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1. Introduction

1.1. Biperfect bases and MV polytopes

Let G denote a simple simply-connected complex algebraic group. Going back to the
work of Gel'fand—Zelevinsky [GZ], there has been great interest in finding special bases
for irreducible representations L(A) of G. Good bases restrict to bases of weight spaces
and induce bases of tensor product multiplicity spaces.

Rather than work with individual representations, it is convenient to pass to the
coordinate ring C[N] (where N C BCG is the unipotent radical of a Borel), which contains
all the irreducible representations. Berenstein—Kazhdan [BeK] introduced the notion of
perfect bases for L(A) and C[N]; in this paper, we slightly modify their definition and
work with biperfect bases for C[N]. Biperfect bases have good behaviour with respect to
the left and right actions of the Chevalley generators {e;} Cn on C[N] (see §2.3).

For G=8SLs, SL3, SL4, biperfect bases exist, are unique, and are given by explicit
formulas. However, for general GG, uniqueness does not hold, nor are explicit formulas
available. Some constructions of biperfect bases are known in general. The first general
construction was Lusztig’s dual canonical basis [Lu2], aka Kashiwara’s upper global basis
[Kasl]. In this paper, we will focus on the Mirkovié—Vilonen basis, which is constructed
for any G using the geometric Satake correspondence, and Lusztig’s dual semicanonical
basis, which is constructed for simply-laced G using preprojective algebra modules.

Though uniqueness does not hold in general, a beautiful result of Berenstein—-Kazhdan
[BeK] shows that every biperfect basis has the same underlying combinatorics. More pre-
cisely, any biperfect basis B comes with maps é;,é;: B—BU{0} (for each i€I) which
approximate the left and right actions of e; on B. These maps é; and €] endow B with
a bicrystal structure. If B and B’ are two biperfect bases, then there is a unique iso-
morphism of bicrystals B— B’ (Theorem 2.4). We write B(oco) for the abstract bicrystal
common to all biperfect bases.

1.2. Bases and their polytopes

Let GV be the Langlands dual group and let Gr=GY((t))/G"[[t]] denote the affine Grass-
mannian of this group. Mirkovié—Vilonen [MV] defined a family of cycles in Gr which,
under the geometric Satake correspondence, give bases for irreducible representations of
G. We will give a slight modification of their construction in order to get a basis for
C[N]. Let SL:=NY((t))L, denote semi-infinite orbits in Gr (where L, €Gr is the point
defined by the GV-coweight 1). We will be concerned with the intersection of opposite

semi-infinite orbits. For any v€@) ., the positive root cone, the irreducible components
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of S9NS~Y are called stable MV cycles. These cycles index the MV basis {bz} for C[N].

In addition to the MV basis, in this paper, we also study the dual semicanonical basis
for C[N], which was introduced by Lusztig [Lu5] and further studied by Geiss—Leclerc—
Schréer [GLS]. This basis {cy} is indexed by irreducible components Y of Lusztig’s
nilpotent varieties, which parameterize representations of the preprojective algebra A.
With each A-module M, we can associate a vector 3 €C[N] and we define ¢y :=E for
a general point M €Y.

As the MV basis and dual semicanonical basis are both biperfect bases (Theorems 6.2

and 11.2), we get canonical bijections
{bz} — B(0) +— {cy }.

Suppose that bz and cy correspond under these bijections. Outside of small rank,
this does not imply that bz =cy as elements of C[N], just that they represent the same
element of the crystal. However, this combinatorial relationship is very appealing, as can
be seen by the following result which combines the work of the second author [Kam?2]
and the first and second authors (together with Tingley) [BKT].

THEOREM 1.1. Let Z and Y be as above and let M be a general point of Y. Then,

we have an equality of polytopes:
Conv({pu:L,€Z})=— Conv({@]\f :NCM is a A-submodule})

MYV polytopes were first defined by Anderson [A] as the left-hand side of the above
equality. However, in retrospect, it is more natural to view them as purely combinatorial
objects: they can either be defined using a condition on their 2-faces (as in [Kam2]) or
from the crystal B(co) using Saito reflections (as in §3.3).

The above equality of polytopes motivates the following question.

Question 1.2. Let Z and Y be as above. Is there a relationship between the equi-
variant invariants of Z and the structure of a general point of Y7 How is this connected
to the relationship between the basis vectors bz and cy?

1.3. The MYV basis

The first part of the paper is devoted to understanding the MV basis. We prove the
following results in Theorems 6.2, 5.4 and 7.11.

THEOREM 1.3. (i) The MV basis {bz} is a biperfect basis for C[N].
(ii) For each i, the action of e; on by is given by the intersection multiplicities

appearing in the intersection of Z with a hyperplane section.
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Figure 1. The SL3 examples of D; for i=(1,2,1) and (2,1,1), vertices labeled by their
positions, with the shading to suggest the (piecewise-linear function times Lebesgue) measure.

(iil) Given two MV cycles Zy and Za, the product bz bz, in C[N] is given by the
intersection multiplicities appearing in the intersection of the Beilinson—Drinfeld degen-
eration of Z1 X Zs with the central fibre.

In particular, the structure constants for the action of e; and for the multiplication

are non-negative integers.

Part (i) of this theorem is a 2-sided extension to C[N] of a like result from Braverman
and Gaitsgory [BrG, Proposition 4.1]. Part (iii) was conjectured by Anderson in [A]. We
prove (i) and (ii) using a result of Ginzburg [Gi] and Vasserot [V] concerning the action
of the principal nilpotent under the geometric Satake correspondence. We prove (iii) by
carefully considering the fusion product in the Satake category, as defined by Mirkovié¢—
Vilonen [MV].

Part (iii) of this theorem is closely related to an old result of Feigin—Finkelberg—
Kuznetzov-Mirkovi¢ [FFKM] and a more recent result of Finkelberg-Krylov—Mirkovi¢
[FKM] describing the algebra U(n) using Zastava spaces.

1.4. Equivariant invariants of MV cycles

In order to further our understanding of the Mirkovié—Vilonen basis, we relate the basis
vector bz €C[N] to equivariant invariants of the MV cycle Z. We begin by introducing
a remarkable map from C[N] to the space PP of piecewise polynomial measures on t}.
Given any sequence i=(i1,...,1,)€IP of simple roots, we define a measure D; on t} as
follows. First, we consider a linear map m;: RPT! — % taking the standard basis vectors
to the negative partial sums o, +...+«;,. Then, we define D; to be the push-forward of
Lesbesgue measure on the p-simplex under 7; (see Figure 1).

These measures D; satisfy the shuffle relations under convolution (Lemma 8.5) and
so we obtain an algebra morphism D: C[N]—PP by

D(f)=> (es, /)Ds,

i
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where ej=e;, ...e;, €U(n) and where (-, -): U(n)®C[N]—=C is the usual pairing.

Let D: C[N]—C[t**8] be the map that sends a function f€C[N]_,, to the coefficient
of e~V in the Fourier transform of D(f). Then, D is an algebra morphism, which can be
described using the universal centralizer of the Lie algebra g. Namely, consider the map
t'*¢— N that associates with z€t"°8 the unique n, €N such that Ad,, (z+e)=x, where
e is a principal nilpotent. We prove that the map D: C[N]—C[t*8] is the algebra map
dual to x+>n, (Proposition 8.4).

On the other hand, associated with Z, we have the Duistermaat—Heckman measure
DH(Z), a measure (defined by Brion—Procesi [BP], following ideas from symplectic ge-
ometry) on tg which captures the asymptotics of sections of equivariant line bundles on Z
(see §9). This measure lives on the MV polytope of Z and its Fourier transform encodes
the class of Z in the equivariant homology HZ (Gr) (see Theorem 9.6). We also have
the equivariant multiplicity €1,,(Z) of Z; this is a rational function which represents the
equivariant homology class of Z in a neighbourhood of Lg.

Our second main result (Theorem 10.2) relates the equivariant invariants of MV

cycles to the above morphisms.

THEOREM 1.4. Let Z be an MV cycle. After identifying t and t*, we have
DH(Z)=D(bz) and er_,(Z)=D(bz)

We give two proofs of this theorem. Our first proof uses Theorem 1.3 (ii) and a
general result of the third author [KnA2] for computing Duistermaat—Heckman measures
using hyperplane sections. Our second proof uses the work of Yun—Zhu [YZ], which relates
the equivariant homology of the affine Grassmannian to the universal centralizer.

As an application of this theorem, we prove a conjecture of Muthiah [Mu]. Let A be

a dominant weight and identify the zero-weight space L(\)o with Ha,v(y)(Gr*NSY) by

the geometric Satake correspondence. Given an irreducible component ZCGr*NsSY, we
can consider its equivariant multiplicity e, (Z)€C(t*) at the point Lo€Gr.

Muthiah [Mu] conjectured the following result and proved it when G=SL,, and
A<nw;. We prove it for all G and A (Theorem 10.7).

THEOREM 1.5. The linear map L(\)o—C(t*) defined by [Z]—er,(Z) is equivariant
with respect to the actions of the Weyl group on both sides.

1.5. Comparison of bases

As we have ring homomorphisms D: C[N]—PP and D:C[N]—C[t°8], we immediately

see the following result.
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COROLLARY 1.6. Suppose that bz=cy. Then, DH(Z)=D(cy) and e,(Z)=D(cy).

This result is useful, since DH(Z) and ¢1,,(Z) can be computed using the methods of
computational commutative algebra. On the other hand, D(cy) and D(cy) are relatively

easy to compute using the following formula from Geiss—Leclerc-Schréer [GLS]:

(ei, &ar) = x(Fi(M)),

where x(Fi(M)) denotes the Euler characteristic of the variety of composition series of
M of type i
EM)={0cM'c..cM™=M:M"/MF1=g, }

In the appendix (written with Anne Dranowski and Calder Morton-Ferguson) we

prove the following result (Theorem A.13).

THEOREM 1.7. Let G=SL¢g and let v=2ca1+4as+4as+4as+2a5. There exists a
specific MV cycle Z of weight v with corresponding component Y of A(v), such that
D(cy)=D(bz)+2D(b), where b is a vector which lies in both the MV and dual semi-

canonical bases. In particular, we have bz #cy .

This theorem suggests that we have cy=bz+2b in C[N]. Remarkably, Geiss—
Leclerc—Schréer found the disagreement of the dual canonical and dual semicanonical
bases at the same location. Let v be the dual canonical basis element which corresponds
to both bz and ¢y under the crystal isomorphisms. Then, from [GLS, p.196], we have

cy =v+b. Turning these equations around, we thus expect that
cy =bz+2b and v=0bz+b.

In §2.7, we explain that similar equations indeed hold in a D, example.

In rank 2 cluster algebras, we have a similar trichotomy of bases (see for example
[La, Theorem 2.2]). In this trichotomy, the MV basis seems to match Lee-Li—Zelevinsky’s
[LLZ] greedy basis, which in turn coincides with Gross—Hacking-Keel-Kontsevich’s theta
basis [GHKK], by the work of Cheung—Gross—Muller—-Musiker—Rupel-Stella—Williams
[CGM+]. The theta basis exists for any cluster algebra, in particular for C[N]. Thus,
the above calculation suggests that the MV basis for C[N] coincides with the theta basis
for this cluster algebra.

1.6. Extra-compatibility

In the Brion—Procesi definition that we use, the Duistermaat—Heckman measure is an
n— oo limit of sums of point measures. Thus it is natural to look for this extra structure,

i.e. a finitely supported measure for each n, on the A-module side as well.
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For any preprojective algebra module M and n€N, we consider the space of (possibly

degenerate) flags of submodules
k

We prove the following result (Theorem 11.4) by a direct calculation; it is an analogue

of Theorem 1.4, but more elementary.

THEOREM 1.8. For any A-module M, D(&yr) describes the asymptotics (as n—o00)
of the function p—x(F, .(M)).

Suppose that we have an MV cycle Z and a component Y of Lusztig’s nilpotent
variety, such that by=cy. This implies that D(bz)=D(cy), which, by Theorems 1.4
and 1.8, means that

lim (7,)4[0(Z, £29™)] = lim (7). [H" (F.(M))],

n—oo n—0o0
where M is a general point of Y. Here, [-] denotes a class in the representation ring of T
regarded as a linear combination of point masses. The map 7, represents scaling by 1/n
and the limits are taken in the space of distributions on t;. Thus, it is reasonable to

expect equality before taking the limits. We say that Z and Y are extra-compatible if,
for all neN and all weights p, we have

dim(Z, Z%™),, =X (Fp,—u(M)).
For example, taking n=1 gives
dimI(Z,Z),=x({NCM: dim N = —u}),

which can be viewed as an upgrade of the equality of polytopes from Theorem 1.1.
We prove the following result (Theorem 12.11) establishing extra-compatibility in a

simple class of examples.

THEOREM 1.9. If Z is a Schubert variety in a cominuscule flag variety and M is

the corresponding A-module, then Z and M are extra-compatible.

In the appendix, we give also some examples for G=SLs, SLg of modules which

satisfy the extra-compatibility condition for n=1, 2.
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1.7. A general conjecture

Most A-modules M are not extra-compatibly paired with any MV cycle; for example, if
G=SL3 and M is the sum of the two simple A-modules, then the rhombus Pol(M) is the
union of two MV polytopes, each a triangle. However, for any A-module M, we expect
that there will be a corresponding coherent sheaf on the affine Grassmannian, supported
on a union of MV cycles. To state our precise expectation, we introduce the following

space whose Euler characteristic coincides with F, ,(M).
Gu(M[t]/t"):=={N C M®C[t]/t" : N is a A®C[t]-submodule, with dim N = yi}.

We conjecture the following result (see §12.2 for more precise motivation).

Conjecture 1.10. For any preprojective algebra module M of dimension vector v,

there exists a coherent sheaf F)s supported on SNS-" such that
L(Gr, Far@0(n)) = H* (G(M[t]/t"))

as TV -representations.

For example, if Z and M are extra-compatible, then we can take Fp;=0Oy.

This conjecture has two important relations with recent developments. First, an
earlier version of this conjecture motivated a number of recent works by Mirkovié¢ and
his coauthors [M], [MYZ] on the subject of local spaces.

Second, quiver varieties and affine Grassmannian slices are related using the theory
of symplectic duality as introduced by Braden—Licata—Proudfoot—Webster [BLPW]. Re-
cently, Braverman—Finkelberg—Nakajima [BFN] proved that affine Grassmannian slices
are Coulomb branches associated with quiver gauge theories. Using this result, in a forth-
coming paper, Hilburn, Weekes and the second author [HKW] will prove Conjecture 1.10
for those M which come from a quiver path algebra.

More generally, the relationship between MV cycles and preprojective algebra mod-
ules studied in this paper admits a generalization to arbitrary symplectic dual pairs. It
would be very interesting to understand how the results presented here generalize to that

setting.
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Part I. Biperfect bases
2. General background

2.1. Notation

Let G be a simple simply-connected complex algebraic group. Let B be a Borel subgroup
with unipotent radical N and let T' be a maximal torus of B. Let g, b, n and t denote
their Lie algebras.

Let P denote the character lattice of T, let P, denote the set of dominant weights,
and let @ C P denote the root lattice. Let ;. C Q) denote the N-span of the positive roots.
We define the dominance order on P by declaring that A>p if A—pe@,.

Let {a;}ier denote the set of simple roots and let {a) };c; denote the set of simple
coroots. The Cartan matrix of G is A=(a; ;) jer, where a; j=(a, ;). We define pe P
to be the half-sum of the positive roots, and we define p¥ €Homg(P, %Z) to be the half-
sum of the positive coroots.

Let W=Ng(T)/T be the Weyl group, generated by the simple reflections s; for i€ 1.
For iel, we set hi:a;/ and we choose root vectors e; and f; in g of weights «; and —q;,

respectively, normalized so that [e;, fi]=h;. Then, the element

5; =exp(—e;) exp(f;) exp(—e;)

is a lift of s; in Ng(T'). These elements 3; satisfy the braid relations [Ti, Proposition 3],
which allows us to lift any weW to an element we Ng(T).

The enveloping algebra U(n) of n is generated by the elements e;; it is graded by Q.
with dege;=a;. As is customary, for any natural number n, we denote the nth divided
(n)

%

power of e; by e
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a simple simply-connected complex algebraic group
usual data associated with G

Chevalley generators

the simple roots and coroots, with common index set
the weight lattice and dominant weights of G

the root lattice and N-span of the positive roots

crystal data

the bicrystal of C[N]

the irreducible G-representation of highest weight Ae P,
a h.w. vector and a linear form on L(X) s.t. v} (vy)=1
an embedding L(A)—C[N] taking v—v}(?v)

the Langlands dual group and its affine Grassmannian Gr
the points in GY(K), Gr defined by the GV-coweight ueP
the spherical and semi-infinite orbits in Gr

the fiber functor H*(Gr, ?) and the weight functors

the embedding Gr &S P(V(Ay))

the multiplicity of Z in the intersection X -V

a typical MV cycle

the intersection cohomology sheaf of Grh

the set of MV cycles of type A

the set of stable MV cycles

the MV basis of C[N], indexed by stable MV cycles

for zet*8, the element of N such that Ad,, (z)=e+z
the corresponding algebra morphism C[N]—C[t"¢]

the set of sequences of simple roots with sum v

a rational function associated with a sequence i

an algebra of distributions on tj

a linear map defined using the partial sums of a sequence i
a measure associated with a sequence i

an algebra map C[N]—PP

the universal centralizer space {(b, z):Adp(é+x)=é+x}
a morphism given by (tn,z)—n

scaling of t; by 1/n

the multiplicative set generated by peP\{0}

the preprojective algebra

the dimension vector of a A-module

Lusztig’s nilpotent variety

the variety of composition series of type i

an element of C[N]_ dim M associated with a A-module M
a typical component of A(v)

dual semicanonical basis element associated with Y

the space of length n+1 flags in M of total dimension pu
the space of dimension u submodules in M ®QC[t]/t™

Table 1. Dramatis personze.

§2.1
§2.1
§2.1
§2.1
§2.1
§2.1
§2.3
§2.4
§2.5
§2.5
§2.5
§4.1
§4.1
§4.1
§4.1
§4.3
§5.1
§5.2
§5.2
§5.2
§6.1
§6.2
§8.1
§8.1
§8.2
§8.2
§3.3
§8.3
§8.3
§8.3
§8.5
§8.5
§9.1
§9.2
§11.1
§11.1
§11.1
§11.2
§11.2
§11.2
§11.2
§11.3
§12.2
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The torus T acts by conjugation on N, which endows the algebra C[N] of regular

functions on N with a weight grading

C[N]= €P CIN]_..

veQ4
The group N and its Lie algebra n act on both sides of C[N]; our convention is that
fn=f(n?)and n-f=f(?n) for each (n, f)€ N xC[N]. Denoting by 1y the unit element
in N, we have
(a-f)(An) = (f-a)(1n)

for each (a, f)€eU(n)xC[N], and the map (a, f):=(a-f)(1y) defines a perfect pairing
U(n)xC[N]—C. In particular the vector space C[N]_, is linearly isomorphic to the
dual of U(n), for each ve@;.

2.2. Crystals

Following for instance [KSa, §3], we recall that a G-crystal is a set BZ0 endowed with

maps
wt: B— P, ¢;:B—7ZU{—00}, ¢€;:B— BU{0},
@i:B— ZU{—0c0}, f;:B— BU{0}

for i€, satisfying the following axioms:
e For each be B and i€, p;(b)=(h;, wt(b))+e;(b).
e For each b,b’€B and i€, we have

b=éb <= fib=V.
e For each b€ B and i€ such that €;b£0, we have
wt(€;0) =wt(b)+ai, £(€b)=¢;(b)—1 and ;(&b)=;(b)+1.
e For each be B and i€l if @;(b)=e;(b)=—o0, then &;b=f;b=0.

A crystal B is said to be upper semi-normal if, for each b€ B and i€ 1, there exists
n€N such that €;'b=0 and

g;(b) =max{neN:eb#0}.

A crystal B is said to be semi-normal if additionally, for each b€ B and each i€, there
exists n€N such that fb=0 and

;(b) =max{neN: fi”b;é 0}.

All the crystals that we consider in this paper are upper semi-normal. The maps ¢;

and ¢; are then determined by the rest of the structure.
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2.3. Perfect bases

We look for bases of C[N] that enjoy a form of compatibility with the left and right
actions of {e; } Cn. The following definition matches Berenstein and Kazhdan’s one ([BeK,

Definition 5.30]), with the addition of a specific normalization.

Definition 2.1. A linear basis B of C[N] is perfect if it is endowed with an upper
semi-normal crystal structure such that:
e The constant function equal to 1 belongs to B.
e Each b in B is homogeneous of degree wt(b) with respect to the weight grading
C[N]= €p cN]_..
vEQ4
e For each i€l and be B, the expansion of e;-b in the basis B has the form
eirb=g;i(b)eb+ > aylf

b’eB
Ei(b/)<€i (b)*l

with ay €C.

It follows from the definition that if a linear basis B of C[N] is perfect, then, for
each i€l and each b€ B, we have

n=ce;b) = ™ .b=2" and ITt-b=0.

7

For i€l and neN, let us define
K= {f €C[N]:e] - f =0},
Using the fact just above, we easily check that, for any perfect basis B of C[N], we have
BNK,;,={beB:eg;(b)<n},

and moreover this set is a basis of K; .

To take into account the right action of n on C[N], we now introduce biperfect bases.

Definition 2.2. A linear basis B of C[N] is biperfect(l) if it is perfect and if it is
endowed with a second upper semi-normal crystal structure (wt,el, pf,ér, ~;‘) which
shares the same weight map as the first crystal structure, and such that, for each i€l
and be B,

bei=c;(b)Eb+ > apl,
YeB
e; (b)<er(b)—-1

with ay €C.

(1) This is the same as the notion of “basis of dual canonical type” from [McN], except that we
have specialized ¢g=1, and we do not require that B be invariant under the involution * discussed in
Remark 6.7.
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We will refer to the data consisting of these two crystal structures on B as the
bicrystal structure of B. If B is a biperfect basis of C[N], then for each i€l and each
neN, the set {beB:e}(b)<n} is a basis of

K7, ={f €CIN]: f-¢;* =0}.

The algebra C[N] does have biperfect bases, but the explicit constructions of such
bases rely on geometric constructions or on categorification methods. The first example
of a biperfect basis is Lusztig’s canonical basis, after specialization at g=1 and then
dualization; in other words, Kashiwara’s upper global basis, specialized at ¢=1 (see
for instance [Lu3, Theorems 1.6 and 7.5], and [Kas2, §5.3]). Another example, in the
simply-laced case, is the dual of Lusztig’s semicanonical basis (the compatibility of the
dual semicanonical basis with the subspaces K, and K, is established in [Lu5, §3]).
The basis arising using the categorification by representations of KLR algebras is also
biperfect; this fact is transparent from Khovanov and Lauda’s first paper [KL] and is
given a detailed proof in [McN]. Lastly, the geometric Satake correspondence also gives
rise to a biperfect basis of C[N], as we shall see in §5.

In types Ay, As and As, we not only have existence, but also uniqueness and explicit

formulas.

Ezample 2.3. Suppose G=SL3(C), with the standard choice for B, T and N. Then,
C[N]=Clz,y, 2], where z, y and z are the three matrix entries of an upper unitriangular

matrix

o O =
o = 8
— < N
m
=

The unique biperfect basis of C[N] is
B={z%2"(zy—2)°: (a,b,c) e N> }U{y*2"(zy—2)°: (a, b, c) € N3}.
The action from the left of the Chevalley generators is given by

e1=— and ey=—-+xr—.
Y

ox

One can check that in B, the operators e; and es act with coefficients in N and that the

structure constants of the multiplication belong to N.

For the explicit formulas in type As, we refer to the paper [BZ2] by Berenstein and

Zelevinsky, which was the starting point of the theory of cluster algebras.
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2.4. Uniqueness of crystal

Berenstein and Kazhdan proved that, up to isomorphism, the crystal of a perfect basis
of C[N] is independent of the choice of the basis ([BeK], Theorem 5.37). The same is

true for biperfect bases.

THEOREM 2.4. Let B and C be two biperfect bases of C[N]. Then, there is a unique
bijection B=C' that respects the bicrystal structure.

Proof. We study the properties of the transition matrix M =(my,.) between the two

c=> mpch (%)

beB

bases, defined by the equation

for each ceC.
Fix i€l, take ceC, and set

n=max{e;(b) : b€ B such that m; . #0}.

Then, each b occurring in the right-hand side of () belongs to K ,,, and therefore c€ K ,,
that is, €;,(c)<n. Applying el(”) to (x), we get

egn) c= Z mb7ce§n) -b.
beB
mp, 70
ei(b)=n
The terms el(»n) -b=e'b that survive in the right-hand side belong to B, hence are linearly
independent, which implies that the left-hand side is not zero, and therefore that ¢;(c¢)=n.
Let us define

Bin={beB:gi(b)=n} and C;,={ceC:¢g(c)=n}.

The above analysis shows that the matrix M is block upper triangular with respect to

the decompositions
B= BZ',()UBZ'J UBZ',QU... and C= Ciy()UCi’lUCi,QU...
of the rows and the columns, and that the diagonal blocks of M are equal under the
bijections
é? Bi,n — Bi70 and é? Ci,n — Ci,O-
We now replace the index i€l by a sequence i=(iy,42,13,... ), in which each ele-

ment of I appears infinitely many times. With an element b€ B, we associate its string

parameters in direction i, namely the sequence n;(b)=(n1,na,ns, ... ), where

ny =¢&4, (b), N2 =¢&g, (éZlb), N3 =~&ig (é;n;é;nllb),
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The weights of the sequence of elements
~n1 ~No ~N1 sSN3 sn2 5N
b, e’lb, elellb, erlerlellh,

increase in (—@Q.) with respect to the dominance order, so this sequence becomes even-

tually constant, and its final value is in

() Bio=Bn ( N K@O) ={1}.

i€l i€l

It follows that the map br—n;(b) is injective, and we can therefore transfer the lexico-
graphic order on string parameters to a total order on B. Similarly, we define the string
parameters in direction i of an element of C, and totally order C' accordingly.

Iterating our first argument, we see that the matrix M is now upper triangular,
with all diagonal elements equal-—and in fact equal to 1 because of the normalization
condition that 1 belongs to both B and C'. In particular, we obtain a bijection between
B and C that preserves string parameters in direction i. This certainly means that this
bijection preserves the weight map and the crystal operations ¢;,, €;, and ﬁl.

Now we can change i, and thus replace ¢; by any element of I. The bijection does
not change, because given two sets B and C' and a matrix whose elements are indexed by
BxC, there is at most one bijection B=C such that there exists a total order on B (and
hence C') making M upper unitriangular. In other words, if M is an upper unitriangular
matrix, and P and @ are permutation matrices, and PM Q™! is upper triangular, then
P=@Q. (For this last assertion, it is necessary to assume that the matrices have finitely
many rows and columns. This condition does not hold in our situation, but we can reduce
to it by restricting to weight subspaces.)

We now have proved the existence of a bijection B=C' that respects the crystal
structure (wt, e;, p;, €;, fZ) But we can similarly construct a bijection B=C' that re-
spects the starred crystal structure (wt, e}, of, €7, 2-*), and the argument in the previous

paragraph shows that the two bijections necessarily coincide. O

The abstract bicrystal structure shared by all biperfect bases of C[N] is denoted by
B(0).

2.5. Bases in representations

Given a dominant weight A\, we denote the simple G-module of highest weight A by L(\).
We fix a preferred choice of a highest weight vector vy in L(\).
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Definition 2.5. A linear basis By of L()\) is perfect if it is endowed with an upper
semi-normal crystal structure such that the following conditions hold:
e the highest weight vector vy belongs to By;
e each b in B) is homogeneous of degree wt(b) with respect to the weight grading
of L(\);
e for each i€l and be B), the expansion of e;-b in the basis By has the form
eirb=gi(b)éb+ Y al,

b E€B»
qu(b/)<6i(b)—1

with ay €C.

Remark 2.6. (i) Any perfect basis is a good basis in the sense of Berenstein and
Zelevinsky [BZ1]. It follows that any perfect basis By of L(\) restricts to bases for

tensor product multiplicity spaces. Specifically, given dominant weights p and v, the set
{beBy:wt(b)=v—p and &;(b) < (h;, p) for all i € I}
forms a basis for Hom(L(v), L(A\)® L(p)), where we use the inclusion
Hom(L(v), LN ®L (1)) < L),
¢r— (10v,)(d(vy))

(see below for the definition of v} ).

(ii) Let By be a perfect basis of L(\) and let B} be its dual basis with respect to a
contravariant form on L(A). Then, for any Demazure module W C L(X), the set ByNW
is a basis of W. In fact, Kashiwara’s proof of the same result for the global crystal basis
([Kas3, §3.2]) only uses the axioms of a perfect basis (up to duality). In the case of the

semicanonical basis, this property was observed by Savage ([Sav, Theorem 7.1]).

Let v}: L(A) —C be the linear form such that v} (vx)=1 and v}(v)=0 for any weight
vector v€ L(A) of weight other than A\. We define an N-equivariant map

Uy: L(A\) — C[N]
by U, (v)=v}(?v). As a matter of fact, ¥y is injective and that its image is
Im ¥ = ﬂ KZUH)Q
iel
(one can deduce this from [Hul, Theorem 21.4] with the help of a contravariant form on
L(\); see also [BZ3, Proposition 5.1]). It follows that if B is a biperfect basis of C[N],

then
BN(imWy)={be B:ef(b) < (h;,\) for all i € I'}

is a basis of im W .
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PROPOSITION 2.7. Let B be a biperfect basis of C[N], NPy, and B\=V"(B).
Then, By inherits from B the structure of an upper semi-normal crystal, the weight map
being shifted by A\, and By is a perfect basis of L(\).

Proof. For each be B), we set
wt(b) =wt(Uy(0)+A, €i(b)=¢e;(Vr(b)) and ;(b)=(h;, wt(b))+e;(b).

If £;(b)=0, then we set ¢;b6=0. Otherwise, &;(¥ (b)) appears with a non-zero coefficient
in the expansion of ;- W, (b) in the basis B. Now, ¢;- ¥, (b) belongs to (im ¥y ), and this
subspace is spanned by the elements of B that it contains. We conclude that &; (¥ (b)) €
BN(im ¥y ), and therefore we can define é;b€ By by

\I//\(élb) = éz(‘l/)\(b))

The fact that B is upper semi-normal then implies that B) is upper semi-normal. Lastly,
we define f;b€ ByU{0} so that

s FOA(D), i fi(UA(D) € (im Ty),
Ua(fib) = { 0, otherwise. -

From Remark 2.6 (i), we immediately deduce the following corollary, which can be
regarded as a generalization (from the canonical basis to arbitrary biperfect bases) of
[BZ4, Corollary 3.4].

COROLLARY 2.8. Let B be a biperfect basis of C[N]. For any A\, u,v€P,, the set
{be B(co):wt(b)=v—pu—X and £;(b) < (hs, p) and e (b) < (hs, \) for all i€ T}
restricts (under Wy and the inclusion from Remark 2.6 (1)) to a basis for
Hom(L(v), L(A)®L(w)).

The proof of the following lemma relies on elementary sla-theory and is left to the

reader.

LEMMA 2.9. Let By be a perfect basis of L()\). Then, the crystal By is semi-normal,
and for each 1€l and be By, the expansion of f;-b in the basis By has the form

fzb:gpz(b)ﬁb+ Z ab/b',
b’ eB)
@i (b)<wpi(b)—1

with ay €C.
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Remark 2.10. Let A€ P,. For each we W, the weight space L(\)y» is 1-dimensional.
We choose a basis vector for this weight space by defining v,,y=wvy. These elements

can also be defined by induction on the length of w: if s;w>w, then
Vs;wh = fz(n) Vw

where n=(h;,wA). Using Lemma 2.9, we see that these elements v, belong to each
perfect basis of L(\). Abusing slightly the standard terminology, we will call flag minors
the functions W (v, ); they belong to each biperfect basis of C[N]. (When A is minuscule,
they are the restrictions to N of the flag minors from [BFZ], [BZ3].)

We observe that, for any dominant weights A and p, we have im W Cim Wy ,,. This

motivates the following definition.

Definition 2.11. A coherent family of bases is the datum of a basis By of L(\) for
each dominant weight A€ P, such that

Uy (Bx) CYryu(Bagp)

for all A, pePy.

A biperfect basis B gives rise to a coherent family of perfect bases, namely the datum
of all the bases ¥ '(B). Conversely, given a coherent family of perfect bases (B, ), the
union

U a(By)
AEP;
is a perfect basis of C[N]. We note that the crystal structures automatically match, in

the sense of Proposition 2.7.

2.6. Multiplication

We can easily describe multiplication in C[N] using the maps ¥. First, recall that there
is a unique G-equivariant map my,: L(A)® L(p) — L(A+p) which takes vy ®v, to vay,.

The following result follows immediately from the definition of ¥y.

PROPOSITION 2.12. We have the commutativity me(¥\@W,)=Yxi,omy,, where
m: C[N]®C[N]—C[N] is the multiplication map.

Thus, if we have a coherent family of bases (Bx)xep, and the matrix of the maps
my, in these bases, then we will have a basis for C[N] and the structure constants for

multiplication in this basis.
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b Z(b) b Z(b)

b1 = farsaz2134200  (0,1,0,0) br = fazo113442200  (0,1,1,0)
by = fizazaz1342b0  (1,0,1,1) bs = fiz2133042200  (1,1,0,0)
bs = faazo11342200  (0,0,1,1) by = faazo11332200  (0,0,0,2)
by = frazo133422b0  (1,0,0,1) bio = fasaa114422b0  (0,0,2,0)
bs = fiszo13442200  (1,0,1,0) bi1 = fiizessasnabo  (2,0,0,0)
b6 = fazo113342200  (0,1,0,1) b1z = foo11334422b0  (0,2,0,0)

Table 2. The twelve elements in S.

2.7. Non-uniqueness

In [GLS], Geiss, Leclerc and Schréer present examples where the canonical and the
semicanonical bases are different. Thus, biperfect bases are not unique in general. Let
us have a closer look at the simplest example (see [GLS, §19.1]). Here G is of type Djy.
We enumerate the vertices in the Dynkin diagram as customary (the trivalent vertex has
label 2), and we set A=« +2a5+a3+ay, the highest root.

We consider two biperfect bases C and C’ of C[N]. Abusing the notation, for each
be B(c0), we denote by C(b) and C’(b) the elements of C' and C” indexed by b. We focus
on the subspace C[N]_2xN(im ¥sy). It is compatible with both C' and C’; specifically,
both {C(b):b€S} and {C’'(b):b€S} are bases of this subspace, where

S={be B(0) :wt(b)=—2A, e7(b)=¢5(b)=¢c4(b) =0 and 5 (b) < 2}.

Table 2 presents the twelve elements in S. Here, by is the element of B(co) of weight zero,
and given a word abc... in the alphabet {1,2,3,4}, the notation fabe...bo is a shorthand
for the element f, fof. ... by in B(oc). Lastly, £(b) is the tuple

(1(b),e2(b),e3(b), £4(b)).

The proof of Theorem 2.4 shows that in the expansion

c'()= Z mp, C(b)

beB(0)

of an element of C” in the basis C, the coordinate my, ;» necessarily vanishes except when
g;(b)<e;(b') for each i. We then deduce from the table above that C'(b)=C"(b) for all
be{by, bs, by, bs, by, b1o,b11}, that C(ba)—C’(bs) is a linear combination of C'(bs), C(bs)
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and C(bs), and that, for be{bs, b7, bs, b12}, the difference C(b)—C’(b) is a scalar multiple
of C(by). In fact, C'(b)=C"(b) also holds for be{bq, bg, b7, bs}; to prove this for b=bg for

instance, one can note that
g2(b1) =e2(bg), £4(€2b1) = e4(E2bs),
£3(€4€2b1) =€3(Ea€2bg),  €2(E3E4€2D1) > e2(E3€4€2D3),
and refine the previous argument (see [Ba2], §2.5). To sum up, C' and C’ only differ at
the element indexed by b12, and C(b12)—C’(b12) is a scalar multiple of C'(by).

Let us set 77:62(616364)6(22)(616364)62, an element in U(n). Then, (n, C(b1))=1 (see
[Ba2, Theorem 5.2, case III]; note that the elements by and b2 are denoted by by 1 and
bs o in that paper), so

C(b12) —C'(b12) = (n, C(b12) —C"(b12))C(b1).
If C is the dual semicanonical basis, then (1, C(b12))=2. If C’ is the dual canonical
basis/upper global basis (specialized at ¢g=1), then, (n, C’(b12))=1. And if C” is the MV
basis of C[N] (see §6 below for the definition of this basis), then (n, C”(b12))=0. We

thus see that these three bases are pairwise different. Specifically, we have the relations
advertised in §1.5:

C(blg) = C//(b12)+20(b1) and Cl(blz) = C"(b12)—|—0(b1). (1)

We will not develop enough material in the present paper to be able to provide a
complete justification of the equation (n, C"(b;2))=0, but we can nonetheless sketch the
proof. Let bis=f1340b0 and bia= fao1342b0; then C"(by3) and C”(b14) are two elements
in (im ¥y), that is, two matrix coefficients of the adjoint representation L(\). A rather
straightforward calculation then gives (n, C”(b13)C" (b14))=2. On the other hand, using

Theorem 7.11, one can expand the product
0/1(613)0 (b14 C// +Z CI/ C// b12)

(The forthcoming paper [BGL] will explain how to calculate the required intersection
multiplicities. The actual computations are rather tedious—for the coefficient 2 one
must deal with a variety of codimension 10 defined by 18 equations—and are carried
out with the help of the computer algebra system Singular [DGPS].) Since the matrix
coefficients of the action of the Chevalley generators in the MV basis of a representation
are non-negative (a consequence of Theorem 5.4 below), we have (n,C”(b))>0 for any
beS. This is enough to ensure that (n, C"(b12))=0.

In the appendix (Theorem A.13), we prove the analog of the first equation in (1),
but only after applying the non-injective map D (see §1.4). There we also use computer

algebra systems along with techniques specific to type A.
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by
o/ .‘Jo
P a
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./ J./ 'J./ '*..J.,/ 4
(R
I

Figure 2. Local structure of B(c0).

3. More on biperfect bases

3.1. Crystal reflections

A result of Kashiwara and Saito ([KSa, Proposition 3.2.3]), extended by Tingley and
Webster ([TW, Proposition 1.4]) says that the bicrystal B(oco) is characterized by the
following conditions:

(i) Both crystals (B(oo),wt,ei,%,éi,fi) and (B(oo),wt,ez‘,wf,é;‘,ﬂ*) are upper
semi-normal.

(i1) wt(b)e—@Q for each element be B(o0).
(iii) There is a unique element by € B(o0) such that wt(bg)=0.
(iv) For each iel and be B, we have f;b#0 and f7b£0.
(v) For each i#j and each be B(co), we have e;(f;b)=¢;(b), e;“-(ﬁb)ze*f(b) and
b
(

J
=53

vi) If i€l and by € B(o0) satisfy €;(b1)=¢(b1)=0, then (h;, wt(b1))>0.

(vii) Let ¢€I and be B. The subset of B(co) generated by b under the action of the
operators &, f;, €, f contains a unique element b; such that £;(b;)=e*(b;)=0 and has
the form drawn in Figure 2, where the action of f; is indicated by the plain arrows, the
action of f is indicated by the dotted arrows, and (h;, wt(b1)) is the width of the shape.
(The picture is drawn for (h;, wt(by))=4.)

Note that (iv) is implied by (vii), and therefore not really needed.

Remark 3.1. These conditions imply that, for any b#bg, there exists i€l such that
€;(b)>0. To show this, suppose that there exists an element b#bg such that e;(b)=0 for
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all ieI. We may assume that, among all possible elements, b has been chosen to be of
maximal weight with respect to the dominance order. Since b#by, the weight wt(b) is not
dominant, and (vi) implies the existence of €1 such that €} (b)>0. So b is on the upper
right edge of the shape drawn in Figure 2, but is not the top vertex. Let blz(é;‘)ﬁf(b)b
be the top vertex of the shape. Certainly, (h;, wt(b1))#£0, for the shape has a positive
width, and therefore by #bg. By our maximality condition, b; cannot satisfy the property
imposed on b, so there exists j€I such that €;(b1)>0. Necessarily j#i4, and (v) implies
that €;(b)=¢;(b1)>0, a contradiction. (This argument comes from [KSa, p.16].)

Using this, one easily recovers the following result due to Saito ([Sai, Corollary 3.4.8]).

THEOREM 3.2. Let icI. The map
oi: {b€ B(o0) | ] (b) =0} — {b € B(00) | £4(b) =0}

given by o;(b)=(fF)?*®)(;)51 (") (b) is bijective and o; * (b)=(f;)# ) (e2)5 O (b).

Specifically, o; maps the upper-left edge of the shape in Figure 2 to the upper-right
edge, so that wt(o;(b))=s; wt(b). Note that o;(b)=(¢;)%® (f)#:®)(b).

3.2. Biperfect bases and Weyl group action

The automorphism Adj;, of the Lie algebra g extends to an automorphism 7; of the
enveloping algebra U(g). We set UT=U(n), a subalgebra of U(g). Certainly T; restricts

to a linear isomorphism
UtnT; N U = T,(U)NU".

The following theorem generalizes to any biperfect basis a property known for the

dual canonical and the dual semicanonical bases (see [Lu4, Theorem 1.2] and [Bal, §1.2]).
THEOREM 3.3. Let B be a biperfect basis of C[N], let i€l and beB be such that
eX(b)=0, and let veUNT; "(U"). Then,

(0i(b), u) = (b, Ts(w))-

The equation €;(0;(b))=0 implies that o;(b) annihilates U"e;. Taking into account
the decomposition U*=(U*NT; ' (U*))®U"e;, we see that the theorem provides a com-

pletely algebraic characterization of o;(b) (previously defined only combinatorially).
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Proof. Let i€l and beB as in the statement. Set b'=0;(b), n=¢;(b) and p=¢;(b).
Then, p=e3 (b )=*((f;)™(¥')), which implies

b= (&) (fi)" () = ((fi)"(v)) e

We choose a dominant weight A€ P, such that (h;, \)=p and (h;, \) >¢(b') for any
j#i. We adopt the notation of §2.5; in particular, the simple g-module L(\) comes with
the n-equivariant embedding Wy: L(A\)—C[N]. Then, ' €im ¥, the set By=V"(B) is
a perfect basis of L(\), and we can write b'=W, (V) for a certain element ¥/ € By.

Now &;(b')=¢;(b')=0, so e;-b'=0 in the module L()\). Further,

<hi’ Wt(?)) = <hia )\+3i(Wt(b))> =p— <hi7 Wt(b)) =p— (p—n) =n,
SO Ei-y:fi(") -b'. From Lemma 2.9, it follows that Ei-y:(ﬂ)"(y), and therefore
(F) () =UA((fi)" (V) = WA (S;- ).

Let w be the involutive antiautomorphism of g such that w(e;)=f; and w(h;)=h; for
each i€1. With respect to w, there is a unique contravariant form (-, -) on L(A) such that
(vx,va)=1 (see for instance [J, §1.6]). The embedding ¥ is given by ¥y (v)=(vy, 7v);
in particular, (f;)™(b')=(vx,?5;-0'). Then,

b= (vx, e 25;-5) = (f" vy, 75:- V) = (5:-va, 25;-V) = (vx, 5; 125, -1)).
Evaluating this equation on Tj(u), where ucU*NT, 1 (U™), we get (b, Ti(u))=(V,u), as
desired. O

3.3. MV polytopes

Recall that B(oco) denotes the abstract bicrystal common to all biperfect bases. The
theory of MV polytopes provides a convenient combinatorial model for B(co). These
polytopes will also serve as the support for the measures to be introduced later in Part III.
It is simplest to introduce MV polytopes using the crystal reflections o;. Specifically,
we extend the definition of the crystal reflections to all of B(o0) by defining
Gi(b) = oi((€7)™**D),

K2

where as usual €***b means éfi(b)b. These operators satisfy the braid relations

00504 ... = 040,05 ...,
——— ——

m; ; factors m; ; factors
2 ¥
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where m; ; is 2, 3, 4, 6 depending on a;;a;; being 0, 1, 2, 3, respectively. To any weW
one can then attach an operator &,, on B(o0) so that 6,,=d;, ... &;, for any reduced word
W=$;, ... S;,. Further, one can show that the map &, takes every b€ B(co) to the unique
element by of weight zero.

(These facts follow from the work of Saito [Sai]. Loosely speaking, &; rotates Lusztig
data, dropping the first coordinate and inserting a zero at the last position. We refer to
[BaK, p. 184] for a complete description.)

We define the MV polytope Pol(b) of an element be B(co) as the convex hull of the
weights

i (B) 1= 0wt (31 (8))
for weW; this polytope lies in P®zR. The vertices of Pol(b) are the points p,,(b). The
edges of Pol(b) are of the form (fy,(b), tws; (b)) and point in root directions; indeed, if
ws; >w, then
fws; — Hw = Ei(0p-1 (b) Jway;.

Remark 3.4. In [Kaml], the second author gave an explicit combinatorial definition
of MV polytopes, defined a bicrystal structure on this set of polytopes, and proved that
this bicrystal is isomorphic to B(co). Examining the definition of this crystal structure
and its relationship with Lusztig data, it follows that we defined here the same set of

polytopes with the same bijection with B(c0).

Part II. Mirkovié—Vilonen cycles
4. Background on the geometric Satake equivalence
4.1. The geometric Satake equivalence

Let GV denote the Langlands dual group of G. This reductive group scheme comes with
a maximal torus TV whose cocharacter lattice is P. Our choice of positive and negative
roots provide a pair of opposite Borel subgroups BY and BY in GV; we denote their
unipotent radicals by NY and NY.

Let O=C][[t]] be the ring of formal series and let K=C((¢)) be its fraction field of
Laurent series. As a set, the affine Grassmannian Gr of GV is the homogeneous space
GY(K)/GY(0). Tt is the set of C-points of a reduced projective ind-scheme over C;
see [Ku, §§13.2.12-19] and [Z] for a thorough introduction to this object.

A weight € P is a cocharacter of TV; therefore it gives a homomorphism of groups
K*—TY(K). We denote by t*€T"(K)CGY(K) the image of t€K* under this homo-
morphism, and by L, the image of t* in Gr. These points L, are the fixed points for the
action of TV (C) on Gr.
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Given A\eP,, we denote by Gr* the GV (0O)-orbit of Ly in Gr. This is a smooth
variety of dimension 2pY()). The Cartan decomposition in G (K) implies that
gr= |_| Gr.
APy
Each Gr* can be viewed as a (parabolic) Schubert cell; its closure is obtained by adding
the orbits Gr* with p€ P, such that p<A.

Lusztig observed in [Lul] that a great deal of information about the representation
L(A) of G is encoded in the geometry of g?; for instance, the dimension of L()) is equal
to the dimension of the intersection homology of Gr.

Lusztig’s insight can be regarded as a categorification of the classical Satake isomor-
phism, where GV(O)-biinvariant compactly supported functions on GV (K) are replaced
by GV (O)-equivariant perverse sheaves on Gr with coefficients in C. Specifically, consider
the category Pgv (o) (Gr) of such sheaves with finite-dimensional support. It is possible to
endow Pgv(0)(Gr) with a convolution product along with suitable associativity and com-
mutativity constraints. The total cohomology provides a fiber functor F' from Pgv (o) (Gr)
to the category Vectc of finite-dimensional C-vector spaces. By Tannakian reconstruc-
tion, F' induces an equivalence of categories from Pgv(0)(Gr) to the category Rep(G) of

finite-dimensional representations of a group scheme G over C such that the diagram

PGV(O) gI‘ 4>Rep )

N S

Vectc

commutes, where the right downward arrow is the forgetful functor. The group scheme
G is algebraic, connected, reductive, and its root datum is inverse to the root datum
of GV; in other words G is isomorphic to G.

This program was carried out by Ginzburg [Gi], Beilinson—Drinfeld [BD], and finally
Mirkovié—Vilonen [MV]. We refer the reader to the latter paper for the proof.

4.2. Weight functors

As a subgroup of GY(K), the torus TV(C) acts on Gr. The regular dominant weight p
defines a homomorphism C*—TV(C), so provides a C*-action on Gr. In their proof,
Mirkovi¢ and Vilonen define weight functors using the hyperbolic localization functors
defined by this action [Bra]. We recall part of their construction.

Given pe P, we denote by S* the NY(K)-orbit through L, and by S* the NY(K)-

orbit through the same point. Then, for each L in S, resp. S*, we have

iiL%P(a)'L:Lm resp. alLr&p(a)oL:L#.
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The Iwasawa decomposition in G (K) implies that

gr=| | s =] s~

HeEP HEP

It follows that the points L, are the fixed points for our C*-action and that S* and S”
are the attractive and repulsive varieties around L.
Given peP, we define subsets S7 and S* by

SF=|]s" and SF=||s”
vSp vzp
These are closed subsets ([MV, Proposition 3.1]). Therefore, we can factorize the in-

clusion map s,:S5" <Gr as the composition of an open immersion §, and a closed

immersion 5, as follows

S“Q)gr

For any weight y€ P and any sheaf A€P v (0)(Gr), the cohomology H* (S, S!#.A) is

concentrated in degree k=2p" (1) and we have a diagram

HH (ST, 5, A) — s {1k (G, A)

(gu)*lz

H* (S, 51,A)

where the vertical arrow is an isomorphism. Further, for each k€Z, the maps (5,)

provide a decomposition

H*Gr,A)= & H(S",5,4)
nerP
2pV (n)=k

by [MV, Theorem 3.6]. As a consequence, the fiber functor F=H"(Gr,?) from §4.1
decomposes as a direct sum of weight functors

F=F,
nerP
defined by
F, = H* 0)(57,5,7) = H' (5", 5),7).

Since this decomposition is compatible with the convolution product, it defines a
homomorphism 7—G that identifies T with a maximal torus of G ([MV, p.122]).
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4.3. Action of the principal nilpotent

To understand how G acts on the spaces F(A), we need to fix the isomorphism G=G.
For this, we use an idea of Ginzburg [Gi].

Let g¥ be the Lie algebra of GV and let ¢: P—Q be the W-invariant quadratic form
such that ¢(a)=1, if « is a short root of G. Let B: P x P—Q be the polar form of ¢ and
let t: P—t be the map pu+—B(p, ?). The invariance of ¢ under the Weyl group implies
that (a;)=q(a;)ay for each i€l.

From this data, we can construct an affine Kac—Moody Lie algebra EV, as explained
in [Kac, Chapter 6]. With the standard notation setup in this reference, the dual of the

Cartan subalgebra of EV can be written as
tdCs¥ @CA,.

For ue P, we set m(p)=Ag—t(p)—q(p)sY, an element in t.

Let V denote the integrable representation of g/V of highest weight Ag. This rep-
resentation determines a homomorphism GY(K)—PGL(V) ([Ku, Proposition 13.2.4]).
This can be lifted to a representation of a central extension F(G"(K)) of GY(K) by C*
([Ku, Proposition 13.2.8]). Moreover, the cocycle that defines this extension involves the
tame symbol ([Ga, Theorem 12.24]); this cocycle is trivial on O, so this extension splits
over GV(0), giving a diagram

G¥(0)

1——CX —— B(GY(K)) —— GY(K) —— 1.

Let v denote the highest weight vector of V. It is invariant under the group
s(GY(0)), so the map gr»gv defines an embedding Y:GrP(V). This embedding
is a morphism of ind-varieties ([Sl, §2]). We thereby obtain a (very ample) GV (K)-
equivariant line bundle #=Y"*¢(1), which incidentally is known to generate the Picard
group of the identity component of Gr.

Formula (6.5.4) in [Kac] implies the following statement (compare with [MV, (3.2)]).

PROPOSITION 4.1. For each pn€P, the line Y(L,) is contained in the m(p) weight
space of V.

The cohomology algebra H*(Gr, C) acts by the cup-product on F(A)=H"(Gr, A) for
any object A€Pgv(0)(Gr), and the action is natural in A. In particular, the cup-product
with the first Chern class ¢1(.Z) is an endomorphism € of the functor F. By Lemma 5.1
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in [YZ], this element ¢; (.£) is primitive in H*(Gr, C), which implies that for any sheaves
A and B in Pgv(0)(Gr) we have

eaxB = €AQidp () +idpa)®ep

under the isomorphism

F(A*B) = F(A)@ F(B).

It follows that € belongs to the Lie algebra g of G.

Now, let h€g be the element that acts as the multiplication by the cohomological
degree on each vector space F(A). Clearly, we have [h,é|=2é. For any A€Pgv(0)(Gr),
the hard Lefschetz theorem guarantees the existence of an endomorphism f 4 of the vector
space F(A) such that (4, h4, fa) is a sl triple. Certainly f4 is unique, hence natural
in A, and we conclude that there is a unique element fcg such that (e, h, f) is an sl
triple (see [Z, Theorem 5.3.23]).

By the end of §4.2, T is a maximal torus of the group G, so we may decompose g into
root subspaces with respect to the adjoint action of 7. The root system is then the root
system of G. Further, h identifies with the element 2p¥ €t, so (h, a;)=2 for each simple
root a; of G. By [Bo, Chapitre 8, §11, Proposition 8], we can then write e=)_,_; &;,
where each €; is a non-zero root vector of weight «;.

With all these ingredients in hand, we can fix the isomorphism GG by identifying

each simple root vector €;€g with its counterpart ¢(o;)e; €g.

5. The Mirkovié—Vilonen basis in representations
5.1. Some more notation

In this section we recall standard facts and notation about sheaves and cycles. Through-
out this paper, we will consider sheaves of C-vector spaces. Similarly, singular cohomol-
ogy, homology, and K-theory will always be considered with C-coefficients.

Suppose that X is a complex irreducible algebraic variety of dimension d. We denote
the constant sheaf on X with stalk C by Cx. The Verdier dual of Cyx is the dualizing
sheaf Dx on X; it can be defined as either f!Cpt, where f: X —{pt} is the constant
map, or as the sheafification of the complex of presheaves Ur—C_.(X, X\U) of relative
singular chains. The singular cohomology of X is identified with H*(X,Cx); the Borel-
Moore homology of X (constructed from possibly infinite singular chains with locally
finite support) is identified with H.(X):=H *(X,Dx).

Let D.(X) denote the bounded derived category of constructible sheaves of C-vector
spaces on X. We have the (contravariant) Verdier duality functor ID: D.(X)—D.(X)
defined by RHom(—,Dx).
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5.1.1. Intersection cohomology sheaf

The open subset of regular points X*°® is a real connected oriented manifold of dimension
2d, so Hpy(X"°8) is a 1-dimensional vector space spanned by the fundamental class of
X8, Since X\ X' is a pseudomanifold of dimension <2d—2, the restriction map
Hyi(X)— Hyq(X™#) is an isomorphism; we denote by [X] the class in Hyq(X) that
restricts to the fundamental class of X8 and refer to [X] as the fundamental class of X.
The same notation [X] will also be used to denote the image (proper push-forward) in
Hy4(Y) of this class under a closed immersion X —Y.

As a topological pseudomanifold, X admits a filtration with even real-dimensional
strata, which allows to define unambiguously the sheaf of intersection chains IC(X) with
respect to the middle perversity; it restricts to the shifted local system Cg[d] on the
open stratum S. Local sections of IC(X) are (possibly infinite) singular chains that
satisfy specific conditions relative to how they meet the lower-dimensional strata of X;

forgetting these conditions gives a map
IC(X) — Dx[—d] (2)
which restricts on S to the isomorphism
IC(X)|s =Csd] — Ds[~d] =Dx[d]|s

given by the orientation (see [GM, §5.1]).

5.1.2. Cup and cap products

Let Z be a locally closed subset of X and let i: Z— X denote the inclusion. For any
object A€D.(X) on X, we write Hy(X, A):=H*(Z,i'A). In particular, when A=Cyx,
then we write Hy(X):=H*(Z,i'Cx). This is isomorphic to the singular cohomology
H* (X, X\2).

Now, let u€ H(X). So u:Cz—i'Cx[p] and by adjunction, we can regard u as a
map

u:1)Cz — Cx|[p).

For any A€ D.(X), we define its cup product with u to be the resulting map i,i*.A—
L
Alp] given by applying ®.4 to the map u. Taking compactly supported global sections

gives us
uU: H¥(Z,i* A) — HMP(X, A).
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Similarly for any A€ D.(X), we define its cap product with u to be the resulting map
A—ii' Alp] (given by applying RHom(—, A)[p] to the map u). Taking global sections
gives us

un: H#(X, A) — H," (X, A).

If we take A=Dx, we obtain the usual cap product map in Borel-Moore homology,
uN: Hy(X) — Hy—p(2).
For any A€ D.(X), if we take the cup product map
ii* A= Alp)

and apply Verdier duality, we obtain a map

D(uU) .

D(A)[-p] ixi'D(A),

which coincides with the map uN shifted by —p, by [KSc, (2.6.7)].

These cup and cap product maps are compatible with pull-back. Let us explain
this compatibility in the case of cap product. Let f:Y —X be a morphism and let
W=f"Y(Z). Then, we can form f*u€H%,(Y) and given any A€D.(Y), we have the
following commutative diagram

(v, A) 0 ey, ) (3)

T

H X, fA) —C HMP (X, fLA),

IR

where the vertical isomorphisms come from the composition of push-forwards (and base

change for the right-hand vertical arrow).

5.1.3. Cap products and cycles

An effective way to compute cap products with Chern classes is to reduce to calculations
of intersection multiplicities. We quickly recall the definitions and the basic results from

Fulton’s book [F] in the very specific setup that we will need. We consider a fibre square

L)

of C-schemes
—

—

7
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with ¢ the inclusion of an effective Cartier divisor and V" an irreducible variety of dimen-
sion k. We assume that V is not contained in the support of D. Let Z be an irreducible
component of W; it is a subvariety of V' of codimension 1. The multiplicity of Z in the
product D-V is defined to be the length of the module Oy v /(f) over the local ring
Ow,v of V along W, where f is a local equation of D|y on an affine open subset of V
which meets Z. Following [F, Chapter 7], this multiplicity is denoted by ¢(Z, D-V).

The inclusion i is a regular embedding of codimension 1, hence has an orientation
class u€ H2(Y, Y\ D). Concretely (see [F, §19.2]), D is the zero-locus of the canonical
section s: Y —Oy (D) and u is the pull-back by s of the Thom class of the line bundle
Oy (D). Now, consider a fibre square

Following the above discussion we have the cap product
i (gFu)n /
Hk(Y ) —>ka2()( )

The following result follows from [F, Theorem 19.2].
PROPOSITION 5.1. Retain the above notation and assume that V is an irreducible
subvariety of Y' of dimension k, not contained in g~'(D). Then,
(g"w)n[V]=>_i(2,D-V)[Z]
Z

the sum being taken over all irreducible components of Vg~ (D).

5.2. Mirkovié—Vilonen cycles

Let A€ Py, fixed for the whole section. As shown by Mirkovi¢ and Vilonen ([MV, The-
orem 3.2]), given p€ P, the intersection Gr*NS*, when non-empty, has pure dimension

pY(A—p). We define an MV cycle Z of type A and weight p to be an irreducible com-

ponent of Gr*NS*. Equivalently, an MV cycle of type A and weight y is an irreducible
component of Gr*NS* of dimension p¥(A—pu). We denote the set of these cycles by
Z(A), and define

ZW =] Z2Mw

the set of all MV cycles of type A.
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Braverman and Gaitsgory endow Z(\) with the structure of an upper semi-normal G-
crystal [BrG]. Their definition involves a geometric construction, but one can provide the
following purely combinatorial short characterization ([BaG, proof of Proposition 4.3]):

o Let peP and Z€Z(\),. We set wt(Z)=p. The closed subset Z is C*-invariant
with respect to the action defined in §4.2 and meets the repulsive cell S*, so L,€Z. For

each €1, we can then define
gi(Z)=max{n€N:L,ina, €Z} and ¢;(2)=¢;(2)+ (), p).
o Let ueP,icl and (Z,Z')€ Z(\)?. Then,
Z'=¢,7 <+ (Z'CZ wt(Z')=wt(Z)+a; and ¢;,(Z")=¢;(Z)-1).

We denote the intersection cohomology sheaf of the Schubert variety GrA by Zx. The
geometric Satake equivalence maps this perverse sheaf to the simple G-module L(\).
In other words, under the identification G=G specified at the end of §4, there is an
isomorphism F(Zy)=L(\), unique up to a scalar. For each ;€ P, the subspace of L(\)
of weight p identifies with

Fu(T)) = HY(S",5,1)) = H-(Gr, ),

where k=2p" ().

By (2), we have a map of sheaves IA%ID)Q? [—d], where d=dim Gr*=2p"()). De-
noting the inclusion of the open stratum by j: gr’\—>(_ﬁ7 we then get a commutative
diagram

I, ——— D5~

L

Gud Iy —— j*j*ng [—d]

where the vertical arrows are adjunction maps. The bottom arrow is an isomorphism
because both Zy[—d] and ]D)g?[—Qd] restrict to the trivial local system over Gr.

Base change in the Cartesian square

G nGF — s GG — G

A T

grh - Q? gr
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gives the isomorphism ELj*j*]D)g? %j;ID)grmST. Applying the functor H}“(S’?, E!H?) to the

commutative diagram above then yields

Fu(Z) = HH(S", 51, 1y) ——— H*4(SF 5, D) —— Hdk(grjmﬂ C)
HE(S”, 8,5, Th) —— H*4(S”, D, , ar) == Ha_(Gr*nS~,C).

Here, the left vertical arrow is an isomorphism, as shown by Mirkovié¢ and Vilonen ([MV,
proof of Proposition 3.10]). The right vertical arrow is also an isomorphism, because
each irreducible component of Gr*NS” of dimension %(d—k): pY(A—p) meets the open
stratum Gr?. In fact, these irreducible components are precisely the MV cycles of type A
and of weight p.

We denote by [Z] EHd,k(g?‘ NS”,C) the fundamental class of such an MV cycle Z.
The set {[Z]:Z€Z(\),} is then a basis of the weight space F,(Zy). Gathering these
bases for all possible weights, we obtain a basis of F'(Z,) indexed by Z(\), which we can
transport to L(A) by normalizing the isomorphism F(Z))=L()\) in such a way that the
highest weight vectors [{Ly}] and vy match.

The basis of L(A) obtained in this manner is called the MV basis. (By analogy with
the case of the global basis and following Kashiwara’s terminology, we should more accu-
rately call it the upper MV basis.) The following result is (up to duality) Proposition 4.1
in [BrGJ.

THEOREM 5.2. The MYV basis is perfect.

We will give our own proof of this result, which provides some more refined infor-
mation needed in the sequel. The first step in the proof is carried out in §5.3, where
we establish a formula that expresses in geometrical terms the action of a Chevalley
generator e; on a basis element [Z]. This formula has the form

eir[Zl= > azlZ],
Z'€Z(N\)

where the coefficient az: is non-zero only if
wt(Z')=wt(Z)+a; and Z'CZ.

Thus, for [Z'] to actually appear in e;-[Z], it is necessary that Ly (z/)+c,(2)a; €Z, Which
in turn implies that €;(Z)>¢;(Z’")+1. If moreover the latter relation is an equality, then
necessarily Z'=¢;Z, by the characterization of the crystal structure on Z(\) given above.
At this point, it remains to show that if ;Z#£0, then the coefficient ag, 7 is equal to £;(Z).

We perform this computation in §5.4.
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Remark 5.3. As shown by Berenstein and Kazhdan [BeK], the crystal of a perfect
basis of the highest weight module L(\) is independent of the choice of the basis. There-
fore, the crystals of the MV basis and of the upper global basis of L(\) (specialized at
g=1) are isomorphic. This observation provides another proof of Braverman and Gaits-
gory’s theorem [BrG]| that states that the crystals Z(\) are isomorphic to Kashiwara’s
normal crystals B(\).

5.3. Action of e; on an MV cycle

Recall the notation setup in §4.3 and the statement of Proposition 4.1.

Fix p€P and pick a linear form f on V which is non-zero on the line Y(L,) and
which vanishes on all weight subspaces of V' of weight other than 7 (u). Let DCGr be
the Cartier divisor defined as the intersection of Gr with the hyperplane in P(V') defined
by f. Proposition 3.1 in [MV] tells us that

DNS" = Jsttes,
i€l
THEOREM 5.4. Let A€ P, let i€l, and let Z€Z(\),. Let
er[Z]= Y aznlZ]
Z'€Z(N)
be the expansion of the left-hand side in the MV basis of L(\). Then,

(Z2',D-Z), if wt(Z')=wt(Z)+w; and Z' CZ,

0, otherwise.

q(ei)az :{

Proof. Regarding Gr as the zero section of the total space L of the line bundle
Z="*0(1), we can consider the Thom class 7€ H3r(L). Regarding f as a continuous
map from Gr to L such that f(Gr\D)CL\Gr, we can form f*r€H%(Gr). With these
notations, each perverse sheaf A€Pgv(0)(Gr) gives rise to a diagram

Hﬁ(gr, A) — H*(Gr, A)

Uf*’rl uf*'rJ \cl(}z’)

Hbm?‘(gr’ A) —— H;(Gr, A) —— H*(Gr, A),

which commutes following [I, I1.10.2 and I1.10.4].
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Now let Ae P, and set A=T,, k=2p"(u), and d=2p"()). Similarly to the isomor-
phism

HE-(Gr, ) = H(Gr, D) = Hy_1(Gr*nSP,C)

obtained in §5.2, we have an isomorphism

H];ré“(grz’\) H’;*é“d(g Dsm)= Hy_j—2(DNGr*nS”, C).

We then get a commutative diagram

b(Gr, 1) —— HSH UGr, D) ——— Hy_x(Gr*nS”,C)
Uf*Tl Uf*Tl ‘/ﬂf*T
Hpt(Gr, Th) —— HEP2(Gr Do) == Hy_r_2(DNGr*nS”, C).

Let ZeZ(\), and let [Z] be its fundamental class in Hy_1(Gr*nS”,C). The two
commutative diagrams above and the explanations in §4.3 show that [Z]Nf*7 is the
result of the action on [Z] of the principal nilpotent é. On the other hand, f*7 is the
orientation class u of the regular embedding D—Gr, so [Z]Nf*7 is the homology class

of the cycle D-Z, by Proposition 5.1 applied to the fibre square

DG NSF — 5 grinsSt

L]

D—————r.

Now, any irreducible component of DNZ must be contained in Grin St for some
1€1; being of dimension
dimZ—-1=p"(A—p—a;),
it is then of the form Z’ with Z’€ Z(\),4qa,. We eventually obtain
“2]=). > azlZ)
i€l Z'€Z(N)uta;
where
{ i(Z',D-Z), 7 CZ,
aZ/ =
0, otherwise.
The claimed formula follows by isolating the contributions of the different summands in

E:Zq(ai)ei. O

iel
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5.4. Computation of the leading coefficient

PROPOSITION 5.5. Adopt the notation of Theorem 5.4 and assume that €;Z#0.
Then,

Proof. Let s be alift in GV of the simple reflection s;. The weight s;p: C*—T"(C)
defines an action of C* on Gr. With respect to this action, the repulsive cell around the
fixed point L, is the subset s)(S°").

Let 2 be the additive 1-parameter subgroup corresponding to the simple root o
of (G¥,T"); it defines a homomorphism K—G"(K). Let NY; be the unipotent radical
of the parabolic subgroup of GV generated by NY and by the image of zY. The sub-
group generated by NXJ and the image of z} is then the maximal unipotent subgroup
sYNY(K)(sy)™! of GY(K). We can lift it to the central extension E(GY(K)) so as to

?

make it act on V', and the embedding Y: Gr—P(V) is equivariant for this action.

After these preliminaries, let us genuinely start the proof. Let

m=¢;(Z), v=p+tma;, r={(a),v), Z'=¢e"Z,
Z=2NGr"NsY (%), Z'=Z'nGr*nsy (S%),

Clt ™Y, ={a_mt™ ™ 4+a1_pmt' ™+ da_ 1t (a_pm, a1y ya_1) €C™}

From [BaG, Proposition 4.5 (ii)], we see that the assignment (p,y)—z; (pt")y defines a
homeomorphism F:C[t) x Z'—Z; it is even an isomorphism of algebraic varieties.
The cycle & Z is a divisor in Z; its local equation in the open subset Z is a_,,=0.

Our goal now is to evaluate the ‘equation’ foY of the divisor D at a point F'(p,y).
(We put quotation marks around the word ‘equation’ because fo7¥ is a section of £, not
a function.)

We write y€Z’ in the form y=gL, with geNY ;(K). We write T(L,)=Cuvy with
vo €V of weight m(v) and we decompose v=gvy as a sum of weight vectors v=vp+...+vy,
with v; of weight 7(v)—8;—c;8", where fo=co=0 and j3;¢Za; for j#0. We put

b= a—’mtim_kal—nbtlim_"---+a'—1t715

and we expand the product

m ang
\ _ —£
Aor=T1( 3 Tzt o
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where X,y 4 q5v EEV is the derivative at zero of the additive subgroup arsz} (at?) of

GY(K). The linear form f vanishes on
( H XZ§+(r—tz)5v> Ujs
=1

except if

Y nelay +(r—08")+r(v)—fBi—¢;0" =m(u),

{=1

which can be rewritten as a system of two equations
m m
(Zn4>ay—mq(ai)ay—ﬁj =0 and Z(r—f)ng—cj =m(r—m)q(a;).
=1 =1
The first one requires that 3;€Za;’, and hence that j=0; the condition then becomes
m m
an:mq(ai) and ang:qu(ai),
=1 =1

which, in turn, is equivalent to ni=...=n,,—1=0 and n,,=mq(a;). To sum up, we have

n

r a_m n
fla) (pt")v) = ] (XY 4 (r—mysv Vo),

with n=mq(a;).
Now, let g be another linear form on V, which is non-zero on the line Y(L,) and
which vanishes on all weight subspaces of V' of weight other than m(v). Then, goY does

not identically vanish on Z, because
g(=i (pt")v) = g(vo) #0.
Therefore, the rational function (f/g)eY has no poles on Z, and has value

f(X2y+(r—m)5vU0)
nlg(vo)

n

aQ_m

at the point F(p,y). The second factor does not depend on (p, y), and hence is a non-zero
constant. We thus see that the local equation (f/g)eY of the divisor D vanishes along
;7 with multiplicity n=q(«;)e;(Z), as asserted. O
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6. The Mirkovié—Vilonen basis of C[IV]
6.1. Stabilization

Let v€Q,. Then, the subset S°NS”" of Gr is non-empty and has pure dimension p" (v/).
We define a stable MV cycle of weight —v to be an irreducible component of S?NS”",
and we denote the set of these cycles by Z(c0)_,. We further define the set of all stable
MV cycles
Z(0)= | | Z(c0)-s-
rveQy

Let A€ P,. By [A, Proposition 3], for any weight p€ P, the irreducible components

of Gr*NS* are the irreducible components of S*NS” that are contained in Gr*. Addi-

tionally, the action of +* on Gr induces an isomorphism S9ns—v =9 i‘ﬁS A=V Tt follows

that the assignment Z+t*Z provides a bijection
{Z€Z(00) 1} ZC G} = Z(N).

Recall that, for each A€ P,, we defined in §5.2 the MV basis {[Z]: Z€Z()\)} of the

representation L(\).

PROPOSITION 6.1. The MV bases of the simple representations L(\) form a coherent
family of perfect bases in the sense of Definition 2.11. More precisely, for each Z € Z(0),
there exists a unique element by €C[N] such that, for any A€ P,, we have

PZCGr = by=0,([t"2)).

Proof. For each Z € Z(o0), there exists A€ P, such that trZCGrt ([A, Propositions 4
and 7]). The crux of the proof is to show that W, ([t*Z]) does not depend on the choice
of \.

Let A, u€ P;. The orbit NY(O)-L, is dense in Gr* (]MV, proof of Theorem 3.2]), so

.G = t* NY(O)-Ly C NY (O)t Ly = NY(O) Ly, = Gr .
As a consequence,
(Z € Z(c00) P ZC G} C{Z € Z(00) : MM Z C Gr T,

which shows that the assignment Z+—t*Z defines an injection Z(\) S Z(A+p) .

Let 1: L(A)— L(A+p) be the linear extension of this injection; in other words, % is
the linear map that sends an element [Z] of the MV basis of L(A) to the element [t"Z]
of the MV basis of L(A+pu). By construction, 1 raises the weight by p and maps vy
to va4,. We claim that it intertwines the actions of NV on L(X) and L(A+p).
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To see this, let v€ P, let f be a linear form on V' which is non-zero on the line T(L,)
and which vanishes on all weight subspaces of V' of weight other than 7(v), and let DCGr
be the Cartier divisor defined as the intersection of Gr with the hyperplane in P(V') of
equation f. Then, the linear form g on V defined by g(v)=f(¢t~*v) is non-zero on the
line Y(L,4,) and vanishes on all weight subspaces of V' of weight other than 7(v+pu),
and t* D is the Cartier divisor of equation g. Thus, for any Z€ Z(\), and Z'€ Z(\)y+q,,
we have

i(t"Z',(t"D)-(t"Z)) =i(Z', D-Z),

which implies (Theorem 5.4) that 1 intertwines the actions of each e;.
Thus, the map
(UA=Urtpotp): L(A) — C[N]

is an homomorphism of N-modules, which lowers the weight by A and annihilates vy. Its

image is therefore an N-invariant subspace of the augmentation ideal

P CIV-, ={feC[N]: f(1x)=0}
veQ+\{0}

of C[N]. Consequently, this image is zero, and therefore ¥y=V,,0¢p. We conclude that
for any Z€ Z(oc0) satisfying t* Z CGr?, we have

UA([t2]) = Uay (M7 2]). O

Thus, the elements bz constructed in Proposition 6.1 form a perfect basis of C[N],
which we call the MV basis of C[N], for it is obtained by gluing the MV bases of the
representations L()A). By Proposition 2.7, the crystal structure on the indexing set Z(o0)
can be characterized by its restrictions to the sets Z(\), where it must coincide (up
to a shift in the weight map) with the structure that we used in §5. Comparing the
constructions in [BrG] and [BFG], we see that this crystal structure is the one defined in

this latter reference.

6.2. Biperfectness
Our aim in this section is to prove the following result.

THEOREM 6.2. The MV basis of C[N] is biperfect.

As a first step in the proof, we need to endow Z(co0) with operators (&7, ¢¥, éf, fl*)
that provide the structure of a bicrystal. We do this with the help of a weight-preserving

involution, which we construct as follows.
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We choose an involutive antiautomorphism g++g”™ of GV that fixes pointwise the
torus TV and exchanges any root subgroup with its opposite root subgroup. The au-
tomorphism g (g7) ™! of the group GY(K) leaves GV(O) stable, hence induces an au-
tomorphism of Gr which we denote by z+sz'. It is easy to see that LL:L,# and that
(S#)T=8"* for each weight € P. Given v€Q, and Z€Z(c0)_,, we set Z*=(t"Z)1,

another element in Z(c0)_,. The map Z+—Z* is involutive. We can now set
e(2)=eZ"), ¢i(Z)=9iZ"), &Z=(&(Z")" and ffZ=(fi(Z")"
for each i€ and Z€ Z(c0).

Remark 6.3. The involution Z— Z* on the set Z(co) was first considered by Braver-
man, Finkelberg and Gaitsgory [BFG], who show that Z(c0)2B(oc0) as bicrystals. The-

orem 6.2 provides an independent proof of the existence of such an isomorphism.

We extend the assignment bz+>bz« to a linear bijection of the vector space C[N],
which we denote by f— f*.

LEMMA 6.4. Let i€1 and let u be the endomorphism of the vector space C[N| such
that u(f)=(e;-(f*))* for each feC[N]. Then, u commutes with the left action of n on
CIN].

Proof. We recall the formula that gives the left action of the Chevalley generators e;
on the basis elements of C[N]. Fix v€@, pick a linear form f on the vector space V which
is non-zero on the line T(L_,) and which vanishes on all weight subspaces of V' of weight
other than m(—v), and define D to be the Cartier divisor defined as the intersection of Gr
with the hyperplane in P(V) of equation f. Then, for each j€I and each Z€Z(c0)_,,
we have

g(oj)ejbz= > i(Z,D-Z)by. (4)
Z/GZ(OO)_z/+aj

The definition of the involution * leads to a similar formula for the endomorphism u.

As a matter of fact, for each Z€ Z(c0)_, and Z'€ Z(c0)_,4q,, we have

i(Z), D-2°) = i((#~ 2)1, D-(t* 2)1; Gr) = i((t~* Z')}, (#* D) 21 G).
Defining a Cartier divisor D’ on Gr by the formula D’'= (D), we then get
aleulbz)= Y (N2 D Dby
Z'€Z(00) —vta;

Using [F, Corollary 2.4.2], we obtain
1
ej'u(bz):i E Z‘(tiaiZ,,D‘D/'Z)bz/:u(€j~bz)
g(ai)g(ej) ,
Z EZ(OO)fui»ai#»aj

for each je€I and each Z€Z(o0)_,. O
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Remark 6.5. The left action of the Chevalley generator e; on a basis element bz is
obtained by intersecting Z with the divisor D so as to jettison the “bottom” part of Z.
Similarly, the action of u on bz amounts to intersecting Z with the divisor D’ so as to
jettison the “top” part of Z. Thus, the lemma merely reformulates in a representation
theoretic language the general fact that D-(D’-Z)=D'-(D-Z).

PROPOSITION 6.6. The involution f— f* of C[N]| exchanges the left and the right

actions of the Chevalley generators e;.

Proof. Let i€I and let u be the endomorphism of C[N] defined in Lemma 6.4. By
construction, u(C[N]_,)CC[N]_,4tq, for each v€Q,. Therefore, the dual of u can be
restricted to an endomorphism v of the graded dual of C[N], namely U(n), and v is of
degree a;. Lemma 6.4 implies that v commutes with the right action of n on U(n), so v
is the left multiplication by an element of U(n). For degree reasons, this element is of
the form Ae; with AeC. Thus, w is the right action of Ae; on C[N].

The set Z(00)_q, contains just one element—indeed S? NS~ is a Riemann sphere,
and hence is irreducible. Denote this element by Z;; it is fixed by the involution .
Then, the basis element by, spans the weight subspace C[N]_,,, and by construction of
the pairing between U(n) and C[N], we have e;-bz, =bz, -e; (see §2.1; in fact, this is the
constant function on N equal to 1). Now, on the one hand we have u(bz,)=bz, -(Ae;),

and on the other hand, since bz, =(bz,)*, we have
u(bZl) = (ei'bzi)* =e;-by,.

Therefore, A=1, and we conclude that « is the right action of e; on C[N].
Thus, the involution f+ f* exchanges the left and the right actions of each Chevalley

generator e;. O

Proof of Theorem 6.2. Note that our constructions ensure that the involution f+— f*

exchanges the crystal structures (wt, e;, ¢;, €;, ﬂ) and (wt,ef, of, er, ;*), as well as the

left and right actions of the Chevalley generators. Since the MV basis of C[N] is perfect,
it is biperfect. O

Remark 6.7. The involution f+ f* of C[N] is dual to the involutive algebra anti-
automorphism of U(n) that fixes the Chevalley generators e;. One can also easily show
that fr f* is the automorphism of the algebra C[N] induced by the automorphism
n—(=1)?"n=1(=1)=?" of the variety N, where (—1)?" is the evaluation at —1 of the

cocharacter p¥ of T.
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6.3. MV polytopes from MV cycles

For each T-invariant closed subvariety ZCgr (for example an MV cycle or stable MV
cycle), we define
Pol(Z):=Conv{u:L, € Z}.

For any such Z and any € P, note that Pol(t"Z)=~+Pol(Z).

The MV basis is biperfect (Theorem 6.2) and is indexed by the set Z(o0) of stable
MV cycles, so by §2.4 we get a canonical bijection Z(c0)2B(c0). The construction in
§3.3 allows us to represent elements in B(co) by MV polytopes. Therefore, we get a
resulting bijection from Z(o00) onto the set of MV polytopes. By Remark 3.4 and [Kaml,
Theorem 4.7], this bijection is given by Z+—Pol(Z).

7. Multiplication
7.1. Generalities on cosheaves

In this section, we will work with cosheaves, which we define as Verdier duals of sheaves.(?)
Let X be an irreducible complex algebraic variety of dimension d.

Definition 7.1. o A (constructible) cosheaf on X is an object A of D.(X) which is
isomorphic to D(F) for some sheaf F.

e The costalk of a cosheaf A at a point x is the vector space 4\,.A.

e A cosheaf A is coconstant if it is isomorphic to the Verdier dual of a constant
sheaf. It is coconstant along V if i},(.A) is coconstant as a cosheaf on V. (Here VCX is

a constructible subset and ¢y: V— X is the inclusion.)

The cosheaves on X form an abelian category CoSh.(X) which is the heart of a
t-structure on D.(X); this t-structure is obtained by applying Verdier duality to the
standard t-structure. We have cohomology functors H*: D.(X)—CoSh.(X) which are
defined by H*(A)=D(H*(D(A))), where H* denotes the usual cohomology functor.

For any morphism f: X =Y, f'is exact with respect to this ¢t-structure and thus f'
commutes with the cohomology functors #*. This also implies that, for any cosheaf A,
the costalk i'.A is just a vector space (rather than a complex).

Cosheaves are very useful when studying the homology of fibres of a morphism of

varieties.

(2) The reader may find this terminology a bit strange since this differs from the more common
use of “cosheaf”. We justify our use of this word in two ways. First, i, A is often called “costalk” in
the literature. Second, our category of cosheaves is equivalent to the usual category of cosheaves by [C,
Proposition 7.13].
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LEMMA 7.2. Let m:Y —X be a morphism. For any k€Z, define a cosheaf G on X
by
G:=H *(m,Dy).
Then, for any x€ X, we have
i,G = Hy,(n~ ! (x)).

Proof. We use base change and exactness of i', (with respect to the cosheaf -

structure) to see that

i(G) =H " (iymDx) = H (17! (&), Dr-1()) = Hi(n~ ! (2)). N

7.1.1. Cosheaves on the line

We will particularly be working with cosheaves on A=A! which are coconstant along U=
A\{0}. Let i=ig: {0} — A and j: U — A be the inclusions of the origin and its complement.
We will also fix a point €U and write i,: {x}— A for the inclusion.

Let ue H {20} (A) be the usual relative orientation class. As above, we will think of
u as a map i,Cyoy —+Cy[2]. For any vector space V, we have a constant sheaf Vj with

stalks V', and the cup product gives an isomorphism
V=HY({0}, Vioy) —=> H2(A, V).

PROPOSITION 7.3. Let F be a sheaf on A which is constant along U.

(i) We have isomorphisms
i F2FU) and ifF2F(A)

and hence we have a restriction map r:igF —iLF.

(i) There is an isomorphism it F=HZ2(A, F) making the diagram
igF —————— i F
T
HY({0}, i F) —= HZ (A, F)
commute.

Proof. For the purposes of this proof, let V=4 F and W= F.
Part (i) is immediate; in fact, for any connected open set U CA, we have

vV, i#o0eU,

f(U){ W, if0¢U.
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In particular, F(A)=V and F(U)=W and so, by restriction, we have a linear map
rmV-W.

For part (ii), consider the standard short exact sequence of sheaves
0— jij' F— F — i, i* F—0,
which in our case becomes
0— Wy —F —i.Vigp —0.
Since i is closed embedding, i, =1 and so
HE(A,i.Vioy) = HE ({0}, Vigy) =0
for k>0. Thus, we get an isomorphism
W =W HA(U) = HX(U, Wyr) = H2(A, jiWy) = H(A, F)

Now that we have an isomorphism i* F= H2(A, F), it remains to verify the commu-
tativity of the square (5). To that end, consider the map of sheaves Viy —F, which is the
identity on connected open sets containing zero and the map r on connected open sets

not containing 0. By functoriality, we obtain a commutative diagram
Vo =§ij'Va —— Vi
P
Wy =5j'F —— F.
Applying H2(A, —), we obtain the commutative square
V=H2(U,Vy) ——V=H2A,V,)
& | )
W =H2(U,Wy) ——— H2(A, F).
Now, by the naturality of cup product, we get a commutative square
i0* Vi — Va[2]
L
iyi* F — F2.
Applying H?(A, —), we obtain a factoring of uU as
V = H2({0},i3F) — H2(A,Va) — H2(A, F).

Combined with the square (6), the result follows. O
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Applying Verdier duality implies a similar result for cosheaves on A.

PROPOSITION 7.4. Let G be a cosheaf on A which is coconstant along U.

(i) We have isomorphisms
LG = HO(U,i;G) and iyG= H(A,G)
and a corestriction map r¥:i'.G—i\G.
(ii) There is an isomorphism i\, G=H2(A,G) making the diagram

.l

A\
-l T
1,6 ——— i@

ok

H2(A,G) = H{y (A, G)
commute.

Now, we will see how we can use these results to describe degeneration of cycles in
Borel-Moore homology.

Let f:Y—A be a morphism of varieties. Fix an integer n such that all fibres of f
have dimension <n—1 (usually n=dimY’, but not necessarily). We write Yo=f"1(0),
Y,=f"(z) and Yy=f~1(U). Assume also that we are given an isomorphism Yy Y, x U
compatible with the projection to U. Let G=H2"*2(f,Dy).

PROPOSITION 7.5. We have the following results concerning G.

(i) G is coconstant along U.

(ii) We have isomorphisms it,G=Ha, 2(Y,) and i,G=Ho, 2(Yo).

(iii) For p<—2n+2, we have HP(f.Dy)=0, and thus we have a morphism

G — fuDy[-2n+2].
This morphism induces an isomorphism
H72(A,G) — H™2(A, £.Dy[-2n+2]) = H"(Y,Dy) = Ha, (Y).

(iv) With respect to the isomorphism H~2(A,G)=H,,(Y) and the isomorphism
it G=Ho, o(Yy), the isomorphism i,G=H2(A,G)
cycles as [Z)—[ZxU].

(v) The corestriction map is compatible with the cap product in homology as follows:

rom Proposition 7.4 (ii) is given on

-1 ,’,\/ -l
i, ——————iyG

IR

IR

(f"u)

H2(A,G) ——— Hon(Y) ——25 Hyp 5(Yp).



46 P. BAUMANN, J. KAMNITZER AND A. KNUTSON

Proof. (i) Since j' is exact on the cosheaf t-structure, j'G=H?"*2(f.Dy,) and
because Yy =Y, x U, we see that j'G=Dy ® Ha,,_2(Y;) is coconstant.
(ii) These isomorphisms follow from Lemma 7.2.

(iii) For any p and any y€A, we have

iy P (f.Dy)=H_,(f ' (y))-

Since the fibre dimension is n—1, we see that this homology vanishes if p<—2n+2
and thus HP(f.Dy)=0 for such p. Thus, we deduce the existence of a morphism
G— f.Dy[—2n+2]. We have a spectral sequence starting with H9(A, H?(f.Dy)) and con-
verging to HP+4(Y, Dy ). Since HI(A, HP(f.Dy)) vanishes for g<—2 and for p< —2n+2,
we see that the only contribution to H2"(Y,Dy) can come from H~2(A,G), and thus

H72(A,G) = Hy, (Y).

(iv) We begin by repeating part of the proof of Proposition 7.3 in the Verdier dual
setting. Consider the morphism G—j,j*G. As j*=3j', we obtain the morphism

G — j.Dy®@Hap_o(Yy).
Applying H=2(A, —), we obtain the isomorphism
H72(Aa g) = H72(A7j*DU®H2n—2(Y:L-)) = H2(U)®H2n—2(y¢) = H27L—2(Y£) (7)

Now, we have the commutative square

g JxJ7G =j«Du @ Hap—2(Yz)

fiDy [—2n+2] —— 4. j* f.Dy [-2n+2] = j. f. Dy, [-2n+2].

Applying H=2(A, —), we obtain the commutative rectangle of isomorphisms

H2(A,G) ——— H (A, j.Dy @ Hap_2(Yz)) —— Hap_o(Yy)

H=2(Y,Dy) = Hs,(Y) —— H ?"(Yy,Dy,,) = Ha,, (Y1) = Hs, (Y, xU).
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In this diagram, the bottom-left horizontal arrow is given by pull-back in Borel-Moore
homology, so on cycles it is given by [X]—[XNYy]. The right vertical arrow is given on
cycles by [Z]—[Z xU]. Thus, if we trace from the top-right to the bottom-left (following
the inverses of the arrows along the bottom), we see the map [Z]—[Zx U |.

(v) We apply the projection formula (3) to the sheaf Dy . We obtain the commuta-
tive square.

_ (F*w)n —om
Hy, (Y)=H™2"(Y,Dy) Hy 2" (Y, Dy ) = Hap—(Y0)

: -

H_2(A7 g) = H—2n(A’ f*DY) L H€02}n+2(A7 f*]D)Y) = H?O} (Av g)

The result now follows from part (ii) of Proposition 7.4. O

7.2. The Beilinson—Drinfeld Grassmannian

We will need to recall the definition and properties of the Beilinson—Drinfeld Grassman-
nian. All the definitions and results here are taken from [MV]. The original definitions
are due to Beilinson—Drinfeld [BD].

For any z€C, let O, =C|[t—z]] denote the completion of the local ring of A=A! at
x and K, =C((t—z)) its fraction field. By the Beauville-Laszlo theorem, the C-points
of the affine Grassmannian Gr,:=G(K,)/G(O,) can be identified with the set of pairs
(P, o), where P is a principal G-bundle on A! and ¢ is a trivialization of P over A\{xz}.

Since we have chosen the local coordinate t—z, we get an isomorphism O, — O, and
thus Gr, —Gr.

Now, we consider a 2-point version of the Beilinson—Drinfeld Grassmannian. For
simplicity, we will fix one point to be zero and allow the other point to vary. The set of

C-points of Gry is given by
Gra={(P,0,z): P is a principal G bundle on A, z €A

and o is a trivialization of P over A\{0, z}}.

(See [MV, (5.1)] for a precise description of the R-points of Gry for each C-algebra R.)
We have an obvious map 7: Gry —A. Let U=A'\{0}. The following is diagram (5.9)
in [MV].

LEMMA 7.6. There are isomorphisms

7T_I(U) =Gry=2grxgrxU and 7r_1(0) ~Gr.
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The action of T by left multiplication on Gr extends to an action on Gry preserving
all fibres. From the fibre perspective, this is simply the diagonal action on GrxGr.
Following [MV], we introduce a global version of the semi-infinite cells. For peP,

define S* A to be the subvariety of Grp with fibres S* over zero and fibres

U stxsre

prtpe=p

over x€U.
We write s, for the inclusion of ST’A into Gry.
We will also need the global version of the GY(O) orbits. From [Z], for any pair

A1, A2 € P, , there exists a variety grgl’)‘z CGrya, whose fibres are GrM x Gr2 away from

zero and GrA1 T2 gver zero.

7.3. The fusion product of perverse sheaves

We will now define the fusion tensor product on Pgv () (Gr) following [MV].

Consider the diagram

Gr — Gra 7 Gry =2 GrxGrxU

Lo

(0} A U.

Definition 7.7. Let Ay, A2€Pgv(0)(Gr). The fusion product (see [MV, (5.8)]) is
defined by
A Az =1 (j (1o (AL A) [-1]))[1],

where p1o: Grx Grx U —Gr x gr is the projection onto the first two factors.

Following [MV] and [BR, §8.3], we will explain the compatibility of the fusion product
with the weight functors.
Fix Al, As ePgv (0) (gr) and let

B:= i (pha (A1 KA) [ 1)),

and, for each pe P, let
Fu ::ﬁzf’v(“)Jrl?r*sLB

be a cosheaf on A. The following result follows by direct computation.
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PROPOSITION 7.8. (i) The cosheaf F, is coconstant along U with costalk at x€U
given by
GFu= D FulA)@F.,(4).

H1tp2=H

(ii) The costalk at zero is given by
i!O]:/t = F;L(Al *./42)

(iii) The cosheaf F, is actually coconstant along all of A and so the corestriction

.1 .1 : 3 )
map TVIZ'I-F;L*)ZO'FN pTOUZd@S an zsomorphlsm

D Fu(A)@F,(As) — Fu(ArxAz).

Hitpa=p

In fact, this cosheaf F,, is £[2], where L is the local system Eipv(#)(/ll, Aj) defined
in [MV, (6.22)], and pulled back to ACAZ.

7.4. The multiplication map

Let A1 and A2 be two dominant weights, and let A=XA;+A2. We have a morphism
m)\l)\2iz)\l >!<I>\2 — Ty

which becomes my, x,: L(A1)®L(A2) — L(A) under the geometric Satake isomorphism.
Take (Ay, A2)=(Zx,,Z»,) in the setup above. Note that

B:= ji. (5 (Z, Ky, ) [-1])

is actually the IC sheaf of grgl’)‘z.
Let e P. We will compare ]—'M;:’}T[QPV(M)HW*SLB to the cosheaf

G:=H> (“)H”*SL(DW[*QPVO\)*I]) —F 2 O (DWGSTJ

We may apply Proposition 7.5 to the map
e grgl’/\2 QSTA — A,

and thus to the sheaf G.
So, from Proposition 7.5 (i) and (ii), it follows that G is coconstant along U and its

costalks are as follows

Zbg = HQpV(A—u) (g?mg) = F#(IA)
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and, for z€U,

Z;g: @ ng\/()\l_ul)(gr/\lm;@)@ngv()\Q_HQ)(gr)QﬂSﬁj)
H1tp2=p

= @ Fltl(IAl)@Fﬂz(I)‘?)'

H1tp2=p

LEMMA 7.9. The following diagram commutes:

Mg A
@ FM] (IA1)®FM2(I)\2) : FM(Z/\)
Hitpe=p
G r ihG.
Proof. From (2), we have a map
B__)]D)grxl,m [_2pV()\>_1]. (8)
A

Let i: Gr—Gry denote the inclusion of the central fibre as before. Then,
i'B[1] =Ty, T,

by definition. On the other hand, 7y, *Zx,=Z,®.A, where A is supported on smaller
orbits. Thus, we have a projection Ty, *Zy, —Zx. If we apply i'[1] to the map (8), we
obtain Zy, *Z,, %ng[prV(/\)], which we can factor as

I>\1 *I)\z —)I,\ —>Dg7[_2pv()\)]’ (9)

because

Hom (A, D [~2p" (\)]) = Hom(C (20" (A)], D(A4)) = H2" M) (Gr* D(A)) =0.

For the last equality, note that D(A) is a direct sum of perverse sheaves, each supported
on some Gr* ¢ Gr?, and dim Gr# <2pY (\).
On the other hand, if we apply ”HQf’v(“)“‘lmosL to (8), we obtain a map of cosheaves

F.—G, whence a commutative diagram

i F, i F (10)

|

. T -l
1, —— i3G.
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The factoring (9) means that the map i) F,, —i\G factors as

HSH " (gr, IM*IAZ)——>H2" “(gr, IA)——>H;ﬁ " (Gr, D= [-20" (V).

Thus, (10) can be rewritten as

P Fu(@)FL(T,) — Fu(Ty, +1y,)

pitpe=p
= E, (Zx)
iLg - ihG,
and the result follows. O

7.5. Multiplication on the level of cycles

Now, we will translate Lemma 7.9 to the cycle level. As before, let A\, Ao€P,, let
A=A+ A, let py, uo € P, and let p:=pq+po.

LEMMA 7.10. Let Z1€2Z(M),, and Zo€Z(N2),,. Consider
Z1 XZQ xU C ngl’AQO‘STA
Then, in F,,(Ix)=Hapv (r—p) (Qjﬂg), we have an equality

ma e ([21]®122]) =) i(Z,771(0)-Zyx 2y xU)[Z],
4

where the sum ranges over Z€Z(\),.
Proof. By Proposition 7.5 (v) and Lemma 7.9, we obtain the commutative diagram

X1 A2

@ FlLl (IA1)®F#2(I>\2)

H1tp2=p
7 (u)N

Hapo (42 (G NST L) ————— Hap(ao (G220 5T,

FM(IA)

IR
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where, as before, uGHfO}(A) denotes the usual orientation class. Now, by Proposi-
tion 7.5 (iv), the element [Z]®[Z5] in the top-left is sent to [Z1 X Za x U | in the bottom-
left.

Now, we apply the setup from Proposition 5.1 to Y=A!, D={0}, X'=Gr*nS” and
Y’ :grgl’)‘zﬂﬂ. This gives the desired result. O

By Proposition 2.12, this immediately implies the following result concerning stable
MV cycles.

THEOREM 7.11. Let Z1€Z(0)_,, and Za€ Z(00)_,,. In the algebra C[N], we have
bz,bz, =Y (2,7 (0)-Z1x Z2 XU )bz,
Z

where the sum ranges over Z € Z(00)_y, —y, -

Part III. Measures
8. Measures

All the objects defined in this section depend on the choice of a principal nilpotent
element é€n and we write é:Zi é;, where each é; is a non-zero root vector of weight «;.

These ¢é; are a priori unrelated to the choice of simple root vectors e; made in §2.1.

8.1. The elements n,

We denote the set of regular elements in t by t'°8.

For each z€t™8 the subset z+n of g is a single orbit under the adjoint action of
the group N, by [Bo, chap.8, §11, no.1, lemme 2]. Further, the centralizer of z in G,
namely T, meets N trivially, so the action of IV on x+n is simply transitive. Therefore,
there is a unique element n, € N such that Ad,, (z)=x+¢é. Examining the proof in [Bo],
one further notes that x+sn, is a regular map t"°¢— .

We thus get an algebra map D:C[N]—C[t*8] defined by D(f)(z)=f(n.), where
fEC[N] and zet™s.

A major goal of this section is to understand the map D and to put it in a wider
setting. We first study how n, varies when the Weyl group acts on . We denote by N_
the unipotent radical of the Borel subgroup opposite to B with respect to T'. Recall that

@ denotes a lift to the normalizer Ng(T') of an element w in the Weyl group.

PROPOSITION 8.1. Let xet™® and weW. Then, there exists (y,t)eEN_XT such
that

Nz = ynszflt.
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Proof. By induction on the length of w, we can reduce to the case where w is a
simple reflection s;. Choose fl such that (éi,hi,fi) is an sly triple. Let x; and y; be
the additive 1-parameter subgroups of G given by z;(b)=exp(bé;) and y;(b)=exp(b fz) for
beC. Set a=(ay,x); there exists an element t€T such that

(D)t (1) =5t

Ady, () (x) = exp(aad ) (z) = z+alfi, o] = z+d> f;,
Ady,(a)(é) =exp(aad; )(¢) é+alfs, é;]+3a® [fi [fi éi]] = é—ah;—a® f.

Direct calculations give

Noting that s;z=x—(a;, z)h;, we then get
Ady, (o) (x+¢€) = siz+eé.
Since t acts trivially on t and §; acts by the simple reflection s;, we deduce that
Ad(y, (a)n.5:0) (i) = Ad(y, (a)n.) (T) = Ady, (o) (2 +€) = s;2+¢. (11)

On the other hand, let P’ be the (minimal parabolic) subgroup of G generated by
the Borel B and the image of the 1-parameter subgroup y;. We denote the unipotent
radical of P’ by N’ and the Lie algebra of N’ by n’. Noting that [z+é;,n']=n’ and
that é—é;en’, we can apply Bourbaki’s lemme 2 quoted above and find n’ € N’ such that
Ad, (z+é;)=x+¢. Since

Adg,(—1/0)(z) =2+64,
we see that the adjoint action of n'z;(—1/a) brings x to z+¢, and thus n,=n'z;(—1/a).

Since y;(—a)z;(1/a) belongs to P’ and hence normalizes N', we can find n” e N’

such that

yi(a)nx§it:yi(a,)n’yi(—a)mi(i) :yi(a)yi(—a)xi(i>n”=xi<i>n".

Thus, the product y;(a)n,S;t belongs to N, and by (11) it acts on s;x in the same way

as ns,,. We conclude that ng,, =y;(a)n,s;t, which is of the desired form. O

8.2. Sequences and shuffles

Our next task is to find an expansion of n, and n;! as an infinite linear combination of
Chevalley monomials.

We need some notation concerning finite sequences i=(i1,...,4p) drawn from the
set 1.
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Definition 8.2. (i) We denote by Seq the set of all such sequences i, and for ve@.,
we put
Seq(v) :={i= (i1, ..., dp) 1 s, +...+z, =V},
(ii) A shuffle of two sequences j and k is a sequence i produced by shuffling together
the sequences j and k, maintaining the same relative order among the elements of j and k.
We write jwk to denote this set of shuffles. Thus, if j has length p and k has length g,
then jwk has (”;q) elements.

(iii) With a sequence i=(i1,...,4p) in Seq, we associate the weights
ﬂ(l):07 ﬁi:ain ﬁ;:ail‘i‘@iz, ) B;J:ai1+"'+aip'

Consider the free Lie algebra § on the set {é;:i€I} and its universal enveloping
algebra U(f) (identified with the free associative algebra on this set). This algebra U (f)
is graded by Q.. For each ve@Q, we have a basis {€;:=¢;, ... &, }ieseq(v) for U(f),.

The algebra U(f) is in fact a graded Hopf algebra with finite-dimensional compo-
nents, so its graded dual (U(f))* is also a Hopf algebra. For each v€Q.., we consider the
basis {&] }ieseq(v) for (U(f))*, dual to the above basis {¢;}icseq(r) for U(f),. From the
definition of the coproduct on U(f), we get the following shuffle identity in (U(f))*:

e= Y (12)
icjuk

There is a unique Hopf algebra map U(f)—U(n) that sends é; to é; for each i€].
The dual map is an inclusion of algebras C[N] < (U (f))* . (This inclusion was previously
studied by various authors, including in [GLS, §8].) Each sequence i=(i1,...,i,) defines
a monomial é;=¢;, ... ¢&;, in U(n).

The following well-known functional identity seems to be related to cat chasing and
moulds [MO] and to an identity of Littlewood [KnD, Lemma p. 149].

LEMMA 8.3. Given p complex numbers ay, ..., ap, define
_ 1
ay(a1+a) ... (a1 +as+...+ap)

fp<a1, ...,ap)

whenever it makes sense. Let p and q be positive integers and let Sh(p,q) denote the set

of all permutations 0 €Sy 4 such that
c(l)<o(2)<...<o(p) and o(p+1)<o(p+2)<..<o(p+q).

Then, for any complex numbers aq, ..., ap+q, we have

fp(ala"'aap)fq(aerl’"'7ap+q): Z prrq(aa*l(l)v""aafl(;n+q))7
o€Sh(p,q)

whenever both members make sense.
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Proof. By analytic continuation, we can deduce the general result from the case

where all a; have positive real part. In this particular case,

folai,...,ap) :/ e (@@t tapmn) go dzp,
c

P

where Cp,={(z1, ..., xp) ERP:x1>...>2,>0}. The proposition follows by writing C), x C,

as the disjoint union of cones

O'_l-Cp+q ={(Zo(1)s > To(prq)) 1 21> . > Tpyg >0}

for 0€Sh(p, ¢), up to a nullset. O

For a sequence i=(i1, ..., 1), we define

p—1 1
D; = — .
kl;Io Br—5

These rational functions Dj can be evaluated on any x€t'°® that satisfies (3, x)#0
for all Be@,\{0}.
PROPOSITION 8.4. Let x€t™°8 such that (8, x)#0 for all B€Q,\{0}. Then,
fnz)=">_ (és, /)Di(x)
i€Seq
for all feC[N].

These linear combinations appearing in this statement are infinite only in appear-
ance, for U(n) acts locally nilpotently on C[N]. The proposition says that the morphism

D can be expanded as C(t)-linear combinations of Chevalley monomials:

Proof. To prove this formula, we need to show that as linear forms on C[N]

ne= Y Di(z)é. (13)

i€Seq

We first note that Lemma 8.3 implies that

Dj(x)Dy(z)= Y  Di(x)
icjuk
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for all sequences j and k. Comparing with (12), it follows that

Z Dj(x)é;
i€Seq
is an algebra map (U(f))*—C. Thus, the right-hand side of (13) is an algebra map
C[N]—C, so is the evaluation at an element neN.
Let us compute how this n acts on x in the adjoint representation of NV on g. Since
Dy (x)=—1/au(x), we have

3" Dy () ade, () = Z(j:’(“x;”]):e

kel kel

Each sequence of length greater than 2 can be written as a concatenation (i, j, k) with
i€Seq (possibly empty) and (j, k) €I%. Denoting by p the length of i, we compute

D g,y (@) ad € j 1y (@ ( H X _1> () ade, ([é;, [éx, z]])

ﬂ‘+0<J +ai)  ag

p 1 . .
- <H (ﬂzﬂ;)(aj+ak))($) a‘déi([ejvek})'

£=0

Summing these elements with (j,k) running over I? gives zero, since terms pairwise

cancel by antisymmetry of the Lie bracket [é;, é]. Taking the sum over i then yields the

Z Di(z)adg, () =é

i£Q

equality

and we conclude that Ad,(z)=z+é. (Note that the above sum makes sense since it is
in fact finite.) As this is the definition of n,, this completes the proof of (13). O

8.3. Measures from simplices

In the rest of §8, we explain that D is the shadow of a measure-valued morphism that
carries more information. We start with its construction.
Consider the vector space of C-valued compactly supported distributions on t;. It

forms an algebra under convolution, the push-forward along the addition map
* * T *
tp X tg — 5.

Define PP to be the subspace spanned by those distributions equal to linear combi-

nations of piecewise-polynomial functions times Lebesgue measures on (not necessarily
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full-dimensional) polytopes whose vertices lie in the weight lattice P; it is a subalgebra.
All the distributions we will consider live in PP.
Let
AP :={(cg,...,cp) ERPT! reach ¢; >0 and co+...4+c, =1}

be the standard p-simplex. For i€Seq of length p, we define the linear map mj: RPT! -t
by

P
mi(co, -y Cp) = — chﬁllc
k=0

We define the measure D; on t; by Dj:=(7i).(0ar), the push-forward of Lebesgue

measure on the p-simplex. Note that the total mass of D; is 1/p!.

LEMMA 8.5. The measures Dj satisfy the shuffile identity

DjxDy= Y Dj.
icjuk
Proof. Let p and ¢ be the lengths of j and k, respectively, and consider the composite
map

mj+me: RPTL X RIH L tr Dtp = tr.
Then, the left side of the desired equality is exactly (mj+mk)«(darxaqs). To get the
right side, we triangulate the product AP x A? in one of the standard ways (see e.g. [Ha,

pp. 277-278]) with one simplex for each shuffle. O

Comparing Lemma 8.5 with (12), we deduce that there is an algebra morphism
(U(f))* —PP taking é; to D;. Composing with the inclusion of algebras C[N] < (U(f))*
from §8.2, we get an algebra map D:C[N]—PP. Unpacking the above definitions, we
see that, for any feC[N],

D(f)= ) (& f) D (14)

i€Seq

8.4. The Fourier Transform

For each weight S€ P, we define e to be the function z+se®*) on tc. Let PP’ be the
space of meromorphic functions on t¢ spanned by these exponentials over the field C(t)

of rational functions. The Fourier Transform is defined to be the map

FT: PP —s PP,

[— (:c'—>/ elh2) du).
Bety
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LEMMA 8.6. The Fourier transform is one-to-one and satisfies
(i) FT(axb)=FT(a)FT(b) for all a,bePP.
(ii) Let BEP. Denoting by s the point measure at 3, we have FT(d5)=e”
LEMMA 8.7. For a sequence i=(i1, ...,1p), the Fourier transform FT(D;) is given by
p — i.
Z 5 61)
i= k#ﬁ b
Proof. The Fourier Transform for the Lesbesgue measure on a polytope is well known

(see for example [Bri2, Proposition 5.3]). The current result then follows from the com-

patibility between pull-back of functions and push-forward of measures. O

The exponentials e=B can be regarded as regular functions on the torus 7. On the
other hand, the denominators [[,_; (B, —pB5) belong to the multiplicative subset SCC[t]
generated by the set Q\{0}. From the lemmas, we immediately obtain the following.

COROLLARY 8.8. The composition FT oD defines an algebra morphism
C[N] — S™'C[]®CI[T]

Thus, the map FT oD can geometrically be viewed as a rational map txT—N.
(Note here that S can be replaced by a finitely generated semigroup, because C[N] is
finitely generated.)

Remark 8.9. No open subset of tx7T maps dominantly to N if dim N >dim(¢tx7T),
so FT oD cannot be injective if the number of positive roots exceeds twice the rank of G.

Since FT is one-to-one, this means that D is not injective in general.

Remark 8.10. For any f€C[N], we can write

FT<D(f)= Y (éi, /) FT(Dy).
i€Seq
If feC[N]_,, then the sum can be restricted to sequences in Seq(v), and we see from
Lemma 8.7 that the exponentials e# that appear in FT oD(f) satisfy 0<8<v.
Further, comparing with Proposition 8.4, we see that D(f) is the coefficient of e
On the other hand, it is not difficult to show (using Remark 6.7) that the map z+sn !,
corresponds to the coefficient of €® in FT oD(f).

—V

THEOREM 8.11. Let xet™®, let t€T, and let feC[N]. Then FTD(f), viewed as

a rational function on txXT, can be evaluated at (x,t), and we have

FTeD(f)(x,t)= f(t ‘nytn,t).
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Proof. We first consider the particular case where (3, z)7#0 for all 3eQ\{0}. Given
i€Seq of length p and £€{0, ..., p}, we set
; t—ﬂz
A@ (SU, t) = p.—.,
I1 (5 -D)(a)
m;ﬁ
where ¢~ means the evaluation at ¢~ of the weight B}. In view of Lemma 8.7, we want

to prove that the linear form

P
> ( A;(x,t)>éi (15)
i€Seq \ £=0

on C[N] is the evaluation at the point t~1n,tn .

We first note that the linear form (15) is an algebra map C[N]—C, because it is the
composition of the algebra map FT oD with the evaluation at (x,t). Therefore, it is the
evaluation at a point n€N.

By construction, the element ¢t ~!n,tn_ ! is the unique element of N that brings x+¢
to Ady—1(x+¢é)=x+Ad;-1(é). Let us show that n fulfills this task.

Since A(()k)(a:,t)—FA(lk)(m, t)=(1—¢t"*)/ay(z), we have

S (AP @ )+ AP (2,1) adg, (2) = (7 —1)ép = Ady- () —¢.
kel kel
Moreover, for each sequence i (possibly empty) of length p and each pair (4, k) of elements
from I, we have
i, 1,7,k
AU (2, 4) = AT (2, 1) x () = 0,

and therefore

p+1 . p+2 o
( S AR (@, t)) adz, , (€x)+ (Z AR (g t)) ade,, , ,, (2)

=0 =0

= (Z(A?%, 1) = AN (1) x g () — ABHD (1) x am)) ade, ([¢5, éx)).
=0

Summing these elements with (j, k) running over I? therefore gives zero since terms

pairwise cancel; indeed
t*ﬁz

( lplo(ﬁin —B}) x (BL— B+ +ak)> (z)

m#L

AP (0 )= AP (@, ) x () =



60 P. BAUMANN, J. KAMNITZER AND A. KNUTSON

and )
t—Be—aj—ou

—ASID (2, ) x ag(2) =
( 1 w;n—/s;—aj—ak))(x)

m=0

are symmetric in (j, k), while the Lie bracket [¢;, é;] is antisymmetric. Taking the sum

over all i€Seq then yields the equality
Ad,(z4¢é)=xz+Ads-1(é),

which completes the proof of the equality n=t"tn,tn_!.
The theorem is thus established when (3, z)#0 for all 5€Q\{0}. The general case
then follows from the regularity of the map (z,t)— f(t " In,tn;1) on t°8 x T O

8.5. Universal centralizer interpretation

We now give a reinterpretation of Theorem 8.11 using a version of the universal central-
izer.

For any yeg, we write Ca(y)={g9€G: Ady(y)=y} for its centralizer in G. This is an
algebraic group of dimension at least r, the rank of G. An element y is said to be regular
if dim Cg(y)=r. It is well known that regular elements form a non-empty open subset
of g in the Zariski topology.

We will need a lemma. For k>1, denote by %" the kth term in the lower central
series of the nilpotent Lie algebra n; hence, €*=n and ¥*=0 for k large enough. For
x€t, denote by n*={fen:[x, f|=0} the set of elements in n that centralize .

LEMMA 8.12. Let k=1 be an integer and let (z,a,b)Etxn®xE*. Then, there is
(m,a’)EN xn® such that Ad,,(z+a+b)Ex+a’ +€*+1.

Proof. The linear map ad,:g—g is semisimple and leaves the subspace €* stable.

We can thus decompose into direct sums
g=imad, ®kerad, and %"=ad,(¢")®(¢*Nkerad,).
Let us write b=z, u]+b', with u and &’ in €* and [z, b']=0. Then, m=exp u satisfies
Ad,, (z+a+Dd) € x+a+b+[u, x| +€5 1,

and one can simply take a’=a+0b'. O

PROPOSITION 8.13. For any z€t, the element x+é is reqular and Cg(x—+é)CB.



THE MIRKOVIC—VILONEN BASIS 61

Proof. First, we prove that z+¢é is regular. Consider the action of GxC* on g,
where G acts by the adjoint action and C* acts by scaling. Define C*—GxC* by
s—(s7?",s). Then, s-(x+é)=sz+é. So lim, 0 s-(z+€)=é. The set of regular elements
is open in g and is invariant under the action of G xC*. Since the limit point é is regular,
we conclude that x+¢ is regular.

Now, we prove that Cg (x+¢) C B. Starting with a=0 and b=¢, we apply Lemma 8.12
several times, taking successively k=1,2,.... Composing all the maps Ad,, obtained in
the process, we eventually find elements meN and fen® such that Ad,,(z+é)=z+f.
Note that z and f are the components of the Jordan—Chevalley decomposition of z+ f.

On the other hand, Theorem 2.2 in [Hu2] states that the centralizer L of z is a

reductive group with maximal torus 1" and root system
O, ={a root of G: {a,x) =0}.

(As a matter of fact, the statement in [Hu2] deals with the centralizer of a semisimple
element in G and not of an element x€g, but the proof can be adapted to our situation.)
Further L is connected [Hu2, Theorem 2.11]. The intersection Br:=BNL is a Borel
subgroup of L. We also note that f belongs to the centralizer of = in g, that is, the Lie
algebra of L.

By the uniqueness of the Jordan—Chevalley decomposition, the centralizer Cq(z+ f)
is the joint centralizer of x and f in G, so is the centralizer C1(f). From the fact that
x4+ f is regular in the Lie algebra g, we then deduce that f is a regular nilpotent element
in the Lie algebra of L. We write g=bwb’ in the Bruhat decomposition of L, where
b and b’ are in By, and w is in the Weyl group of L. Both Ady (f) and Ad,-1(f) are
regular nilpotent elements in the Lie algebra of By, so are linear combinations of positive
roots vectors, each simple root in ®;, occurring with a non-zero coefficient ([Bo, chap. 8,
§11, no. 4, proposition 10]). Since Adgz maps Ady (f) to Ady-1(f), this implies that w
maps each simple root in &y, to a positive root, and it follows that w=1 and g€ By,. We
conclude that Cr(f)CBy. Thus,

Co(z+é)=Ad,,-1(Cq(z+f))=Ad,,-: (CL(f)) C Ad,,-1(Br) C B. O
We define the universal centralizer space to be
C:={(z,b)etxB:beCqx(z+¢é)}

Remark 8.14. Our space C' is the base change over t—t/W of the usual universal
centralizer, as defined for example in [BFM, §2.2].



62 P. BAUMANN, J. KAMNITZER AND A. KNUTSON

From the definition, we have maps C'—t, C—T and C— N, that send a pair (z,tn)€
C to z, t and n, respectively (where z€t, t€T and neN). We will be particularly
interested in the map ¥: C—N.

PROPOSITION 8.15. (i) The above maps C'—t and C—T restrict to an isomorphism
teex O=t"exT.

(il) With respect to the isomorphism in (i), the map 1 restricts to

Preg: 8 xT — N,

(z,t) —t  ngtn, .

(iii) The resulting algebra morphism },,: C[N]—C[t*® xT| agrees with FT oD.
Proof. (i) Since Ad(n,)(z)=z+¢, we have Cg(z+¢)=n,Cq(z)n,'. Since zet™s,
we have Cg(z)=T, and so Cg(z+¢é)={n,tn 1:t€T}. The map (x,t)— (z,n,tn,;*) from
& xT to C' is the converse of the desired isomorphism.
(ii) Since ngtn;'=tt"n,tn,; ! and t~In,tn €N, the result follows.

(iii) Given the previous result, this is just a restatement of Theorem 8.11. O

9. Generalities on Duistermaat—Heckman measures
9.1. Duistermaat—Heckman measures

We will now define Duistermaat—Heckman measures algebraically, following the work of
Brion—Procesi [BP]. In this section, we work in a general context of a projective variety
with the action of a torus. Later, we will apply these ideas to the case of an MV cycle
with the action of TV.

Let V be a (possibly infinite-dimensional) vector space with a linear action of a
torus T'. Let P be the weight lattice of T' and let PV be its coweight lattice. Let X CPV
be a finite-dimensional T-invariant closed subscheme of the projectivization of V. Let
O(n) denote the usual line bundle on P(V). Since T acts linearly on V, O(n) carries a
natural T-equivariant structure.

We do not assume that the torus 7" acts effectively on X (or even on V). We write
T’ for the quotient of T acting effectively on X.

On the other hand, we do assume that X7 is finite. For each p€ X7, let ®r(p) be
the weight of the action of T on the fibre of O(1) at the point p. Equivalently, p=[v] for
some weight vector v€V, and ®r(p) is negative the weight of v.

Define the moment polytope Pol(X) to be

Pol(X) := Conv(®r(p):pe X7T).
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If X is connected (e.g. irreducible), then Pol(X) is contained in a translate of (') Ctk.
In fact, it is easy to see that Pol(X) is the convex hull of all negatives of weights of
the smallest linear subspace of V' containing X.
The torus T acts on the space of sections I'(X, O(n)). We consider [I'(X, O(n))], the
class of I'(X, O(n)) in R(T), the complexified representation ring of . We can embed
R(T) into the space of distributions on t} by setting

[U]— Y dimU,d,
neP

Let 7,: tf —t; be the automorphism given by scaling by 1/n.

Definition 9.1. The Duistermaat—Heckman measure of the triple (X, T, V) is defined
to be the weak limit
. 1
DH(X) = lim e (7)[D(X, O(n))]

within the space of distributions on t;.

Note that each (7,)«[T'(X,O(n))] is supported on Pol(X), and hence so is DH(X).

In fact, we have the following result of Brion—Procesi [BP].

PROPOSITION 9.2. The measure DH(X) is well-defined, has support Pol(X), and is

piecewise polynomial of degree dim X —dimT”.

9.2. Fourier transform of DH measures and equivariant multiplicities

For this section, assume that each fixed point p€ X7 is non-degenerate and attracting.
This means that, for each p, there exists y€ PV such that if u is a weight of T acting
on T, X, then (v, u)>0. We write o)) for the set of such ~ (this is the intersection of PV
with an open cone in t} and thus is Zariski dense in t*).

We can compute the Fourier transform (as defined in §8.4) of DH measures with the
help of localization in equivariant K-theory and equivariant homology. Let S be the mul-
tiplicative set in R(T') generated by 1—¢,, for pe P\ {0}, and let S be the multiplicative
set in Hy=Sym t*=C][t] generated by pneP\{0}.

Let KT (X) denote the Grothendieck group of T-equivariant coherent sheaves on X.
This is a module over R(T'). The following result is due to Thomason [Th, Théoréme 2.1],
for K-theory, and many authors independently (such as Brion [Bri3, Lemma 1] or Evens
and Mirkovié¢ [EM, Theorem B.2]), for homology.

THEOREM 9.3. The inclusion XT —X induces isomorphisms

STKT(XT) 25 8 'KT(X) and S'HT(XT)-=5 S~ 'HT(X).
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Because of this theorem, we can write

[Ox]= ) &(X)[0,] and [X]= Y &/ (X)[{p}]
peXT peXT
for unique ég(X)Eg_lR(T) and e, (X)eS~'C[t]. Following Brion [Bril], we call ] (X)
the equivariant multiplicity of X at p.

One advantage of these equivariant multiplicities is that they can be computed
locally. Let X, denote an affine open T-invariant neighbourhood of p in X. (In [Bril,
Proposition 4.4], Brion observes that the only such X, is the attracting set of p.)

We will need the following preliminary definition. Let A=@D,._, A, be an N-graded

finitely-generated commutative algebra of Krull dimension d. Then, the multiplicity of
A is defined to be

(d=1)! lim S20Am

m—0o0 md_l

(this limit exists and is always non-zero).

ProprosITION 9.4. (i) [C[X}]] is a well-defined element of §*1R(T), and we have
eN(X)=[C[X;]] in ST'R(T).
(i) We have el (X)[{p}|=[X;] in ST HI(X;).

(iii) For any y€oy, the rational function e} (X) is well defined at y, and €] (X)(7)

is the multiplicity of the algebra (C[X;] graded with respect to —y.

Proof. [C[X,]] is well defined because of the assumption of attractiveness (see [CG,
Proposition 6.6.6]). The rest of part (i) and (ii) then follow immediately from pull-back
to the open set X.

Part (iii) is due to Brion [Bril, Proposition 4.4]. O

To facilitate further computation of Eg(X ), suppose that we have a representation
W of T, all of whose weights are non-zero, and assume we are given a T-equivariant
closed embedding X, —W. The multidegree mdeg[W](X,)€ H} is defined by the equa-
tion mdeg[W](X,)[W]=[X,] in H, T(W). This notion of multidegree is useful, since it can
be computed using the methods of commutative algebra (see for example [KZJ, §1.5]).
On the other hand, the multidegree of X determines the equivariant multiplicity of X

at p as follows.
ProposITION 9.5. With the above setup, we have
mdeg|W|( X
1y eEV)X)
Hu wt of W H

Proof. We know that [X;]=el'(X)[{p}] in H] (W). As mdeg[W](X;)[W]=[X,] and

(I, wi ot w W[W]=[{p}] in HT(W), the result follows. O
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We are ready to relate the Duistermaat—Heckman measure to equivariant multiplic-
ity.
THEOREM 9.6. We have
FT(DH(X))= Y &} (X)e®®)
peXT
Proof. For sufficiently large n, we have H'(X,O(n))=0 for i>0. Thus, for suffi-
ciently large n, [I'(X, O(n))] equals the integral of [Ox ®@O(n)] in equivariant K-theory.

Hence, from

[Ox]= ) (X0,

peXT
we deduce that, for sufficiently large n, we have
M(X,0m)]= Y &5 (X)dna)-
peXT

Let d=dim X. We see that
FT(DH(X)) =FT (,}ggo g (Zf )
= T ®(p)
Zgg& L FT((r)e (€5 (X)),

So it suffices to show that, for each p, we have

lim L FT((7,).(¢7(X))) :sg(X)

n—soo nd P

Now, pick yeop and let ¢ be the multiplicity of the algebra C[X,] graded with respect
to —v. By Proposition 9.4 (iii), it suffices to show that
lim — FT((r). (61 (X)) (7) =c:

n—oo nd p
Using Proposition 9.4 (i), we see that

lin e FT((r)a (5 () () = im0 > a7,

N0 ndll’l’lX A
m=

where
A = Z dim C[X],,.
(=)=

Using the fact that
¢ d

@

by elementary calculus, we compute that this limit equals ¢, as desired. O

-1
Ay = +...
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Remark 9.7. The above theorem holds without the assumption that the fixed points
are attractive (though this assumption suffices for our purposes). In fact, the only place
that attractiveness assumption is used in this section is in Proposition 9.4 (i). We can
avoid using attractiveness by using degeneration to normal cones of the fixed points

(thereby making them attractive with respect to the attendant new circle action).

9.3. An extension to coherent sheaves

We continue in the above setup, but we consider a T-equivariant coherent sheaf F on X.

Following [CG, Definition 5.9.4], we define the support cycle of F as

[supp F] : Zmults Sle H.(X)

where the sum ranges over all maximal dimensional irreducible components of the support
of F. These components are necessarily T-invariant.

We define the Duistermaat—Heckman measure of F by

DH(F):= lim é( )« [ D(X, FRO(n))]

n— oo pdimsupp F

The main result of this section is that DH(F) only depends on the support cycle.

THEOREM 9.8. We have the following expansion:
F)=_ mults(F)DH(S),
s
where the sum ranges over all mazimal-dimensional irreducible components of the support

of F.

Proof. As in the previous section, we can consider the expansion of [F]e S~1 KT (X)

in terms of the fixed points, and we define ég(}" ) by
=>_&Plo
P
Then, proceeding as in the proof of Theorem 9.6, we obtain that

FT(DH(F) = 3 Tim o FT((7). (] (7)),

where d=dim supp F.

Now, as above éI'(F)=[[(X;,F)] in S™LR(T). Thus, we are reduced to a local
computation on each open set X . The desired equation then follows from a result in
Chriss—Ginzburg [CG, Theorem 6.6.12]. O
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9.4. A formula using BB strata

The third author has given a formula in [KnA2] for computing this DH measure using
components of Biatynicki-Birula strata. We now recall this formula, and for simplicity
assume X is irreducible.

Choose a coweight v of T' and thus an embedding C* <7 . Assume that XC =xT
and moreover that the composite map XC* 223 P27 is injective. (If &7 is injective,
then it is easy to construct such v, and otherwise it is of course impossible.) By this
assumption, XC" acquires the structure of a totally-ordered set (very much depending
on the choice of ). We write pyop and phoy for the maximal and minimal points in this

set, respectively.

Definition 9.9. For each pe X CX, let X, denote the Biatynicki-Birula stratum of p,
defined by
Xp = {xGX:ili%sx:p}

An irreducible component Y of X, will be a called a BB cycle in X based at p.

Note that the only BB cycle of weight ®(ptp) is X and the only BB cycle of weight

®(pbot) i {Pvot }-

For each pe X7, fix fp€V™ such that f, is a T-weight vector and f,(p)#0. Note
that this implies that f, vanishes at every other fixed point (since they live in different
weight spaces in P(V')). The section f, defines a T-invariant Cartier divisor D, CX.

For any two BB cycles Y7 and Y5 based at p; <ps, we define

C(Ylvyé) :Z(ﬁ/laDpQYVQ)

Definition 9.10. A chain of BB cycles is a sequence Y.=(Yp, Y1, ..., Ys,) such that
Yo={pvot}, Ym=X, and ¢(Yi_1,Yy)#0 for all k. A weight chain is a sequence

He = (NO? a;um)

such that there exists a chain of BB cycles Y, such that the weight of Y}, is uy for all k.

Note that, if Y is a BB cycle based at p, then dim D,NY =dimY —1, so the length
of any chain is the dimension of X.

For any weight chain p., define

c(pe) = Zc(Yo,Yl) (Y1, Ym),
Y.

where the sum is over all chains of BB cycles Y. of weight pu..
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As before, let A™ be the standard m-simplex.
For any weight chain u., define 7, : R™H % by

m
T, (Clo, ) am) :Zakuk.
k=0

The following result (due to the third author [KnA2]) explains how these weight chains

can be used to compute the DH measure.

THEOREM 9.11.
DH(X) = c(pt) (. )« (5am),

where the sum is over all weight chains.

10. Measures from MYV cycles

Recall that at the beginning of §8, we fixed a choice of regular nilpotent, é. From this
point on, we specialize é= €, where € is the principal nilpotent coming from the geometric

Satake correspondence §4.3. In particular, we have é;=q(«;)e;.

10.1. DH measures of MV cycles

Let v€Q, and let Z be a stable MV cycle of weight —v. Note that Z is a TV-invariant
subvariety of the affine Grassmannian and we have a projective embedding T: Gr—P(V),
from §4.3.

We will apply the constructions of the last two sections to the triple (Z,7V,V). In
particular, in §9.1 we defined a polytope Pol(Z); note that this polytope lives in tg = (t)*.
On the other hand, in §6.3 we defined the MV polytope (also denoted Pol(Z)) which lives
in tg.

Recall that we have the map ¢: P—tg which we can extend to a linear bijection
Lt — R,

LEMMA 10.1. For any stable MV cycle Z, we have an equality «(Pol(Z))=Pol(Z).

Proof. The action of TV on Gr has fixed points {L,:p€ P}. Moreover, the weight of
TV acting on the fibre of O(1) at the point L, is ¢(u), by Proposition 4.1. O

Similarly, by definition, DH(Z) is a distribution on tg=(t%)* and we also have the
distribution D(bz) on t%.

THEOREM 10.2. For any stable MV cycle Z, we have an equality 1. (D(bz))=DH(Z).
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Proof. We choose a generic antidominant embedding CX <7V . Then, the BB
cycles inside Z are simply the stable MV cycles contained in Z. Moreover, for each
weight chain p., there exists a unique i€Seq(v) such that pr=ay, +...4+«;, for all k.

Thus, by Theorem 9.11, we conclude that upon identifying tg with t; using ¢, we
have

DH(Z)= Y c@)Ds, c(i)=> c(Yo,Y1)..c(Vin-1,Ym), (16)
i€Seq(v) Y,
where the second sum ranges over the set of sequences Y., where Y} is a stable MV cycle

of weight —(a;, +...+;, ) and where
C(Yk7 Yk+1) = i(Yk’ Duk+1 'Yk+1)'

Here D, .,
f vanishes on all other weight spaces.
On the other hand, we begin with (14)

D(bz)= Y (éi,éi,,bz)Di= Y (éi, ...é,,bz)(1n)Ds.

ieSeq(v) i€Seq(v)

is the divisor in Gr coming from a vector f€V™* such that f(L,,,,)#0 and

Then, we expand out the right-hand side using (4) from the proof of Lemma 6.4, and we

reach exactly the same formula (16). O

10.2. Reformulation and alternate proof of Theorem 10.2

We apply the Fourier Transform and then (:~1)* to the equality in Theorem 10.2 and
we obtain
FT(D(b)) = (:~)* FT(DH(Z)).

This is an equality of analytic functions on t¢; more precisely, by the analysis in §8.4,
this is an equality in the space S™1C[]@CI[T].
Now, by Proposition 8.15 (iii), we have that FT(D(bz))=;.,(bz)-

On the other hand, by Theorem 9.6, we know that FT(DH(Z)) is closely related to

the expansion of the homology class [Z] in the fixed point basis under the isomorphism
o(S) " HI (Gr) = ()T H (G,

In order to avoid confusion, in this section we will write [Z]pv for the image of [Z] in
W(S)TTHT (6.

The fixed point set GrT" isin correspondence with the weight lattice P, and thus has
v )

Vv . . . .
a group structure. Hence, HI " (Gr is an algebra, and we have an obvious isomorphism

W(S)'Ct]@C[T) 2 HT (GrT).
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From these observations (and the injectivity of the Fourier Transform), we see that

Theorem 10.2 is equivalent to the following statement.

THEOREM 10.3. Let Z be a stable MV cycle. In the algebra ST C[|@CI[T], we have

an equality
Vreg(bz) = (=) ([Z]7v).

We will now give an alternate proof of Theorem 10.3 using results of Yun-Zhu [YZ].
These authors define a commutative convolution algebra structure on HZ ' (Gr), and
describe this algebra using the geometric Satake correspondence.

To formulate their result, recall the universal centralizer space C and its morphisms
C—txT and ¥: C— N from §8.5. The following theorem follows from combining Propo-
sitions 3.3, 5.7 and Remark 3.4 from [YZ].

THEOREM 10.4. There is an isomorphism 0: C[C]—HZT" (Gr) making the following

diagram commute:

clyecr] —2% cl¢|eCT] —— HT' (G1T)

|

C[C] ’ HT (Gn).

In order to apply this result, we will need to setup a bit more notation.

For any A€ P,, we have a map
i Hy (Gr, In) — HE(Gr") — HE(Gr) (17)

where the first arrow comes from (2) (with d=pV(\)). We will also make use of the
inclusion
H'(gr,I,\) (Y H%v (gl",I)\)

coming from the isomorphism
Hiw (Gr,I)) = H* (Gr, 7)) @C[t*]

given in [YZ, Lemma 2.2].

Also, recall the map
Uy: H*(Gr,Z)) = L(A\) < C[N]

from §2.5.
In this section, we will also need to consider the automorphism ¢t~ of Gr, and we

write £ HT' (QI")%H,Tv (Gr) for the resulting map on equivariant homology.
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LeMMA 10.5. For any ve H*(Gr,Iy), we have
01" (Ua(v))) = (t74)ua(v).

Proof. To begin, fix the isomorphism of varieties Tx N=B given by (t,n)—tn.
Thus, we get an isomorphism on coordinate rings C[B]=C[T|®C[N].

Recall the linear map v}: L(A\)—C defined in §2.5. We extend v} to a C[t*]-linear
map vy: Hy (Gr, Ty ) —C[t*] using the isomorphism

Hi (Gr, Ty) = H* (Gr, T, ) @ C[t*].

Note that v}=p.o7Tx, where 7 is defined in (17) and where pe: HT' (Gr)— HT (pt) is
the proper push-forward in Borel-Moore homology.
Given ve L(\), we define f, €C[B] by f,(b)=v}(bv). Under the isomorphism
C[B]=C[T|®C|N],
we find that f, =A@V, (v).

We can factor ¢: C— N into C'—B— N, which gives rise to a factorization of ¥* as

C[N] < C[B] 25 Cq).

Following [YZ, §3], we will now describe o).
Let {h'} and {h;} be dual bases of the free C[t*] modules H. (Gr) and HI " (Gr).
By the definition of ocay from [YZ, §3], for any ve L(A)=H"(Gr,I,), we have

05 (fo)) Zw (h'v)hi € HI™ (Gr),

where we use the action of Hy (Gr) on Hi (Gr,T)).

Thus,
0¥ (fo)) Zp* ma(h'v) h—Zp* hi,

since 7 is a Hy (Gr)-module morphlsm.
Now, since the pairing between Hz. (Gr) and HT " (Gr) is given by a®@h—p,(ah), we
conclude that

0B (fo) =7A(v). (18)

The commutative diagram in Theorem 10.4 implies that the isomorphism
9:C[C] —s HT" (Gr)

is a C[T]-module isomorphism, where C[T'] acts on C[C] using C —T and acts on HI " (Gr)
using the maps (t#).. Thus, we see that (18) along with f, =A® ¥ (v) implies the desired
result. O
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Finally, here is our promised alternate proof.

Alternate proof of Theorem 10.3. Let Z be a stable MV cycle. Choose A€ P, such
that t* ZCGr*. Then, t)Z is an MV cycle of type A\. We consider its class

[tAZ]]H S H’“(gr,I,\).

By the definition of 7y, we have that 7 ([t*Z];z)=[t"Z] in HI ", (Gr) where d=2p" (\).
Thus, by Lemma 10.5, we have 6(¢*(bz))=[Z] in Hg_vk(gr).
By Theorem 10.4, the map HX " (GrT")— HT" (Gr) is dual to C—* x T. Thus pass-

ing to t*°8 and inverting this map, we obtain the desired equality. O

10.3. Proof of Muthiah’s conjecture

Let Z be a stable MV cycle. As a corollary of Theorem 10.3, it is easy to see that D(bz)
is given by equivariant multiplicities at the bottom of Z.
More precisely, applying Remark 8.10 and Theorem 9.6, we immediately deduce the

following.

COROLLARY 10.6. Let Z be a stable MV cycle of weight —v. We have the following
equality in C[t"°g]:
D(bz) ="l (2).

Now, we are in a position to prove Mutiah’s conjecture (Theorem 1.5). We begin by
recalling the setup. Let Aeé P,NQ, and let Z be an MV cycle of type A and weight zero,
so t™*Z is a stable MV cycle of weight —\.

Note that we have an equality
el (D) =<1, (2).

Thus, in light of Corollary 10.6, in order to establish Theorem 1.5 we are left to prove

the following result.

THEOREM 10.7. The map

L(X)o — C[t™®],
vi— D(U,(v)),

is W -equivariant.
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Proof. Let weW and x€t*®e. Then, by Proposition 8.1, there exist (y,t)e N_xT
such that

Typ—14 = YNz WL
Hence, we have
D(Wx(v))(w™ ) = v} (14 1,v) = v} (ynawtv) = v} (nywv) = D(Vy (wv))(2),

where we used that tv=v, as v is of weight zero, and that v}(yu)=v}(u), as yeN_.
Since this holds for all weW and xz€t'°8, we conclude that

v—s D(U,(v))

is W-equivariant. O

11. Preprojective algebra modules

From this point on, we assume that G is simply-laced. In particular, this means that

q(a;)=1 for all i, and thus t(a;)=cq), so ¢ corresponds to the usual identification of

the root and coroot lattices. Thus, we can (and will) drop ¢ from our notation without

possibility of confusion.

11.1. Preprojective algebras and their modules

Let H denote the set of oriented edges of the Dynkin diagram (so (3, j), (j,%) € H whenever
i and j are connected in I). If h=(i,j), write h=(j,7). Fix a map 7: H—{1,—1} such
that for each h, 7(h)+7(h)=0 (such a 7 corresponds to an orientation of each edge of
the Dynkin diagram).
Define the preprojective algebra A to be the quotient of the path algebra of (I, H)
by the relation
> 7(h)hh=0.
heH
So a A-module M consists of vector spaces M; for i€l and linear maps My,: M; —M;

for each h=(i,j)€ H, such that

> 7(h) My M;, =0. (19)
heH
Given a A-module M, we define its dimension vector by

dim M = " (dim M;)a;.

i€l
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We write S; for the simple module at vertex i, i.e. the module with 0th1 S;=«;. The
map Mr—>di_n>1M gives rise to an isomorphism K (A-mod)=@Q.

For each v=}",_;
on @, ; C”*. More precisely, we define

v;a; €Q., we consider the affine variety of A-module structures

A(v) C @ Hom(C"¢,C"¥)

(i,5)eH

to be the subvariety defined by the equation (19).

11.2. The dual semicanonical basis

Let M be a A-module with dimension vector v. Following Lusztig [Lu5] and Geiss—
Leclerc—Schréer [GLS, §5], we define an element &)y € C[N]_, as follows.

First, for each i€Seq(v), we define the projective variety of composition series of

type i,
EM)={0=M°CM'C...CM™=M:M"/MF"1=g, forall k},
and then we define £,y €C[N]_, by requiring that

(€iy - iy Enr) = X (Fi (M)

for any i€Seq(v), where x denotes topological Euler characteristic. (Note: Lusztig and
Geiss—Leclerc—Schréer consider decreasing composition series, whereas we chose to use
increasing ones. Our choice accounts for the use of the dual setup and ensures that the
crystal structure on the dual semicanonical basis coincides with the crystal structure
defined in [KSa, §5].)

With this definition, the following result is immediate (see [GLS, Lemma 7.3]).

LEMMA 11.1. For any A-modules M and N, we have Eypon=EpméN -

This map M — &,y is constructible and so for any component Y C A(v), we can define
cy €C[N]_, by setting cy =&, for Ma general point in Y.
The following result is due to Lusztig [Lu5].

THEOREM 11.2. (i) For each veQ,, {cy:Y elir A(v)} is a basis for C[N]_,.
(ii) The union of these bases forms a biperfect basis of C[N].

Proof. Statement (i) is a direct consequence of [Lub, Theorem 2.7]. From [Lub,
§2.9] and the definition of the bicrystal structure on the set of irreducible components

of the nilpotent varieties (see [KSa, §5]), we deduce that for any irreducible component
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Y CA(v) and any i€, if we set p=¢f(Y) and Y'=(é})PY, then Cy~€§p):Cy/. With these

notation, write
Cy - -€; = E QyrnCyrr .

Yy

Routine arguments show then that

{p, if V" =&y,
vy =
v 0, ifer(Y")>p—1and Y"£&EY,

which proves the half of the statement (ii) related to the right action of N on C[N]. The
other half can be proved analogously or deduced from [Lu5, Theorem 3.8]. O

This basis for C[N] is called the dual semicanonical basis. By §2.4, it carries a
bicrystal structure isomorphic to B(oo). Thus, a MV polytope is uniquely associated
with each element in the dual semicanonical basis.

On the other hand, if M is a A-module, then we define its Harder—Narasimhan
polytope to be

Pol(M) := Conv{— dim N:NC M is a submodule}.

This map M —Pol(M) is constructible and so for any component Y CA(v), we can define
Pol(Y'):=Pol(M) for Ma general point in Y. (We added the minus sign into the definition
since &jr has weight — gig%nM)

The following result was obtained by the first two authors with Tingley (see [BKT,
§1.3]).

THEOREM 11.3. Let Y be a component of A(v). Then, Pol(Y') is the MV polytope

of the basis vector cy .

11.3. Measures from A-modules

Let M be a A-module of dimension vector v. By the definition of £, and the map
D:C[N]—PP, we have that

D(ém)= Y x(F(M))D;.

i€Seq(v)

Note that the measure D(€ys) is supported on the polytope Pol(M).
In the previous section (Theorem 10.2), we showed that the measure D(bz) of an
MYV basis vector equals the push-forward of the Duistermaat-Heckman measure DH(Z)

of the corresponding MV cycle. The Duistermaat—Heckman measure is defined as the
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asymptotics of sections of line bundles on Z. In a similar fashion, we will now explain
that D(£pr) can also be regarded as an asympototic.
We define F, (M) to be the space of (n+1)-step chains of submodules of M, so

Fo(M)={0=M°C M'C..C M =M},

and let F), , (M) denote the locus in F, (M) where @M1+...+%n Mm=p
We will record the information of the Euler characteristics of F}, ,(M) as an element
of R(T) b
[H* (Fo(M))]= D X(Fou(M))3-.

HEQ+

Note that [H*(F,(M))] is supported on the polytope nPol(M).

THEOREM 11.4. For any A-module M, with VZ(ji_H_;l M, we have

D(Ear) = lim —— (r). [H* (Fu(M)].

n—oo NP

Proof. Let m=dim M =p"(v).
The proof is largely parallel to that of [KnA1l, §3]. We begin by defining the locally

constant function
He: F"(M) — Q+na

M — (M(Mk/Mk_l))k:L.».,w

For any M* € F, (M), the number of non-zero terms in u.(M*) is at most m. Given a

sequence y€Q ", let 70 be the sequence with its zeros removed. Thus, we can decompose

[ 5 SIS DU SIRIE T N ATO R LR
£=0 9€(Q+\{0})* 7€QY}
y7#0=0

Now observe that, if #=~7, we have an obvious isomorphism
{M* € Fo(M) : j(M*) =7} 2 {M" € Fy (M) : (M) = 0}

We let xy denote the Euler characteristic of this space. Thus,

[H (FaMNI=Y" Y X0 D> dosr nti—tm-
(=0 0e(Q+\{0})¢  7€Qn
y70=0
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The number of v with 47°=6 is plainly (?) =0(n"). We now rescale

[H" (F, 1 :
an(u Z > X0 m Y Sy b1k using pY(v)=m,
=0 9€(Q4\{0})* vEQ}
y#0=0
and let

Dgnlz

)

1
el DRSS S CRERE
yiy#O=0

This term has total mass O(n‘~™). In the limit n— o0, we can therefore neglect all £<m,

and independently we apply (7,)+:

i (), D) 5~

X0 lim (Tn)*De’n.
n—oo

n—00 pY(v)
’ " 0e(@ (o)™
Since € (Q+\{0})™ (i.e. 6 has the same length as dim M), for the locus
{M" € Fy(M): p(M") = 0}

to be non-empty, we need each 6, to be a simple root and that ), 6y=v. Such a @
uniquely determines (and is determined by) a sequence i€Seq(v) with 0, =«;, for all k.
Moreover, we have xo=x(Fi(M)).

Now that {=m, the term Dy ,, has mass 1/m! as n— o0, the volume of the m-simplex.
We proceed to determine how that mass is distributed.

To index the () terms in the Dy, sum, we count how long the individual strings
of zeros are between the m non-zero terms in ~: there are 1+m strings of zeros, of total
length n—m. Thus, the set of all v such that y#°=# are naturally in bijection with
lattice points in the dilated simplex (n—m)A™. (We will soon apply (7)., resulting in
the nearly-standard simplex (1—m/n)A™.) The jth vertex of this simplex corresponds
to the case that + has j non-zero terms up front, its n—m zeros all in the middle, and
m—j non-zero terms at the end (its non-zero terms 6 determined by 7).

Recall the linear map m;: R™ 1 —¢% which takes the (k+1)-st standard basis vector
to the negative partial sum —ﬁ,iC:—(Hl—l—...—i—Ok). The map 7; intertwines the above
bijection with the map .

=Y (n+1=k)p+(,
k=1
where (:=)"}" (m+1—k)0y is a shift which is independent of n. Thus, we obtain that
Dy n= > Oy () —C
z€(n—m)Amnzm+1
and thus
e,

as desired. O
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12. Comparing measures from MV cycles and from A-modules

12.1. From measures to sections

Let Z be a stable MV cycle of weight v. Let Y be an irreducible component of A(v).
We say that Y and Z correspond if Pol(Y)=Pol(Z); in other words, if the corresponding
basis elements cy and by give the same element in the bicrystal B(co).

For the remainder of this section, fix a pair (Y, Z) which correspond. Recall that
the measures D(cy) and D(bz) are both supported on Pol(Y)=Pol(Z). Thus, an en-
hancement of the equality of polytopes would be the equality of measures. Note that the
equality of basis vectors cy =bz would imply the equality of measures D(cy)=D(bz),
but not vice versa (because of Remark 8.9).

By Theorems 10.2 and 11.4, we see that each of the measures D(cy) and D(bz) are
the limits of (scalings of) measures [H*(F,,(M))] (where M is a general point of Y') and
[[(Z, £®™)]. This motivates the following definition.

Definition 12.1. We say that Y and Z are extra-compatible if, for all neN and

HeQ ., we have
dlm F(Z, D%@n)—u = X(F'VL,H(M))y

where M is a general point of Y.
The following is clear from the above results.

PropPoOSITION 12.2. Consider the following four statements:
(i) Y and Z are extra-compatible.

(ii) cy=bz.

(iii) D(ey)=D(bz).

(iv) D(cy)=D(bz).

We have the implications
(i) = (i) and (i) = (iii)) = (iv).

12.2. General conjecture

We can translate the Euler characteristic of F), , (M) into the Euler characteristic of
another variety. Consider the algebra Aft]:=A®cC[t]. We define

Gu(Mt}/t") ={N c M®C[t]/t" : N is a Aft]-submodule, with dim N =},

LEMMA 12.3. For any M, n and p, we have x(G,(M[t]/t"))=x(Fn,.(M)).
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Proof. First, define an inclusion F, ,(M)—G,(M|[t]/t") b
(MY, ... M™) — M'@Ct'oM?*@Ct' ®...o M"®Ct" ! c M®CJt]/t".

It is easy to see that the right-hand side really is a A[t]-submodule.

On the other hand, we can define an action of C* on Gr, ,(M) using the action
of C* on C[t]/t" given by s-p(t)=p(st). It is easy to see that the above map gives an
isomorphism

Fr (M) — G (M[t] /1),

and so the result follows. O

Thus, we deduce that Y and Z are extra-compatible if, for all n€N, p€Q, we have
dimI'(Z, £®n)—u =X(Gn(M[t]/t")),

where M is a general point of Y.
If we assume that the odd cohomology of G, (M|t]/t") vanishes, this implies that

there is an equality of TV-representations,
[(Z,£%")=H"(G(M[t]/t")) for all n€N, (20)
where TV acts on the right-hand side through the decomposition

[t]/t™) |_| G (M]t]/t™).

Remark 12.4. The right-hand side of (20) carries a cohomological grading. We
expect that (up to appropriate shift) this matches the Z-grading on the left-hand side

which comes from the loop rotation C* action on Z.

The left-hand sides of (20) form the components of a graded algebra, so it is natural
to search for a similar structure on the right-hand side. After studying this question for
some time, we are pessimistic about finding this algebra structure. On the other hand,
@, I'(Z, £%") is also a graded module over the ring

Pr(sins=, z&m).

We believe that such a module structure naturally exists for the direct sums of the right-
hand side of (20). In fact, we believe that this structure is present for any module M,

not just general modules corresponding to extra-compatible components.



80 P. BAUMANN, J. KAMNITZER AND A. KNUTSON

Conjecture 12.5. For any preprojective algebra module M of dimension vector v,

the N x P-graded vector space

D H(G([1)/t)

neN

carries the structure of a T"-equivariant graded @, F(SEOS__”, £®”)—module.

If we assume this conjecture, then we get a coherent sheaf Fp; on S9NS-" such

that, for large enough n,
[(S0NS=", Fy @ 2%") = H* (G(MIt]/t")),

as TV-representations. Assuming the vanishing of odd cohomology, Theorem 11.4 implies
that DH(Fa)=D(Enm).

On the other hand, we have the support cycle [supp Fas|=>_ ax[Zk], where Zj ranges
over the stable MV cycles of weight —v. By Theorem 9.8, we know that

= Zak DH(Zk)

Thus, by Theorem 10.2, we reach ), arpD(bz, )=D(&nr).

This suggests that {37=>, arbz, in C[N]. In conclusion, the expansion of &y in
the MV basis should be given by the support cycle of F;.

The conjecture extends to direct sums M :@2:1 M;j, of A-modules. Such an M

carries a (C*)%-action with

d
G(M[t]/t")© ’%H [2]/¢")-

We will explain a conjectural relation between the sheaf Fj; and the sheaves Fj, . For
this we will use the Beilinson—Drinfeld Grassmannian. In §7.2, we recalled the definition
of Gry, a family over A. In a similar fashion, there is the BD Grassmannian Gra defined
by G-bundles trivialized away from a collection of d points. (There is a small difference:
in §7.2, we fixed one of the points to be zero; here we let all the points vary.) Asin §7.2,
the fibre of Grya— A? over a point (x1, ..., 24) is isomorphic to a product of copies of Gr,
indexed by the set {x1,...,x4}.

Congecture 12.6. For any tuple (Mj)4_, of A-modules, there is a TV-equivariant
sheaf F(ys,) on grya, flat over A?, that

(i) has global sections T'(Gra, F(ar,)®-ZL%" )NH(‘CX)d( (&M [t]/t™)) as represen-
tations of 7V and as modules over C[A?]|=H})a(pt);
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(ii) over points on the diagonal, restricts to the sheaf Fo, m,, from Conjecture 12.5
associated with @, My;
(iii) over general points of A?, restricts to the X product &k}—Mk of the sheaves

from Conjecture 12.5 associated with the individual Mj.

The simplest case is that each M), is 1-dimensional, and so there exists i€Seq(v)

such that My=S;,. In this case, we expect that ka:OW for each k£ and that
59ns_ "'k
F(r,) =05z, the structure sheaf of the compatified Zastava space. In fact, we will explain

in [HKW], that in this case, the conjecture follows from Remark 3.7 in Braverman-
Finkelberg-Nakajima [BFN].

12.3. Shifting MV cycles

In order to compute the sections of line bundles over stable MV cycles, it will sometimes
be useful to shift them, since they often appear more naturally as MV cycles in some

Gr*. So, the following result will be helpful for us.
PrOPOSITION 12.7. Let Z be any MV cycle. Let veP and neN. We have an

isomorphism of TV -representations
F(Z, $®") = F(tVZ, Z®")®Cm(y).

Proof. We can lift ¢V to an element of E(GV(K)). Using this lift, we extend the
obvious isomorphism Z—t*Z to an isomorphism of line bundles, and thus to an isomor-
phism of sections. However, this isomorphism is not TV-equivariant, because TV and t¥
do not commute inside F(G"(K)).

Let peP and let aeC*. In E(GY(K)), the commutator t’at "a~* lies in the
central C* and equals ¢(v)(u). Since this central C* acts by weight n on £®™, the

result follows. O

12.4. Spherical Schubert varieties

Let Ae P, and consider the spherical Schubert variety g? We shift it to form the stable
MV cycle t2Gr*, a component of S9NS=*T*°*  The MV polytope of t~*Gr* is the
shifted Weyl polytope
Conv(wA:weW)—A.
The corresponding A-module is injective. More precisely, for each i€1, let I(w;) be

the injective hull of the simple module S;. Let

IO\ = @D I(wy) i,
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This is a rigid module, and so the closure of the corresponding locus (consisting of those
module structures isomorphic to M) in A(A—wpA) is an irreducible component Y (\).
We have equalities of basis vectors
bt—/\g? = \Ij/\(vwoA) =Cy(\)
as both are flag minors (see Remark 2.10).

We conjecture that t~*Gr* and Y (X\) are extra-compatible in the above sense, in

other words, for all n€ N and ue@., we have
dimD(E2GrY, 29™)_ = X(Fou(I(V)).

We will now prove a stronger version of this statement when n=1.

Consider the Nakajima quiver variety M(w), defined using the framing vector w,
with w;=(a, A). This quiver variety has a “core” L£(w), and there is a homotopy retrac-
tion of M(w) onto £(w). We have the following result of Shipman [Sh, Corollary 3.2].

THEOREM 12.8. There is an isomorphism L(w)=Fy(I())).

Thus, we get a chain of isomorphisms
H*(M(w)) = H* (L(w)) = H* (F1(I())).

By work of Varagnolo, there is an action of gV[[t]] on H*(M(w)). Since Gr* is
an orbit of G¥(0O), we also have a g"[[t]] action on I'(Gr*,.#). The following result is
essentially due to Kodera—Naoi [KN] and Fourier-Littelmann [FL] (see [KTW+, Theo-

rem 8.5]).
THEOREM 12.9. T(Gr*, L)~ H*(Fy(I()\)) as representations of g"[[t]].

Unpacking the weight spaces on both sides (and using the odd cohomology vanishing
established by Nakajima [N, Proposition 7.3.4]), the above theorem implies the n=1
condition appearing in the definition of extra-compatibility. (Note that on both sides the
weight spaces get shifted by A. On the left-hand side, this is because of Proposition 12.7
and, on the right-hand side, this is because of the definition of the action of the Cartan

in the Varagnolo action.)

COROLLARY 12.10. We have

dm (G, L) = x(Fu(I(\)).



THE MIRKOVIC—VILONEN BASIS 83

More generally, it seems reasonable that H*(F,,(I(A))) should carry an action of

g"[[t]], extending the torus action which comes from the decomposition
FaIV) =] | FauI(V):
m

More generally, we expect that the extra compatibility extends to those MV cycles,

and the quiver variety components which represent the flag minors from Remark 2.10.

12.5. Schubert varieties inside cominuscule Grassmannians

We now examine a class of MV cycles which we can prove are extra-compatible: Schubert
varieties inside cominuscule Grassmannians. These represent flag minors from minuscule
representations.

Let w; € Py be cominuscule, meaning that w; is a minimal element of P, \{0} with
respect to the dominance order. In this case, it is easy to see that Gr* is closed and
that the action of G¥ on Gr¥ gives rise to an isomorphism G /P;=Gr¥, where P; is a
maximal parabolic subgroup of GV.

Moreover, the MV cycles of type w; are the Schubert varieties in GV /P;. For each
vyEWw;, we have a Schubert variety Gr* NS7. We can then translate to obtain a stable
MV cycle Z(7):=t=%(Gr*:NS7 ) of weight v—w;.

We introduce a partial order (the Bruhat order) on Ww; by 7<v if r—y€Q (cau-
tion: this is opposite to our convention for dominance order). This partial order cor-
responds to the order on MV cycles of type w; by containment. The minimal element
of this partial order is w; and the maximal element is wow;. We will be particularly

interested in intervals in this poset of the form
[wi, V| ={T € Ww; :w; <7<y}

The MV polytope P(vy) of Z(v) is easily described using this order (see for instance
[KNS, Proposition 2.5.1]) as

P(vy) =Conv{—w;+7:7 € [w;, 7]}

On the other hand, for each y€Ww;, there is a unique (up to isomorphism) A-
module N(v) with dimension-vector w; —v and socle S; (except if y=w;, in which case
N(v)=0). We have a corresponding component Y (y) of A(w;—). Note that Y () and
Z () correspond, because they both represent the unique elements of B(oo) of weight

~v—w; which lies in the image of U,,,.
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As a special case, we have N (wow;)=1(w;), the injective hull of S;. In fact, for each
vyEWw;, N(v) occurs once as a submodule of I(w;), and these are all the submodules
of I(w;). The map v+ N () is an isomorphism of posets between Ww; and the poset of
submodules of I(w;) (under inclusion).

This implies that Pol(N(v))=P(%).

THEOREM 12.11. Let yeWw;. The pair (Z(7),Y (7)) is extra-compatible.

Proof. For each neN, let
Fo(y):={(11,.sTn)iw; <71 <. <7,y <}

be the set of chains in the poset [w;,7].
From the above discussion, we see that 7— N (7) gives a bijection F,(y)=F,(N(y)).
On the other hand, Seshadri [Se] has given a bijection between F), () and the stan-
dard monomial basis for I'(Z (), £®") (see also [LR, Theorem 8.1.0.2]). O

Remark 12.12. More generally, we can consider a pair 7,7€Ww; such that 7<~.

Then, we can consider the translated Richardson variety
Z(1,7):=t"T(Gr*'NnSTNST))

This will also be an MV cycle. (In the case of type A, these MV cycles were studied by
Anderson-Kogan [AK, §2.6].)

The corresponding A-module is N()/N(7) which underlies a component Y (7,~) of
A(7—7). The above analysis carries over to this case by considering chains in the interval

[7,7]. Thus we see that the pair (Z(7,v), Y (7,7)) is also extra-compatible.

Appendix A. Extra-compatibility of MV cycles and preprojective

algebra modules and non-equality of bases

by Anne Dranowski, Joel Kamnitzer and Calder Morton-Ferguson

A.1. Tableaux, MV cycles, and preprojective algebra modules

In this appendix, we will work with G=SL,, and G¥=PGL,, (and in fact with m=5,6).
Our goal is to compare the MV and dual semicanonical basis elements bz and cy, where
Z and Y correspond in the sense of §12.1. In order to construct compatible pairs (Z,Y),

we will work with the combinatorics of semistandard Young tableaux.
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A.1.1. Tableaux and Lusztig data
We identify P=Z"/7Z(1,...,1) and P,={A=(A1,...,; A\m)EZ™: A1 =...2 )\, =0}, and we
identify P, with the set of Young diagrams having at most m—1 rows. We also identify
Q={(v1, .., Vm)EZ™:v1+...4 v, =0}, and we have the simple roots a;=e;—&;41.

We will write the positive roots for SL,, as A, ={eg; —¢;:1<i<j<m}. For any choice
of convex order for A, there is a bijection 1: B(oo) N4+ constructed by Lusztig (see

[Lu2, §2]). In this appendix, we will work with one choice of convex order
e1—62<... <16 <e2—63<K .. K06 <. <Em_1—Em (21)

(this convex order corresponds to the reduced word s7 ... S;—1 ... S18281 for wyg). A Lusztig
datum is an element n.€N”+. The weight of n. is defined to be ZﬁeA+ ngp.

Fix Ae P, and let N=)", A;. Let YT(X) be the set of semi-standard Young tableaux
of shape A\. We say that a tableau 7€ YT(A) has weight p€Z™ if 7 has p; boxes num-
bered i for 1<i<m. Let YT(X),CYT(A) denote the tableaux having weight p. For
1<i<m, let 7 denote the restricted tableau obtained from 7 by deleting all boxes
numbered 7, for j>i. Let sh(7(¥)€N™ denote the shape of 7(%).

Given a tableau 7€ YT()),, we define its Lusztig datum n(7). by setting

(T)ei—e; i= sh(79));—sh(rU~Y); = number of boxes on the i-row filled with j.

Note that n(7). has weight A—p.

A.1.2. Generalized orbital varieties

We will study MV cycles by identifying open affine subsets of them with generalized
orbital varieties. This identification comes from the Mirkovié—Vybornov isomorphism,
which we now recall. Fix Ae P, and let N=)"_\,. Fix p€P, such that A—pe@, (in
particular, N=3)"_ 11;). We will work inside the space of N x N matrices, and we consider

such matrices in block form, where we have mxm blocks, with the (4,j) block of size
Hoi X fhg -
We will need the following spaces of matrices:
n=upper triangular matrices,
O, = matrices of Jordan type A,
T, ={J,+x:all entries of = are zero, except the first min(p;, i)

columns of the last row of each (i, j) block},

where J, is the Jordan form matrix of type p.
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Example A.1. If p=(3,2) then an element of T, takes the form

1
1
x ok k| kx|,
1
x ok * %

where all blank entries are zero.

We will study @AQT# and Q) NT,Nu. The irreducible components of this latter
variety are called generalized orbital varieties. Note that, if p=(1,...,1), then T, is the

space of all matrices, and so we recover the usual orbital varieties.
Given T€YT()),, define

Z; ={A€OANT, N : Algur+.tm; € Ogpirtiy for 1<i <m}. (22)

Here and elsewhere, C* denotes the subspace of CV spanned by the first k& standard basis
elements.

The following result is due to the first appendix author.

THEOREM A.2. ([D]) (i) For each T, ZgT has a unique irreducible component of
dimension p¥(A—p), and all other components have smaller dimension.

(ii) Letting Z, denote the closure of this component of maximal dimension, the
map 7, gives a bijection between YT(X), and the set of irreducible components of
O\NT,Nn.

The affine space T,, (and the subvariety O,\NT,Nn) carries an action of the maxi-
mal torus TV CPGL,,, where [t1,...,t,,]€T" acts by conjugating by the N x N diagonal
matrix whose entries t1,...,t1, ..., tm, ..., &, are constant in each block.

In this appendix, we will work with polynomials in the weights of TV. In particular,

we introduce the notation

= [ - = [ (ut.+a;a)

1<i<jsm 1<i<jsm

for the product of the weights of T acting on the affine space T, Nn.

A.1.3. Generalized orbital varieties and MV cycles

We will now recall the Mirkovié—Vybornov isomorphism [MVy] in the form of [CK].
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Given a nilpotent N x NV matrix A€T,, we define
p(A) e GY [t ]t
(where GV =PGL,, and GY[t~!] denotes the kernel of GV[t~!]—G") by the formulas

p(A) = "I +(ai; (1)),
Hi

aij(t) = Z A?jtk_l,
k=1

Afj = kth entry on the last row of the (j,¢) block of A.

The following result follows from [CK, Theorem 3.1] (except we have applied trans-
pose to the domain).

THEOREM A.3. The map A |[p(A)] gives an isomorphism
©:0ANT, — GPNGY [t YL,

Note that A—[p(A)] is TV-equivariant with respect to the above defined action of
TV on T, and the usual TV action on Gr.

In [D], the first appendix author restricted this isomorphism to the generalized
orbital varieties and obtained the following result.

THEOREM A.4. (i) ¢ restricts to an isomorphism
©:0ANT,Nn — Gr* nS*

(ii) For any tableau T€YT(A),, the closure of the image of the generalized orbital
variety, ZT::go(ZDT), is the MV cycle whose Lusztig datum equals n(7).. In other words,
the following diagram commutes

YT(\)y —— Z(N\),

|

Z(00)

|

NA+ «— B(o0),

where the top horizontal arrow is T+ Z,, the left vertical arrow is T+—n(7)., the right

vertical arrows are constructed in §6 and the bottom arrow is Lusztig’s bijection.
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We will use this theorem to compute the value of D on an MV basis vector, with

the aid of the following proposition.
ProposITION A.5. We have

o

_ mdeg[nNT,]Z;

D<bt*>\27):EL;kA(t_AZ‘F):ELu (ZT) p(ﬂ)

Proof. The first equality is Corollary 10.6 and the third one is a consequence of
Proposition 9.5. O

A.1.4. A Pliicker embedding

We will now explain how the knowledge of Z, allows us to compute the sections of line
bundles over Z,.
Recall that, in the lattice model for Gr, the orbit Gr> can be described as

Gr*={LeGr:LC Ly=C[[t]]™ and t|r,/r has Jordan type A}.

Let p>)\1. Thus, Leg? contains t? Ly, and the quotient L/t? Ly has dimension mp—N.

PRrROPOSITION A.6. The map

L
L— ——
tPLo’

is a closed embedding. Moreover, the standard determinant line bundle on

Ly
G —-N
(- - )

restricts to the line bundle £ on QT)‘

Now, assume that N=m, u=(1,...,1) and p=2, so that mp— N=m. We consider

the Pliicker embedding
LO m LO
G — P — .
(m’ t2L0> 7 (/\ t2L0)

Our aim is to study the chain of maps connecting @yNn with this projective space.
Let AcOyNn. In this case, the Mirkovié-Vybornov isomorphism is simply given by
©(A)=[tId— A*] and the corresponding lattice is

La=({tld—A")Lo= Spanc[[t”{eith”ei :1<i<m}.
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Fix the basis

L
(V15 ey Uy VT ooy U ) = ([€12] -0y [€mE], [—€1], -0y [—€m])  foOr %.

We write S=(1,...,m,1,...,m) for the index set of this basis. We have a resulting basis
for A" Lo/t?>Lo indexed by subsets C'CS of size m.
In this basis, L4/t?Lo is the row space of the mx2m matrix A=[I A]z. For any

subset C'C S of size m, we can consider the minor Ac(A) of this matrix using the columns

C. Thus, we have established the following result.

PROPOSITION A.7. Under the chain of maps

Oxnn— Gr*NS° — G(m, Lo/t>Lo) HP</\W 1f2LLO )’
0

A is sent to [AC(A)]CG(i)'

We also note that these maps are T"V-equivariant (in fact PGLj,-equivariant), where
TV acts on IP(/\m LO/tQLo) using the natural GL,,, action on Lgy/t?Lg. In particular, the
basis vectors v; and v; both have weight ;.

From this proposition, it is immediate that @yNn is mapped into the affine space

m

L
AG)1cp 0
< /\t2L0 ’

defined by the condition that A; _ ,,7#0, and moreover that, for any T, ZOT is the inter-

section of Z. with this open affine space. Thus, we deduce the following corollary.

COROLLARY A.8. The ideal of Z;CP(A\™ Lo/t*Lo) equals the homogenization of

the kernel of the map
(CHAC:CE (S) }] —C[Z,].
m

A.1.5. Preprojective algebra modules

Fix v=Q,. We have a bijection Irr A(r)— B(c0)_,. We will now recall the composition
U Irr A(v) — B(oo) — N2+,
which was studied in [BKT].

The convex order (21) on A, determines a sequence of indecomposable bricks

(Bg)sea, labelled by the positive roots. For this convex order,

Be o, =it—i+l¢— .. +—j—1.
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Let M be a A-module. The Harder—Narasimhan filtration of M is the unique decreasing
filtration (Mg)gea, such that Mg/MB/%Ban(M)ﬁ, where f<f’ is a consecutive pair
in the convex order on A,. We define the Lusztig datum n(M). of M to be these
multiplicities.

We define n(Y). for any component Y C A(v) by setting n(Y).:=n(M)., where M is
a general point of Y. The following result is contained in [BKT] (see Remark 5.25 (ii)).

THEOREM A.9. The map |, Irr A(v) N2+ defined by Y—n(Y). is a bijection.
Moreover, this bijection agrees with the composition |J, Irr A(v)— B(co) —+N2+ (where

the second map is Lusztig’s bijection).
From Theorems A.4 and A.9, we deduce the following.

COROLLARY A.10. Let T€YT(X), be a Young tableau and let v=A—p. Let Z. be
the MV cycle constructed in §A.1.3. Let Y. CA(v) be component such that n(Y).=n(7)..

Then, the stable MV cycle t—*Z, and the component Y, correspond in the sense of
§12.1.

A.1.6. Evidence for extra-compatibility in an A4 example

We take m=N=5, A\=(2,2,1), u=(1,1,1,1,1) and consider

[\]

ﬁ
I
‘O’YOJ}—‘
S

Let Z=2Z, be the MV cycle defined from 7 in §A.1.3. Let Y=Y, CA(v) and let M
be a general point of Y;, i.e. a general module with n(M)=n(7). This gives the simplest
indecomposable M not covered by the analysis in §12.5.

The pair (t~*Z,Y) are compatible, by Corollary A.10. Moreover, b,—» ;=cy, as can
be seen by a variant of the analysis from §2.7. In fact, we expect that t~*Z and Y are
extra-compatible. We will now prove the following result which gives evidence in this

direction.

THEOREM A.11. (i) For all n€N, we have dimT'(t~*Z, £®")=dim H* (F,,(M)).
(ii) For n=1,2 and all p, we have dimT'(t~*Z, £®"),=dim H*(F,, ,(M)).
(iii) We have D(by—»)=D(&nr).
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A.1.7. Generalized orbital variety and multidegree

Let AEZOT and write

0 a1 as az a4
0 0 as ag ar
A=[0 0 0 ag ag
0 0 0 0 ayp
0 0 0 0 O

We apply (22) to find the following conditions along with the equations they impose

on the matrix entries of A:

0 aq
€ Oyqy, ay #0,
|:0 0] (2) 17é
0 aq ag-
0 0 oa;5 6@(2)1), as =0,
0 0 0]
0 al an (13-
0 0 O =0
ag €00, ai1ae+azag =0,
0 0 0 as a87é0,
00 0 0]
alOZOa
A€y, det{% ‘”]0,
ag a9

ajar+asag = 0.
Altogether, we find that Z=27. is the vanishing locus of
I'= (a5, a10, a1a6+azas, aras—agayg, a1a7+azag),

and we verified using a computer that this ideal is prime.
Applying the algorithm from [KZJ, §1.5] (or by computer), we obtain the following:

mdeg[n]Z = (a102+0a3 +a203)0] + (0103 + 03 + 0203 +2(102+03)as)au. (23)

A.1.8. The MV cycle and its sections

In this example, the description of the MV cycle Z from Corollary A.8 can be simplified,
since Z is contained in the subspace defined by the vanishing of a5 and a19. By ignoring
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minors which are forced to be zero among the set of (150) total possibilities, we can exhibit

Z as a subvariety of P'6 using the following set of minors:

u=A12345, b= A1345T7 be = A1245Ta by = A1235T7 by = A1234Ta bs = A1235§a
be = A1234§a b7 = A123537 bg = A1234§a by = A123ﬁ7 big = A124ﬁa bi1= A124ﬁv

bio = Ausﬁa biz = A125ﬁv bia= A123?3» bis = A134ﬁv big = A1351*3~
Let P=Clby, ..., bis, u] and

J1 = (bg—bsbg+babs, b1g—babs, b11 —babs, bia —babs,
b3 —bab7, bia —bsbg+babr, b1s—b1bs, big—b1b7),
Jo = (b1bs5+b2b7, bgbr —bsbs, b1bs +b2bs),

where J; just comes from C[n] and J; represents the additional relations coming from I.

Thus, Z=Proj(P/J") for J=.J,+Jo, where J" is the homogenization of J with respect

to u. Using Macauley2, we obtain the following expression for the space of sections:
(n+1)%(n+2)%(n+3)(5n+12)

dimT(Z, O(n)) = o . (24)

A.1.9. The preprojective algebra module
A general module M with Lusztig data n(r)=(1,0,0,0,1,1,0,0,1,0) is

1 3
NN
22 4
NS
3,
with the maps chosen such that ker(Ms— M3), im(Ms— M) and im(M;— M,) are all

distinct.
In fact, M has HN filtration with subquotients

3—2
4—3
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v Fi (M) | dim H*(Fi(M)") dim H* (F,(M)")
(0,0,0,0) point 1 1
(0,1,0,0) point 1 n
(0,0,1,0) point 1 n
(0,0,1,1) | point 1 in(n+1)
(0,1,1,0) P! 2 in(3n+1)
(0,1,1,1) P! 2 in(n+1)(5n+1)
(0,2,1,0) | point 1 in®(n+1)
(1,1,1,0) | point 1 in(n+1)(n+2)
(0,1,2,1) | point 1 Ln(n+1)*(n+2)
(0,2,1,1) | point 1 in®(n+1)(2n+1)
(1,1,1,1) | point 1 En(n+1)(n+2)(3n+1)
(1,2,1,0) | point 1 in*(n+1)(n+2)
(0,2,2,1) point 1 50’ (n+1)*(n+2)
(1,2,1,1) point 1 52n%(n+1)(n+2)(3n+1)
(1,2,2,1) point 1 7’ (n+1)*(n+2)(5n+7)

Table 2. Spaces of (chains of) submodules of M.

A.1.10. Flags of submodules

We will now outline a recursive method for computing dim H*(F,,(M)). Given a dimen-
sion vector ve€@Q., let F,(M)” be the component of F,, (M) consisting of (n+1)-step flags
for which the nth submodule in the chain has dimension vector v. Note that, for each v,
all submodules of M of dimension v are isomorphic (this is a special property of M).

This means that for any v, there exists a submodule N such that
Fo,(M) 2 F,_1(N)xFy ,(M).

Using this recursive definition, we compute dim H*(F,(M)") in Table 2

Since F,, (M) is the disjoint union of each of these varieties, we have

dim H*( ZdlmH' M),

and so, summing the above polynomials, we get

(n+1)2(n+2)%(n+3)(5n+12)
144 '

dim H* (F (M) = (25)
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Together with (24), this establishes Theorem A.11 (i).

When n=1,2, we can take this computation further and prove Theorem A.11 (ii).
(When n=1, this can be easily seen by comparing the weights of the variables u, b1, ..., big,
with the dimension vectors of submodules of M from Table 2, taking into account the

shifting of weights given by Proposition 12.7.)

A.1.11. Computation of the “flag function”
By Proposition 8.4 and the definition of &, from §11.1, we have that
D(ém)= Y x(F(M))D;.
i€Seq(v)

We call D(&y/) the flag function of M.
For ieSeq(v) among

(3,4,2,3,2,1) (3,2,4,3,2,1)  (2,3,4,2,3,1) (2,3,2,1,4,3)
(2,3,2,4,3,1) (2,3,4,2,1,3) (2,3,2,4,1,3) (3,2,1,2,4,3)
(3,4,2,1,2,3) (3,2,4,1,2,3) (3,2,1,4,2,3),

the variety Fj(M) is a point, so x(F;j(M))=1. For i among
(3,4,2,2,3,1)  (3,2,4,2,3,1)  (3,2,2,4,3,1) (3,4,2,2,1,3)
(3,2,4,2,1,3) (3,2,2,4,1,3) (3,2,2,1,4,3),

we see that Fj(M)=P', so x(F;(M))=2. For all other values of i, we have F};(M)=2.
The flag function is a rational function, but we can use p(p) to clear the denominator.

By direct computation, we obtain that the flag function of M is given by
D(&a)p(p) = (a1 +ai+azas)ai + (a3 +as+asa2 +2(ajas+ad)as)ay.

To complete the proof of Theorem A.11 (iii), we compare with (23) and apply Propo-
sition A.5.

A.2. Weak evidence for extra-compatibility in an A5 example

Let A=(2,2,1,1), let u=(1,1,1,1,1,1) and consider

3
5

‘Gn‘»& N | —



THE MIRKOVIC—VILONEN BASIS 95

As before, let Z=2Z, be the MV cycle defined from 7 in §A.1.3. Let Y=Y, CA(v).
A general point of Y is of the form M,, where a€C is a parameter. This is the simplest
example of a component whose general point is not rigid.

The pair (t7*Z,Y) are compatible and bz =cy, as can be seen by a variant of the
analysis from §2.7. We have the following weak evidence for extra-compatibility and for

the equality of basis vectors.

THEOREM A.12. (i) For all vE€Q., we have
dimT(t™*Z, %) _, =dim H*(Fy ,(M,)).

(ii) We have
D(b;-»7) = D(én,)-

A.2.1. Generalized orbital variety and multidegree

We apply (22) with the aid of a computer to find that the generalized orbital variety Z,

is cut out by the prime ideal

I=(a15,a10, 01,0306 — 207, A2012+03014, A6A12+ 7014, G2011+a3013,
aga11+a7013, 012013 — 011014, G506013 — 0209013 — 0406014+ A208014,

a5a7013 — 03090413 —A407014FA308014, A507011 — 309011 —a4a7)7

where a1, ..., a15 are the matrix entries of a 6 x6 upper triangular matrix

ay Qg as a4 as
Qg ar as ag
0 ao a1 a2
0 0 a3 au
0 0 0 a1y
0

o O O o o o

o © O o O

in n.

From here, it is easy to compute mdeg[n]Zo using a computer.

As in the previous section, we can use the ideal of the orbital variety Z to find the
homogeneous ideal of the MV cycle Z, and thus to determine I'(Z,.¥). We omit the

details.
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A.2.2. The preprojective algebra module and its flag function
In this example

n(r)=(0,1,0,0,0,0,0,1,0,1,0,0,0,1,0).

The general module M, €Y is of the form

/\/\
\“/\/

It is easy to determine all submodules of M,,, and thus the space F(M,). Comparing
with the computation of I'(Z,.Z) yields the proof of Theorem A.12(i). We omit the
details.

We can compute D(&yy,) by enumerating composition series in the same manner as
in the A4 example; there are 148 sequences i with F;(M,)=P! and 104 sequences i with
Fy(M,)=pt. Computing in this way, we get that D (&, )p(p) is equal to the multidegree
given in the previous section, yielding the proof of Theorem A.12 (ii).

A.3. Non-equality of basis vectors

Let A=(4,4,2,2), let u=(2,2,2,2,2,2) and consider

D= (DN
[N I EN R

so that v=2a1 +4as+4as+4as+2a5 and
n(r)=(0,2,0,0,0,0,0,2,0,2,0,0,0,2,0).

As before, we let Z=Z, and Y =Y, giving a corresponding pair (t~*Z,Y). However,

we will now prove that by #cy. Using Proposition 12.2, it suffices to prove that

B(bz) 7é D(Cy).

A general point of Y is M,® M, , with a#a’. Let I(we+wys):=I(w2)PBI(wy) be the
injective A module (using the notation of §12.4). We prove the following.



THE MIRKOVIC—VILONEN BASIS 97

THEOREM A.13. We have

D(bz)=D(Enmaant, ) —2D(Er(wstwn))

and, in particular,

D(bz)# D(én,enm,, ),

and thus by #cy.

Proof. By Lemma 11.1, the computation of the right-hand side is reduced to the

previous section (and the easy computation of D(& I(w)))-

On the other hand, for the left-hand side, we use (22) to give a description of the

generalized orbital variety Z,. Using the aid of a computer, we find that it is cut out by

a prime ideal I inside a polynomial ring with 24 generators.

From there, it is easy to compute the multidegree of Z,, and thus D(by). O

[A]
[AK]
[Bal]
[Ba2]
[BaG]
[BGL]
[BaK]
[BKT]

[BR]

[BD]

[BFZ]

[BeK]

References

ANDERSON, J. E.; A polytope calculus for semisimple groups. Duke Math. J., 116
(2003), 567-588.

ANDERSON, J. E. & KoGAN, M., The algebra of Mirkovié¢-Vilonen cycles in type A.
Pure Appl. Math. Q., 2 (2006), 1187-1215.

BAUMANN, P., Weyl group action and semicanonical bases. Adv. Math., 228 (2011),
2874-2890.

— The canonical basis and the quantum Frobenius morphism. Preprint, 2012.
arXiv:1201.0303 [math.RT].

BAuMANN, P. & GAUSSENT, S., On Mirkovié-Vilonen cycles and crystal combina-
torics. Represent. Theory, 12 (2008), 83-130.

BauMANN, P., GAUSSENT, S. & LITTELMANN, P., Bases of tensor products and
geometric Satake correspondence. To appear in J. Eur. Math. Soc. (JEMS).
BAUMANN, P. & KAMNITZER, J., Preprojective algebras and MV polytopes. Repre-

sent. Theory, 16 (2012), 152-188.

BAuMANN, P., KAMNITZER, J. & TINGLEY, P., Affine Mirkovié-Vilonen polytopes.
Publ. Math. Inst. Hautes Etudes Sci., 120 (2014), 113-205.

BauMANN, P. & RICHE, S., Notes on the geometric Satake equivalence, in Rela-
tive Aspects in Representation Theory, Langlands Functoriality and Automorphic
Forms, Lecture Notes in Math., 2221, pp. 1-134. Springer, Cham, 2018.

BEILINSON, A. & DRINFELD, V.G., Quantization of Hitchin’s integrable system
and Hecke eigensheaves. Preliminary version. Available at http://www.math.
uchicago.edu/~mitya/langlands/QuantizationHitchin.pdf.

BERENSTEIN, A., FOMIN, S. & ZELEVINSKY, A., Parametrizations of canonical bases
and totally positive matrices. Adv. Math., 122 (1996), 49-149.

BERENSTEIN, A. & KAZHDAN, D., Geometric and unipotent crystals. II. From unipo-
tent bicrystals to crystal bases, in Quantum Groups, Contemp. Math., 433, pp.
13-88. Amer. Math. Soc., Providence, RI, 2007.


http://arxiv.org/abs/1201.0303
http://www.math.uchicago.edu/~mitya/langlands/QuantizationHitchin.pdf
http://www.math.uchicago.edu/~mitya/langlands/QuantizationHitchin.pdf

[BFN]

[BrG]
[Bril]

[Bri2]
[Bri3]

(BP]

P. BAUMANN, J. KAMNITZER AND A. KNUTSON

BERENSTEIN, A. & ZELEVINSKY, A., Tensor product multiplicities and convex poly-
topes in partition space. J. Geom. Phys., 5 (1988), 453-472.

— String bases for quantum groups of type A, in I. M. Gel'’fand Seminar, Adv.
Soviet Math., 16, pp. 51-89. Amer. Math. Soc., Providence, RI, 1993.

— Canonical bases for the quantum group of type A, and piecewise-linear combina-
torics. Duke Math. J., 82 (1996), 473-502.

— Total positivity in Schubert varieties. Comment. Math. Helv., 72 (1997), 128-166.

— Tensor product multiplicities, canonical bases and totally positive varieties. Invent.
Math., 143 (2001), 77-128.

BEZRUKAVNIKOV, R., FINKELBERG, M. & MIRKOVIC, 1., Equivariant homology and
K-theory of affine Grassmannians and Toda lattices. Compos. Math., 141 (2005),
746-768.

BouRrBAKI, N., Eléments de mathématique. Fasc. XXXVIII: Groupes et algebres de
Lie. Chapitres VII et VIII. Actualités Sci. Indust., 1364. Hermann, Paris, 1975.

BRrADEN, T., Hyperbolic localization of intersection cohomology. Transform. Groups,
8 (2003), 209-216.

BRADEN, T., LicAaTA, A., PROUDFOOT, N. & WEBSTER, B., Quantizations of conical
symplectic resolutions II: category O and symplectic duality. Astérisque, (2016),
75-179.

BRAVERMAN, A., FINKELBERG, M. & GAITSGORY, D., Uhlenbeck spaces via affine Lie
algebras, in The Unity of Mathematics, Progr. Math., 244, pp. 17-135. Birkh&user,
Boston, MA, 2006.

BRAVERMAN, A., FINKELBERG, M. & NAKAJIMA, H., Coulomb branches of 3d N'=4
quiver gauge theories and slices in the affine Grassmannian. Adv. Theor. Math.
Phys., 23 (2019), 75-166.

BRAVERMAN, A. & GAITSGORY, D., Crystals via the affine Grassmannian. Duke
Math. J., 107 (2001), 561-575.

BRION, M., Equivariant Chow groups for torus actions. Transform. Groups, 2 (1997),
225-267.

— The structure of the polytope algebra. Tohoku Math. J., 49 (1997), 1-32.

— Poincaré duality and equivariant (co)homology. Michigan Math. J., 48 (2000),
77-92.

BrioN, M. & PRrOCEsI, C., Action d’un tore dans une variété projective, in Opera-
tor Algebras, Unitary Representations, Enveloping Algebras, and Invariant Theory
(Paris, 1989), Progr. Math., 92, pp. 509-539. Birkhauser, Boston, MA, 1990.

Caurtis, S. & KAMNITZER, J., Categorical geometric symmetric Howe duality. Selecta
Math., 24 (2018), 1593-1631.

CHEUNG, M. W., Gross, M., MULLER, G., MUSIKER, G., RUPEL, D.; STELLA, S.
& WirLLiams, H., The greedy basis equals the theta basis: a rank two haiku. J.
Combin. Theory Ser. A, 145 (2017), 150-171.

CHriss, N. & GINZBURG, V., Representation Theory and Compler Geometry.
Birkh&user, Boston, MA, 1997.

CURRY, J. M., Dualities between cellular sheaves and cosheaves. J. Pure Appl. Alge-
bra, 222 (2018), 966-993.

DECKER, W., GREUEL, G.-M., PFISTER, G. & SCHONEMANN, H., Singular
4-1-0. A computer algebra system for polynomial computations, 2017. Available
at http://www.singular.uni-k1.de.

DraNOWSKI, A., Generalized orbital varieties as affinizations of MV cycles. To appear
in Transform. Groups.


http://www.singular.uni-kl.de

[EM]

[FFKM]

[FKM]

[FL]

(Ga]
[GLS]
[GZ]
[Gi]
[GM]
[GHKK]

[Hal
[HKW]

[Hul]
[Hu?2]

U

[Kac]
[Kam1]
[Kam2]
[KTW+]
[Kas]]

[Kas2]
[Kas3]

THE MIRKOVIC—VILONEN BASIS 99

EVENS, S. & MIRKOVIC, 1., Fourier transform and the Iwahori-Matsumoto involution.
Duke Math. J., 86 (1997), 435-464.

FEIGIN, B., FINKELBERG, M., KUzNETSOV, A. & MIRKOVIC, 1., Semi-infinite flags.
II. Local and global intersection cohomology of quasimaps’ spaces, in Differential
Topology, Infinite-Dimensional Lie Algebras, and Applications, Amer. Math. Soc.
Transl. Ser. 2, 194, pp. 113-148. Amer. Math. Soc., Providence, RI, 1999.

FINKELBERG, M., KrRyLoV, V. & MIRKoVIC, 1., Drinfeld-Gaitsgory—Vinberg inter-
polation Grassmannian and geometric Satake equivalence. J. Topol., 13 (2020),
683-729.

FOURIER, G. & LITTELMANN, P., Tensor product structure of affine Demazure mod-
ules and limit constructions. Nagoya Math. J., 182 (2006), 171-198.

Furron, W., Intersection Theory. Ergebnisse der Mathematik und ihrer Grenzgebi-
ete. 3. Folge. A Series of Modern Surveys in Mathematics, 2. Springer, Berlin—
Heidelberg, 1998.

GARLAND, H., The arithmetic theory of loop groups. Inst. Hautes Etudes Sci. Publ.
Math., 52 (1980), 5-136.

Griss, C., LECLERC, B. & SCHROER, J., Semicanonical bases and preprojective
algebras. Ann. Sci. Ecole Norm. Sup., 38 (2005), 193-253.

GEL'FAND, 1. & ZELEVINSKY, A., Polytopes in the pattern space and canonical bases
for the irreducible representations of gl;. Funct. Anal. Appl., 19 (1985), 72-75.
GINZBURG, V., Perverse sheaves on a loop group and Langlands’ duality. Preprint,

1995. arXiv:arXiv:alg-geom/9511007 [math.AG].

GORESKY, M. & MACPHERSON, R., Intersection homology. II. Invent. Math., 72
(1983), 77-129.

GRross, M., HACKING, P., KEEL, S. & KONTSEVICH, M., Canonical bases for cluster
algebras. J. Amer. Math. Soc., 31 (2018), 497-608.

HATCHER, A., Algebraic Topology. Cambridge Univ. Press, Cambridge, 2002.

HILBURN, J., KAMNITZER, J. & WEEKES, A., BEN Springer theory. Preprint, 2004.
arXiv:2004.14998 [math.RT].

HuMmPHREYS, J. E., Introduction to Lie Algebras and Representation Theory. Gradu-
ate Texts in Mathematics, 9. Springer, New York—Heidelberg, 1972.

— Conjgugacy Classes in Semisimple Algebraic Groups. Mathematical Surveys and
Monographs, 43. Amer. Math. Soc., Providence, RI, 1995.

IVERSEN, B., Cohomology of Sheaves. Universitext. Springer, Berlin—Heidelberg, 1986.

JANTZEN, J. C., Moduln mit einem héchsten Gewicht. Lecture Notes in Math., 750.
Springer, Berlin—Heidelberg, 1979.

Kac, V. G., Infinite-Dimensional Lie Algebras. Cambridge Univ. Press, Cambridge,
1990.

KAMNITZER, J., The crystal structure on the set of Mirkovié-Vilonen polytopes. Adv.
Maith., 215 (2007), 66-93.

— Mirkovié-Vilonen cycles and polytopes. Ann. of Math., 171 (2010), 245-294.

KAMNITZER, J., TINGLEY, P., WEBSTER, B., WEEKES, A. & YacosI, O., Highest
weights for truncated shifted Yangians and product monomial crystals. J. Comb.
Algebra, 3 (2019), 237-303.

KaAsHIwARA, M., On crystal bases of the Q-analogue of universal enveloping algebras.
Duke Math. J., 63 (1991), 465-516.

— Global crystal bases of quantum groups. Duke Math. J., 69 (1993), 455-485.

— The crystal base and Littelmann’s refined Demazure character formula. Duke
Math. J., 71 (1993), 839-858.


http://arxiv.org/abs/arXiv:alg-geom/9511007
http://arxiv.org/abs/2004.14998

100

[KSal
[KSc]
[KNS]
[KL]
[KnA1]

[KnA2]

[Lu2]
[Lu3]

[Lu4]
[Lub]

[MO]

[McN]

[MV]

MVy]

MYZ]

P. BAUMANN, J. KAMNITZER AND A. KNUTSON

KasHiwArRA, M. & SAITO, Y., Geometric construction of crystal bases. Duke Math.
J., 89 (1997), 9-36.

KASHIWARA, M. & SCHAPIRA, P., Sheaves on Manifolds. Grundlehren der mathema-
tischen Wissenschaften, 292. Springer, Berlin—Heidelberg, 1990.

Karo, S., NA1TO, S. & SAGAKI, D., Polytopal estimate of Mirkovié-Vilonen poly-
topes lying in a Demazure crystal. Adv. Math., 226 (2011), 2587-2617.

Knovanov, M. & LaAubpa, A.D., A diagrammatic approach to categorification of
quantum groups. 1. Represent. Theory, 13 (2009), 309-347.

Knutson, A.; A Littelmann-type formula for Duistermaat-Heckman measures. In-
vent. Math., 135 (1999), 185-200.

— A compactly supported formula for equivariant localization and simplicial com-
plexes of Bialynicki-Birula decompositions. Pure Appl. Math. Q., 6 (2010), 501—
544.

KNuTsoN, A. & ZINN-JUSTIN, P., The Brauer loop scheme and orbital varieties. J.
Geom. Phys., 78 (2014), 80-110.

KNUTSON, D., A-Rings and the Representation Theory of the Symmetric Group. Lec-
ture Notes in Math., 308. Springer, New York—Heidelberg, 1973.

KoODERA, R. & Nao1, K., Loewy series of Weyl modules and the Poincaré polynomials
of quiver varieties. Publ. Res. Inst. Math. Sci., 48 (2012), 477-500.

KuMAR, S., Kac-Moody Groups, their Flag Varieties and Representation Theory.
Progr. Math., 204. Birkh&user Boston, Inc., Boston, MA, 2002.

LAKsHMIBAI, V. & RAGHAVAN, K. N., Standard Monomial Theory. Encyclopaedia of
Mathematical Sciences, 137. Springer, Berlin—Heidelberg, 2008.

LaMPE, P., A quantum cluster algebra of Kronecker type and the dual canonical
basis. Int. Math. Res. Not. IMRN, 13 (2011), 2970-3005.

LEeg, K., L1, L. & ZELEVINSKY, A., Greedy elements in rank 2 cluster algebras.
Selecta Math., 20 (2014), 57-82.

LuszTtic, G., Singularities, character formulas, and a g-analog of weight multiplicities,
in Analysis and Topology on Singular Spaces, 11, 111 (Luminy, 1981), Astérisque,
101, pp. 208-229. Soc. Math. France, Paris, 1983.

— Canonical bases arising from quantized enveloping algebras. J. Amer. Math. Soc.,
3 (1990), 447-498.

— Canonical bases arising from quantized enveloping algebras. II. Progr. Theoret.
Phys. Suppl., 102 (1990), 175-201.

— Braid group action and canonical bases. Adv. Math., 122 (1996), 237-261.

— Semicanonical bases arising from enveloping algebras. Adv. Math., 151 (2000),
129-139.

MATHOVERFLOW, Question 74102. Available at
https://mathoverflow.net/questions/74102/rational-function-identity.

McNAMARA, P. J., Folding KLR algebras. J. Lond. Math. Soc., 100 (2019), 447-469.

MIRKOVIC, I., Some extensions of the notion of loop Grassmannians. Rad Hrovat.
Akad. Znan. Umgjet. Mat. Znan., 21:532 (2017), 53-74.

Mirkovi¢, 1. & VILONEN, K., Geometric Langlands duality and representations
of algebraic groups over commutative rings. Ann. of Math., 166 (2007), 95-143.
Correction in Ann. of Math, 188 (2018), 1017-1018.

MIrkovI¢, I. & VYBORNOV, M., On quiver varieties and affine Grassmannians of
type A. C. R. Math. Acad. Sci. Paris, 336 (2003), 207-212.

Mirkovic, 1., YANG, Y. & ZHAO, G., Loop Grassmannians of quivers and affine
quantum groups. Preprint, 2018. arXiv:1810.10095 [math.RT].


https://mathoverflow.net/questions/74102/rational-function-identity
http://arxiv.org/abs/1810.10095

THE MIRKOVIC—VILONEN BASIS 101

[Muy] MvuTHIAH, D., Weyl group action on weight zero Mirkovié¢-Vilonen basis and equi-
variant multiplicities. Adv. Math., 385 (2021), Paper No. 107793, 40 pp.

[N] NAkKAJIMA, H., Quiver varieties and finite-dimensional representations of quantum
affine algebras. J. Amer. Math. Soc., 14 (2001), 145-238.

[Sai] SAITO, Y., PBW basis of quantized universal enveloping algebras. Publ. Res. Inst.
Math. Sci., 30 (1994), 209-232.

[Sav] SAVAGE, A., Quiver varieties and Demazure modules. Math. Ann., 335 (2006), 31-46.

[Se] SESHADRI, C.S., Geometry of G/P. 1. Theory of standard monomials for minuscule
representations, in C. P. Ramanujam—A Tribute, Tata Inst. Fund. Res. Studies
in Math., 8, pp. 207-239. Springer, New York—Heidelberg, 1978.

[Sh] SHIPMAN, I., On representation schemes and Grassmanians of finite dimensional al-
gebras and a construction of Lusztig. Math. Res. Lett., 17 (2010), 969-976.

[S]] SLopowy, P., On the geometry of Schubert varieties attached to Kac—-Moody Lie
algebras, in Proceedings of the 1984 Vancouver Conference in Algebraic Geometry,
CMS Conf. Proc., 6, pp. 405-442. Amer. Math. Soc., Providence, RI, 1986.

[Th] THOMASON, R. W., Algebraic K-theory of group scheme actions, in Algebraic Topol-
ogy and Algebraic K -theory (Princeton, NJ, 1983), Ann. of Math. Stud., 113, pp.
539-563. Princeton Univ. Press, Princeton, NJ, 1987.

[TW] TINGLEY, P. & WEBSTER, B., Mirkovi¢—Vilonen polytopes and Khovanov—Lauda—
Rouquier algebras. Compos. Math., 152 (2016), 1648-1696.

[Ti] Trits, J., Sur les constantes de structure et le théoreme d’existence des algebres de
Lie semi-simples. Inst. Hautes Etudes Sci. Publ. Math., 31 (1966), 21-58.

V] VASSEROT, E., On the action of the dual group on the cohomology of perverse sheaves
on the affine Grassmannian. Compositio Math., 131 (2002), 51-60.

[YZ] YUN, Z. & Zuu, X., Integral homology of loop groups via Langlands dual groups.
Represent. Theory, 15 (2011), 347-369.

[Z] Zuu, X., An introduction to affine Grassmannians and the geometric Satake equiv-
alence, in Geometry of Moduli Spaces and Representation Theory, IAS/Park City
Math. Ser., 24, pp. 59-154. Amer. Math. Soc., Providence, RI, 2017.

PIERRE BAUMANN JOEL KAMNITZER

Institut de Recherche Department of Mathematics

Mathématique Avancée University of Toronto

Université de Strasbourg et CNRS 40 St. George Street

7 rue René Descartes Toronto, ON M5S 2E4

FR-67000 Strasbourg Canada

France jkamnitz@math.utoronto.ca

p-baumann@unistra.fr

ALLEN KNUTSON
Department of Mathematics
Cornell University

310 Malott Hall

Ithaca, NY 14853-4201

U.S.A.

allenk@math.cornell.edu

Received May 25, 2019


mailto:Pierre Baumann <p.baumann@unistra.fr>
mailto:Joel Kamnitzer <jkamnitz@math.utoronto.ca>
mailto:Allen Knutson <allenk@math.cornell.edu>

	1 Introduction
	Part I. Biperfect bases
	2 General background
	3 More on biperfect bases
	Part II. Mirkovic–Vilonen cycles
	4 Background on the geometric Satake equivalence
	5 The Mirkovic–Vilonen basis in representations
	6 The Mirkovic–Vilonen basis of C[N]
	7 Multiplication
	Part III. Measures
	8 Measures
	9 Generalities on Duistermaat–Heckman measures
	10 Measures from MV cycles
	11 Preprojective algebra modules
	12 Comparing measures from MV cycles and from \Lambda-modules
	Appendix A. Extra-compatibility of MV cycles and preprojective  algebra modules and non-equality of bases
	References

