n∈N. Then there exist only finitely many different combinato-
rial types of singular n-cycles with Z-coefficients and �1-norm at most m. These
finitely many combinatorial types can be combined into a finite connected simpli-
cial complex X and a class α∈Hn(X;Z) with the following property: If M is an
oriented closed connected n-manifold with ‖M‖Z≤m, then there is a continuous
map f : X−→M satisfying

Hn(f ;Z)(α)= [M ]Z.
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Now let n=3; in particular, n≤5. Then by Thom’s work [23] on representing homol-
ogy classes through manifolds, there is an oriented closed connected n-manifold N

and a continuous map g : N−→X with

Hn(g;Z)([N ]Z)=α.

Composing these maps, we see that N dominates every oriented closed connected
3-manifold M with ‖M‖Z≤m through a map of degree 1. However, every oriented
closed connected 3-manifold can dominate only finitely many other homeomorphism
types of oriented closed connected 3-manifolds [14][3]. �
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