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Salem sets in vector spaces over finite fields

Changhao Chen

Abstract. We prove that almost all random subsets of a finite vector space are weak Salem
sets (small Fourier coefficient), which extend a result of Hayes to a different probability model.

1. Introduction

Let F), denote the finite field with p elements where p is prime, and IFZ be the

d-dimensional vector space over this field. Let ECFg. We use the same notation as
in Babai [3], Hayes [4] to define that
(1) ®(E) =max |E(¢)].
Here and in what follows, we simply write E(z) for the characteristic function of
E, E its discrete Fourier transform which we will define in Section 2. For EF#0, we
mean that £ is a non-zero vector of Fg. Applying the Plancherel identity, we have
that for any ECIFg with #E<p?/2,

) VHE2 < B(E) < #E.

See Babai [3, Proposition 2.6] for more details. The notation #F stands for the car-
dinality of a set E. Observe that the optimal decay of E({ ) for all ££0 are controlled
by O(v/#FE). We write X=0(Y"), which means that there is a positive constant C
such that X <CY, and X=0(Y) if X=0(Y) and Y=0(X). Tosevich and Rudnev
[6] called these sets Salem sets. To be precise, we show the definition here.

Definition 1.1. ([6]) A subset ECFZ is called a Salem set if for all non-zero &
of F¢
p’

(3) |E(€)|=O(\/#E).
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Note that this is a finite fields version of Salem sets in Euclidean spaces.
Roughly speaking, a set in FEuclidean space is called a Salem set if measures ex-
ist on this set, and the Fourier transform of these measures have optimal decay; see
[2] and [9, Chapter 3] for more details on Salem sets in Euclidean spaces.

It is well known that the sets with small Fourier coefficient play an important
role in many topics, e.g., see [3], [9] and [12]. For some applications of Salem sets
in vector spaces over finite fields, see [5], [6] and [7].

In [4, Theorem 1.13] Hayes proved that almost all m-subset of F¢ are (weak)
Salem sets which answers a question of Babai. To be precise, let E=FE*“ be selected
uniformly at random from the collection of all subsets of ]Fg which have m vectors.
Let Q(Fg, m) denotes the probability space.

Theorem 1.2. (Hayes) Let e>0. Let m<p?/2. For all but an O(p~%) prob-
ability E€Q(Fd, m),

(4) D(FE)<24/2(1+e)mlogp?=0 (\/mlogpd) .

For convenience we call this kind of subset of IFZ weak Salem set.

1.1. Percolation on Fg

There is an another random model which is closely related to the random
model Q(FZ, m). First, we show this random model in the following. Let 0<§<1.
We choose each point of Fg with probability é and remove it with probability 1—4,
all choices being independent of each other. Let E=FE®“ be the collection of these
chosen points, and Q:Q(]Fg, ) be the probability space. Note that both random
models Q(F¢,m) and Q(FZ,6) are related to the well known Erdds-Rényi-Gilbert
random graph models.

Note that the random model Q(Fg, ) has more independence than the random
model Q(F¢,m). The independence of different vectors in the model Q(FZ, §) often
make the analysis easier. For example, let FCF? then (under the model Q(F¢,4))

P(F C E)=*F.
On the other hand for the random model Q(Fg, m), m>#F, we have

m(m—1)..(m—#F+1)
pHpt=1)..(p = #F+1)

We also show roughly that the model Q(Fg,é) is closely related to the model
Q(Fg,m) with m=p?6. Observe that if #F is uniformly bounded, i.e. #F<C

(5) P(FCE)=
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where C is a positive constant and m— o0, then the identity (5) becomes (the
dependence become weaker)

P(F C E) —» <%>#F.

Meanwhile, the law of large numbers implies that with high probability each element
of Q(Fg, §) has roughly p?§=m amount of vectors.

We note that Hayes [4] proved a similar result to Theorem 1.2 for the random
model Q(F¢,1/2). However, the martingale argument for Q(F, 1/2) and Q(F%,m)
of [4] do not apply easily to the random model Q(F%, §) for other values of §7£1/2.
Babai [3, Theorem 5.2] used the Chernoff bounds for the model Q(FZ,1/2), but it
seems that the method also can not be easily extended to general §. We note that
Babai [3], Hayes [4] proved their results in general finite Abelian group, see [3] and
[4] for more details. For the finite vector space IFZ (special Abelian group) we extend
their result to general 9.

Theorem 1.3. Let £>0. Let 6€(p°~%,1) with fived small £o>0. For all but
an O(p~%) probability E€Q(FL, 6),

(6) D(E) <2/ (1+2)op log p? = O (\/3pTlogp)

We know that almost all set E€Q(F%, §) has size roughly ép®. This follows by
Chebyshev’s inequality,
1 4pd§(1—6) 1
7 P(|#E—pd| > —plo) < ——r? =0 — | .
7) (#8812 505) < Loy o
We immediately have the following corollary, which says that almost all Ee€
Q(F4,6) is a weak Salem set.

Corollary 1.4. Let £>0. Let 5€(p®°~%,1) with fized small £9>0. For all but
an O(max{p~%, #}) probability EEQ(F%, 9),

®) B(©)|=0 (V#Elogp?).

In Fg, it seems that the only known examples of Salem sets are discrete
paraboloid and discrete sphere. We note that both the size of the discrete paraboloid
and the discrete sphere are roughly p?—!, see [6] for more details. It is natural to
ask that does there exist Salem set with any given size m<p™. The above results
and [8, Problem 20] suggest the following conjecture.
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Conjecture 1.5. Let s€(0,d) be a non-integer number and C be a positive
constant. Then
. P(E)
min

B VEE

where the minimal taking over all subsets ECIF‘Z with p*/C<#E<Cp®.

—> 00 as p— o0,

2. Preliminaries

In this section we show the definition of the finite field Fourier transform, and
some easy facts about the random model Q(IFZ, 0). Let f:IFg—ﬂC be a complex
value function. Then for £€F g we define the Fourier transform

(9) fE) =3 fla)e =7,

we]Fg

where the dot product x-¢ is defined as £1£1+...+z,&p,. Recall the following Plancherel
identity,

S IFOP =" f @)

EE]Fg xG]Fg
Specially for the subset of F CFg, we have
(10) D IE©P =p"#E.

£eld

For more details on discrete Fourier analysis, see Stein and Shakarchi [11].
We show some easy facts about the random model Q(Iﬁ‘g,é) in the following.

Let £#£0, then the expectation of E(ﬁ) is

E(EE€)=6> ¢ 7 =0.
:cE]Fg
Since ari(oy
EQP= ) E@Ee  »
z,y€Fd
_2mi(z—y)-€
=Y E@+ Y, BE@Eye 7 ,
zeFd z#y€eFd
we have R (ot
E(|B©P)=api+0> 3 T
r#y€erd

=p?5(1-9).
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We may read this identity as (for small §)

B@©)l=0 (V') =0 (VFE).

3. Proof of Theorem 1.3

For the convenience of use, we formulate a special large deviations estimate in
the following. For more background and details on large deviations estimate, see
Alon and Spencer [1, Appendix A].

Lemma 3.1. Let {Xj}é»\[:1 be a sequence independent random variables with
|X;1<1, ,ulzzzN E(X;), and /,[/2::2;\[:1 E(X?). Then for any a>0, 0<A<1,

j=1
N
2
(11) P(’ ZXJ‘| >a) < g AatA ;La(e,\u1+8_ml).
Jj=1
Proof. Applying Markov’s inequality to the random variable e* 355 X5 This
gives
al N
P(Y X5 = a) =P( 2% % > )
j=1
(12) < e—AOé]E(e)\ Z;.Vzl Xj)

N
— H E(e/\xj),
j=1

the last equality holds since {X,}; is a sequence independent random variables.
For any |z|<1 we have
e <l+z+a>.

Since |AX;| <1, we have
M <THAX;+NXT,

and hence
E(eM9) <1+EAX;)+E(A\X7)
< e]E()\Xi)'HE()\ZX?)'

Combining this with (12), we have

N
P(Z X;>a)< PERCESVEED YTy
=1
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Applying the similar way to the above for ]P’(Z;-V:l X;>—a), we obtain
N
P(— Z X;>a)< e ram At uz
Jj=1

Thus we finish the proof. [

The following two easy identities are also useful for us.

ZCOS27T;.§=RG Ze_% =0

(13) zeFd zeFd
, 2ma-£ 1+cos4”Tf'5 1y
Y et 26y T
wEFg zng

Proof of Theorem 1.3. Let £#£0 and E€Q(IF§,6). Let

BE()= Y Bla)e 5 =R+iT

xE]Fg

where R and is the real part of E(¢), and Z is the imagine part of E(£). First we
provide the estimate to the real part R. By the Euler identity, we have

R= Z E(x) cos(Qﬂ-xf).

z€Fd

E(x) cos (2Wm.€> , xE]F;l
p

is a sequence of independent random variables. Furthermore, applying the identities
(13), we have

Note that

1
(14) p1=0 and po= §pd5.

Here 1, po are defined as the same way as in Lemma 3.1. Let

(15) a:= \/2(1+5)pd510gpd, and \:= ]%,
Note that 0<A<1 for large p. Applying Lemma 3.1, we have

P(|R| > a) < 2e Aot ne

16 -
10) Y
pd(1+5)
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Now we turn to the imagine part Z. Applying the similar argument to the
real part R, note that the identities (13) also hold if we take sin instead of cos, we
obtain

P(Z]za) < W-

Combining this with the estimate (16), we obtain

~ 4
(17) P(|E(§)|2\/§Q)SP(\R|2@)+P(|I|2@)§W
Observe that the above argument works to any non-zero vector £. Therefore,
we obtain
~ 4
(18) PEEA0. st |E(©)]=VI0)< 2.

Recall the value of « in (15),

a=4/2(1+¢&)pélog p?,
this completes the proof. [

Remark 3.2. Let EC]Fg with #E=p®. By Mockenhaupt and Tao [10, p.47],
we define the Fourier transform of E at £ as

~ 1 2miaz
B§) =55 3 B(a)e 57

z€Fd
Then the estimate (3) in the definition of Salem sets becomes (for ££0)

|E(©)|=0(p%).

We note that this form is the ‘same’ as the definition of Salem sets in Euclidean
spaces, see [9, Chapter 3].
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