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Spectral analysis of the subelliptic oblique
derivative problem

Kazuaki Taira

Dedicated to the memory of Professor Louis Boutet de Monvel (1941-2014)

Abstract. This paper is devoted to a functional analytic approach to the subelliptic
oblique derivative problem for the usual Laplacian with a complex parameter A\. We solve the
long-standing open problem of the asymptotic eigenvalue distribution for the homogeneous oblique
derivative problem when |A| tends to co. We prove the spectral properties of the closed realization
of the Laplacian similar to the elliptic (non-degenerate) case. In the proof we make use of Boutet
de Monvel calculus in order to study the resolvents and their adjoints in the framework of L2
Sobolev spaces.

1. Formulation of the oblique derivative problem

Due to Poincaré [19], it is known that the oblique derivative problem arises
naturally when determining the gravitational field of the moon, the earth and the
other celestial bodies.

In physical geodesy, investigations of the Earth’s gravity field based on surface
gravity data are usually associated with a simultaneous determination of the figure
of the Earth. The precise 3D positioning by the Global Navigation Satellite Systems
has brought new possibilities in gravity field modelling. Terrestrial gravimetric mea-
surements located by precise satellite positioning yield oblique derivative boundary
conditions in the form of surface gravity disturbances. Now the shape of the Earth
can be obtained by geometric satellite triangulation and satellite altimetry over the
oceans. In this way, the (linearized) fixed gravimetric boundary value problem in
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physical geodesy is an oblique derivative problem for the Laplace equation in the
Earth’s exterior, where the physical surface of the Earth is assumed to be known
(see [4] and [16]).

In this paper we will deal with an interior oblique derivative problem in a
bounded domain. It should be noticed that the analysis of harmonic functions in
an exterior domain can be reduced to that of harmonic functions in a bounded
domain by using the Kelvin transform, called the inverse radii transform (see [3,
Chapter 4]).

Let € be a bounded domain of Euclidean space R™, n>3, with smooth bound-
ary I'=09Q; its closure Q=QUT is an n-dimensional, compact smooth manifold with
boundary I'. In this paper, for the usual Laplacian
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we consider an oblique derivative boundary condition B~ such that

ou ou
Bryu= = a(z") 8—n—|—a(x’) .
Here:
(1) acC>=(T).
(2) a(z') is a real, smooth tangential vector field on I'. More precisely, in terms
of a local coordinate system (x1,xs,...,2,—1) of T, the vector field a(z’) has the
local expression

a(e) =Y (e 5

(3) v=a(z') n+a(a’) is a smooth, nowhere vanishing vector field on I" where
n=(ni,na,...,Ny) is the unit outward normal to T

We study the following homogeneous oblique derivative problem: Given a func-
tion f(z) defined in Q, find a function u(z) in Q such that

an {(A—)\)u:f in €,
. Byu=a(z') 2% +a(z’)u=0 onT,
where A is a complex parameter.

We remark that the oblique derivative problem (1.1) is non-degenerate (or
coercive) if and only if a(2’)#0 on T', that is, the vector field v=a(z’) n+a(z’) is
nowhere tangent to I' (see [9] and [13]).
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2. Statement of main result

Our starting point is to state an existence and uniqueness theorem of the
subelliptic oblique derivative problem (1.1) in the framework of L? Sobolev spaces
when || tends to oo, due to [29, Theorem 2.2]:

Theorem 2.1. Assume that the following hypothesis (H) is satisfied:

(H) The vector field a(z') is non-zero on the set To={z'€T:a(x’)=0} of tan-
gency and, along the integral curve z(t, x() of a(x’) passing through xy €Ty at t=0,
the function: t—a(xz(t,xf)) has zeros of even order <2k for some non-negative
integer k.

Then, for every 0€(—m, ) there exists a constant R(0)>0, depending on 6,
such that if \=r2 e satisfies the condition |\|=r>>R(0), the homogeneous oblique
derivative problem (1.1) has a unique solution u€ H?(Q) for any f€L*(Q). More-
over, we have the a priori estimate

(2.1) l[ull 2 o) Al L2@) < CO)fllL2(0)

with a constant C'(6)>0 depending on 6.
Here and in the following H®(Q)=W?*2(Q) denotes the L? Sobolev space of

order s on Q.

Remark 2.2. The hypothesis (H) implies that the function a(z’) does not
change sign on the boundary I". This is called Case I in Guan—Sawyer [11]. More-
over, it is easy to see that the hypothesis (H) is equivalent to saying that the vector
field v is of finite type on T" defined in Smith [23] and Guan—Sawyer [11].

The elliptic estimate (2.1) for a degenerate problem works, since we are con-
sidering the homogeneous boundary condition. On the other hand, we can give
a necessary and sufficient condition in order that the non-homogeneous oblique
derivative problem

(A=XNu=f in Q,
{B’yu—gp onTI’
is subelliptic in the framework of L? Sobolev spaces (see [25, Théoréme 11]).
Now we associate with the homogeneous oblique derivative problem (1.1) a
densely defined, closed linear operator

Ay : L2(Q) — L*(Q)

in the Hilbert space L?(f2) as follows (see Claim 8.1 for p:=2):
(a) The domain D(23) of definition is the space

(2.2) D(Az)={ue H*(Q): Byu=0onT}.
(b) Asu=Auwu for every ueD(2s).
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In this paper, by combining Agmon [2, Theorems 14.4 and 15.1] with Theo-
rem 2.1 we shall prove the following spectral properties of the closed realization 25
of A similar to the elliptic (non-degenerate) case:

Theorem 2.3. Assume that the hypothesis (H) is satisfied. Then the operator
Ay enjoys the following five spectral properties:

(i) The spectrum of Ay is discrete and the eigenvalues \; of Ao have finite
multiplicities.

(ii) All rays arg A=0 different from the negative axis are rays of minimal growth
of the resolvent (Aa—AXI)~L. In fact, we have, by estimate (2.1),

H(%_u)lug%"’) for all N> R(0).

(iii) The negative axis is a direction of condensation of eigenvalues of Ao; more
precisely, for each £>0 there are only a finite number of eigenvalues outside the
angle: —m+e<f<m—e.

(iv) Let

be the number of eigenvalues A\; such that Re \;>—t, where each \; is repeated
according to its multiplicity. Then the asymptotic eigenvalue distribution formula

]

N = 20 7n/2T (n/2+1)

t"/2—|—o(t”/2) as t—+o0

holds true. Here || denotes the volume of the domain Q.
(v) The generalized eigenfunctions of s are complete in the Hilbert space
L2(2); they are also complete in the domain D(RUs) in the H*(Q)-norm.

Theorem 2.3 solves the long-standing open problem of the asymptotic eigen-
value distribution for the subelliptic oblique derivative problem (1.1). Theorem 2.3
(and Theorem 10.1) was announced in the previous paper [29, Corollary 2.3].

The rest of this paper is organized as follows. In Section 3 we formulate a
characterization of classical subelliptic pseudo-differential operators due to Egorov
[8] and Hérmander [15] (Theorem 3.1) which plays a crucial role in this paper. In
Section 4 we consider non self-adjoint eigenvalue problems for a general second-
order, uniformly elliptic differential operator A. In particular, we characterize some
spectral properties of the closed realization A of A in terms of their resolvents
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(Theorem 4.1), essentially due to Agmon [2, Theorems 14.4 and 15.1]. In Section 5
we prove that an oblique derivative problem
{Au: f inQ,

(2.3)
Byu=0 onT

can be reduced to the study of a pseudo-differential operator T on the boundary T’
(Proposition 5.2). The virtue of this reduction is that there is no difficulty in tak-
ing adjoints or transposes after restricting the attention to the boundary, whereas
boundary value problems in general do not have adjoints or transposes. In Subsec-
tion 5.1 we study the oblique derivative boundary condition B in the framework of
LP Sobolev spaces. In Subsection 5.2 we show precisely that the oblique derivative
problem (2.3) can be reduced to the study of the pseudo-differential operator T' on
I" in the framework of L” Sobolev spaces (Theorem 5.6). In Subsection 5.3 we prove
that if condition (H) is satisfied, then the index of the oblique derivative problem
(2.3) is independent of p for all 1<p<oo (Theorem 5.6). In Section 6 we prove a
uniqueness theorem for the non-homogeneous oblique derivative problem

{(IA)uf in €,

(2.4)
Bryu=¢p on I'

in the framework of LP Sobolev spaces (Theorem 6.1). In Section 7, by using the
Poisson kernel of 1—A in the ezterior domain of  we reduce the homogeneous
oblique derivative problem (2.4) to the study of a first-order, pseudo-differential
operator T on the boundary I' (Proposition 7.1), just as in Smith [23] and Guan-—
Sawyer [11]. In Section 8 we can express explicitly the unique solution u of the
homogeneous oblique derivative problem

{(1—A)u:f in Q,

(2.5)
Byu=0 on I

Moreover, we can characterize the regularity property of the resolvents for the
oblique derivative problem (2.5) (Corollary 8.2). In Section 9 we prove Theorem 2.3,
by using Boutet de Monvel calculus (see Boutet de Monvel [5], Rempel-Schulze [20],
Schrohe [21]). Our proof of Theorem 2.3 is based on Theorem 4.1. However, in the
subelliptic case we cannot use Green’s formula in order to characterize the adjoint
operator 5. Therefore, we shift our attention to the resolvent 235!, instead of
5. More precisely, we verify all the conditions of Theorem 4.1 for the resolvent
(A3—1)~! (see Remark 4.2). In the last Section 10 we remark that Theorem 2.3
for the Laplacian A remains valid for a general second-order, uniformly elliptic
differential operator A with real smooth coefficients (Theorem 10.1).
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3. Subelliptic pseudo-differential operators

Let ©Q be an open subset of R". A properly supported, pseudo-differential
operator A in the Hormander class L7’;(£2) of order meR is said to be subelliptic
with loss of some 6€]0,1) if, for every compact K C€, s€R and t<s+m—4 there
exists a constant C'g 5 >0 such that we have the inequality

HU”Herm—J(Q) < CK,s,t (HAU”H&(Q) + ||u||Ht(Q)) for all UGC}?(Q)

Here
C% () := the space of functions in C*° () with support in K.

It is known (see Hormander [14, Theorem 1.4.3]) that subelliptic operators are
hypoelliptic, with loss of J-derivatives.

Egorov [8] and Hérmander [15] have obtained necessary and sufficient con-
ditions in order that a properly supported, classical pseudo-differential operator
AeLT () of order m is subelliptic. More precisely, we have the following theorem
(see [15, Theorem 3.4] and [31, Theorem I]):

Theorem 3.1. (Egorov—Hérmander) Let A be a properly supported, pseudo-
differential operator in the class L7 () having the principal symbol a,(z, ). Then
A is subelliptic with loss of some §€[0,1) if and only if, at every point xo of ) there
ezists a neighborhood V' of xg such that the following two conditions are satisfied:

(i) For any point (x,£)eV x (R™\{0}), the function

(31) (HRe ZQm )j (Im ZGM)(J:’g)

is different from zero for some complex number z and some non-negative integer
Jj<6/(1-9). Here Hy is the Hamilton vector field defined by the formula

“Of 0 <= Of 0
H=Y L _— _ .

(ii) If j is an odd integer and is the smallest integer such that the function
(3.1) is not identically equal to zero, then the function (3.1) is non-negative for all

(z,8) eV x (R™\{0}).

4. Non self-adjoint eigenvalue problems

Let A be a second-order, uniformly elliptic differential operator with real coef-
ficients on the closure Q=QUT such that

- ij & - i 0
A=) "a"(x) IS +y V() o +¢(x).
=1 =1
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Here:
(1) ¥ €C>=(Q) and a¥ (z)=a’*(z) for all z€Q and 1<i, j<n, and there exists
a constant cg>0 such that

> a(@)&g; 2 col¢l? for all (z,§) QxR
4,j=1

(2) b'eC>(Q) for all 1<i<n.
(3) ceC>=(Q).
We consider a densely defined, closed linear operator

A:L?(Q) — L*(Q)

in the Hilbert space L?(f2) that satisfies the following four conditions (see Agmon
[2, Theorem 15.1]):
(a) The domain D(A) of definition is a subspace of H*(Q):

D(A) C H*(Q).

(b) Au=Au for every ue D(A).
Its adjoint operator
A" L2(Q) — L*(Q)

is characterized as follows:
(c) The domain D(A*) of definition is a subspace of H2(£2):

D(A*) C H*(Q).

(d) A*u=A"u for every ucD(A*).
Here A’ is the formal adjoint differential operator of A.

Then we can prove the following spectral properties of the closed realization A
of A (see [2, Theorems 14.4 and 15.1]):

Theorem 4.1. Assume that the operator A satisfies the following two condi-
tions:

(A) All rays arg A\=0 different from the negative azis are rays of minimal
growth of the resolvent (A—XI)~'. Namely, there exist constants R(0)>0 and
C(0)>0, depending on 0, such that we have, for all |A\|>R(6),

Jea-an < S,
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(B) There exists a positive integer k such that

and that
(4.1) D(AF)UD((A")) C H*(Q).

Then we have the following four assertions:

(i) The spectrum of A is discrete and the eigenvalues A; of A have finite mul-
tiplicities.

(ii) The negative axis is a direction of condensation of eigenvalues of A. More
precisely, there are only a finite number of eigenvalues outside the angle: —m+e<
0<m—e, for each £>0.

(iii) Let

N(t):= Z 1

Re)\jz—t
be the number of eigenvalues A\; such that Re A;>—t, where each \; is repeated

according to its multiplicity. Then the asymptotic eigenvalue distribution formula

1

M= Gy

/ |A(z)| dx ~t”/2+o(t”/2) as t——+oo
Q

holds true. Here |A(z)| denotes the volume of the subset
Az)= {g ER™: Y a () < 1}.
ij=1

(iv) The generalized eigenfunctions of A are complete in the Hilbert space
L2(Q); they are also complete in the domain D(A) in the H?(Q))-norm.

Remark 4.2. Condition (4.1) may be replaced by the following (see Agmon [2,
Section 15, p. 263]):

(4.2) R(AF)UR((A") ") c HZ* ().

Indeed, it suffices to note that
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5. The homogeneous oblique derivative problem

In this section, by using the Dirichlet problem we consider the homogeneous
oblique derivative problem for second-order, uniformly elliptic differential operators
in the framework of LP Sobolev spaces.

5.1. Formulation of the oblique derivative problem

If 1<p<oo, we introduce a mazimal domain H4(€2) for the operator A in the
Banach space L?(Q2) as follows:

Ha(Q)={ueLP(Q): Auec L’(Q)}.

We equip the space H4(Q2) with the graph norm

1/2
lall ) = (el 2o gy + 1Al )

The maximal domain H4(2) is a Banach space.
Then we have the following proposition (see [26, Theorem 8.3.2]):

Proposition 5.1. The oblique boundary operator
By:Ha(Q) — B~11/pp(T)
0
u%a(m')a—era(x') U
18 continuous.

Now we can formulate the homogeneous oblique derivative problem as follows:
Given a function feLP(Q), find a function ue LP(Q) such that

(2.3)

Au=f in €,
Byu=0 onT.

5.2. The standard reduction to the boundary

Let 1<p<oo and s>—1+1/p. Given a function feW?*P(Q), assume that a
function ue WP(Q) with 0<s+2 is a solution of problem (2.3). Then, by using
Proposition 5.1 we can reduce the study of problem (2.3) to that of a pseudo-
differential equation on the boundary I, just as in the classical Fredholm integral
equation. In fact, we can prove the following proposition (see [26, Theorem 8.3.3]):
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Proposition 5.2. Let 1<p<oo, s>—2+1/p and 0<s+2. For a given func-
tion feW*P(Q), there exists a solution ue WP (Q) of problem (2.3) if and only if
there exists a solution p€B°~1/PP(T) of the equation

(5.1) B~y(Pyp)=—B~y(N*(Ef)) onT.

Here N is the Newtonian volume potential and P is the Poisson kernel for the
Laplacian, and

E:W™P(Q) — WP (R")
is Seeley’s extension operator for every non-negative integer m ([1, Theorems 5.21
and 5.22]). Moreover, the solutions u and ¢ are related as follows:
u=(Nx(Ef))|,+Pe.

If we let

T:C>(T) —s C>(I)
@ By(Pyp),

then we have the formula
(5.2) T=a(z") I+a(z'),
where II is the Dirichlet—Neumann operator defined as follows:

Iy = i(Pgo) for all peC>(T").
on r
It is well known (cf. [6], [13], [20], [22] and [30]) that the operator II is a classical,
elliptic pseudo-differential operator of first order on the boundary T.

More precisely, we can write down the complete symbol p(z’, £’) of II as follows
(cf. [10] and [24, Lemme 2.2]):

' §) =15 (2 - DM () ) -V Jaivien (@)

(5.3) + terms of order <—1.

Here:

(a) |€'] is the length of ¢’ with respect to the Riemannian metric of T induced
by the natural metric of R™.

(b) M(x') is the mean curvature of the boundary I' at z’.
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(c) wa (€,€") is the second fundamental form of T at a2/, while & €T, (T) is
the tangent vector corresponding to the cotangent vector £ €T (I') by the duality
between T,/ (I") and T, (I") with respect to the Riemannian metric (g;;(z’)) of T'.

(d) divd(ery is the divergence of a real smooth vector field §(¢y on I' defined (in
local coordinates) by the formula

e /
d(ery = Z 9% o, for &0,

that is,

div o iﬁ< 92 () 3'“) for £/ £0,

)= \/det (94 (z = 0 ¢

Hence, we find from formula (5.3) that the principal symbol ¢;(2’,¢’) of the
pseudo-differential operator T, defined by formula (5.2), is equal to the following:

n—1
(5.4) ti(a, &) =a(2) |¢|+V-1 [Z ak(l”)ﬁk].
k=1
By virtue of Proposition 5.2, we can reduce problem (2.3) to the study of the
pseudo-differential operator T" on the boundary I'. We shall formulate this fact more
precisely in terms of functional analysis (cf. [28, Chapter 6]).
First, we associate with the homogeneous problem (2.3) a densely defined,
closed linear operator
A, LP(Q) — LP(Q))
in the Banach space LP(Q) as follows.
(a) The domain D(2,) of definition is the space

(5.5a) DA,)={ucHa(Q): Byu=0onT}
(5.5b) ={ueW??(Q): Byu=0onT'}.

(b) Ayu=Au for every ueD(2,).

The closedness of 2, and the regularity property (5.5b) will be proved in Sec-
tion 8 (see Claim 8.1).

Secondly, by using Proposition 5.2 with s:=0 and ¢:=2 we associate with (5.1)
a densely defined, closed linear operator

Tp: B> V/Pp(T) — B2 1/pp(T)

in the Banach space B2~1/PP(T") as follows.
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() The domain D(T7,) of definition is the space
(5.6) D(T,) = {p € B> 1/PP(I'): Tp e B>~1/PP(T)}.

(8) Tpp=Tp=DB~(Pyp) for every peD(T,).
Then we obtain the following formula for the indices of the operators 2, and 7,
(see [28, Theorem 6.11]):

Theorem 5.3. Let 1<p<oo. If the operator T, is a Fredholm operator, then
the operator A, is a Fredholm operator. In this case, we have the formula

ind 2, =ind 7.
Moreover, we can prove the following ([29, Proposition 6.8]):

Proposition 5.4. Assume that hypothesis (H) is satisfied. Then the pseudo-
differential operators T and T' are both subelliptic with loss of some d€[2k/(2k+
1),1) on T'. Here T is the transpose of T.

By Smith [23] and Guan—Sawyer [11], we find that if condition (H) is satisfied,
then the pseudo-differential operator T has a parametriz (see Remark 2.2).
Summing up, we have proved the following ([29, Proposition 6.9]):

Proposition 5.5. If the condition (H) is satisfied, then the operator T,, de-
fined by formula (5.6), is a Fredholm operator for all 1<p<oo.

5.3. Index of the operator 2,

The next theorem is an immediate consequence of Proposition 5.4 (see
(23, Theorem 4.5] and [11, Proposition 5.38]):

Theorem 5.6. Let 1<p<oco. Assume that condition (H) is satisfied. Then

we have the following two assertions:
(i) If peD/'(T"), TeeBP(T") for c€R, then it follows that o€ B%P(T"). In
particular, we have the assertion

N(T,) cC>(T).

(ii) If peD/(T), T'e B (T') for c€R, then it follows that ye B*? (T). In

particular, we have the assertion

N((T,)) cC=(T).
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Here the transpose operator (7,)" of T, is a densely defined, closed linear oper-
ator

(To)' B—2+1/p,p/(p) —y B=2+1/pp ), = pfl’

such that
(Toe, ) = (¢, (Tp)'¢) for all peD(T,) and eD((T,)),

where (-, ) is the duality between the spaces B2~1/7?(T') and B~2+1/»# (),
Finally, by combining Proposition 5.5, Theorems 5.3 and 5.6 we obtain the
following fundamental result of the indices of the operators 2, ([29, Theorem 6.11]):

Theorem 5.7. If condition (H) is satisfied, then the index ind A, =ind T, is
independent of p for all 1<p<oo.

Remark 5.8. By using Agmon’s method, we can prove that the index ind 2, is
equal to zero for all 1<p<oo (see [29, Theorem 12.1]).

6. Uniqueness theorem for the oblique derivative problem

In this section we consider the following non-homogeneous oblique derivative
problem: Given a function f(z) defined in Q and a function ¢(z’) defined on T,
find a function u(z) in Q such that

{(1—A)u:f in Q,

(2'4) 7\ Ou /
Byu=a(2') g +a(z')-u=p onT.

The purpose of this section is to prove the following uniqueness theorem for
the oblique derivative problem (2.4) in the framework of LP Sobolev spaces (see [32,
Theorem 2.4] and [11, Remark (b)]):

Theorem 6.1. Assume that the function a(z') does not change sign on the
boundary T’ and further that the following hypothesis (R) is satisfied:

(R) The vector field a(z') is non-zero on the set To={z'€l':a(x’)=0} of tan-
gency and any integral curve x(t,xf) of « passing through x(€ly at t=0 does not
lie in the set Ty for an infinite interval of time.

Then every solution u€ W2P(Q), p>n, of the problem

61) {(1—A)u:0 in €,

B~yu=0 on I’

1s identically equal to zero in Q.
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Proof. First, it follows from an application of Sobolev’s imbedding theorem ([1,
Theorem 5.4]) that if p>n, we have the continuous injection

W2P(Q)CC¥(Q) for 0<v<2-1.
In particular, we find that every function u€ W?2P(£2) with p>n belongs to the space
CcH(Q):
ueC(Q),
since 2—n/p>1 for n<p<oo. Moreover, we may assume that

a(x’) >0 onT.

Our proof of Theorem 6.1 is divided into two steps.
Step 1: The case where u(x) is a constant in €. Then we have, by the (6.1),

0=(1-A)u=u in Q.

Step 2: The case where u(z) is not constant in . In this case, (if necessary
replacing by u by —u) we may assume that there exists a point z(€I" such that

u(zf) =maxu(z) > 0.
reQ

Then, by applying Hopf’s boundary point lemma we obtain that
Ju
(6.2) 8—n(xg) >0.

Hence we have, by the boundary condition (6.2),

0= Bryu(zh) =a(xh) 0o (x) +a(wh) u(ey) =a(es) 2 (ah).

and so

This implies that
zgely={a'el:a(a’) =0}.
Let
z(t,xh) = (2" (t, 20), ... 2™ (L, zp))
be a maximal integral curve of a(z’) passing through z{, at t=0. By hypothesis
(R), we can find a time ¢~ <0 such that

(6.3) t~=inf{t<0:a(z(s,z)) =0 for all s€[t,0]}.

Here we remark that the flow exists for all times.
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Then we have, by the fundamental theorem of calculus and the boundary
condition (6.2),

However, by the definition (6.3) of ¢t~ it follows that

u(zh) —u(z(t™,zp)) =— /0 a(z(s, z()) g—z (z(s,2()) ds=0,
so that
(6.4) u(z(t™,2()) =u(z)) =max u(z) > 0.

z€Q
Hence, by applying again Hopf’s boundary point lemma we obtain that

ou o,
%(:c(t ,z4)) > 0.

We choose a number £¢>0 so small that we have, for all s€[t™ —eg,t7],

2 (a(s,4%)) >0,

a(x(s, xf))) >0.
Then we have, by the fundamental theorem of calculus and the boundary condi-
tion (6.2),
-

u(z(t™,z()) —u(z(t™ —eo, 2()) z/ a(x(s,2p)) u(z(s, xp)) ds

t——¢o

ou

__ /tt_soa(x(s,xg))a—n(a:(s,xf))) s

<0.
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However, by formula (6.4) it follows that
u(z(t™ —eo,2p)) >u(z(t™, z))) =u(z)) =max u(x).
e
This is a contradiction.
The proof of Theorem 6.1 is now complete. [

Remark 6.2. The hypothesis (R) is introduced by Winzell [32] (see Melin—
Sjostrand [17] and [18]). By definition, the hypothesis (R) implies that every integral
curve z(t, z() of o passing through x({ €I’y at t=0 goes out of the set I'y of tangency
in a finite time. On the other hand, the hypothesis (H) implies that every integral
curve z(t, x() goes out of I'g instantaneously.

7. A special reduction to the boundary

In this section, by using the Poisson kernel P§** of 1—A in the ezterior domain
Q°=R" \ © we reduce the homogeneous oblique derivative problem (2.5) to the study
of a first-order, pseudo-differential operator T" on the boundary I (Proposition 7.1),
just as in Smith [23] and Guan—Sawyer [11].

Step 1: Let feW=P(Q) with 1<p<oo and s>—1+1/p. We denote by fy the
extension of f to Euclidean space R™ with fy=0 outside §2:

f(z) for ze,
0 for e R™\ Q.

Let G2(x) be the Bessel potential of order 2, that is,

~ , 1
G2(&) = / i e Gy (2) do = EFER

If we let

rtGaf(z) :=Gaxfo(z) = - Ga(z—y) foly) dy

:/ Ga(z—y)f(y)dy for all x€Q,
Q

then we obtain from the transmission property of the Bessel potential Gy(x) (see
Boutet de Monvel [5], Rempel-Schulze [20, p. 161, Theorem 2]) that

TGy f eWST2P(Q)  for s>—1+1/p,
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and further ([20, p. 100, Lemma 5]) that
(1-A)rtGof=f in Q.
On the other hand, by the trace theorem ([1, Theorem 7.39]) it follows that
B~(Gax fo) =By (rtGaf) € BsH=YPP(D)  for s>—141/p.

If a function ue LP(Q) satisfies the equation

(1-A)u=f inQ,
Byu=0 on I

then it follows that
(1-A)(r*Gaf—u)=f—f=0 in Q.

We let
U= (r*Gaf—u) |1"'
If P, is the Poisson kernel of the elliptic differential operator 1—A in €, then we

have the formula
rtGof—u=Pyp in Q,

or equivalently,
u=rTGof =Py in Q.

Then we find that the boundary condition

Byu=_—=a(z') -u—i—a(x’)@

B o =0 onT

T

is equivalent to the following condition:
0=By(r*Gaf)—By(Px)

= By(Gax* fo)—a(a’) - (Patp)|r—a(z) %(Pgw)

r

) onI'.
r

(7.1) :B'y(Gg*fO)—(a(m’).qp—&-a(x')(;in(Pgd))

If we let

Ty : C®(T) — C=(T)
o+ By(P2p),
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then we have the formula
(7.2) Ty =a(z)a+a(z'),

where Il5 is the Dirichlet—Neumann operator defined as follows:

0
—(Payp) for all peC>(T).
on I

ep:=
Therefore, we obtain from formulas (7.1) and (7.2) that
(7.3) T =a(z') - Y+a(z') ) = By(Gaxfo) onT.

This is a generalization of the classical Fredholm integral equation.
In view of [24, Lemme 2.2], we find that the complete symbol pa(a’, &) of Iy
is given by the formula (cf. formula (5.3))

pz(%l,f/): |§I2+1+1<ww/<£/7£1)—<n—1)M($/))

&2 +1
V-1 0 [ o3
T2 detgg (@) Z ( et (g (= ))3_@( §|2+1))
(7.4) + terms of order <—1.

Step 2: On the other hand, since the function fy is compactly supported
in R™, it follows that the function

Garfolw)= [ Galo-9)f()d, v € R,
Q
satisfies the homogeneous equation

(1-A)Ga2xfo=fo=0

in the exterior domain
QO =R"\Q,
and vanishes at infinity.

If P$** is the Poisson kernel of the elliptic differential operator 1—A in the
exterior domain ﬁc, then we have the formula

(7.5) Gox fo= Pt ((Gax fo)lr) in Q.

We recall that the analysis of the Poisson kernel Ps** can be reduced to that of
compact domains by using the Kelvin transform (see [3, Chapter 4]).
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Hence we have, by formula (7.5),

By(Ga2x fo) = By (P5* (G2 fo)lr)).-

However, it should be noticed that the outward normal field n to I in the interior
domain  is the nward normal for the exterior domain Q.
Therefore, if we define the Dirichlet-—Neumann operator I1$<* by the formula

0
ext . ext > 00
5% = an) (P5* ) ) for all peC>(T),

then we have the formula
B~ (G2 fo) :BV(P§Xt((G2*f0)|F))
=a(2’)-((Gzx fo)lr) +a(2) o=

QJ‘Q.)
—

P5*((Gax fo)lr))

-y (P5*(0)((G2x fo)lr))

Ir) onT.

o))

=a(z')-((Gzxfo)lr) —a(z')
(7.6) = (a(z’)—a(2")I5) ((G2x fo

In view of formula (7.4), we find that the complete symbol p§**(z’,&’) of TI§** is
given by the formula

() = VT ——(“’—“ i <n—1>M<x'>)

o)

T

1§17 +1
\/_1 9 /1er|2
- ) W Z <\/det gl]( )) 6761( |§| +1)>
(7.7) + terms of order <—1.

Step 3: By combining formulas (7.3) and (7.6), we have proved the following
fundamental proposition (cf. Proposition 5.2):

Proposition 7.1. Let feW?®P(Q) with 1<p<oo and s>—1+4+1/p. Then the
homogeneous oblique derivative problem

{(I—A)u:f in €,

(25) 1 ou /
Byu=a(2') gp+a(z’)-u=0 onT

can be reduced to the study of the pseudo-differential equation

(7.8) Ty = (a(z')+a(a")y)p = (a(2") —a(z)IS) ((G2* fo)lr)  onT,
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where
7/} = (T+G2fiu) |F’
and
(Gaxfo)lo=rTGaf eW*T2P(Q),
(Gaxfo)|lr =7"Gaflo =70 (1 Gaf) € BXH271/PP (D),
Remark 7.2. It should be noticed that the pseudo-differential equation (7.8)
corresponds to the equation in Smith [23, p. 100]
(Xr+a(z)Q)v=(Xr—a(z") Q™) (E folan)
with
Xr:=q, oz(z’) = a(z’),
Q = H2, QExt = ngt

(see also the boundary equation (2.3) in Guan—Sawyer [11]).

8. Representation formula of the resolvent

By combining Proposition 7.1 and Theorem 6.1, we can obtain the follow-
ing fundamental theorem essentially due to Smith [23, Main Theorem| and Guan—
Sawyer [11, Theorem 2, part (i)]:

Theorem 8.1. Let 1<p<oo. Assume that the condition (H) is satisfied. If
FeWs=P(Q) with s>—1+1/p, then every solution u€LP(Q) of the homogeneous
oblique derivative problem

25) {(1—A)u:f in Q,

Byu=0 on T

belongs to the space W*+t2P(Q).  Moreover, every solution u€ WSt2P(Q) can be
uniquely expressed in the form

(8.1) u=r"Gyf =P (Sz(a(z") —a(z")IIS*) (r* G2 fIr)).

Here:

(i) Pp: B*t2-VPP (D) W*t2P(Q) is the Poisson kernel for the elliptic differ-
ential operator 1—A.

(ii) Sy is the inverse of the pseudo-differential operator To=BPy in the Banach
space LP(T).
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Proof. (1) First, we find from Proposition 7.1 and Theorem 5.6 that every
solution u€ LP(Q) of problem (2.5) with f:=0 belongs to the space C°°(£2). Hence
the uniqueness theorem for problem (2.5) follows from an application of Theorem 6.1
and Remark 6.2.

(2) Therefore, we obtain from the proof of Proposition 7.1 that every solution
u€W*T2P(Q) can be uniquely expressed by formula (8.1). It should be noticed that
the boundary operator

R:=5, (a (x’) —a(x’)HEXt)
is bounded on the Besov space BST2~1/P:P(I'). In other words, 1 gains O-derivatives
from (Gax fo)|r in (7.8). Indeed, we have the following four assertions:

(a) By formula (7.4), it follows that the symbol of the inverse Sy of To=BP>=
a(2)-+a(2')IIy is in the symbol class ES, " (see [23, Definition 3.11]).

(b) By formula (7.7), it follows that the symbol of a(x’)—a(2’)II$** is in the
symbol class ES} ([23, Theorem 3.11]).

(c) By applying [23, Theorem 3.14] to our situation, we find that the symbol
of the product Sy(v(z')—a(z")II$*") is in the symbol class ESY.

(d) The operator R=Ss(a(z')—a(z")I$Y) is bounded on the Besov space
B%P(T") for every o €R ([23, Theorem 3.13] and [11, Section 6]).

The proof of Theorem 8.1 is complete. [

In this way, by using the representation formula (8.1) of the solution u we can
obtain the following regularity property for the resolvent (I—%2,)"*:

Corollary 8.2. Let 1<p<oo. Assume that the condition (H) is satisfied.
Then the resolvent (I—21,)~1, given by the formula

(8.2) (I-2A,) L f=rTGaf Py (5’2 (a(m’) —a(x')HSXt) (7'+G2f|1“)),
maps W*P(Q) continuously into WST2P(Q) for every s>—1+1/p.
Indeed, it suffices to note the following facts:
rtGaf e WsT2P(Q),
and

rGoflr =70 (rTGaf) € BST2Y/Pr (D),
So (a(x') —a(sr:')HSXt) (7“+G2f|p) € B“‘Q_l/f”p(l“)7
Py BSP2UPR(T) — WETRP(Q).

Now we are in a position to prove the closedness of 2, and the regularity
property (5.5b):
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Claim 8.1. The operator 2,:LP(2)— LP(Q) is closed for all 1<p<oo. More-
over, we have the assertion

(8.3) D(A,) ={u€Ha(Q): Byu=0 on T} CW?P(Q).
This implies the regularity property (5.5b).

Proof. The proof of Claim 8.1 is divided into two steps.
Step 1: Let {u;} be an arbitrary sequence in the domain D(2,) such that

{uj—m in LP(Q),

Auj—v  in LP(2).

Since A:LP(Q)—D’'(Q) is continuous, it follows that
Au; — Ay in D'(Q),

so that

(8.4) Au=ve LP(Q).

This proves that

{UGHA(Q)7

Uj—u in Ha(92).

Hence we have, by Proposition 5.1,

(8-5) B’yu:jli}rgo Byu;=0 in B*lfl/p,p(p).

By combining assertions (8.4) and (8.5), we obtain that
ueD(A,),
Apu=v.

This proves the closedness of 2, defined by formula (5.5a).
Step 2: Moreover, by applying Theorem 8.1 with s:=0 we find that

UEHA(Q)7
Byu=0 onT
——t

(1-A)yueLP(Q),
Byu=0 onT
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>
u€W?P(Q).

This proves the desired assertion (8.3).
The proof of Claim 8.1 is complete. [

9. Proof of Theorem 2.3 via Boutet de Monvel calculus

In this section we prove Theorem 2.3, by using Boutet de Monvel calculus (see
[5], [20] and [27, Appendix B]). Our proof of Theorem 2.3 is based on Theorem 4.1
and Remark 4.2. More precisely, we have only to verify condition (4.2) for the
resolvent (I —23)~! given by formula (8.2) with p:=2.

First, by Corollary 8.2 with p:=2 it follows that

R((I-A2)" %) C H?*() for all positive integer k.
Secondly, the next theorem with p:=2 proves that
R((I—Ql;)_k) C H?*(Q) for all positive integer k.

Theorem 9.1. Assume that the condition (H) is satisfied. If (I—2,)~" is
the resolvent defined by formula (8.2), then its adjoint operator ((I—2,)~1)*=
(I-24%)~" maps WP(Q) continuously into W*T2P(Q) for every s>—1+1/p.

Proof. The proof of Theorem 9.1 is divided into five steps.
Step 1: We recall that the operator rT G5 is defined by the formula

7“+G2f(33)3=G2*fo($)z/ﬂGg(a:—y)f(y)dy for all z € Q.

Then the operator
TGy : WHP(Q) — WT2P(Q)

is continuous for every s>—1+41/p ([20, p. 162, Theorem 2]). More precisely, it is
a Green operator of order —2 with symbol ([20, p. 119, Proposition 3])

1 1 , , ,
e ST @)=Vl

The adjoint (r™Gz)* of r™ Gy is also a Green operator of order —2 with symbol
([20, p. 102, Proposition 6])

11
€P+1 (@) T
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Hence it follows ([20, p. 161, Theorem 2]) that the adjoint
(9.1) (rTGs)" : WP(Q) — W*T27(Q)

is continuous for every s>—1+1/p.
Step 2: By Step 1, we can define a continuous operator

Yo(rtGa) : W*P(Q) — B¥T271/P2(T)

by the formula
Yo (7’+G2f) (x’) :=Gax fo (:1:’) :/ Go (z’fy)f(y) dy for all 2’ €T.
Q

Then it is a trace operator of order —2 with the principal symbol ([20, p. 100,

Lemma 4])
1 1
2(¢") (&) —it
The adjoint (y(rtGe))* of vo(rtGs) is a potential operator of order —2 with
the principal symbol ([20, p. 102, Proposition 6])

IR

2(¢") (&) +ir
Hence it follows ([20, p. 161, Theorem 2]) that the operator
(9.2) (’YO (T+G2))* : Bs+171/p,p(1-‘) L WEtRR(Q)

is continuous for every s€R.
Step 3: The Poisson kernel

Py : B¥T27UP(T) — Wet2r(Q)
is continuous for every s€R ([20, p. 161, Theorem 2]). More precisely, it is a
potential operator of order —1 with the principal symbol ([20, p. 125, Proposition 2])
1
(&Y +ir
The adjoint P of P» is a trace operator of order —1 with the principal symbol

([20, p. 102, Proposition 6])
1

(&) —ir
Hence it follows ([20, p. 162, Theorem 2]) that the adjoint
(9.3) P} W*5P(Q) — BSH171/P2(D)

is continuous for every s>—1+1/p.
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Step 4: The symbol of the adjoint R* of the pseudo-differential operator
R=25;(a(z") —a(z")IIS)

is in the same symbol class ES) (23, Theorem 3.15]). Therefore, we obtain ([23,
Theorem 3.13]) that the adjoint R* is also bounded on the Besov space BZP(T") for
every o €R. In particular, we have the assertion

(9.4) R* = (Sa(a(x) —a(m/)l_[g"t))* . BsHL=1/pp (1) — Bs+i-1/pe(T),

Step 5: Now we remark that the resolvent (I—2l,)~! given by formula (8.2)
can be written in the form

(I—le)_l = ’I“+G2 —P2 R(’Y() (T+G2)>.
Therefore, we obtain that the adjoint ((I—21,)~1)* is given by the formula
(I-2A,) 1) = (rTGa) = (70 (r*G2)) R* Ps,

and further from assertions (9.1) through (9.4) that it maps W*?(Q) continuously
into W*t2P(Q) for every s>—1+1/p.
The proof of Theorem 9.1 is complete. [

Now Theorem 2.3 follows from an application of Theorem 4.1 and Remark 4.2
with A:=%>—1.

10. Concluding remarks

(I) We replace the Laplacian A by a second-order, uniformly elliptic differential
operator A with real smooth coefficients on the closure Q=QUT (just as in Section 4)

N T Ny
A:Za J(x)axiaxj +Zb (a:)agcz +c(x),
i=1 ;

and consider the homogeneous oblique derivative problem

(A=XNu=f in Q,
B’yuza(x’)%—ka(aﬂ)-u:O onT.

We introduce a densely defined, closed linear operator
A:L?(Q) — L*(Q)

in the Hilbert space L2(f2) as follows:
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(a) The domain D(A) of definition is the space
D(A)={ue H*(Q): Byu=0onI'}.

(b) Au=Au for every ue D(A).
Then, by combining Agmon [2, Theorems 14.4 and 15.1] with [29, Theorem 2.2]
we can generalize Theorem 2.3 as follows (see [29, Corollary 2.3]):

Theorem 10.1. Assume that the hypothesis (H) is satisfied. Then the closed
realization A of A enjoys the following five spectral properties:

(i) The spectrum of A is discrete and the eigenvalues A; of A have finite mul-
tiplicities.

(ii) All rays arg A=0 different from the negative azis are rays of minimal growth
of the resolvent (A—XI)~1:

[(A=AD)7Y| < % for all |\|>R(6).

(iii) The negative azis is a direction of condensation of eigenvalues of A; more
precisely, for each £>0 there are only a finite number of eigenvalues outside the
angle: —m+e<f<m—e.

(iv) Let

Nit)y:= > 1
Re\;>—t
be the number of eigenvalues A\; such that Re\;>—t, where each \; is repeated
according to its multiplicity. Then the asymptotic eigenvalue distribution formula

1 .
M= g [ de o) a1

holds true. Here |A(z)| denotes the wvolume of the subset A(x)={(€R™:
Z;L,j:1 a’(z)&;€; <1}

(v) The generalized eigenfunctions of A are complete in the Hilbert space L*(9);
they are also complete in the domain D(A) in the H%(Q2)-norm.

Indeed, in view of formula (5.4) it suffices to note that there is a homotopy
through elliptic symbols between the two elliptic differential operators A and A if
we take

A=t A+(1-t)A for 0<t<1.

(IT) In the near future, we would like to apply Theorems 2.3 and 10.1 to provide
numerical solutions of the linearized fixed gravimetric boundary value problem on
the real Earth surface topography in the degenerate (non-coercive) case, generalizing
Holota [12] and Cunderlik-Mikula-Mojzes [7].
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