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1. Introduction

This work examines homotopical and homological properties of groups of automorphisms
of simply connected smooth manifolds M™ with M =S5""1, for n>5. We study three
types of automorphism groups, namely the homotopy automorphisms auts(M ), the block
diffeomorphisms ]ﬁa(M ) and the diffeomorphisms Diff5(M). The subscript 0 indicates
that we consider automorphisms that fix the boundary pointwise. The classifying spaces

are related by maps
BDiff (M) - BDiffo(M) L B auts(M). (1.1)

Let autp (M) denote the connected component of auty(M) that contains the iden-
tity, and write Diffy .(M) for the subgroup of block diffeomorphisms homotopic to the
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identity. For a vector bundle & over M, let autgﬁo(g) be the topological monoid of dia-

grams

#E

£

|, ]

M— M
with fe€auty (M) and f a fiberwise isomorphism over f that restricts to the identity on
the fiber over the basepoint x€9M. Then stabilize,

autao(ﬁs) = hocolim, aut , (§ x R®),

where the stabilization maps are given by (f, f)r—>( f.f xidg).
THEOREM 1.1. For a simply connected smooth compact manifold M of dimension
n=5 with OM=S5""1 and tangent bundle Ty, the differential gives rise to a map

D: BDiffy. (M) — Baut}_(r5)).

The spaces B]:Ti-f/fa’o(M) and Bautgyo(T;E[) are nilpotent, and the map D is a rational

homotopy equivalence. In particular,

Hy,(BDiffs,.(M); Q) 2 Hy,(Baut} . (t5);: Q),
(B Diffp . (M))®Q = my (B aut), (75)) 2 Q,

for all k.

Thus, from the point of view of rational homotopy and homology, B ]Siyffa_yo (M) may
be replaced by Bautjg’o(ﬁ\s/l). Building on Quillen’s and Sullivan’s rational homotopy
theory and subsequent work of Schlessinger—Stasheff and Tanré, we proceed to construct
a differential graded (dg) Lie algebra model of the latter space. Consider the desuspension

of the reduced rational homology,
V=s"'H*(M;Q).

There is a differential § on the free graded Lie algebra L(V) such that (L(V),d) is a
minimal dg Lie algebra model for M. Moreover, there is a distinguished cycle welL(V)
that represents the inclusion of the boundary sphere. Write Der,, L(V') for the dg Lie
algebra of derivations 6 on L(V') such that 6(w)=0, with differential

[6,0] =620—(—1)I91950,
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and let Der} IL(V') denote the sub dg Lie algebra of positive-degree derivations such that
[0,6]=0 if 4 is of degree 1.
Consider the graded vector space P=m,(2B0O)®Q and fix generators

¢i € ;-1 (QBO)®Q

by the equation
(piro(gi) =1,

where p; € H*(BO; Q) is the ith Pontryagin class and o(q;) €74 (BO)®Q is the suspen-
sion. Let p;(mar) € H¥(M;Q) denote the Pontryagin classes of the tangent bundle 7,
of M. There is a distinguished element of degree —1 in the tensor product H*(M;Q)® P,

T:Zpi(TM)®Qi~

The action of Der) (V') on L(V) induces an action on
L(V)/[L(V),L(V)] = s~ " H.(M; Q)
and hence on the tensor product H *(M;Q)®P. We may then form the dg Lie algebra
M7 = (H*(M;Q)®P)>x,Der} L(V),

where the subscript on the left factor indicates that we discard elements of negative

degree. The Lie bracket is given by

[(z,0), (y,n)] = (x.n+0.y,[0,1]),

where z.7 is the action above and 6. y=—(—1)I°/1¥ly. 4. The differential is given by
9" (z,0)=(1.0,[0,6]).

THEOREM 1.2. For a simply connected smooth compact manifold M™ with boundary
OM=S8""1 we have that

(1) (Derf L(V),[8,—]) is a dg Lie algebra model for B autg .(M);

(2) (M™,07) is a dg Lie algebra model for Baut} (1)

The first part of Theorem 1.2 is proved below as Theorem 3.12 and the second part
as Theorem 4.24.
We next focus attention on highly connected manifolds, for which these models

simplify dramatically: if M is (d—1)-connected and 2d-dimensional for some d>3, then



RATIONAL HOMOTOPY THEORY OF AUTOMORPHISMS OF MANIFOLDS 71

5=0 and the action of Der} L(V') on the reduced homology of M is trivial, for degree

reasons. In these cases, we can also analyze the spectral sequences of the coverings
Bauty .(M) — Bauts(M),
BDiffy.(M) — BDiffy(M),

which leads to a calculation of the rational cohomology of the base spaces (in a range).

In particular, we consider the generalized surfaces of “genus” g,
My 1 = #9587 x S\ int(D?*?).

For 2d>4, the three spaces in (1.1) are radically different (the case 2d=4 is excluded due
to the usual difficulties in dimension 4, but see Remark 1.10 below). Still, in all three
cases, there is a stable range for the rational cohomology: in degrees less than %(9—4),
the cohomology is independent of g. This was proved in [29] for Diff5(My;) and we
prove it for ]i—f/fa(Mgﬁl) and auty(M, 1) in this paper.(') We then proceed to study the

stable cohomologies and the maps between them,
H*(Bauty(Meo1); Q) - H* (B Diffo(Mase 1); Q) —— H*(BDiffo(Msc 1); Q). (1.2)

The desuspension of the reduced homology Vg:s’lﬁ*(Mg’l; Q), equipped with the in-
tersection form (—, —), is a non-degenerate graded anti-symmetric vector space; it admits

a graded basis
ala"'aagaﬁla"'aﬂgv |052|:|B7.|:d_17

such that
(i, a5) = (Bi, ;) =0
and
(i, B;) = =(=D)* P55, i) = 6.
It follows directly from Theorem 1.2 that

gy =Der( 1L(Vy) (1.3)

is a dg Lie algebra model for B auty.(My 1), where w=[a, S1]+...+[ay, By]. The differ-

ential ¢ is zero, so in particular we get a computation of the rational homotopy groups:

Tep1Bauty(M,1)@Q=Der) L(V,), *>0. (1.4)

(1) In an earlier paper [10] we established a stability range that depended on the dimension of the
manifold. The range is greatly improved in this paper.
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The Whitehead product on the left-hand side corresponds to the commutator bracket on
the right-hand side.
The fundamental group of Bautg(M, 1), i.e., the homotopy mapping class group,

can be determined up to commensurability. The automorphism group,

GQ(Q) = Aut(vgv <_’ _>)a

is the Q-points of an algebraic group, isomorphic to Spy,(Q) or O, 4(Q), depending on
the parity of d. In §5.1 we introduce an arithmetic subgroup I'y of G4(Q) commensurable
with the fundamental group of Bauty(M,,1). The fundamental group surjects onto I'g,
and under the isomorphism (1.4) the action on the higher homotopy groups corresponds
to the evident action of I'yCG4(Q) on the right-hand side. Note that the Chevalley—
Eilenberg cohomology H{(gy) inherits an action of T'.

THEOREM 1.3. Let 2d>6. The stable cohomology of the homotopy automorphisms
of Mg is given by

H* (B auts(Moo,1); Q) = H* (Too; Q) ® Hep (g0 )
The situation for block diffeomorphisms is similar. Let
N=Q{m;:4i>d} (=mta(BO)RQ), (1.5)
be the graded vector space with basis elements m; in degree 4i—d>0. Next, let
ag = 3_1H®f[d(Mg,1; Q),

considered as an abelian Lie algebra. In the notation of Theorem 1.2, we have that 7=0
and §=0, and moreover the action of Der}; (V) on the reduced cohomology H* (Mg1;Q)
is trivial for degree reasons. It follows that the higher homotopy groups of the block space
are given by

741 B Diff .. (M,,1) ©Q = g, B e, (1.6)

and again the fundamental group acts through the projection onto I',.

THEOREM 1.4. Let 2d>6. The stable cohomology of the block diffeomorphism group
of Mgy is given by

H*(BDiffg(Meo1); Q) 2 H* (Foo; Q)@ Hép (800 o) 7.
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Thus, the calculation of the stable cohomology is reduced to the calculation of the
cohomology of arithmetic groups and invariant Lie algebra cohomology.
The stable rational cohomology of arithmetic groups was computed by Borel in [15].

For T'y the result reads
H*(FOCMQ) :Q[xlaw27'“]a
where
4i—2, if d is odd,
|zi| =

41, if d is even.

Serendipitously, the invariant Lie algebra cohomology has been considered by Kont-
sevich, though for entirely different purposes. Indeed, at least for d odd, the Lie algebra
Der,, L(V,) is the same as the one studied by Kontsevich in his work on formal non-
commutative symplectic geometry [39], [38]. Extending Kontsevich’s result, we find that

the fixed set of the Chevalley—Eilenberg cochains,

CéE(gg@ag)Fg )

admits an interpretation in terms of graphs, which we describe next.

For s,k>0, let 4(s), denote the rational vector space spanned by connected graphs
with k vertices of valence >3, decorated by elements of the cyclic Lie operad, and s
leaves labeled by 1,...,s. The graphs are moreover equipped with orientations of the
vertices and of the internal edges. There is an action of the symmetric group X, given

by permuting the leaf labels. Kontsevich’s differential
0:9(8)k —9(8)k—1,

is defined as a sum over edge contractions. The subcomplex ¥4(0) spanned by graphs

without leaves is Kontsevich’s original graph complex. There is a decomposition

G(s)= @ G (n,s),
n=0
where ¥ (n, s)C¥(s) is the subcomplex spanned by graphs G with rank H;(G)=n. We
remark that ¢ is closely related to the dual of the ‘Feynman transform’ of the Lie
operad [32].
If W is a graded vector space, then let Wn] or s"W denote the graded vector space
with W{n];=W,_,,. Define the suspension ¥¥(s) by

Y9 (s)= @(Eg)(n, s)y, (29)(n,s)=%9(n,s)[2(n—1)+s|®sgn,,

n
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and let ¥7=%9"1¢_ For a graded vector space W, we define

GUW] =P g (s) @5, WE.

s=0

With this notation, we establish isomorphisms

C®(goo)r.. = AZD(0), (1.7)
CCE(goo @ oo ). = AZYIT], (1.8)

where II is the graded vector space from (1.5), and AW denotes the free graded commu-
tative algebra on W. Moreover, in each case the Chevalley—Eilenberg differential on the
left-hand side corresponds to Kontsevich’s differential. (The isomorphism (1.7) for d=1

is equivalent to Kontsevich’s theorem.) This leads to the following result.

THEOREM 1.5. There are isomorphisms
(1) HEP(goo)ro ZA(HL(97(0),0)),
(2) HE®(goo ®tioo)r., ZA(H. (4]11],0)).

The graph homology can in turn be related to the cohomology of automorphism
groups of free groups. Building on the work of Culler and Vogtmann [22], Kontsevich
expressed the graph homology (for d=1 and s=0) in terms of the cohomology of outer
automorphism groups of free groups. This was extended by Conant, Kassabov and
Vogtmann [21] to include the case s>0. Let A, s be the group of homotopy classes of

homotopy equivalences of a bouquet of n circles relative to s marked points. Then
Apo=0wtF,, A,1=Autf, and A, = Fi 1 xAut Fy,

where F,, is the free group on n generators. Note that permutation of the marked points
yields an action of ¥, on the homology of A,, .

THEOREM 1.6. (Kontsevich (s=0), Conant-Kassabov—Vogtmann (s>0)) For all d,
k and n+s>2, there is a Xg-equivariant isomorphism

Hy(%%(n,s),0) = HA=D+9)d=k(4, - Q)@sgn?.

Our results should be compared with the known results for the diffeomorphism
group. The stable cohomology for B Diff9(M, 1) was calculated in [44] for 2d=2, verifying
the Mumford conjecture, and in [27] for 2d>4. We recall the description. Let

BcCQlpi,...,pa-1,¢] (=H"(BSO(2d);Q))
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be the set of monomials e"p;, ... p;, of degree >2d, with n>0 and id<il,<d. For each

be B there is a cohomology class
Ky € H*(BDiffg(Mg,1); Q),  [re| =[b|—2d,

and these classes are multiplicative generators for the stable cohomology.

THEOREM 1.7. (Madsen—-Weiss (2d=2), Galatius—Randal-Williams (2d>4)) The
stable cohomology of the diffeomorphism group

H*(BDiffg(Mw,1); Q)
is freely generated as a graded commutative algebra by the classes

Kempi,..pig»

where $d<i,<d if n+s>2, and $d<i;<d if (n,s)=(0,1).

We remark in passing that the proof of this result is different in spirit from the
proofs of the above theorems and does not give any insights into the homotopy groups.
It is an open problem of considerable interest to evaluate 7, Diff5(Mg1).

In light of this result, the following reformulation of our main result suggests itself.

Theorem 1.5 combined with Theorem 1.6 imply that elements

§€H*(An,s§(@)a Diyy -y Pig EHva
give rise to cohomology classes

kf’n seesPig € ‘HéE(gooEBC‘OO)Foo

of degree 2(n—1)d+4i1+...+4is—|&|. These classes, subject to the equivariance and

linearity relations

~a&+b¢ _ =€ ~C

Kph seesPig aﬁpil yeeesPig +b’€pi1 eeopig? D beQ,
~o€ ¢

K./pil""’pis _Hp’igl7"-7pio-s ’ [ SDIPR

are the multiplicative generators of H{ (g0 @ o)l The isomorphisms in Theorems 1.3
and 1.4 are not canonical (see the discussion after Lemma 8.7), but after choosing suitable
lifts of the generators Riil vops, LOH™(B f)\i?fa(Mooﬁl); Q), our results can be reformulated
as follows.
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THEOREM 1.8. Let 2d>6. The stable cohomology of the block diffeomorphism group,
H*(BDiffo(Ms,1); Q),

is freely generated as a graded commutative algebra by the Borel classes x;, of degree
4i—2 if d is odd and 4i if d is even, and classes

R ps SEHL(Any), i,>1d, nts>2,

of degree 2(n—1)d+4i1+...+4is—|&].

THEOREM 1.9. Let 2d>6. The homomorphism
H*(Bauty(Ms,1); Q) - H*(BDiffp(Muc 1); Q)

is injective. Its image is the subalgebra freely generated by the classes x; and the classes
%S of degree 2(n—1)d— or EeH (A, 0;Q)=H,(Out F,,; Q), for n>2.
f q ) ,09 ) )

Remark 1.10. The referee has pointed out that Theorem 1.8 might hold also in
dimension 2d=4, because stable surgery works in dimension 4 by [26] and because Theo-
rem 1.5 of [28] does not exclude dimension 4. We leave for the interested reader to work
out the details.

The rational homology of the graph complex ¢, or equivalently of the groups A, s,
is largely unknown (though see [20] for some recent computations). At any rate, certain
classes present themselves immediately. If we let €, ; denote a generator for Hy(Ay s),
then, for n+s>2, we have the class /%;?1"“‘ p;. of degree 2(n—1)d+4i,+...+4i,. We

note that this is the same as the degree of the class kenp, ..p, . Thus, the free graded

is

commutative algebra generated by the Borel classes

zi, 1<i<id, (1.9)

1
2
and the classes

1d<i,<d, n+s>2, (1.10)
is abstractly isomorphic to the stable cohomology of the diffeomorphism group.

Congecture 1.11. The subalgebra of H*(B I/)\i?fa(Moo’l); Q) generated by the classes
(1.9) and suitable lifts of the classes (1.10) maps isomorphically onto the cohomology
ring H*(B Diff5(Mso,1); Q) under the homomorphism I*.
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It was shown in [23] that
I*: H*(BDiffg(Mso 1); Q) — H* (B Diff (Moo 1); Q)
is surjective. It is now an easy count of dimensions to check that
dim H* (B Diffy(Muo 1); Q) = dim H" (B Diffy(Muo 1 ); Q)

when k<2d, and that in degree 2d there is a difference in dimensions by 1. We con-
clude that I* is an isomorphism in degrees <2d and that the kernel in degree 2d is
1-dimensional. Interestingly, the range of degrees where I* is an isomorphism is greater
than expected from the relation of ker I* to algebraic K-theory [75]. If the conjecture
is true, then the extra element K20, associated with the generator of Hy(Out Fy;Q),
could be held responsible for the failure of injectivity in degree 2d. It is a bit surprising
that the homology of the groups A,, s in some sense measures the difference between the

cohomology of the block diffeomorphism group and that of the diffeomorphism group.

Acknowledgments

We thank the referee for many pertinent comments that led to an improvement of the

paper.

2. Quillen’s rational homotopy theory

In this section we will briefly review Quillen’s rational homotopy theory [56] and set up
a spectral sequence for calculating the rational homology of a simply connected space
from its rational homotopy groups. The existence of this spectral sequence was pointed
out by Quillen [56, §6.9], but we need a version that incorporates group actions that are

not necessarily basepoint preserving, so we need to revisit the construction.

2.1. Quillen’s dg Lie algebra

The Whitehead products on the homotopy groups of a simply connected based topological
space X,
Tp+1(X) X Tg41(X) — Tpq11(X),

endow the rational homotopy groups,

79(X) = 11 (X)@Q,
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with the structure of a graded Lie algebra. Rationally homotopy equivalent spaces have
isomorphic Lie algebras, but 7¢(X) is not a complete invariant; two spaces may have
isomorphic Lie algebras without being rationally homotopy equivalent, as witnessed for
instance by CP? and K(Z,2)x K(Z,5).

Quillen [56] constructed a functor A from the category of simply connected based
topological spaces to the category of dg Lie algebras and established a natural isomor-
phism of graded Lie algebras

H,(\(X))=a¥(X). (2.1)

The quasi-isomorphism type of A(X) is a finer invariant than the isomorphism type of
72(X). The main result of Quillen’s theory is that it is a complete invariant: two simply
connected spaces X and Y are of the same rational homotopy type if and only if the dg
Lie algebras A(X) and A(Y") are quasi-isomorphic. Here, we say that two dg Lie algebras
are quasi-isomorphic if they are isomorphic in the homotopy category of dg Lie algebras.
Concretely, this means that there exists a zig-zag of quasi-isomorphisms that connects
them.

2.2. The Quillen spectral sequence

Let L be a dg Lie algebra. The Chevalley—Filenberg complex of L is the chain complex
CCPE(L) = (AsL, ).

Here AsL denotes the free graded commutative algebra on the suspension of L. Elements
of sL are denoted sz, where z€ L, with |sz|=|z|+1. The differential §=45y+0; is defined

by the following formulas

n

do(sT1A...ASTp) :Z(fl)wsisxl/\... sdx; ... \Sxy,
i=1

51(sT1 ... Asxy) 22(—1)|sxi|+"iﬂ S[@i, T ANSTAIN... ST .. ST ... NS,
i<j

where

Ei=|sx1|+...—|—|sxi_1|,

and the sign (—1)" is determined by graded commutativity:
STIN..NASTy = (—1)"7 52, NSTjAST1 ... ST; ... STj ... \ST.

We let HE®(L) denote the homology of this chain complex.
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If the differential of L is trivial, then there is a decomposition of the Chevalley—
Eilenberg homology as
HEL) — @ HEL),
ptg=n

where HE’qE(L) is the homology in word-length p and total degree p+q:

o (APFYSL), 2 (APSL)y — (AP~ YsL)g — ...
For arbitrary L, we may filter the Chevalley—Eilenberg complex by word-length;
F,=ASPsL.
The associated spectral sequence has

E} (L)=HSY(H.(L)) = HJE (L). (2.2)

If L is positively graded the filtration is finite in each degree, which ensures strong
convergence of the spectral sequence.

There is a coproduct on AsL, called the shuffie coproduct, which is uniquely deter-
mined by the requirement that it makes AsL into a graded Hopf algebra with space of
primitives sL. The differential ¢ is a coderivation with respect to the shuffle coproduct,
making CC¥(L) into a dg coalgebra, and (2.2) is a spectral sequence of coalgebras.

We will now interpret the above for the dg Lie algebra A(X). A fundamental property

of Quillen’s functor is the existence of a natural isomorphism of graded coalgebras
HEP(\(X)) = H.(X; Q). (2.3)

By (2.1) and (2.3) the spectral sequence of Quillen’s dg Lie algebra A(X) may be written
as follows
E§,Q<X) :HSE(W9<X)):Hp+q(X§@)- (2.4)

We will refer to this as the Quillen spectral sequence.

2.3. Functoriality for unbased maps

It is evident from the construction that the Quillen spectral sequence is natural for
basepoint-preserving maps. But in fact the functoriality can be extended to unbased
maps. The homotopy groups m, (X )=[S™, X]. depend on the basepoint of X, and are a
priori only functorial for basepoint-preserving maps. However, if X is simply connected,
the canonical map

(X)) — [S", X]
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is a bijection, and we may use this to extend 7%(X) to a functor defined on unbased
simply connected spaces. Quillen’s functor A can also be extended to unbased maps, but
only up to homotopy.

Suppose that X and Y are simply connected spaces with basepoints xg and yg.
Given a not necessarily basepoint-preserving map f: X —Y, we may choose a path

from yo to f(z¢). Then we obtain based maps
(X, 0) = (V. F(0)) € (Y7,9) 2 (V. 30).

The maps ev; are weak homotopy equivalences, so the above may be interpreted as a
morphism f from (X, z) to (Y,y0) in the homotopy category of based spaces. It is
easily checked that f only depends on the homotopy class of f, and that compositions
are respected in the sense that gf=gf as maps in the homotopy category.

We may apply Quillen’s functor to get a diagram of dg Lie algebras

AX, 20) <L MY, f(wo)) €22 AT ) 205 (Y, o),

where the maps (ev;). are quasi-isomorphisms. In homology, we obtain an induced

morphism of graded Lie algebras

(evo)u(evy)  furmd(X) — 72(Y).
Under the identification , (X)=[S™, X], this map agrees with f.:[S™, X]—[S",Y], be-
cause evg and evy are homotopic as unbased maps. Since the spectral sequence (2.2) is

natural with respect to morphisms of dg Lie algebras, the above considerations imply

the following.

PROPOSITION 2.1. Let X be a simply connected space. There is a spectral sequence
of coalgebras
Ep  =H, (13(X)) = Hyr4(X: Q).
The spectral sequence is natural with respect to unbased maps of simply connected spaces.

In particular, if X has a not necessarily basepoint-preserving action of a group m,
then the Quillen spectral sequence (2.4) is a spectral sequence of m-modules (from the
El-page and on). An important special case is when X =Y is the universal cover of a
path connected space Y and w is the group of deck transformations. By the above, we

obtain a spectral sequence of coalgebras with a m-action,
2 CE v V.
By g =Hy (m}(Y)) = Hpig (Y Q).
It is an exercise in covering space theory to check that, under the standard identifications

r=2m(Y), mY)2m,(Y), n>2,

the action of 7 on 7,(Y") obtained as above corresponds to the usual action of 71 (Y") on

the higher homotopy groups m, (Y).
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2.4. Formality and collapse of the Quillen spectral sequence

The spectral sequence (2.2) is natural with respect to morphisms of dg Lie algebras.
Evidently, a quasi-isomorphism induces an isomorphism from the E'-page and on, so
quasi-isomorphic dg Lie algebras have isomorphic spectral sequences. It is also evident
that the spectral sequence of a dg Lie algebra with trivial differential collapses at the E2-
page. These simple observations have an interesting consequence. Namely, if the dg Lie
algebra L is formal, meaning that it is quasi-isomorphic to its homology H.(L) viewed
as a dg Lie algebra with trivial differential, then the spectral sequence for L collapses
at the E2-page. Collapse of the spectral sequence is weaker than formality in general,

although the difference is subtle.

Definition 2.2. Let us say that a group = is rationally perfect if H'(m;V)=0 for

every finite-dimensional QQ-vector space V' with an action of .

For a rationally perfect group m, every short exact sequence of finite-dimensional

Q[r]-modules splits; cf. Appendix B.

PROPOSITION 2.3. Let ™ be a group acting on a simply connected space X with
degree-wise finite-dimensional rational cohomology groups. If w is rationally perfect and
if Quillen’s dg Lie algebra A(X) is formal, then there is an isomorphism of graded -
modules

Hy(X:Q)= P Hyy (n2 (X)),
ptg=n
for every n.

Proof. If the rational cohomology groups of a simply connected space are finite-
dimensional, then so are the rational homotopy groups. It follows that the Quillen
spectral sequence (2.4) is a spectral sequence of finite-dimensional Q[r]-modules. Since
A(X) is formal, the Quillen spectral sequence collapses, and since 7 is rationally perfect,
all extensions relating F2, and H,(X;Q) are split. O

Remark 2.4. A simply connected space X such that Quillen’s dg Lie algebra A(X) is
formal is called coformal in the literature. The name formal is reserved for spaces where
Sullivan’s minimal model is formal. The two notions are not the same, they are Eckman—
Hilton dual. Spaces that are simultaneously formal and coformal can be characterized in

terms of Koszul algebras; see [7].

3. Classification of fibrations

The purpose of this section is to review some fundamental results on the classification of

fibrations in the categories of topological spaces and dg Lie algebras.
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The classification of fibrations up to fiber homotopy equivalence was pioneered by
Stasheff [64] and given a systematic treatment by May [48]. For a more recent modern
approach, see [12]. The classification of fibrations for dg Lie algebras is implicit in the
work of Sullivan [67] and in a widely circulated preprint of Schlessinger—Stasheff (recently
made available [62]). A detailed account is given in Tanré’s book [68]. There is also a

more recent approach due to Lazarev [41], which uses the language of L..-algebras.

3.1. Fibrations of topological spaces

Let X be a simply connected space of the homotopy type of a finite CW-complex.
Let aut(X) denote the topological monoid of homotopy automorphisms of X, with the
compact-open topology, and let aut,(X) denote the submonoid of basepoint-preserving
homotopy automorphisms. It is well known that the classifying space B aut(X) classifies
fibrations with fiber X. Let us recall the precise meaning of this statement.

An X-fibration over a space B is a fibration E— B such that for every point be B
there is a homotopy equivalence X — FEj,. An elementary equivalence between two X-
fibrations E— B and E’— B is a map E— E’ over B such that for every b€ B the induced
map Ej,— Ej is a homotopy equivalence. We let Fib(B, X) denote the set of equivalence
classes of X-fibrations over B under the equivalence relation generated by elementary

equivalences.

THEOREM 3.1. (See [48]) There is an X -fibration
FEx — By, (3.1)
which is universal, in the sense that the map
[B, Bx] — Fib(B, X),
(el —[¢"(Ex) — BJ,

is a bijection for every space B of the homotopy type of a CW-complex. Furthermore,

the universal fibration (3.1) is weakly equivalent to the map
Baut,(X) — Baut(X)

induced by the inclusion of monoids aut,(X)—aut(X).

3.2. Fibrations of dg Lie algebras

There is a parallel story for dg Lie algebras. According to Quillen [56, §5], the category of

positively graded dg Lie algebras admits a model structure where the weak equivalences
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are the quasi-isomorphisms and the fibrations are the maps that are surjective in degrees
>1. The cofibrations are the ‘free maps’; see [56, Proposition 11.5.5]. In particular, a dg
Lie algebra is cofibrant if and only if its underlying graded Lie algebra is free. Schlessinger
and Stasheff have given an explicit construction of a classifying space for fibrations in
this context, which we now will recall.

Let L be a dg Lie algebra. A derivation of degree p is a linear map 0: L, — L.,
such that

Olz,y] = [0(x),y]+(— )" [2,0(y)],

for all x,ye L. The derivations of L are the elements of a dg Lie algebra Der L, whose
Lie bracket and differential D are defined by

[0,7] = 0on—(=1)!"Ined,  D(6) =d-6—(=1)""16-d,

where d is the differential in L.
Given a morphism of dg Lie algebras f: L— L', an f-derivation of degree p is a map
¢: L.— L., such that

O,y = [0(2), f(y)]+ (=D [f (), 6(y)],

for all ,yeL. The f-derivations assemble into a chain complex Der(L, L"), whose
differential D is defined by

D(0)=dpo0—(—1)0ody,.

In general there is no natural Lie algebra structure on Ders(L, L").

The Jacobi identity for L implies that the map ad,: L—L, sending y to [z,y], is
a derivation of degree |z| for each x€L. The map ad: L—Der L sending z to ad, is a
morphism of dg Lie algebras. Let Der L/ ad L denote the mapping cone of ad: L—Der L,
ie.,

Der L/ ad L =sL®Der L,

with differential given by

D(#)=D(9), D(szx)=ad,—sd(z),

for 6eDer L and xz€L. There is a Lie bracket on Der L// ad L, which is defined as the

extension of the Lie bracket on Der L that satisfies

[0, s2] = (~1)1\s0(z), [sz,sy] =0,
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for #€Der L and x,y€L. The Schlessinger—Stasheff classifying dg Lie algebra of L is

defined to be the positive truncation,
Bp=(DerLj/ad L)*.

Here, the positive truncation of a dg Lie algebra L is the sub dg Lie algebra L™ with

L, ifi>2,
L:r = ker(d: Ly — Lo), if i = 1,
0, if i <0.

An L-fibration over K is a surjective map of dg Lie algebras 7: E— K together with
a quasi-isomorphism L—Kerw. An elementary equivalence between two L-fibrations
m E—K and 7': B’ — K is a quasi-isomorphism of dg Lie algebras E—E’ over K such
that the diagram
L—— Kern

N

Ker 7/
commutes. Let Fib(K, L) denote the set of equivalence classes of L-fibrations over K

under the equivalence relation generated by elementary equivalence.

THEOREM 3.2. (See Tanré [68]) Let L be a cofibrant dg Lie algebra and let Br,
denote its Schlessinger—Stasheff classifying dg Lie algebra. There is an L-fibration

E; — By, (3.2)
which is universal in the sense that for every cofibrant dg Lie algebra K, the map
[K, B — Fib(K, L),
o] — [ (EL)],
is a bijection. Furthermore, the morphism Er— By, is weakly equivalent to the morphism
Der” L — (Der Lj/ad L)*.

By combining Theorems 3.1 and 3.2, together with Quillen’s equivalence of homotopy

theories between Top(g1 and DGLy, it is not difficult to derive the following consequence.

COROLLARY 3.3. (See [68, Corollaire VII.4 (4)]) Let X be a simply connected space
of the homotopy type of a finite CW-complex. Let Lx be a cofibrant model of Quillen’s
dg Lie algebra A(X). The positive truncation of the morphism of dg Lie algebras

DerLxy — DerLyx //adLx
is a dg Lie algebra model for the map of simply connected covers

Baut,(X)(1) — Baut(X)(1).
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3.3. Relative fibrations

Given a non-empty subspace AC X, we may consider the monoid aut(X; A) of homotopy
self-equivalences of X that restrict to the identity map on A. We will assume that the
inclusion map from A into X is a cofibration. As follows from the theory of [48] (see,
e.g., [35, Appendix B] for details), the classifying space B aut(X; A) classifies fibrations
with fiber X under the trivial fibration with fiber A.

Similarly, for a cofibration of cofibrant dg Lie algebras K C L, the positive truncation
of the dg Lie algebra Der(L; K) of derivations on L that restrict to zero on K, acts as a
classifying space for fibrations of dg Lie algebras with fiber L under the trivial fibration
with fiber K. This result seems not to have appeared in the literature, but the proof is

a straightforward generalization of [68, Chapitre VII]. The following is a consequence.

THEOREM 3.4. Let ACX be a cofibration of simply connected spaces of the homotopy
type of finite CW-complexes, and let Ly CLLx be a cofibration between cofibrant dg Lie
algebras that models the inclusion of A into X. Then the positive truncation of the dg
Lie algebra Der(Lx;LL4), consisting of all derivations on Lx that restrict to zero on Ly,

is a dg Lie algebra model for the simply connected cover of Baut(X;A).

A detailed proof of this result, following a different route, can be found in [11].

3.4. Derivations and mapping spaces

Given a morphism of dg Lie algebras f:L— L, we let Der (L, L) denote the chain complex
of f-derivations. Its elements of degree p are by definition all maps 6:L— L of degree p
that satisfy

O, y) = [0(x), f(y)]+(=1)"P[f(2), 6(y)]
for all x,y€LL. The differential D is defined by
D(0)=dp-0—(—1)P0-dy..
We include here a lemma for later reference. It is presumably well known, but we indicate
the proof for completeness.

LEMMA 3.5. Let ¢:L—L' and v: L— L' be quasi-isomorphisms of dg Lie algebras.
Suppose that . and ' are cofibrant and concentrated in strictly positive homological
degrees.

(1) For every morphism of dg Lie algebras f:IL—L, the induced chain map

Y, Derg (L, L) — Dery (L, L),
0 +—> o,
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18 a quasi-isomorphism.

(2) For every morphism of dg Lie algebras g:IL'— L, the induced chain map
¢*:Dery (L', L) — Derg4(L, L),
ne—=n°0,
18 a quasi-isomorphism.
Proof. There is a complete filtration,
Ders(L,L)=F'D>F*D ..,

where FP consists of those f-derivations 6:L—L that vanish on L.,. This filtration

gives rise to a spectral sequence with
EY ™% =Hom(H,(QL), Hy(L)) = H_pyq(Ders(L, L)).

Here QL=IL/[L, L] denotes the chain complex of indecomposables in the dg Lie algebra L.
It is well known that a morphism ¢:L—IL' between positively graded cofibrant dg Lie
algebras is a quasi-isomorphism if and only if the induced map on indecomposables
Q¢: QL—QL' is a quasi-isomorphism (see, e.g., [25, Proposition 22.12]). Bearing this in
mind, both claims may be deduced through an application of the comparison theorem

for spectral sequences. O

Let G be a topological group with the neutral element e as basepoint. The Samelson
product
Tp(G) X g (G) — Tp14(G)

is a natural operation on the homotopy groups of G. It may be defined as follows. Given
based maps f: SP—G and g: S9— G, the composite map

[_7_]

sPx 51 I ava el

1 is trivial when restricted to

where [—, —]: Gx G—G is the commutator [z, y]|=2yz =1y~
SPV 89, Tt therefore induces a based map [f, g]: SPTI=SP x S7/SPVS9—@G. The homo-
topy class of [f, g] is the Samelson product of the classes [f] and [g].

The map G—G sending z to gzg~! preserves the basepoint, and defines a homomor-
phism ¢g: 7, (G) =7, (G). This defines an action of the group mo(G) on 74 (G), and this
action preserves Samelson products. Under the standard isomorphism 711 (BG)m,(G),
the Whitehead product on m.11(BG) corresponds to the Samelson product on 7. (G),
and the standard action of 71 (BG) on 741 (BG) corresponds to action of mo(G) on 7 (G)
described above; see [76]. The above holds true for G a group-like topological monoid,
because every such may be replaced by a homotopy equivalent group. In particular, it

applies to monoids of homotopy automorphisms.
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THEOREM 3.6. (Lupton—Smith [43, Theorem 3.1]) Let f: X—Y be a map between
simply connected CW -complexes with X a finite CW-complex, and let ¢:Lx —Ly be a

Lie model for f. There is a natural isomorphism for all k>2,
B:m(map, (X,Y), f)©Q — Hy,(Dery (L, Ly)). (3.3)

If f=idyx, it is valid also for k=1.

Proof. We indicate the definition of 3, following [43] (with a minor modification),
and refer the reader to [43] for a proof that it is a bijection. Let Zx X denote the half-
smash product (Zx X)/(Z xx*) and let i: X - Z x X denote the map sending x€ X to the
class of (x,7). If Lx=(LV,§), then S¥x X has dg Lie model (L(V®s*V),§’), where &’
is determined by the conditions that

e the inclusion ¢: (LV, ) — (L(V@®s*V),§’) is a chain map, and

e the (-derivation s*: LV —L(V@®s*V) that extends v+ s*v satisfies §'s*=(—1)*s*6.

Given a map h: S* —map, (X,Y) sending the basepoint of S* to f, there is an adjoint
map h¥:S¥x X —Y such that h#oi=f. By [43, Proposition A.3], we can find a dg Lie
model

Y (L(V@stV),8) — Ly
for h#* such that v,ot=¢. The composite 8, =1y 05%:Lx —Ly is then a k-cycle in the
chain complex Der,(Lx,Ly), and one sets

Blh] = [0n]. O
We will need the following addendum to Theorem 3.6.

ProrosITION 3.7. Under the isomorphism
[3:ﬂk(aut*(X),idx)®Q%Hk(Der(]LX)), (34)
the Samelson product corresponds to the Lie bracket on derivations.

For the proof we will use the following lemma.

LEMMA 3.8. Let G be a topological group and let f: SP—G and g: S19—G be based
maps. The map
srxs1 L9, o g

is homotopic to the composite
{fog}: SPx ST =3 8P x §95x §Px §1 LX9IX9 i G G G 5 G,

where Z(z,y)=(x,y, my(x),my(y)), where my denotes a degree-(—1) map on S* and p

s the multiplication map.
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Proof. This follows readily from the fact that the inverse map j:G—G, z—z~ 1,

induces multiplication by —1 on 7 (G), i.e., the diagram

st—1 ¢

st a
commutes up to homotopy for every based map f: S*—G. O

Proof of Proposition 3.7. Let f:SP—aut,(X) and ¢: S9—aut.(X) be based maps.
It follows from Lemma 3.8 that the Samelson product [f, g] is characterized up to homo-

topy by homotopy commutativity of the diagram
gpx ga L9, aut, (X)
[f.9]
Sptq
or, equivalently, of the diagram

#
(5P x 59y w x L

cx1
) [F.0)*
SPHax X,
One checks that the diagram
#
(57 % S7) x X .93 X (3.5)
=x1 F#e(1xg™)o(IXIX f#)o(IX1x1Kg™)

(SPxST%x 5P x §7)x X —— SPix (ST (SPx (9% X)))
is commutative. By iterated use of
(SFxY)x X =2 5%x (Y x X)

and the dg Lie model for S* x X described above, one works out that the dg Lie model
for Zix X, where Z is a product of spheres, has the form (L(H.(Z)®V),?d"”). Moreover,
one finds that the map =x 1 has dg Lie model

EcL(H(SPxS)QV) — L(H.(S?xS1x SPx S1)R@V)
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induced by
He Hy (SP xS — H,(SPx ST%x 5P xS?)

(we omit the details, but this is true because the map E is formal). After picking Lie
models ¥ and 1, for f# and g7 as in the proof of Theorem 3.6, one sees that a Lie
model for the right vertical map in (3.5) is given by

v L(H, (SP x S9x SP x S1)@V) — LV,
(axbxexd)v— ¥y (aty(bihy(cihy(dv)))),

for homology classes a,c€ H,(SP) and b,d, € H.(S?). It follows that we may take
w{f,g}: L(H.(S"PxS)V)— LV
to be the composite voZ,. Explicitly, for veV,

V15,93 (87 xs7)0) = 7(Bu (s x s7)v)
=v((s"xsIx1x1)v—(—=1)P (1 x s x s?x1)v
— (P x1x1xsN) v+ (1x1xsPxs?)v)
=070(v) = (=1)70507(v) =070,(v) +-0 64 (v)
=1[05,05](v),

and similar calculations show that

Viggr()=v, P (sPv)=0 and g4 (s?v)=0.

In particular, the morphism ¢y ; factors through the morphism induced by the collapse
map cx,

e
L(H.(S”x$)@V) — 25 LV

~
~
c -
- -
// A
—~

L(H.(SPH)®V),

and we may take (s g to be A\. Thus, for veV, we get

017,61 (V) = V15,61 (sPT0) =y 5.1 ((sP x sT)v) = [0y, 0] (v),

which proves the proposition. O
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3.5. Homotopy automorphisms of manifolds

Let M™ be a simply connected compact manifold with boundary OM=S5""'. Let
auty(M) denote the topological monoid of homotopy automorphisms of M that restrict
to the identity on OM, with the compact-open topology. Let autg.(M) denote the

connected component of the identity. There is a homotopy fibration sequence
Bautg,.(M) — Bauty(M) — Bmg(auts(M)).

Hence, up to homotopy B auts .(M) may be identified with the simply connected cover
of Bauty(M). The goal of this section is to establish a tractable dg Lie algebra model
for Bauty,.(M).

An inner product space of degree n is a finite-dimensional graded vector space V'

together with a degree —n map of graded vector spaces,
VeV —Q,
@y — (1, y),
which is non-singular in the sense that the adjoint map,
V — Hom(V, Q),
x— (x, —),

is an isomorphism of graded vector spaces (of degree —n). Note that (z,y) is automati-
cally zero unless |z|+|y|=n.

We call an inner product space as above graded symmetric if

{w,y)= (1) Wy, z),

for all z,yeV and graded anti-symmetric if

<$7y> = _(_1>\x| \y\<y7x>7

for all z,yeV.

For example, if M™ is a simply connected compact manifold with boundary
OM = s"~1

then the reduced homology H =H, (M;Q) together with the intersection form is a graded
symmetric inner product space of degree n. The desuspension of the reduced rational
homology,

V=s"1H,
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becomes a graded anti-symmetric inner product space of degree n—2 by setting
(s7le.s™! )= (=1)e, £).

Now, let V' be a graded anti-symmetric inner product space of degree n—2 and

choose a graded basis oy, ..., a,.. The dual basis af, ..., is characterized by
<Oli, af) = (5”

There is a canonical element w=wy €V *? defined by
w= Z af XRay.
i

Up to sign, the element w corresponds to the inner product (—, —) €Hom(V®?2, Q) under
the isomorphism V®22Hom(V®2, Q) induced by the inner product on V®2;

v@w, v @w') = (=D oY (w, w').
(v@w, )=(=1) (v, v} (w, w')
Indeed, one checks that

(w, z@y) = (=1l (g y).

In particular, w is independent of the choice of basis. Since V is anti-symmetric, the
transposition 7 acts by 7w=-—w. This implies that w may be written as a sum of graded

commutators

[z, y] =z@y— (1) Myee

as follows:
1
w=g zi:[a?, o). (3.6)
In this way, w may be regarded as an element of the free graded Lie algebra LV
Let Der LV denote the graded Lie algebra of derivations on LV. Consider the map
of degree 2—n,

0 _LVRV —DerLV, 0 .(y)=E(x,y).

Since the form is non-degenerate and since a derivation on a free graded Lie algebra is
determined by its values on generators, the map 6_ _ is an isomorphism.

The following proposition plays a key role.
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PROPOSITION 3.9. Let V be a graded anti-symmetric inner product space with canon-
ical element wellLV. The diagram

DerLV -5 LV

18 commutative.

Proof. Note that every element x€V may be written as
sz(x,a;ﬂaj (3.7)

If 0 is a derivation, then

B(w) == > (1B(af), ai] +(~1)1 T [0 6(c)]).

Rewriting the right summands using graded anti-symmetry of the bracket, (3.7) on

x:a?, and then (3.7) on :v:oz;éﬁ backwards, we get

Z(—n'g"a?*'[a?*,e(ai)]—Z(— Dl lef 1+ [6(ay), o]

—Z Dl g(a,), (aF, aF)a,)

_Z[ (Z 1)lel laf1+1 ¢4 jﬁ,aﬁai),aj]
et
Thus,

vulea) =3 lle(0f), 0l = (€l a [fzm az] £ O

COROLLARY 3.10. The image of the map ev,,: Der LV =LV is the space of decom-

posables [LV,ILV]. In other words, for every (€IL>2V, there is a derivation § on LV
such that 6(w)=C.
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The following result is essentially due to Stasheff [65].

THEOREM 3.11. Let M™ be a simply connected compact manifold with boundary
OM=S8""1 and let V denote the graded anti-symmetric inner product space s~1H, (M;Q).
There is a differential § on LV such that

(1) (LV,6) is a minimal Quillen model for M;

(2) the canonical element weLV is a cycle that represents (—1)" times the homo-

topy class of the inclusion of the boundary.

Proof. Consider the closed manifold X=MUyD". Fix an orientation of X and
let pe H, (X;Q) be the fundamental class. Choose a basis e, ..., e, for ﬁ*(M;Q), and
let efé, - ef be the dual basis with respect to the intersection form, in the sense that

(e, e

7)=0:;. ldentifying

the reduced diagonal of the fundamental class assumes the form
A(u):ie?@ei. (3.8)
i=1
To derive this expression, one can use that the intersection form on H,(X;Q) satisfies
(N, yNp) = (2Vy, p) = (z@y, A(p)),
for cohomology classes z,y€ H*(X;Q), where
—Np: H*(X;Q) — H,,_1(X;Q)

is the Poincaré duality isomorphism and (—, —) in the right-hand side denotes the stan-
dard pairing between cohomology and homology. Alternatively, it can be derived from
Theorem 11.11 and Problem 11-C of [53].

The minimal Quillen model of M has the form (LV,§) and the cell attachment
M — X is modeled by a free map of dg Lie algebras

(LV,8) — (L(V®s ™" p),d),
where 6(s~'u) €LV represents the attaching map for the top cell, i.e., the class of
Sl =M — M.

It is well known that the quadratic part §; of the differential in the minimal Quillen

model corresponds to the reduced diagonal, in the sense that

Si(s7'x)=(s"t@s HA(x);
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see e.g. [6, Corollary 2.14]. In particular,

r

61(s7 )= Z(—l)le?lg_lefﬁt@s_lei.
i=1

1

If we choose a; =s™"e; as our basis for V, then

(s e, s_le;ﬂ = (=1)lil(e,, e?)

shows that the dual basis is given by af&:(—l)'ei‘sflef Hence,

T

ou(s7 ) =Y (~)T el F ga, = (—1)"w.

i=1
It is an important observation due to Stasheff [65, Theorem 2] that one may assume
that §(s~1u) is purely quadratic. We give a proof for completeness. The key ingredient
is Corollary 3.10.
Write =61 +02+03+ ..., where J; increases bracket length by exactly k. By Corol-
lary 3.10, there exists a derivation # on LV such that

B(w) = (~1)"dx(s~ 1.

We may assume that 6 increases bracket length by exactly 1. Extend 6 to a derivation
on L(V@®s~1u) by setting (s~ *u)=0. Then
1
0_ k
k=1
is a Lie algebra automorphism of L(V&s~ 1), and one checks that
8 =e"%60¢?
is a new differential such that §;=4; and 65(s~!u)=0. Clearly,
e (L(V @5 1), 8') — (L(V s~ 1), 6)
is an isomorphism of dg Lie algebras. If §5(s~u)#£0, we continue in a similar way by
finding a derivation ¢’ such that ¢’ (w)=(—1)"85(s~11), obtaining an isomorphism
7 (L(V@s ), 0") — (L(Ves '), d),
where 6/=01, 05(s71u)=0 and 64 (s~'u)=0. In this way, the non-zero higher terms
of 6(s~*u) may be peeled off one at a time. The process will stop after finitely many
steps. Indeed, since V' is concentrated in positive homological degrees, the bracket length
of any term of §(")(s™yu) will be at most n—2, i.e., 5,(:)(3_1,11):0 for k>n—2, and,

by construction, 5,(:)(3_1;;):0 for k=2,3,...,7+1. Thus, we can stop after r=n—4
steps. O
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Let Der, LV denote the graded Lie subalgebra of Der LV consisting of those deriva-
tions 6 such that #(w)=0. Note that the differential ¢ in the minimal Quillen model
for M (see Theorem 3.11) is an element of Der,, LV of degree —1. Therefore, [§, —| is
a differential on Der,, LV, making it a dg Lie algebra. We let (Der,, LV, [, —])" denote
the positive truncation of this dg Lie algebra, i.e., it agrees with Der,, LV in degrees >1,
and in degree 1 it is the kernel of the differential [, —].

THEOREM 3.12. Let M be a simply connected compact manifold with boundary
Sn=1. A dg Lie algebra model for the classifying space Bautg.(M) is given by

(Der,, LV, [5,—])*.

Proof. We will use Theorem 3.4. Let p be a generator of degree n—2. By Theo-
rem 3.11, the morphism of dg Lie algebras

p:L(o) — (LV,6),
o (_1)nw7

is a model for the inclusion of M into M. However, it is not a cofibration (i.e. free map)
of dg Lie algebras. To rectify this, we factor ¢ as a free map ¢ followed by a surjective

quasi-isomorphism p as follows:
L(e) = (L(V, 0,7),0) == (LV,§). (3.9)

Here q is the obvious inclusion, the map p is defined by ply =idy, p(e)=(—1)"w, and
p(7)=0, and the differential § is extended to ¢ and v by §(¢)=0 and 6(y)=(—1)"w—o.
To simplify notation, denote the sequence (3.9) by

Loy ——Lps =Ly

Now, the map ¢: Lo —Las is a cofibration that models the inclusion of M into M. By
Theorem 3.4, the dg Lie algebra

Der" (Las; Loar) (3.10)

models Bautg.(M). We will show it is quasi-isomorphic to (Der,, LV, [d, —])*.

There is a pullback diagram of chain complexes

Der(p; Loas) ——— Der(Lag; Loar) (3.11)
2 P

Der(ILas; Laas) — Der,(Las, Las; Lons),
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where Der(ILps; Loas) denotes the dg Lie algebra of derivations n on L, such that no¢p=0,
Der(p; Laas) denotes the chain complex of pairs (6, 7) of derivations € Der(Las; Loas), n€
Der(Las; Loar), with p.(0)=p*(n), and Derp(iM,}LM;JLaM) denotes the chain complex
of p-derivations HeDerp(iM,LM) such that #og=0. As the reader may check, taking
componentwise Lie brackets turns Der(p;Lsas) into a dg Lie algebra and the projections
pry(0,m)=0 and pry(6,n7)=n into morphisms of dg Lie algebras.

Below, we will argue that the map p, in (3.11) is a surjective quasi-isomorphism.
Surjective quasi-isomorphisms of chain complexes are stable under pullbacks, so this will
imply that pry is a surjective quasi-isomorphism. We will also argue that the map p* in
(3.11) is a quasi-isomorphism in positive degrees. This, together with the fact that p.
and pr, are quasi-isomorphisms, will imply that pr; is a quasi-isomorphism in positive
degrees. Taking positive truncations, we obtain a zig-zag of quasi-isomorphisms of dg

Lie algebras,
Der" (Lys; Loas) <PNT Der™ (p; Laas) T:2> Der™ (Las; Loas)-

The dg Lie algebra Der™ (ILys;Laas) is clearly the same as (Der,, LV, [6, —])™, so this will
finish the proof.

To see that p, is a surjective quasi-isomorphism, consider the following diagram:

0—— Der(LM;}LaM) E—— DeriM q4) Derq(LaM7ﬁ4M) —0

0 — Der, (L, Las; Loar) — Dery (s, Ly ) — Dery, (Lo, L) — 0.

Exactness at the left and middle terms is clear. That the maps labeled by ¢* are sur-
jective follows because ¢ is a free map. The middle and right vertical maps are quasi-
isomorphisms by Lemma 3.5. A five-lemma argument then shows that the left vertical
map is a quasi-isomorphism. To see that it is surjective, note that p admits a section
o:La—Ly. Given 9€Derp(~]LM7]LM;JL3M), let n be the unique derivation on Ly that
agrees with ¢ when restricted to the generators. Then one checks that nEDer(L a; Lonr)
and that p,(n)=6.

To see that the map p* in (3.11) is a quasi-isomorphism in positive degrees, consider

the following diagram:

0 — Der(ILas; Lops) —— Der Ly —— Dery, (Loas, Lar) — 0

T

0 — Der(ILar, Lar; Loar) — Dery (s, Las) —— Dery, (Loas, Las) — 0.
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Exactness of the bottom row and at the left and middle terms of the top row follows as
above. The middle vertical map is a quasi-isomorphism by Lemma 3.5.
Here is the crux of the proof: The top-right horizontal map ¢* is surjective in

non-negative degrees. Indeed, up to a sign, ¢* may be identified with the map
evy: DerLV —s s" 2LV,

Since the space of generators V=s"'H, (M;Q) is concentrated in degrees <n—2, every
element of positive degree in s" 2LV is necessarily decomposable, whence in the image
of ev,, by Proposition 3.9. Finally, a five-lemma argument shows that the left vertical

map is a quasi-isomorphism in positive degrees. O

COROLLARY 3.13. If M s formal and the reduced rational cohomology ring has
trivial multiplication, then B autg (M) is coformal and there is an isomorphism of graded

Lie algebras
78(Bauty,.(M))=Der LV.

Proof. Formality is equivalent to the property that the minimal Quillen model may
be chosen to have purely quadratic differential, i.e., 6(V)CL?*(V). The quadratic part
of the differential in any minimal Quillen model corresponds to the cup product on the

reduced cohomology. O

For example, the conditions hold if M is (d—1)-connected of dimension at most
3d—2 for some d>2. In particular they hold for the manifolds M, ;.

4. Block diffeomorphisms

This section examines the classifying space of block diffeomorphisms of simply connected
smooth compact manifolds with boundary. We assume throughout that dim M =5, so
that the h-cobordism theorem and surgery theory are available. Moreover, we assume
that the manifolds under consideration are oriented and that the maps between them are

orientation-preserving unless otherwise specified.

4.1. The surgery fibration

This paragraph briefly reviews the surgery fibration introduced in F. Quinn’s thesis
[57]. There is a detailed account of the surgery fibration for topological manifolds in
the memoir [55]. In contrast, we work in the smooth category and treat only simply
connected manifolds. The proofs of [55] carry over to the smooth category with only

minor changes.
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Recall that the topological group lif/f(M ) of block diffeomorphisms of a manifold
M is defined to be the geometric realization of the A-group ]/)\H/T(M )., whose k-simplices
are the self-diffeomorphisms ¢ of A*¥ x M that preserve the faces in the sense that

p(FxM)=FxM

for every face F' of A¥; cf. [60], [61]. We assume furthermore that ¢ preserves a collar
of each face, in which case ]ilgf(M) is a Kan A-group by [18]. See §4.3 below for more
details.

The A-group of self-diffeomorphisms that preserve the projection onto A* is equal
to the set of smooth singular k-simplices of the diffeomorphism group Diff (M), equipped

with the Whitney topology. Since the geometric realization

S.(X)] is weakly homotopy
equivalent to X, one can view Diff (M) as an enlargement of Diff (M).

If M has a non-empty boundary, then we consider the subgroup of boundary-
preserving block diffeomorphisms, Iﬁa(]\/l ), which is defined as above but with the
additional requirement that each k-simplex ¢ restricts to the identity on a neighborhood
of AFx oM.

If we replace the face-preserving self-diffeomorphisms with face-preserving homotopy
automorphisms in the above definition, we obtain the A-set of block homotopy equiv-
alences, auty(M)., with geometric realization auts(M). As above, the subcomplex of
self-homotopy equivalences over A*¥ may be identified with the set of singular k-simplices
in the space auty(M) of self-homotopy equivalences equipped with the compact-open

topology. In contrast to the case of diffeomorphisms, the inclusion
S. auty(M) —» auty(M).
induces a homotopy equivalence of geometric realizations. Indeed, if
fr AP M — AR M
is a face-preserving map, then prax of is equivalent to a map

f1: M — G(A®)

into the monoid of face-preserving endomorphisms of AF. But G(AF) contracts to {idax }:

if a: A — A* is face preserving, then
(1—t)a+tidar € G(A®)
contracts to the identity, and induces a retraction

auty(M). — S.(auty(M)).
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This induces a homotopy equivalence of geometric realizations
auty (M) ~ auty(M). (4.1)

In the sequel, we prefer to use the notation auty(M) instead of auty(M).
Let M be a simply connected n-dimensional manifold with simply connected bound-
ary, n>5. The product of M with the standard k-simplex, A¥ x M, is a (k-+3)-ad with

faces of dimension n+k—1,
DAFx M, A <M, .., 0 AFxM, AFxOM.
There are three Kan A-sets associated with M and maps between them,
S50y, s NEIO(M), 2 L(M)... (4.2)

The k-simplices of the (smooth) structure space Sg/o (M). are pairs (W, f) of a (smooth)

(k+3)-ad W and a face-preserving homotopy equivalence
f:W— AFx M
with the additional property that
D1 W — AR x oM

is a diffeomorphism.
Let K>>0 and let (M,0M)C(D"t£ 9D"K) be an embedding where n=dim M.
The set /\/'g;/o(M)kK consists of embeddings of (k+3)-ads

W C AP DK W =Wnoy(AFx DY i<k,

and Oy W=AFxdM, which are collared near each of these faces, together with a K-
dimensional vector bundle (¥ over A* x M, and a commutative bundle diagram of (k+3)-

ads

yEW) Ty

|,

W ——— AFx M,
such that the two conditions below are satisfied:
(1) f and its faces d;(f) have degree 1 for i=0,...,k, and 9 W —AFxIM is a
diffeomorphism;

(2) f is a fiberwise isomorphism of vector bundles.
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Then ./\/‘aG/O(M)? is a A-set and taking the colimit as K — oo using D"+ c prtE+1
one obtains the A-set in (4.2).

The third term L(M). of (4.2) and the A-maps 7. and A, are defined in §2.2 of [55].
The homotopy groups of L(M). depend only on the fundamental group of M and the

dimension n=dim M. In the simply connected case, the only non-zero groups are
7T4k_n]L(M). :Z, 7T4k+2_nL(M). :Z/QZ (43)
THEOREM 4.1. (Nicas, Quinn) The sequence (4.2) of Kan A-sets is a homotopy

fibration.

This follows from [55, Theorem 2.3.4], which states that the homotopy fiber of A, is
homotopy equivalent to Sg/ O(M ).

We have left to identify N, 8G /0 (M). in more homotopy theoretic terms. This goes
back to Sullivan’s proof of the Hauptvermutung for manifolds, outlined in [59]. The

result is the following.

THEOREM 4.2. There is a homotopy equivalence of Kan A-sets
N/ (M), =5 S. map,(M/OM, G/0),

where S. denotes the singular A-set.
The combination of the two theorems above leads to the following corollary.

COROLLARY 4.3. There is a homotopy fibration of geometric realizations
G/O n A
Sy (M) —map, (M/OM,G/O) —L(M). (4.4)

This is the form of the surgery fibration, listed without proof in [74, §17A].

We note in passing and for future reference that since
map, (M/OM,G/O)

is an infinite loop space and therefore nilpotent, [49, Proposition 4.4.1 (i)] or [36, The-
orem I1.2.2] applied to the surgery fibration (4.4) implies that the components of the
structure space Sg/ O(M ) are nilpotent. We are grateful to the referee for pointing this
out to us.

The kth homotopy group of Sg/ O(M ), with the identity as the basepoint, is the
structure set of equivalence classes of homotopy equivalences

f: (W,0W) — (D x M, d(D* x M)),
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with 0f being a diffeomorphism; (W, f) is equivalent to (W', f’) if there exists a diffeo-
morphism ¢ from W to W' for which

(W, 0W)

©

’

(W', 0W") —L s (D x M, 8(D* x M)

is homotopy commutative.

For use later in the paper we need to recall the calculation of
e (S5 (M), id) — i (map, (M/OM, G/O), %). (4.5)

Since Sg/O(M). is a Kan A-set, an element of Wk(SaG/O(M),id) is represented by a
homotopy equivalence
(V,0V) — (D*x M, d(D* x M))

which is a diffeomorphism on the boundary. If M is simply connected, we may take
V=DFx M. This is a consequence of the h-cobordism theorem, as explained in §3.2 of

[10]. Suppose more generally that

(£,91)
—

(W, 0W) (X,9X)

is a pair of a homotopy equivalence f of smooth n-manifolds with 0f a diffeomorphism.
We need a description of

To this end, pick a homotopy inverse pair,
(gv (af)il): (X7 6X) — (I/Va aW)a

and define (=g¢*(v(WW)), where v(W) is the normal bundle of an embedding (W, 0W)C
(RE+" RE+7=1) with K>>0. Since f*(¢)=v(W), by an isomorphism which is unique

up to homotopy, we obtain a normal map
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Let
ey (DB SE+=1) 5 (Th(v(W)), Th(v(W)|ow))

be the collapse map. The composition of ¢y with f induces a reduction (degree-1 map)
cet (DRFT, §EH) — (Th(C), Th(¢lox)),

which we compare to the canonical reduction cx of v(X). The restriction of ¢ to X is
identified with ((0f)~1)*(v(0W)) and the normal derivative (see the remarks following

Lemma 4.4 below) induces a linear isomorphism
0t=D"(0f): Clox — v(X)]ox.
The Atiyah—Wall uniqueness theorem extends 0t to a proper homotopy equivalence
(t,0t): (¢, Clax) — (n(X), v(X)]ax)

compatible with the two reductions; cf. [73], [74]. Let {=(®7(X) and let 0=t®id,(x).

The restriction 00=0t®id defines a framing of £|sx and induces a bundle £/06 over

X/0X. Moreover, 6 defines a proper homotopy equivalence 6: ¢/ 89%5?‘[( . The pair

(€/00,0) is classified by G/O, providing a unique element
nlf, 0f] € [ X/0X,G/0]..
Under the map induced by j: G/O— BO,
J«: [X/0X,G/0). — [X/0X, BO.,

the element j.n(f,0f) classifies the bundle £/06.

We have left to explain the linear isomorphism
ot: Clox — v(0X).

To this end, we consider a diffeomorphism ¢: M — N of closed m-manifolds. We choose
embeddings of M and N in R™*X with normal bundles v(M) and v(N), and make the

associated identifications
v(M)er(M) =™ and v(N)or(N)=e5T,

with the (K +m)-dimensional product bundles.
Given vector bundles ¢ and 1 over the space X, let Bun(¢,n) denote the space of

fiberwise isomorphisms. It is the space of sections in the fiber bundle GL(&,n) over
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X, whose fiber at x€ X is the space of isomorphisms from &, to 7,. We are interested
in the set of homotopy classes in Bun(&,n), or equivalently the connected components
of T'(X,GL(&,n)). For K sufficiently large, it turns out that Bun(v(M), ¢*(v(N))) is

non-empty, and we consider the map
a: Bun(v(M), ¢* (v(N))) — Bun(v(M)&¢* (7(N)), e3,™)

which sends a: v(M)—¢*(v(N)) into

v(M)®e*(r(N)) 2% " ((N)) @™ (7(V)) = 5+,

LEMMA 4.4. For K sufficiently large, the map « induces a bijection on homotopy
classes.
Proof. For x€ M, consider the diagram

Qg

GL(ve M, vy N) GL(ve M &7y ()N, RE+m)

«

GL(vy M@REF™ 1y NORE+™) 23 GL(1, M, 7y N @REFT™ R2E+M)),
where 3, adds the identity of v,,)N to
Ve M ®T,(p)N — REH™,

The space
GL(v(M)®¢™ (T(N)),e5 ™)

is non-empty, because it contains the map

id@®(Dyp)~ !
_—

v(M)®e*(T(N)) v(M)@T(M) =5

It follows that GL(v(M)xRE+™ o*(y(N))xRE+™) is non-empty, and therefore that
GL(v(M), ¢*(v(N))) is non-empty for K sufficiently large. Moreover, 8o, and azof8;

are homotopy equivalences in a range of dimensions depending on K. It follows that
a: Bun(v(M), ¢* (v(N))) — Bun(v(M)@¢* (7(N)), e3,™)

defines a bijection of homotopy classes for large K. O



104 A. BERGLUND AND I. MADSEN

A bundle map a:v(M)—*(v(N)) is called a normal derivative of ¢ if a(a) is
homotopic to id &(Dy) "L v(M)®p* (1(N))—eX+™. We use the notation D”¢ for such
a bundle map, noting that it exists only for K>>0 and is determined only up to homotopy.

Returning to the normal invariants above, we have
Clox =9"(w(OW)),
where ¢=(9f)~!
Ot =" (D"): ™ (v(OW)) — v(0X).
We observe that the framing
00 = 0t Did: * (v(OW)) BT(0X) — K Fn 1 (4.6)

is homotopic to id @ D).

4.2. Fundamental homotopy fibrations

For a smooth simply connected manifold M with boundary, we consider the following

string of grouplike monoids of homotopy automorphisms
auty .(M) Cautg (M) Cauty(M).

Here, autp.(M) denotes the connected component of the identity, and autg j(M) the

larger monoid of connected components in the image of the forgetful map
J: 7o Diff (M) —s mo auty (M).

Let ]i?fa(M) Clﬁa(M) denote the union of those components that map to autg .(M).
Then,

auty,.(M)/ Diff5 . (M) =~ autg, s (M) / Diff o (M) = S5/ (M) 1.
We have a diagram in which each square is a homotopy pullback,

G/O(

J

Blefa M) —— Bauty (M) ——— %

| J

BDiffy(M) —— Bauty,;(M) —s B(m autg_s(M)).

)y ———— (4.7)

Notice also that Bauty.(M) is a simply connected cover of B autg(M).
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PROPOSITION 4.5. Let M be an n-dimensional smooth compact simply connected
manifold with boundary OM=S""1 (n>5). There is a homotopy fibration

map, (S”, Top/0) — 8§/ (M)~ map, (M, G/O),

where q: M — M /OM is the quotient map.

Proof. Let us first recall that the structure space for S™ is homotopy equivalent to
map, (S™, Top/O). Indeed, the surgery obstruction map depends only on the underlying

topological situation, in the sense that there is a homotopy commutative diagram

map, (S", G/O) —2>— L(S™)

|

map, (", G/ Top).

The map AT°P is a homotopy equivalence since its homotopy fiber—the topological struc-
ture space Sac/ ToP(Dn)—is contractible (by Alexander’s trick). Apply the homotopy
fibration

Top/O — G /O — G/ Top

to identify the homotopy fiber of
Armap, (S™,G/O) — map, (S™, G/Top) ~L(S™)

with map, (S™, Top/O).

Next, consider the diagram

map, (S™, Top/O) — — — %Sg/O(M) —?k
map, (S, G/O) —— map, (M/OM, G/O) - L(M) (4.8)

| l

* ———— map, (M, G/0).

The upper-right square is the surgery fibration for M and the bottom-left square is
induced by the homotopy cofiber sequence

ML M/OM -5 S,

where ¢ is the quotient map and ¢ collapses onto the top cell.
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The composition Aoc*: map, (S™, G/O)—=L(M) (=L(S™)) may be identified up to
homotopy with the surgery obstruction map for S™, whose homotopy fiber was just
recalled to be map, (S™, Top/O). This implies firstly the existence of the dashed map
and, secondly, that the top-left square is a homotopy pullback. It follows that the
rectangle formed by the two squares to the left is a homotopy pullback. This finishes the
proof. O

COROLLARY 4.6. With hypothesis as in Proposition 4.5, the map
jeoq®on: 57 (M) @) —> map, (M, BO) )

is a rational homotopy equivalence. Here the right-hand side denotes the connected com-

ponent containing the constant map and j: G/O— BO is the canonical map.

Proof. By Proposition 4.5, the kth homotopy group of the homotopy fiber of the
map q"kon:Sg/O(M)%map*(M7 G/0) is given by

7 map, (S, Top/O) 2 O 4,

the group of homotopy spheres of dimension k+n, which is finite by the celebrated result
of Kervaire and Milnor [37]. Secondly, since the homotopy groups of map, (M, BG)
are finite, the homotopy fiber of the map j,.: map,(M,G/O)—map, (M, BO) has finite
homotopy groups. These facts imply the result. O

We end this subsection by showing that the space B ISEE@(M ) is nilpotent, which

ensures that it has a well-behaved rationalization. To do this, we use the following lemma.

LEMMA 4.7. Let F-5E2B be a fibration of connected spaces. If F is nilpotent

and B is simply connected, then E is nilpotent.

Proof. The exact sequence m F—m F—m B=0 shows that m F is a quotient of a
nilpotent group, hence nilpotent itself. Next, for k>2, note that m F—m E—mi B is
an exact sequence of w1 E-modules such that v-a=i.(y) -« for yeém F and a€niF, and
furthermore &-B=p,(§) B for Eem E and S€m;B; see e.g. [49, Proposition 1.5.4]. Since
7w F is a nilpotent m F-module, this implies that 7 F' is also nilpotent as a 7 E-module,
and since B is simply connected, it implies that 7B is trivial, hence nilpotent, as a
m1 E-module. Tt follows from [36, Proposition 1.4.3] that 7 F is nilpotent as a m E-

module. O
PROPOSITION 4.8. The space B]Si\ﬂ“a,o(M) is nilpotent.

Proof. As noted just after Corollary 4.3, the space Sg/ O(M )(1) is nilpotent. We can
then apply the previous lemma to the fibration sequence

S5/°(M)y — BDiffg.(M) —s Bauty.(M). O
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4.3. A partial linearization of ]i/ﬁ'a(M)

This section studies the Jacobian of the topological group ]ﬁa(M ). The end result is a
map of monoids

D:Diffp . (M) — autg.(r5),

where auts . (7y;) is a certain space of automorphisms of the stable tangent bundle of the
compact manifold with boundary M and ]ﬁa7o(M )g]iﬁ-’a(M ) is the set of components
of diffeomorphisms that are homotopic to the identity. We begin with a description of
the target.

With a vector bundle £ over a finite CW-complex X, with projection map F— X,

we associate the topological monoid aut(¢) of diagrams

-l . E
| ]
X —X

b

with f a homotopy equivalence and f a fiberwise isomorphism, topologized as a subset
of aut(X)xaut(E). For subspaces DCCCX, we have a submonoid autZ(¢)Caut(€)
consisting of those (f, f )eaut(€) such that f restricts to the identity on C and f restricts
to the identity on &|p. When C=D we write autc(&)=aut& (). Let autgo(g)gautg({)
be the submonoid of those (f, f ) for which f is homotopic to the identity map. We will
assume that the inclusions D—C— X are cofibrations.

We let GL(§)—X be the fiber bundle whose fiber at z€X is the group GL(¢,) of
linear isomorphisms of the fiber &,, and write T'p(X, GL(§)) for the space of sections
that map points z€ D to the identity isomorphism of &,.

LEMMA 4.9. The map

m:aut? (€) — auto (X)
is a Serre fibration with fiber T' p(X, GL(£)).

Proof. A diagram of the form

A——autB()

||

AxI — aute(X)
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may be viewed as a bundle map Ax&—E,

AxE—" p

| |

AxX —— X

together with a homotopy Ax X xI—X of the base map. Steenrod’s “first covering
homotopy theorem” [66, §11.3] provides an extension of the homotopy to a bundle map
AxExT—E, which can be taken to be stationary over D. This yields the desired lift
AxT—autB(¢). The fiber 7~!(idx) is easily identified with T'p (X, GL(&)). O

We proceed to analyze the homotopy type of the classifying space B autg (&). We

will use the following lemma.

LEMMA 4.10. Consider a commutative square of the form

H- X

||

G Yo- Y,

where @ is a morphism of group-like topological monoids, X is a right H-space, Y is a
right G-space, to€X, yo€Y, and f is a map of H-spaces such that f(xzo)=yo. If the

square is a homotopy pullback, then the induced map on components,
B(X,H, %), — B(Y, G, %)y,,

is a weak homotopy equivalence.

Proof. By [48, Proposition 7.9], the horizontal maps extend to homotopy fiber se-
quences
H-""3 X — B(X,H,*)
Pl
G2y — 5 B(Y,G,%).

The assumption that the left square is a homotopy pullback implies that the induced
map on homotopy fibers Q,,B(X, H, x) +Q,,B(Y, G, %) is a weak homotopy equivalence.
Delooping this yields the desired weak homotopy equivalence. O

Let k: X —BO(n) be the classifying map for £ and let mapp (X, BO(n)) denote the
space of maps from X to BO(n) whose restriction to D agrees with k|p. Precomposition

endows it with a right action of the monoid auto(X).
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PROPOSITION 4.11. For an n-dimensional vector bundle & over X, the classifying

space Bautg(f) is weakly homotopy equivalent to the component of
B(mapp (X, BO(n)),autc(X), x)

determined by the classifying map k: X —BO(n) for . In particular, there is a homotopy
fibration
map (X, BO(n))¢ — Baut (¢) — Baute(X). (4.9)

Proof. Let , denote the universal bundle over BO(n) and fix a classifying map

K:E—Vn,
E—— E(v)

P
X —£5 BO(n).

We may assume it is a pullback. This implies that the square

aut2(¢) ——— Bunp (&, v»)

| |

aute (X) - mapp, (X, BO(n))

is a pullback, where Bunp(¢,~,) denotes the space of bundle maps a:{—y, such that
alp=£|p:&|p—yn. The vertical maps are fibrations by Lemma 4.9 (and its obvious
extension to Bunp(&,~,)), so the square is a homotopy pullback. By Lemma 4.10, the

induced map
B(Bunp (&), autg (€), *)x — B(mapp (X, BO(n)), aute (X), )

is a weak homotopy equivalence. To finish the proof, note that Bunp(€,vy,) is con-

tractible, since it is the homotopy fiber of the restriction map

Bun(¢, vn) — Bun(]p, ),

where both the source and the target are contractible (for the last statement, see e.g. [30,

Lemma 5.1]). This yields a weak homotopy equivalence
B(Bunp (€, n), aute (€), #)s — Bautg(€)- -

We also need to consider stable vector bundles, so we now turn to stabilization.
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PROPOSITION 4.12. The stabilization map

aut2 (&) — autZ (¢ xR),

(f, ) — (f, f xidw),
is (dim & —dim X —1)-connected.
Proof. By Lemma 4.9, it suffices to see that
I'p(X, GL(§)) — I'p(X, GL(xR))
is (dim £ —dim X —1)-connected. But this follows from obstruction theory because
GL(£z) — GL(¢: ©R)
is (dim & —1)-connected. O
Denote by autZ (£%) the homotopy colimit of
aut2 (&) — autZ (¢ xR) — aut2 (¢ xR?) — ...

Clearly, the homotopy type of autg (¢5) depends only on the stable equivalence class of
the vector bundle £&. The following description of the homotopy type of BautZ(¢%) is

easily deduced from Proposition 4.11.

PROPOSITION 4.13. The space BautZ (£%) is weakly homotopy equivalent to the
component of
B(mapp (X, BO),aute(X), )

determined by the classifying map X —BO of the stable vector bundle £5. In particular,

there is a homotopy fibration
mapp (X, BO),s — Baut2(¢%) — Bauto(X). (4.10)

COROLLARY 4.14. The space Bautg’o(gs) 1s nilpotent.

Proof. Apply Lemma 4.7 to the fibration sequence
map, (X, BO)es — Bautg, (£%) — Bautc,.(X),

which is obtained from (4.10) by pulling back along B autc .(X)— B autc(X). The fiber
is nilpotent, since it is an infinite loop space. O
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Remark 4.15. Since the components of an infinite loop space are all homotopy equiv-

alent, we have
mapp (X, BO)¢s ~mapp (X, BO) gy ~map, (X/D, BO),

where the subscript (0) indicates the component of the trivial map, but beware that

these spaces need not be equivalent as autc,.(X)-spaces.

We now turn to the definition of the map from the block diffeomorphism group to
the automorphisms of the stable tangent bundle.
We shall use the model

Ak:{(xl,...,xk) eRF:0< 1 <..<zp <1}

for the k-simplex rather than the usual model in R¥+1. Its tangent space is then canon-

ically trivialized, 7ox =AF xR¥. The simplicial operators
d“: AP AR and st AR — AR

take the form

(0,21, ey Tp—1), if u=0,
A" (21, e 1) = (T4, ey By Ty ooy 1)y, 1 O< <k,
(1, ., Th—1, 1), if u=~k,

and
sM(x1, i) = (T1, oy Bpg1s oy Th)-

The induced operators on the tangent spaces are

d* xdh: AFTLXRFTL 5 AR XRF,

st x st AR xRF —5 AFTLRFT

where d*: RF=1 5 RF and s*: RF —RF~! are given by the same formulas as above, except
for d*(x1,...,x5_1)=(x1, ..., 21_1,0).

We remember that the k-simplices of IS\i-f}a(M ). consist of face-preserving diffeo-
morphisms (¢, ): A*¥ x M — AF x M which in addition preserve a collar of each face. For
a face 0: A" —AF, let U.(6)=0(A")x D.(R*~") be an e-normal neighborhood in R* of
the face, and let 8);=0x M. The collar condition is that the restriction of (p,) to
U:(0) x M is equal to (03,(¢),03,(1)) xidp_gr-ry for some small ¢>0. Below we shall
use the notation

z1~0, Tu~T 41, TRl
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to indicate that x=(z1,...,z%) belongs to a small normal neighborhood of d*(AkK~1).
With this notation, we have the following for (,)€Diffy(M); and (z,y)EAF x M.

For x,~0,

@1($7y):$1, Soi(xay):@i(07x27~”7xkay)7 Z>07
1/)($7y) :¢(07$2, "'7xkay)'
For zp~1,
@k(x,y):xm @i(xvy):@i(xlv"'7xk71717y)7 'L<k7

¢(l‘, y) :w(ajla ey Lle—1, 17 y)

For x,,~x 41,

where
t,(z)= (xl, e Zpet, %(x#—f—xﬂﬂ), %(x“+x#+1)7 Tps2, s ;vk),
ru(x)=(0,...,0, :(Tp—2ps1), 3(Tpg1—2p), 0, ..., 0).
Since (g, 1) is face preserving,
P(tu(r),y) =d"(dup(tu(r),y)),
U(tu(x), y) =dup(tu(z), y),

where #,: RF - R*~1 is given by

{M(Ila 717k) = (;El, ey Lpu—1, %(zu+xu+1)ax#+2a "'71'k)a

and (d,p,d,)) is the pth face of (¢,1)).

We shall compare the Jacobians

D(@? w)(duxa y) and D(d#gov d;ﬂ/)) (Z', Z/)

when (z,y)€AF~1 x M. We need the isomorphism ¢,: RxR¥~1 - R* defined by

buler) =ept1—epu,

bule:)=ei-1, 1<i<y,
¢u(€u+1) =€put+1tepu,

dulei) = e, p+1<i<k,
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where ey, ..., e, is the standard basis for R¥, with the convention that eq=0 and ej; =0.
The linear inclusions d*: RF~! - R* induce k+1 embeddings

d,: GL(RF™1) — GL(R").

For A€ GL(R¥~1), we have that d,(A)€ GL(RF) is equal to the identity on the orthogonal

complement of d*(R¥~1), and there is a commutative diagram
RxRF-1 1A Ry RE-1

bu o

d.(A)

R RE.

Differentiating the collar conditions imposed on the k-simplices (¢, ) of lﬁa(M ). and
listed above we will obtain the following result.

LEMMA 4.16. For a k-simplez (p,v) of ]S\i-f%a(M). and (z,y)€AP~1x M, the dia-

grams
D(p,¥)(d" z,y)

RkXTyM RkXTw(x’y)M
¢y xid ¢y xid
id x D(d,p,d, ) (,
RxRF-1x 7, ) ~X Do dut)@0) RXRFL X Ty gy M

commute for 0 u<k.

In the proof below we use Da and Dj; to denote the part of the Jacobian D which
differentiates with respect to x€AF and y€M, respectively. With this notation, the

bottom map in the diagram above consists of the following four homomorphisms

id xDA(dW)(w, y):RxRF 1 S RxRFL,
Dy(dup)(z,y):my M — OxRFL,
id X DA (du) (2, 4): RXRE ™Y 5 RX Ty, M =25 Ty M,
D (dpth) (@, y): 7y M — Ty, M.

Proof. We leave for the reader to check the easier cases p=0 and p==k. So assume
0<p<k. We differentiate the equation

o(r,y)= du(du‘»@(t_u (x),y))+ru(z),
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valid for z,~x,41, with respect to r€AF to get

Da(p)=d"oDa(dup)oDa(t,)+Da(ry).

Now observe that
Da(ty)o¢, =pr:RF — RF 1

is the projection onto the last (k—1) coordinates, and that
R, =Da(ry) ¢ RxRFT— RF

is the linear map that sends v=(v1,v2,...,v;) into ¢,(vier)=—vie,+vie, 1. Since

¢.(0,v2, ..., v;)=d"(va, ..., v), we have

"o D (dyup)opi (v)+Rpu(v) = ¢ (idr X Da(d,p))(v),
so that
DA(QP)O(ZS/L = ¢u°(idR XDA(dMSO))'

Differentiating with respect to y€ M, we have

Dyp(d'z,y) =d" oDy (due)(x,y) = ¢uDr(dup)(x,y)-

This proves the required commutativity for D(y), D(d, ), and leaves us to check com-

mutativity of

D d"x,
RF x 1, M o W)@ ey) oM

b, xid P2

id xDa(d, T,
RxRF 7, M — PG M

But this follows upon differentiating the equation

Y(x,y) = w(tu(ﬂf), y) = (duw)@uwa ),

with respect to € AF, to get

DA¢(d#$7 y)o% =Dx (du¢) Opi_'

Finally,
DM(w)(d#x7y) :DM(dM)('Thy)v

because ¢(d*x,y)=d,(z,y). This completes the proof. O
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We next introduce the A-monoid S. aut(§) and a map of A-monoids
a.: S, aut(€) — S, aut(€).
Definition 4.17. The k-simplices of S. autc(€) consist of all maps
F: AF — auto (R x€)
that satisfy the conditions

(ux &) o F(d"z)o(¢px&) =idp xd, F(x), pef{0,...k},
where d, F: A*~1 sautc(RF1x¢) is a (k—1)-simplex of S. aute ().
Variants such as S. autc.(§) or S. aute(€5) have the obvious meanings.

The inclusion of S, aut(¢) into S, aut(¢) is induced in degree k from the map
aut (&) — aut (R x £)

that sends (f, f) to (f,idgr xf). It is a consequence of Lemma 4.16 that the Jacobian
defines a A-map
D.:Diffy(M). — S. auty(rar).

It sends (ap,@b)éﬁfg(M)k to

D(p,3) Py
AFXRFE x 7 =2 AR X R x 13y —— REx s

1
Abx M — Ak — P,

where pi- is the projection onto the last two factors. Observe that 1: A* x M — M adjoins
to a map AF—auty(M).

Let ISi\f/fa)o(M).Q]Si\f/fa(M). be the union of the components of those block diffeo-
morphism that are homotopic to the identity; it maps into S, autg .(M). In Appendix ??
we will prove the following result.

THEOREM 4.18. The map
a.: S, autg . (€5) — S. autg . (&%)

defines a homotopy equivalence of Kan A-monoids.
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For £=7)7, we have (weak) homotopy equivalences

S. autg. . (15)| — S. auta,.(137)],

.

S. auta,o(T]\S/[ﬂ — allta,o(TJ\S/I)v

ev:
of topological monoids. Combined with the geometric realization of
D.:Diffy (M), —» S. auts . (15;),

one obtains a zig-zag of monoid maps from ]ﬁa(M) to auts,.(7yy). Applying the clas-
sifying space construction, one gets a zig-zag of maps from B Diffs . (M) to B autg .(75).
The map B

topy type of CW-complexes, and choosing a homotopy inverse we obtain a well-defined

a.| is a homotopy equivalence, since the spaces involved are of the homo-

homotopy class of maps
L: BDiffy (M) — Bauty..(75)).

We let D=QL,
D:Diffy . (M) — autg.(15r)-

(Alternatively, one could let L and D denote the zig-zag maps, and remember this for
the proofs below, which are all statements about homotopy groups).
If f: D* x M — D* x M with 0f=id represents an element of 7, (]S\i-ﬂ“a(M), id), then

the composition
k k D(f) k k proj  mk
D" x (R¥xT1y ) ——= D" X (R¥x1p1) — = R %1y

represents its image in 7 (auts . (73;)).-

4.4. The rational homotopy theory of B Iﬁ‘a,o (M)

In this section we compare B]/D\iﬁ’ayo(M) with Bautao(rf/[), where 75 is the tangent
bundle of M, and we calculate the rational homotopy type of Baut} (75;).
In the diagram of homotopy fibrations

auty..(M)/ Diffy (M) —— BDiffy..(M) —— Bauty..(M)

auty, ;(M)/ Diffo (M) — B Diffy(M) —— Bauty, (M)
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the map of the homotopy fibers is a homotopy equivalence, and there are homotopy

equivalences
k: autg,.(M)/ Diff 5. (M) = auty s (M) / Diff o (M) = S5/ (M) 1

into the identity component of the structure space.

The map L constructed in the previous section fits in a diagram
auta’o(M)/ f)i\f}'a,o(M) — B f)i\f]?a,o(M) —— B aut87o(M)
I
e L (4.11)
4

mapg (M, BO),s —— Bautg,.(ry;) — Bautg.(M).

Note that mapyy, (M, BO),s ~map,(M/0M, BO) ). We shall compare the induced
map ¢ on homotopy fibers with the normal invariant map 7, composed with the map
induced by j: G/O— BO,

S5/9 (M) 1) =L map, (M/OM, G/O) ) 2 map, (M/0M, BO) ).

The result is the following.

LEMMA 4.19. For a simply connected smooth compact manifold M of dimension at
least 5, the diagram

auty . (M) Diffp . (M) ——s map, (M/OM, BO)
85" (M) @) ——"— map,(M/0M,G/O))
commutes, up to a sign, upon taking homotopy groups, i.e.,
(Geonok)e = (=1)-Ly: mi(auty,. (M) / Diffy . (M)) — m(map, (M/OM, BO) o).
Proof. The homotopy fibration
Diffy,.(M) — auty,. (M) — auty . (M), Diffy . (M)
shows that we have isomorphisms

7 (autg . (M), f)i\f/fa,o(M); idps) & (auty . (M)/ f)\iﬁfap (M); %)
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so that
(S5 (M) (1); idar) 2y, (auty . (M), Diff 5. (M);id s ).

An element
[f, ] € m(auto . (M), Diffp . (M);idar)

is represented by the diagram

DEsx M — s DE Mt

T T

Skl M —2 5 Sk=1x M (4.12)
*X M —=xxM,

with the additional conditions that the restriction of (f, ) to (D¥ xdM,S*~1xOM) is
equal to the identity, and ¢ is homotopic to the identity relative to * x M. The resulting

element

n((f,0f]) € [S*AM/OM, G /O],

and its companion

jen([f,0f)) € [S* AM/0M, BOJ.

were described at the end of §4.1.

In our case,
f:DEx M — DEx M, Of =pUid: 9(D* x M) — (D" x M),
and (f, ) restricts to the identity on (C,dC), where
C=(DFxOM)U(xx M), 9C=(S*1xaM)U(xxM).

Let (g, ) be homotopy inverse to (f, ¢) relative to (C,0C), and set

E=g"(DFxvp)@(DF xR x7y) and 4 =" (S I xuvp)@(SF 7 xRF x 7).
Here vy, is the K-dimensional normal bundle of an embedding

(M,0M) C (RE+n RE+n=1)

with K >>0. The restriction of £ to S*~! x M is equal to v and

Ele=CxRET™ and  ~|gc =0C xRET"
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upon using that vy @71y =M x RE+7,
Since (D¥xM)/C=DFA(M/OM) and (S¥~1x M)/0C=S*"1A(M/OM), we have
bundles
ENVDMA(M/OM) and 7N\, S*TA(M/OM).

The framing 96 of v was defined in (4.6) at the end of §4.1. The differential of ¢ induces

a bundle isomorphism
Dip: SF7Lx (RF x7pp) — % (SF 71X RF x 1)
and 90 is the framing of v associated with the isomorphism

77[}*(Skfl XVM)@Z[}*(SIC71 XRk XTM) ideDy EAK;-n-&-k’

where we have used the identification vy, @TM:€ﬁ+n. Since 1y=¢~! is the identity over

00, the framing 00 induces a framing 90 of 5 and
[€/00)=G.n(f,0f) € [S" N(M/OM), BO).

The bundle £ is canonically trivialized as a bundle over the cone D¥ A(M/OM) and

induces a trivialization
h: SETIA(MJOM) xRE++r =, 5,
The composition 08-h adjoins to a map

S*TEA(M/OM) — GL(R*+m+F)

that represents 9, 1([¢,00]). Indeed, this is the well-known relation between maps from
a space X into GLs(R) and bundles over the suspension of X.

We next calculate the composition (£2¢).<0,. By construction, the analog of (4.12)
is valid with (f, ¢) replaced by (g,%), so ¢~id (rel. C). This yields the isomorphism

B p* (SF X R* x 1) — SFTLX R x 1y
and leads to the element
o=h oD €Toc(SF 1 x M, S*1 xR* x 131).
The map

Lo (St x M, S* =1 X R* x 737) — map, (S* " A(M/OM), GLs (R))
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sends o into (the adjoint of) the bundle isomorphism
o: SETIN(M/OM) x REFTE 5 SE=LA(M/OM) x REF TR

induced from o by adding the identity of S¥~1!xwvy;. It follows that the above df-h is
homotopic to 7.

Finally, the map (Qf).0d, is represented not by & but by (?—T):h’ o D¢, the inverse
of 7. Since inversion GL(R)—GLy(R) induces multiplication by —1 on the mapping
space, this completes the proof. O

PROPOSITION 4.20. For a simply connected smooth compact manifold M with OM =
S"=1 (n>5), the composition

auty . (M)/ Diffs.. (M) = map, (M/OM, BO) <, map, (M, BO) g
is a rational homotopy equivalence.

Proof. Consider the diagram

auty . (M) Diffp (M) —“— map, (M/dM, BO)0) ——— map, (M, BO) o,
~k Jx Jx

8579 (M) (1) —— map, (M/dM, G/0)g) —— map, (M, G/O) o).

By Lemma 4.19, the diagram anti-commutes after taking homotopy groups. By Corol-
lary 4.6, the map j.oq*on is a rational homotopy equivalence. It follows that ¢*</ is a

rational homotopy equivalence as well. O

Recall that for a vector bundle £ over a space X with subspaces DCCCX, we let
autd (&) Caut(¢) denote the submonoid of those (f, f) for which feautc,.(X) and f

restricts to the identity map on the fibers over points in D. The map
BDiffy.(M) — Bauty.(75)),
followed by the map on classifying spaces induced by the inclusion of
auty . (r5)) = autgo (r3)
into aut:‘;’o(Tf/[L induces a map of fibration sequences, similar to (4.11),
autg,.(M)/ Diffp (M) —— BDiffy . (M) —— Bautg.(M)
gt (4.13)

map, (M, BO),s —— B aut} (my;) —— Bautg.(M).
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The induced map on homotopy fibers may be identified with the map ¢*of, which
is a rational homotopy equivalence by the previous proposition. The following is a con-

sequence.

COROLLARY 4.21. For a simply connected smooth compact manifold M™ with OM =
S"=1 (n>5) and tangent bundle Ty, the differential induces a rational homotopy equiv-

alence
BDiffy. (M) — Baut} (75).

Remark 4.22. Let vy be the normal bundle of an embedding of (M,9M) into
(RHE R™HE-1) for K large. Then, we have that Baut} ,(vy;) is weakly equivalent
to Bautg’o(TjE[). To see this, one can use Proposition 4.13, which shows that the two

spaces are different, but homotopy equivalent, components of the space
B(map, (M, BO),autg .(M), *).

Indeed, since BO is an infinite loop space, inversion defines an auty (M )-equivariant
homotopy automorphism of map, (M, BO), which maps the component of a bundle £ to
the component of its complementary bundle. The induced map of

B(map, (M, BO),auty (M), *)

maps the component of 75, to the component of vy;.

Thus, the analysis of the rational homotopy type of B]Si?f@yo(M ) reduces to ho-
motopy theory of stable vector bundles. We proceed to analyze the rational homotopy
type of B autg’o(rf{), following [8]. Applying Proposition 4.13 to (X, C, D)=(M,0M, *),

&=7)r, we obtain the following result.
COROLLARY 4.23. There is a weak homotopy equivalence
Baut}, (ryy) ~ B(map, (M, BO),s ,auts,.(M), ).

From Corollary 4.23, the following rational model for B autgyo(TAS/I) can be derived
using the methods of [8]: The classifying space for stable vector bundles BO has a simple
dg Lie algebra model, namely the abelian dg Lie algebra with zero differential

P=m,(2B0)&Q.

It admits a basis q1, g2, ..., where ¢; €m4;—1 (Q2BO)®Q=m4;,(BO)®Q is dual to the univer-
sal Pontryagin class p;€ H¥(BO; Q). Recall from the previous section that the minimal
Quillen model of M has the form

Lar = (L(V),9),
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where V=s"'H,(M;Q). The action of the dg Lie algebra
Der; Ly = (Der L(V), [5, ~)
on LLjs induces an action on indecomposables
Lar/[Lar, Lag] =V = s Ho(M; Q),

which dualizes to give an action on reduced cohomology H *(M;Q). The Pontryagin

classes of the tangent bundle 7/,
pi(rar) € HY(M; Q)

may be assembled to a distinguished element 7 of degree —1 in the tensor product
H*(M;Q)®P:
T:Zpi(TM)®qi~

THEOREM 4.24. Let M be a simply connected smooth compact manifold with bound-
ary OM=S5""1 and tangent bundle Tp;. Let (L(V),6) be a minimal Quillen model for
M and let well(V') represent the inclusion of the boundary.

The classifying space B autao(Tf/[) is rationally homotopy equivalent to the geometric

realization of the dg Lie algebra
(H*(M;Q)®P)s0 %, Der), L(V).
Explicitly, the differential is given by
0" (x,0)=(7.6,]0,06]), (4.14)

where 7.0 denotes the action of 0€Der),L(V) on T described above.

Proof. Using that B autao(q\s;[) is weakly homotopy equivalent to the bar construc-

tion B(map, (M, BO)q),auty,.(M),*), the result follows from [8]. O
COROLLARY 4.25. If M is formal with trivial multiplication on the reduced coho-
mology ring and if the rational Pontryagin classes of Ty are trivial, then Bautao(rf/[)

is coformal, with rational homotopy Lie algebra isomorphic to
(H*(M;Q)® P)soxDert L(V).

Proof. Vanishing of the rational Pontryagin classes is equivalent to 7=0. Formality
of M together with triviality of the multiplication on H* (M;Q) is equivalent to 6=0. This
implies that the differential (4.14) is zero, which in particular means that B autgyo(TAS/I)

is coformal. O
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COROLLARY 4.26. If 1’;T>,<(M7 Q) is concentrated in a single degree, then the fibration
map, (M, BO).s — B autg’o(ﬁa) — Bautg (M)
is rationally trivial. Consequently, there is a rational homotopy equivalence
B autgvo(ﬁ\s/[) ~gmap, (M, BO) ) x Bautg,.(M).
Moreover, Bautg,o(TAS/[) 18 coformal with rational homotopy Lie algebra isomorphic to
(H*(M;Q)®P)50x Der, L(V).

Proof. 1f H, (M;Q) is concentrated in a single degree, then =0 is forced by degree
reasons. Moreover, the action of Der) IL(V') (which is concentrated in positive degrees)
on H,(M;Q) is trivial, also for degree reasons. This implies that the differential (4.14)
is zero, and moreover that the semi-direct product is a product. O

Clearly, the previous corollary applies to (d—1)-connected manifolds of dimension

2d and in particular to the generalized surfaces
M, 1 =#9(S%x S%)\int(D?%).

In the next section, we will focus on this class of manifolds.

5. Automorphisms of highly connected manifolds

This section is devoted to the proof of the following general result on the rational homo-
topy type of classifying spaces of homotopy automorphisms of highly connected mani-
folds.

THEOREM 5.1. Let M be a closed (d—1)-connected 2d-dimensional manifold and
let N denote the result of removing an open 2d-disk from M. Let X denote either of the
classifying spaces

Baut(M), Baut.(M), or Bautyg(N),

and X be the simply connected cover of X. Let H=Hy(M;Z) with intersection form
w and quadratic refinement Jq (see §5.1). If d>=3 and rank H>2, then the following
statements hold.

(1) The fundamental group 7 (X) maps surjectively, with finite kernel, onto the
automorphism group Aut(H, u, Jq).

(2) Quillen’s dg Lie algebra \(X) is formal.
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(3) The rational homotopy Lie algebra 7@(X)=m,11(X)®Q, with the Whitehead

product, is isomorphic to
OutDer' 7@(M), Der' 7%(M), or Der) 7(N);

the graded Lie algebra of positive-degree outer derivations, derivations, or derivations
annihilating w, respectively. The graded Lie algebra 72 (N) is free on rank H generators
of degree d—1, and 72(M) is isomorphic to the quotient graded Lie algebra m2(N)/(w),
where wEmaq—1(IN) is the homotopy class of the attaching map for the top cell in M.

The result for boundary-preserving automorphisms will be a key ingredient in later
sections. The results for basepoint-preserving and free automorphisms will not play a
further role in this paper, but they are of independent interest and are included for
completeness. We remark that Theorem 5.1 may be viewed as an ‘infinitesimal’ version
of the Dehn—Nielsen—Baer theorem (see, e.g., [24, Chapter 8]).

5.1. Wall’s classification of highly connected manifolds

Let M be a closed oriented (d—1)-connected smooth manifold of dimension 2d, where

d>3. The intersection form
Ji% Hd(M)®Hd(M) — 7,
(z,y) — (z,),

endows Hy(M) with the structure of a (—1)%-symmetric inner product space over Z.
Every homology class x€ Hy(M) may be represented as the fundamental class of some
embedded sphere S%C M by [34]. The normal bundle of the embedding S¢C M is classi-
fied by a map v: S¢— B SO(d) and determines a homotopy class [v]€ms_1(SO(d)). The

function
q. Hd(M) — ﬂd_l(SO(d)),
z—[v],
is well defined and satisfies the following equations:
q(z+y) = q(x)+q(y)+{z, y)0(wa), (5.1)
HJq(z)=(z,x). (5.2)

Here O(1q)€ma—1(SO(d)) denotes the image of the class of the identity map of S¢ un-
der the boundary map of the long exact homotopy sequence associated with the fi-
bration SO(d)—SO(d+1)—S?. 1In the second row, J:mg_1(SO(d))—=m2q_1(S%) is the
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J-homomorphism and H :ng,l(Sd)—>Z the Hopf invariant. We refer to Wall’s work
[69]-[72] for more details.
By a (geometric) quadratic module we will mean the data (H, u,q) of an abelian

group H together with a (—1)%-symmetric non-degenerate bilinear form

pwHOH — 7,

(z,y) — (z,y),

and a function
q: H— 7m4-1(SO(d))

such that equations (5.1) and (5.2) are satisfied. A morphism of quadratic modules
is a homomorphism that preserves p and ¢. Let Q(M) denote the quadratic module
(Hq(M), i, q) associated with a highly connected manifold M.

If the normal bundles v of the embedded spheres S?C M are stably trivial, i.e., if
the tangent bundle 7, restricts to the trivial bundle on the embedded spheres, then the
quadratic function ¢ maps into the subgroup of 7m4-1(SO(d)) generated by 9(tq). The
J-homomorphism maps this subgroup isomorphically onto the subgroup of ma4_1(S%)
generated by the Whitehead product [i4,t4). If d is even, then 9(:4) has infinite order,
and in this case the quadratic function is determined by the self-intersection by (5.2). If
d is odd and d#1, 3,7, then 9(iq) is a non-zero element of order 2. In the cases d=1,3,7,
we have 9(tq)=0.

Let N denote the manifold obtained by removing an open 2d-disk from M. Then N is
homotopy equivalent to a wedge of spheres \/" S?, where n is the rank of H=Hy4(M), and
we may identify its boundary ON with S??~!. The homotopy type of M is determined
by the homotopy class w€may_1(N) of the inclusion S?¢~1=ON — N, which may be
expressed in terms of the associated quadratic module as follows. Let a;:S?— N, for
i=1,...,n, represent a basis for 74(N) and let ey, ..., e, be the corresponding basis for H.

Then, we have the equality

sz(ei,ej)[ai,aj]—i—Z a;oJq(e;) (5.3)

i<j i
of elements in the homotopy group maq—1(N); see [69]. We note furthermore that the
rational homotopy groups 72(N)=m,,1(N)®Q, with the Whitehead product, is a free

graded Lie algebra on the classes aq, ..., .

Remark 5.2. The function Jg: Hy(M)—maq_1(S%) may be defined in purely homo-
topy theoretical terms. In fact, given a homology class x€ Hy(M) with Poincaré dual
cohomology class €€ H?(M), one can check that Jq(z)€Emaq_1(S5?) is the obstruction for
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€ to be induced by a map M —S¢. This obstruction has been studied by Kervaire and
Milnor in [37, §8], where it is denoted t(€). In particular, the function Jgq is defined for
all d. Note however that the function ¢ is defined only for d>3, because one needs to be

able to represent homology classes by embedded spheres (cf. [34]).

5.2. Mapping class groups

The mapping class groups of highly connected manifolds may be described in terms
of the associated quadratic modules, up to extensions. We will recall the calculation
for the homotopy and block diffeomorphism mapping class groups of N relative to its
boundary, where as above M is a closed (d—1)-connected 2d-dimensional manifold and
N=M\int D4,

PROPOSITION 5.3. (See [10, 40]) Let d>3. There is a commutative diagram with
exact rows
O—>I~{—>7ro]5ﬁa(N) — Aut(H, p,q) — 0

| |

0 — K — mpauty(N) — Aut(H, p, Jqg) — 0.

The group K is finite. The group K is finite except when d=3 (mod 4), in which case

there is an exact sequence
0 —0B9511 — K— H—0,

where Ogq41 denotes the group of (2d+1)-dimensional homotopy spheres.
This description of my autg(N) is valid also for d=2; see Remark 5.2.

Remark 5.4. We note that Aut(H, p, Jq) is an arithmetic subgroup (in the sense of
[63]) of the algebraic group over Q of automorphisms of the inner product space (H<, p).
The exact sequence of Proposition 5.3 shows that 7y auty(N) maps onto Aut(H, u, Jq)
with finite kernel. This is related to the general result, due to Sullivan [67, Theorem 10.3]
and Wilkerson [78, Theorem B (2)], that the homotopy mapping class group of a simply

connected finite CW-complex is commensurable with an arithmetic group.

Ezample 5.5. For the manifold S¢x S¢ the normal bundles of the embeddings
S¥xxC S8 and *xS%cC S?x S

are trivial. Thus, if we let e and f be the classes in Hy(S%xS?%) represented by these
embeddings, then the quadratic module associated with S% x S? is given by (Ze®Zf, 1, q),
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where
<676>:03 <€7f>:1, <f7f>:07

and
q(ae+bf)=abd(tq).

Connected sums of oriented manifolds correspond to orthogonal sums of quadratic mod-
ules; for M and N two highly connected manifolds, there is a natural isomorphism of

quadratic modules
QIM#N)=Q(M)®Q(N).

It follows that the quadratic module associated with the manifold M,=#795 d% S is the
hyperbolic module (Hy, i1, q): there is a basis ey, ..., eq, f1, ..., fg for Hy such that

(eisej) =0, (e, fj) =065, (fi, [5)=0,
and
g
glarer+...4ageg+b1 fi+...0yfg) = Z a;b;0(Lq).
i=1

It follows that
Aut(Hg, 1, q) = Aut(Hy, p1, Jq)

for the hyperbolic module. According to Proposition 5.3, both groups g f)\i?fa(Mg,l) and
mo auty (M, 1) map onto Aut(Hy, i, q).(%) The automorphism group

Lg:=Aut(Hy, p, q)

admits the following concrete description. If d is even, then I'y is isomorphic to the
automorphism group Aut(Hg, ), i.e., to the orthogonal group O, 4(Z). If d=1,3,7,
then I'y is isomorphic to the symplectic group Spgg(Z). If d#1,3,7 is odd, then Iy is

isomorphic to the subgroup of Sp, g(Z) consisting of those symplectic matrices

(5 %)

for which the diagonal entries of the g x g-matrices 7' and §*3 are even. For this last
description see, e.g., [3, §3]. In the notation of [3], I'y is isomorphic to the automorphism

(?) We warn the reader that there is an erroneous claim in [10] (bottom of p.24 and onwards) that
mo auty(Myg,1) maps onto Aut(Hg, ). The error comes from the incorrect inference “if g(e;)=0 for all 1,
then ¢=0". The mistake is harmless; replacing Aut(Hg, u) by Aut(Hg, i1, q) in [10] (where p is denoted
q and ¢ is denoted ) the arguments go through.
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group of the hyperbolic module in the category Q*(A,A), where A is the ring Z with

trivial involution, A=(—1)%, and

0, if d is even,
A=< 7, ifd=1,3,7,
27, ifd#1,3,7is odd.

In what follows we will describe the rational homotopy type of the simply connected
cover of Bauty(N), viewed as a representation of the mapping class group.

5.3. Equivariant rational homotopy type

Let M be a (d—1)-connected, 2d-dimensional manifold and let N be the manifold ob-
tained by removing an open 2d-disk from M. Let (H, p,q) be the associated quadratic
module and let H2=H®Q. We may identify 74(N) with H, and the homotopy Lie alge-
bra 7¢(N)=m,,1(N)®Q with the free graded Lie algebra L(H?[d—1]), where the gen-
erators are put in degree d—1. Note also that V=s"1H, (N;Q) is the same as H[d—1].
It follows immediately from Corollary 3.13 that Bautg.(IN) is coformal with rational
homotopy Lie algebra

T (auty(N))®Q = Der) L(HY[d—1]).

We next wish to identify the action of the mapping class group algebraically.

PROPOSITION 5.6. There is a o auty(N)-equivariant isomorphism of graded Lie
algebras
T (auty(N))®Q = Der) L(HY[d—1]),

where the action on the right-hand side is induced by the standard action of Aut(H, u, Jq)
on H.

Proof. According to (3.4), there is an isomorphism of graded Lie algebras
7. (aut, (), idy)@Q = Der' Ly. (5.4)
The monoid autg(N) is the fiber over the inclusion map i: N — N of the fibration
i*:auty(N) — map,(ON, N).

By naturality of (3.3), the map in rational homotopy induced by ¢* may be identified
with the map
¢*:Der” Ly — Der(Lon, Ly). (5.5)
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As in the proof of Theorem 3.12, the map (5.5) is surjective. Hence, the rational homo-

topy exact sequence of the fibration
auty (V) — aut,(N) — map, (ON, N)

splits into short exact sequences, and the rational homotopy groups of autg(/N) may be
identified with the kernel of (5.5). Thus, for x>0,

T (auts(N))@Q = Der) L(H%[d—1]). (5.6)

An argument is needed to show that this isomorphism commutes with Lie brackets. Since

auty(N)—aut,.(N) is a map of monoids, the map
e (autg (V) @Q — m. (aut,(N))@Q

commutes with Samelson products, and since the map is injective, we may calculate Lie
brackets in 7, (auts(N))®@Q by passing to m.(aut.(N))®Q, where they are calculated
in terms of commutators of derivations (5.4), so it does follow that (5.6) preserves Lie
brackets.

By the same token, the action of mg(auts(N)) on 7. (auty(N))®Q may be calculated
by passing to the action of my(aut.(N)) on m.(aut,(N))®Q. The latter action may
in turn be identified by exploiting the naturality of the isomorphism (3.3). Indeed, if
f: N— N is a based homotopy self-equivalence, then a Lie model for f is simply given by
the isomorphism ¢: Ly =Ly that is induced by f in rational homotopy. By our previous
considerations, cf. §3.4, the action of the class [f]€m(aut.(N)) on m,(aut.(N))®Q is
induced by the self-map of aut.(IN) that sends g to fgf~!, where f~! is a choice of
homotopy inverse of f. From the naturality of the isomorphism (3.3), it follows that the
action of [f] on Der™ (Ly) is given by

00— gafoﬁogogl. O
COROLLARY 5.7. The rational cohomology groups of
Bauty(N)

are finite-dimensional in each degree.

Proof. Let X=Bauty(N). The graded Lie algebra

Der! L(H®d—1])
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is finite-dimensional in each degree, so the rational homotopy groups of X are finite-
dimensional in each degree. Hence, the same is true of the rational cohomology groups
of X. As pointed out in Remark 5.4, the group m1(X) maps onto an arithmetic group
with finite kernel. A spectral sequence argument together with a certain finiteness prop-
erty of the cohomology of arithmetic groups (see Theorem A.1) then shows that the
cohomology HP(m(X); V), with coefficients in any finite-dimensional representation V,

is finite-dimensional. Thus, in the universal cover spectral sequence,
Ep? = HP(m (X); HU(X; Q) = H"*(X;Q),

each term E5? is finite-dimensional. It follows that H ¥(X;Q) is finite-dimensional for

every k. O

5.4. Free and based homotopy automorphisms

We now turn to the rational homotopy theory of the classifying spaces of the monoids
aut(M) and aut, (M) of free and basepoint-preserving homotopy automorphisms, respec-
tively, for highly connected closed manifolds M.

Let M be a closed (d—1)-connected, 2d-dimensional manifold, and let N be the
the result of removing an open 2d-disk from M. Recall from §5.1 the definition of the
quadratic module (H, u,q) and the homotopy class w€may_1(N). Let n be the rank of
H. The rational homotopy groups

T(N) =mp1(N)®Q,

with the Whitehead product, may be identified with L(aq, ..., ay,), the free graded Lie
algebra over Q on classes aq, ..., a, of degree d—1. The homotopy class of the inclusion

of the boundary is, up to a sign, represented by the element

1 #
wiiZ[ai 7041'],
cf. Theorem 3.11. The rational homotopy groups of the closed manifold M may be
identified with the quotient graded Lie algebra,

W?(M) gL(ala "'7an)/(w)'

THEOREM 5.8. Let M be a closed (d—1)-connected 2d-dimensional manifold, where

d>2, and consider the classifying spaces

X =Baut(M) and X.=DBaut,(M).
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If rank H>2, then the following statements hold.
(1) Both groups w1 (X) and w1 (X.) surject onto Aut(H, p, Jq) with finite kernel.

(2) The Quillen dg Lie algebras \(X) and A(X,) are formal.

(3) There are m -equivariant isomorphisms of graded Lie algebras

72(X) = OutDer " (L(av, ..., )/ (W),

72(X,) = Der" (L(ay, ..., )/ (w)).

Statement (1) about the homotopy mapping class groups 71 (X)=mpaut(M) and
m1 (X )=mp aut,. (M) was established in [10]; see also [5]. Statements (2) and (3) are
consequences of the following general result.

THEOREM 5.9. Let M be a simply connected space of finite Q-type with homotopy
Lie algebra L=n2(M). Assume that M is coformal and let f:L—L be the minimal
model. Suppose that

(1) the graded Lie algebra L has trivial center,

(2) the map f*:Der L—Ders(L, L) induces an isomorphism in homology in non-
negative degrees.

Then the universal simply connected fibration with fiber M,
M — Ey — By,
is rationally modeled by the short exact sequence of graded Lie algebras
0—L—Der" L—Der" L/ad L —0.

Proof. Consider the pullback of chain complexes

Der f ——1 5 DerLL (5.7)

Przl lf*

Der L —— Der;(L, L),

where Der f is the chain complex of pairs (6,7) of derivations §€DerL and neDer L
such that f*(8)=f.(n). The coordinatewise Lie bracket on Der f makes it into a dg Lie
algebra, and the chain maps pr; and pry become morphisms of dg Lie algebras. Since
f:L—L is a surjective quasi-isomorphism and L is cofibrant, Lemma 3.5 implies that the
chain map f, is a surjective quasi-isomorphism. Since (5.7) is a pullback, it follows that
pr, is a surjective quasi-isomorphism as well. By hypothesis, f* induces an isomorphism

in homology in non-negative degrees.
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As the reader may check, a morphism of dg Lie algebras may be defined by
ad: L — Der f,
E—s (adg, adf(g)).

Its mapping cone Der f//ad L admits a dg Lie algebra structure such that the map
Der f—Der f// ad L becomes a morphism of dg Lie algebras. After taking positive trun-
cations, we get a commutative diagram of dg Lie algebras where all vertical morphisms

are quasi-isomorphisms

L—=2 i De*L——Der*LjadL (5.8)

]

L L Der™ f Der” f//adL

N

L—2 i Der* L ——Der" L/ adL.

By Corollary 3.3, the top row is a model for the universal simply connected fibration
with fiber M.

If the center of L is trivial, then the morphism ad: L—Der" L is injective and the
natural morphism Der™ L/ ad L—Der™ L/ ad L is a surjective quasi-isomorphism. Hence,

in this case the bottom row of (5.8) is weakly equivalent to the short exact sequence
0— L—sDer" L —Der* L/ad L —0. O

To finish the proof of Theorem 5.8, we will verify the hypotheses of Theorem 5.9.
This is done in Proposition 5.10 and Lemma 5.11 below. For M as in Theorem 5.8, we
have L=7%(M)=L(ay,...,a,)/(w), and a cofibrant dg Lie algebra model M is given by

]L:(]L(alavan7g)75)7 5(‘9):(")7 5(a2):0
The generators «; have degree d—1 and the generator g has degree 2d—1. The evident
morphism of dg Lie algebras f:IL— L is a quasi-isomorphism.

PROPOSITION 5.10. Let M be a (d—1)-connected 2d-dimensional closed manifold
where d>2 and let n=rank Hy(M). If n>2, then the homotopy Lie algebra 72(M) has

trivial center.

Proof. We invoke [13, Proposition 2] which says that a graded Lie algebra L of finite

global dimension has non-trivial center only if the Euler characteristic x(L) is zero, where

X(L)= ) (~1)" dimg Ext;(Q, Q),

i
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and UL denotes the universal enveloping algebra of L. For L=7%(M), we have that
Ext!; (Q, Q)= H(M;Q), because H*(M;Q) is Koszul dual to 7@(M) (see [7]). It fol-
lows that L has global dimension 2 and that x(L)=2—mn, whence L must have trivial

center whenever n>2. O

LEMMA 5.11. The chain map f*:Der L—Der¢(L, L) induces an isomorphism in ho-

mology in non-negative degrees.

Proof. Recall that L is the free graded Lie algebra on generators aq, ..., a;, in de-
gree d—1 and p in degree 2d—1, with differential da;=0 and dpo=w. Note that L is
concentrated in degrees r(d—1), for r>1. The chain complex Derf(LL, L) is spanned by
elements of the form ¢9/ 8041# in degrees congruent to 0 modulo (d—1) and £0/0p in
degrees congruent to —1 modulo (d—1), where (,£€ L. The differential is given by

0
D(fag)zo

15) 15)
D(ca%#) =6, S 5 (5.9)

and

One checks that the image of the map f*: Der L—Der¢(L, L) is precisely the kernel of D
in degrees congruent to 0 modulo (d—1). For every element {€ L, 4_1), we have a cycle
£0/0p in degree (r—2)(d—1)—1. If r>2, then ¢ is decomposable and (5.9) shows that
£0/0p is in the image of D. For r=1, it represents a non-trivial homology class outside

the image of f*, but this is harmless because it is of negative degree. O

6. On the structure of derivation Lie algebras

In this section we will analyze the structure of the graded Lie algebra Der,, L(V') asso-
ciated with a graded anti-symmetric inner product space V. This will be an essential
ingredient both in the proof of homological stability for B auty(Mg,1) and B Diff5(M, 1)

and for the calculation of the stable cohomology.

6.1. Sp-modules

Recall that a graded anti-symmetric inner product space of degree D is a graded vector

space V of finite dimension, together with a non-degenerate bilinear form of degree —D,

VeV —Q,
TRy (T,Y),
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such that (z,y)=—(=1)l1W{y 2) for all 2,ycV.
A morphism f:V—W of graded anti-symmetric inner product spaces of the same

degree is a linear map of degree zero such that

(fz, fy)w = (z, y)v

for all z,yeV. Let Sp” denote the category of graded anti-symmetric inner product
spaces of degree D. The adjoint of a morphism f:V—W is the unique linear map
"W =V such that

(f'z,y)v = (=, fy)w

for all ze W, y€V. Clearly f'f=1y. In particular, every morphism f:V —W is injective

and there is an isomorphism of inner product spaces

WS vevt,
z— (f'(x),2— ff'(2)),

where
Vi={zeW:(z, fy)w=0for all ye V} =ker f'.

(Note however that f' is not a morphism in Sp”.)
We define an Sp”-module in a category V to be a functor Sp” —V. In what follows
we will show that Der,, (V) is the value at V of an Sp”-module in graded Lie algebras.
Recall that L(V') denotes the free graded Lie algebra on V. For a linear map

f:V—W,

we let L(f): L(V)—L(W) denote the induced morphism of graded Lie algebras. Given
a morphism f:V—W in Sp”, we define a morphism of graded Lie algebras

X¢:Der L(V') — Der L(W)

as follows. For #e€DerL(V), we let xy(8)eDerL(W) be the unique derivation that

satisfies
X (0)(x) =LL()8(f'x)

for all zeW. It is easy to check that x,x =X, When the composition ¢gf is defined.
It is perhaps not evident from the definition that x s is a morphism of Lie algebras, but
this will be verified below.
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PROPOSITION 6.1. If f:V =W is a morphism in Sp”, then
Xf:DerL(V) — Der L(IW)

is an injective morphism of graded Lie algebras.

Proof. Let 6,n€DerL(V). We have an equality of maps from L(V) to L(W):

x5 (0)°L(f) =1L(f)-0. (6.1)

This follows because both sides are LL(f)-derivations and, for every y€V, we have

X5 OL(F)(y) = x5 (0)(fy) =L(NHOf fy) =L(/)b(y)-
Next, to verify the equality
X7 (0), x ()] =xy16,n],

observe that both sides are derivations, so equality may be checked by evaluating at

generators x€V. But

Der(0), xr (M) (@) = xp (0)x s () () — (= 1) X OO0y, () x4 (6) ()
=X (OL(H)n(f'e)—(=1) 1y s ()L(f)0(f')
=L(f)On(f'z)— (=) IL(f)no(f'e)
= xs([8,m)) (),

where we have used (6.1) in the middle step.
To check injectivity, define the map

Yy:Der L(W) — Der L(V)

by requiring
() (x) =L(f)0(fx),

for e Der L(W) and € V. Then one checks that the composite 1) ¢6; is the identity map
on DerL(V'). (Note however that 9 is not necessarily a morphism of Lie algebras.) [

Next, recall from §3.5 that there is a canonical element w=wy €L(V) associated
with every graded anti-symmetric inner product space V. If oy, ..., a, is a graded basis

with dual basis oﬁfe, .., aff then

w= % Z[af&,al].

%
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In what follows, we will show that the evaluation map
ev,:DerL(V) —V, ev,(f) =0(w),
and the map
0_ _:L(V)QV — DerL(V), 0¢,(y)=¢&(z,y),
are natural transformations of Sp”-modules.

PROPOSITION 6.2. Given a morphism f:V—W in Sp?, the diagram

Der L(V) —Y5 (V)

Xfl ll(f)

eVuy,

Der L(W) ——= L(W)
18 commutative.

Proof. As we noted above, the map f: V' —W is injective and induces an isomorphism

of inner product spaces
WvVevt,

so we may, without loss of generality, assume that

W=vVeVt
Then, we have that wy =wy +wy 1, where wy €L(V) and wy 1 €L(V+). For a derivation
6 on L(V), we may describe x¢(6) as the unique derivation on (W) that restricts to 6
on L(V) and restricts to zero on L(V+). Thus,

Xr(0)(ww) = x5 (0)(wv)+x5(0)(wy ) =0(wy),
which proves the claim. O
PROPOSITION 6.3. The map
O_ _:L(V)®V — Der L(V).

defines an isomorphism of Sp”-modules (of degree —D).

Proof. Since the inner product is non-degenerate, and since a derivation is deter-
mined by its value on generators, it follows that §_ _ is an isomorphism. We need to

verify that the diagram
0,
L(V)®V —— Der L(V)

L(f)@fl le

0
L(W)@W —— Der L(W)
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is commutative for every morphism f:V—W in Sp”. Indeed, for z€V, yeW and
¢eL(V), we have

X7 (0c,2) (y) =L()0e.0 (f'y) =L(f) (&, f'y)),
and, on the other hand,
OL( e, r2(y) =L (E)(fz,y).

These elements are clearly equal. O

The kernel of the evaluation map is exactly Der,, L(V). It is a graded Lie subalgebra
of Der L(V), and since ev,, is a morphism in Sp”, it inherits an Sp”-module structure.

By Corollary 3.10, the image of ev,, is the space of decomposables
[L(V),L(V)] =L>*(V).
Hence, there is a short exact sequence of SpD -modules,
0 — Der,, L(V) — Der L(V) — L??(V) = 0.

Clearly, the Lie bracket L(V)®V —L>2(V) defines a morphism of Sp”-modules.
Let, for the moment, g(V) denote the kernel. It follows from Proposition 3.9 that we
have a commutative diagram of SpP-modules, where the rows are exact and the vertical
maps are isomorphisms,

0 a(V) L(V)@VQH}?(V) —0
|
|
|

~
<+
ev

0 — Dery, L(V) —— Der L(V)) —=4 L>2(V) —— 0.

0, _

R

In fact, the top row is functorial not only with respect to morphisms in Sp?, but for all
linear maps. In what follows, we will identify the entries in the top row as the values at

V of certain Schur functors.

6.2. On the Lie operad

Let Lie={.Zie(n)},>0 denote the Lie operad. As a vector space, -Zie(n) is the subspace
of the free Lie algebra L(z1, ..., 2, ) spanned by all Lie monomials in z1, ..., 2, containing
every generator exactly once, cf. [33, §(1.3.9)]. There is a left action of the symmetric

group Y, given by permuting the generators:

Uf(‘rh 7xn) = f(xan HES) ‘ran)‘
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Define the Lie monomials ¢, =¢(z1, ...,x,) and r,=r(z1, ..., ) inductively by
Uxy)=r(x1) =21
and

U2y, ey ) =[21, 022, ooy )],

(21, ey Xn) = [r(T1, ooy Tne1), Tn)-

It is an exercise to show that £,, generates Zie(n) as a X,-module. In fact, identifying
Yn—1 with the subgroup of ¥,, consisting of those permutations that leave n fixed, it is
not difficult to show that the elements

oln = [Toy, [ [Ty [Top_ys@n]] ], 0 E€BL1,
form a vector space basis for Zie(n), see [58, §5.6.2]. In particular,
dim Zie(n)=(n—1)L

Similarly, r,, generates .Zie(n) as a ¥,,-module.

The Lie operad is a cyclic operad, which means that the action of ¥,,_; on Zie(n—1)
extends to an action of %, in a way compatible with the operad structure, cf. [31,
§(3.9) (b)]. Let ZLie((n)) denote Lie(n—1) viewed as a ¥,-module. For pe.Zie((n))
and 0€Y,, we write po=c"1p. Let t, denote the cyclic permutation (12...n)€X,.
We will abbreviate pt,, to pt when the index n is clear from the context. Since %, is
generated by 3,1 and t,, the action can be computed using [31, Theorem (2.2)] or [45,
Proposition 42]: For pe Zie((m)), ge.Lie((n)) and 1<i<m—1 we have

e ={ @t 2L (6:2)
‘ pto,_1q, if2<i<m—1. '

The action has a compelling graphical description. If we represent a Lie monomial in
Zie((n)) by a planar binary rooted tree with leaves labeled by 1,...,n—1 and the root
labeled by n, then a permutation o€, acts by relabeling and then reinterpreting the
tree as a Lie monomial using the leaf labeled by n as the root. For example, here is the
computation of the action of t5=(12345)€ X5 on ry=[[[z1, z2], x3], x4] € Lie((5)):
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[[z1, z2), 23], 2a] =2 [x1, [[22, 23], 24]).

More generally, one can work out that the action of ¢,,¢ on r,,_1 €.%ie((n)) is given by

los, =1,
t;irn_lz [6(1‘1,...7.’L‘n,i),7"($n,i+17...71‘“,1)]7 if 1<i<n, (63)
Trn_1, ifi=n

PROPOSITION 6.4. For every n>=2, the sequence
0— Zie((n)) 25 Q%, ®yx, , Lie(n—1) = Lie(n) — 0, (6.4)

where .
=Y tot't and e(0C)=0[¢,xn),
i=1

s a short exact sequence of ,-modules.

Remark 6.5. The existence of an exact sequence of the form (6.4) has been noted
before, see [77, Corollary 2.7], but the explicit expressions for the maps and the following

direct proof of exactness seem to be new.

Proof. 1t is immediate that ¢ is ¥, -equivariant. To check that p is ¥,,-equivariant,
it suffices to check that pu(t,&)=t,u(§) and p(e€)=op(§) for all (€ Lie(n—1) and all
0€¥,_1. The former is clear. For the latter, we use the fact that the permutation

. ~1.
t7ipt? ) fixes n, so that

th ®t;" th ®(tpte (D)o (g

Zzt;(t;igté’ ( )®t o~ )5 thQ )®t ) 1(1')5
i—1
= ou(§),

where the last equality follows by the change of summation index i'=o~1(4).

Since e(1®7r,—1)=ry, and since Zie(n) is generated by r, as a X,-module, it is
clear that ¢ is surjective. To see that u is injective, note that there is an isomorphism of
right >,,_1-modules,

Qx, =QC,®Q%, -1,

where C,, denotes the cyclic subgroup of ¥,, generated by t,,. Hence, there is an isomor-
phism
QX,®s, ,Lie(n—1)=2QC,®.Lie(n—1).
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We can define a Q-linear splitting of p by sending ¢ ®¢ to 0 if i#0 and to & if i=0.

To show that eu=0, it suffices to verify that eu(r,—1)=0, because Zie(n—1) is
generated by r,_1 as a ¥, _1-module and p and € are equivariant. Using the formula for
the action (6.3), we get that

n
eplramt) =S 1ty s, 2]
=1

n—1
:tn[gn—laxn]'*'z t;[[ﬁ(l‘l, -~-axn—i)7r(xn—i+17 seey xn—l)]axn]+[rn—lzxn]
=2
n—1
=[l(zg,...,xn), xﬂ+2[[€(mi+1, ooy T )y T(T1 5 ey Tim 1)), T4 F [P, T
=2

Using the Jacobi relation and anti-symmetry, we may rewrite the middle sum as

n—1
Z[E(xiﬂ, oy T )y [P(@1y ey i1 )y i) ] = ([0, (@it 1y ooy T )], 7(X 1 ey T—1)]
i=2
n—1
= Z[g(xi-l—l? ...,xn),r(xl, ...,xi_l,xi)]—[f(mi,mHl, veey .Z‘n), 7‘(.731, ...,xi_l)].

i=2
The last expression is a telescoping sum, whose surviving terms are [z,,7r,—1] and
—[l(x2, ..., zn), x1]. These cancel the outer terms in the expression for eu(r,—_1) we found
above. Thus, eu(r,—1)=0.

Finally, exactness of (6.4) follows from a dimension count: So far, we know that
(6.4) is a chain complex and that the homology vanishes except possibly at the middle
term. Since dim.Zie(n)=(n—1)! and dimQ%, ®s,_, Lie(n—1)=n(n—2)!, the Euler
characteristic of the complex is (n—2)!—n(n—2)!4(n—1)!=0, which implies that the
middle homology must vanish. O

Recall that Sp” denotes the category of graded anti-symmetric inner product spaces
of degree D (see §6.1). The cyclic operad Zie determines an Sp”-module Vi Zie((V)),
defined by

ZLie((V)) =5 P Lie((n))@x, VE".

n>2

PROPOSITION 6.6. There is an isomorphism of Sp? -modules
Der,, L(V) = Zie((V)).

FEzplicitly, the derivation n¢p, corresponding to {Qh®...Qh, sends x€V to

n

Nen(@) =3 (1) (t77€) (Rt ooy By Bty ooy him1) (B ),

i=1
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where
= (|h1|4-.+|hi]) (|hip1 |+ Bn])-

Proof. The claim is proved by considering the following commutative diagram for
n>2, where the rows are short exact sequences and all vertical maps are isomorphisms

(and we remember that the map 6_ _ is of degree —D):

Zie((n))®g, V" — 5 (QT,®y, , Lie(n—1))®y, VE" —— Lie(n) @y, VO

|
: ~ | ~ |3
v -]
g (V) L1 (V)®V L™(V)
|
: ~|o_
\P (S
Der” 2 IL(V) Der" 2 1L(V) Yo L"(V).

The top row is obtained by applying the functor —®y, V" to the short exact sequence
in Proposition 6.4. Explicitly, the maps are given by

)= (H@tTO)OM@...0hy,

i=1

(0[¢, 7)) @M1 @... @Ay,
C(hgl""’ h9n71)®h9n7

C(hay s hn),

a(Q®C®h1®...®h )
BlRM®...Qhy,)

The sign in the formula for « is dictated by the standard sign convention, according
to which a sign is introduced every time two elements of odd degree are permuted.

Everything is natural in VeSpP, so there results an isomorphism of Sp”-modules
Der, L(V) = Zie((V)). O

The isomorphism of Proposition 6.6 can be used to endow Zie((V')) with the struc-
ture of a graded Lie algebra. This can be made explicit as follows.
Let pe.Zie((m)) and ¢€.Zie((n)). Define, for 1<i<m and 1<j<n,

piojq=poiqt’, (6.5)

where pe,,q is defined to be (pte,,_1q)t~ 1.
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Let V be a graded anti-symmetric inner product space of degree D. For 1<i<m and
1<j<n, define the contraction jo;: VO™ @V " -V OmHn=2 on generators v=v1 @...Qv,
and w=w1 ®...Qw, by

Vicj W= (71)633-7/‘“)’1}1®...®’UZ’_1®U}]‘+1®...®’wn®’w1®...®w]‘_1®U¢+1®...®’Um<wj',”UZ‘>,
where the sign is given by
iy = (Jvil+ ...+ [vm| = D)(|w|= D)+ (lwi|+-..+ [w; ) (Jwj41]+ ...+ wn]) +1.

PROPOSITION 6.7. The equality

m n
[7717711’77117111] = E : E :npi(’jqujw
i=1 j=1

holds in the graded Lie algebra of derivations on LV.
Proof. Inductive application of the formula (6.2) yields
[ pteisg if 1<j<i—1,
(poiq)t! = gt/ "Hlop iy aptt,  ifi<j<n4i-2, (6.6)
ptj’"”°m+n+i7j72q7 if nt+i—1<j<m+n+i—3.

The proof is a long but straightforward calculation that uses the rules (6.6) and the basic
fact that

n—1
n(Q(wlv awn)) = Z :I:q(w17 "'7wj—1an(wj)?wj+17 "'7wn—1)
j=1

for every derivation 1 on LV. We omit the details. O

It follows that an explicit description of the Lie bracket on Zie((V)) is
[€®h, (®g] :ZinjC®hi°j9~ (6.7)
.7
Thus, Der,, (V) and Zie((V)) are, naturally in V€Sp”, isomorphic as graded Lie

algebras. More generally, one can prove that the formula (6.7) defines a graded Lie

algebra structure on € ((V)) for any cyclic operad €, where ;o is defined as in (6.5).

7. Homological stability

This section contains the proof of rational homological stability for the classifying spaces
Bautyg(M,,1) and BDiff5(M, 1). The proof consists in a reduction to a homological sta-
bility result for certain arithmetic groups with twisted coefficients; we begin by reviewing
this.
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7.1. Polynomial functors and homological stability

We adopt a naive approach to polynomial functors. By a polynomial functor of degree
</ we will mean a functor from abelian groups to itself isomorphic to a functor of the

form

0
P(H) =) P(k)@x, T,
k=0

for some sequence of abelian groups P(k) with an action of the symmetric group Y.
Recall that I'; denotes the automorphism group of the hyperbolic quadratic module
(Hg, 11, q); see Example 5.5.

THEOREM 7.1. (Charney [19, Theorem 4.3]) If P is a polynomial functor of degree
</, then the stabilization map

Hy(Tg; P(Hg)) —> Hy(Dg1; P(Hg41))

is an isomorphism for g>2q+{€+4 and a surjection for g=2q+{+4.

Proof. In the notation of [19], the group I'y is isomorphic to the automorphism group
of the hyperbolic module in the category Q*(A,A), where A is the ring Z with trivial

involution, A=(—1)%, and

0, if d is even,
A=< 17, ifd=1,3,7,
27, ifd#1,3,7 is odd.

It is straightforward to verify that P(H,) is a ‘central coefficient system of degree <¢’

whenever P is a polynomial functor of degree </. O

Let V, denote the graded anti-symmetric inner product space
s H,(My 13 Q) = s Hy2Q,
and consider the graded Lie algebra
99 = Der;g L(Vy)

with its natural I'j-action. Let o=xy:gs—g4+1 be the morphism of graded Lie algebras
induced by the inclusion Vy—Vg41.

LEMMA 7.2. Let d>2. The component of the Chevalley—FEilenberg chains in total
degree p, C'pCE(gg), may be identified with the value at Hy of a polynomial functor of
degree <|3p/d].
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Proof. As a graded vector space, the Chevalley—FEilenberg chains on a graded Lie

algebra L may be described as the value at L of a Schur functor,

OO (L) = D Ak) @, L7,

k>0

where A(k) is the sign representation of Xj concentrated in degree k. It follows from
Proposition 6.6 that CCE(g,) may be identified with the value at H,, of the Schur functor

associated with the symmetric sequence
€ = Ao LieoI? 1,

where 197! is the symmetric sequence with I¢71(k)=0 for k#1 and I¢~1(1) the trivial
representation concentrated in degree d—1, and Pie is the symmetric sequence with
gig(k):.fie((k)) concentrated in degree 2—2d for k>3 and %(k):o for k<2, A
calculation with composition products reveals that %'(k) is concentrated in degrees >
kd/3.

Thus, there is an isomorphism

CSE(gg) = @%(k)p(@&c H§k7
k>0

where €' (k),=0 unless p}%kd, i.e., k<3p/d. Hence, CPCE(gg) may be identified with the
value at H, of a polynomial functor of degree <|3p/d]. O

The following proposition is an immediate consequence of the previous lemma and

Charney’s theorem.
PROPOSITION 7.3. Let d>2 and fix a non-negative integer p. The map
0w Hy(Lg; CEE(gg)) — Hy(Tgt1; CEE(Qngl))
is an isomorphism for g>2q+|3p/d]+4 and a surjection for g=2q+|3p/d]+4.
THEOREM 7.4. Let d>2. The map in hyperhomology
o Hy (s C*CE(Qg)) — Hg(Tgy1; CSE(99+1))
is an isomorphism for g>2k+4 and surjective for g=2k+4.
Proof. Consider the first page of the first hyperhomology spectral sequence
IE;7q(g) = Hy(Dy; CSE(QQ)) = Hjp14(Ty; C*CE(QQ))-

The map IE;ﬁq(g)%IE;’q(g—&—l) is an isomorphism for ¢>2¢+2p+4 and a surjection for
9=2q+2p+4, by Proposition 7.3, because 3p/d<2p when d>2. The claim then follows

from the comparison theorem for spectral sequences. O
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So far, in this section, we might as well have worked over Z. However, in the following
theorem it will be essential to work over Q. A vanishing theorem of Borel implies that
the stable cohomology may be expressed in terms of cohomology with trivial coefficients
and invariants. Denote H;@:Hg@)(@.

THEOREM 7.5. If P is a polynomial functor of degree </, then the natural map
H*(T'y;Q@P(HM) " — HF(Ty; P(HT))
s an isomorphism for g>2k+{+4.

Proof. This follows by combining Charney’s theorem (Theorem 7.1) with Borel’s
vanishing theorem [16, Theorem 4.4]. The group I'y is an arithmetic subgroup of the
algebraic group Sp, or Oy 4, depending on whether d is odd or even. Call this alge-
braic group Gy4. If P is a polynomial functor, then P(H;Q) is an algebraic (rational)

representation of the algebraic group Gy, and we may decompose it as a direct sum,
P(H})=PH) o FE{&..0E,

where EY, ..., E,?g are the non-trivial irreducible subrepresentations. It is easy to check
that because P is polynomial of degree </, the coefficients of the highest weight of EY
are bounded above by ¢, for all g and all i. As explained in [16, §4.6], this implies that,

for every k, there is an n(k) such that
H*(T,; E9)=0 for all g >n(k) and all 4.
It follows that the map induced by the inclusion of P(H;Q)Gg into P(Hg),
H*(Ty;Q@P(HY) s = H¥(T'y; P(HY)S7) — H¥(T'y; P(HY)),
is an isomorphism for all g>n(k). Thus, for k fixed, the vertical maps in the diagram

Hk(Fg;@)@@P(H;Q)GQ %Hk(rg-&-l;(@)@P(Hg-l)G“l —

H*(Ty; P(HR)) —————— H¥(Tgy1; P(HYy ) ——— ..

become isomorphisms after continuing far enough to the right. It follows from The-
orem 7.1 that both the top and the bottom horizontal maps are isomorphisms for
g>2k+{+4 (note that P(Hg)Gy:P(H?)ngHO(Fg;P(H;Q))). This implies that the
vertical maps are isomorphisms already for g>2k+¢+4, no matter what n(k) is. Fi-
nally, we should point out that Vs =V % for any algebraic representation V', because of
density of I'y in G4 (see e.g. [14]). O
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7.2. Homological stability for homotopy automorphisms

Let M, denote the result of removing the interiors of r disjointly embedded 2d-disks
from the manifold Mg:#ng x §%. The manifold Mg41,1 may be realized as the union
of My 1 and M; 2 along a common boundary component. An automorphism of M, ; that

fixes the boundary point-wise may be extended to an automorphism of
Myy11=Mg1UM;
by letting it act as the identity on M; 2. This determines a map of monoids
auty(Mg,1) — auto(Mgi1,1),
and hence an induced map on classifying spaces
o: Bautg(My1) — Bautg(Mgy1,1), (7.1)
which we will refer to as the ‘stabilization map’. In this section we will prove the following

theorem.

THEOREM 7.6. Let d>2. The stabilization map induces an isomorphism
Ox: Hk(B auta(MgJ); Q) — Hk(B auta(MngLl); Q)

for g>2k+4 and a surjection for g=2k+4.

Throughout the section we will use the notation

Xy=Bautg(M,1),
Hy=Hq(Mgy;Z),
V, =s4"1H,®Q,
Ly = Aut(Hy, p, ),
99 = Der:g L(Vg).
First, we need to understand the behavior of the stabilization map in homotopy

and homology. Proposition 5.6 yields a 71 (X,)-equivariant isomorphism of graded Lie

algebras

79(X,) = Der}, L(V,).

*

We may choose a basis a1, 51, ..., ag, B¢ for V in which

wg = [a1, Bi]+...+[ayg, Bl
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The intersection form makes Vg:H;Q[d—l] into a graded anti-symmetric inner product

space and the ‘stabilization’ morphism

Der,, L(Vy) — Der;, . L(Vyi1)
is induced by the obvious inclusion V;—V,1; cf. Proposition 6.1. Explicitly, it is given
by extending derivations by zero on the new generators og41 and Bg1.

PROPOSITION 7.7. The tsomorphism

71'Q(Xg) = Der:g L(Vy)

*

is compatible with the stabilization maps.

Proof. If f is a self-equivalence of M, 1, then o(f) is the self-map of My that
restricts to f on My 1 and to the identity on M 2, when we realize My, as the union

of Mgy, and M, » along a common boundary component. In other words, the diagram

map*(Mg,la Mg+1,1)

-k
3

auty (Mg 1) -7 5 autyg(Mgi1,1)

l '
J
*

- map*(MLz, Mg+1,1)

is commutative. The manifold M; » is homotopy equivalent to a wedge of spheres
desd \/52d—1

and a Lie model for it is given by the free graded Lie algebra L(p, «, 8) with trivial
differential, where the generators o and 8 have degree d—1, and p has degree 2d—2. The
inclusions ¢ and j of Mg, and M; o, respectively, into My41,1 are modeled by the dg Lie

algebra morphisms
i L(Vy) —L(Vyy1) and 9:L(o,a, 8) — L(Vy41),

respectively, where ¢(0)=w, ¥(a)=ag441 and ¥ (5)=L4+1, and ¢ is induced by the stan-

dard inclusion. From our earlier calculation and the naturality of (3.3), it follows that
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the diagram
Der, (IL(Vy), L(Vy41))

@

Der, (L(Vy)) ————— Der,, (L(Vg41))

g Wg+1

l .

0 —————— Der,(L(0, agy1, Bgy1), L(Vgy1))

is commutative. This pins down o0, (6) as the unique derivation on L(Vj41) that extends

¢ and vanishes on ag41 and Bg41. O

The universal cover spectral sequence,
By g = Hy(m (X); Hy(X)) = Hpy4(X),
is natural in X. To prove Theorem 7.6 it is therefore sufficient to show that
o Hy(m1(X); Hy(Xg3 Q) — Hy(m1(Xg41); Hy(Xg41; Q)

is an isomorphism if ¢g>2p+2¢+4 and a surjection for g=2p+2g+4. This will follow
from Propositions 7.10 and 7.11 below.

Recall that we call a group 7 rationally perfect if
HY(m;V)=0

for all finite-dimensional Q-vector spaces V' with a w-action (cf. Definition B.3).
PROPOSITION 7.8. The group m(X,) is rationally perfect for g=2.

Proof. By Proposition 5.3, there is a short exact sequence of groups
1 —K;—m(Xy) —Ty—1,

where the kernel K, is finite, whence rationally perfect. The group I'y is an arithmetic
subgroup of the algebraic group Sp, or Oy 4, depending on whether d is odd or even. In
either case, the algebraic group is almost simple and its Q-rank is g. Hence, it follows
from Theorem A.1 that I'y is rationally perfect. An application of the Hochschild—Serre

spectral sequence then shows that m (X,) is rationally perfect. O

We note the following consequence for future reference.



RATIONAL HOMOTOPY THEORY OF AUTOMORPHISMS OF MANIFOLDS 149

PROPOSITION 7.9. There is a m1(X)-equivariant isomorphism
H.(X,; Q)= H"(gy),

compatible with the stabilization maps.

Proof. Combine Propositions 5.6, 7.8 and 2.3. Compatibility with the stabilization

maps follows from Proposition 7.7 and naturality of the Quillen spectral sequence. [

PROPOSITION 7.10. For d>2, g=2, and all p and q, there is an isomorphism
Hp(ﬂl(Xg)§Hq(Xg§Q))ng(FquCE(gg))v

compatible with the stabilization maps.

Proof. The previous proposition implies that
Hy(m (Xg>§ Hq<Xg? Q)= Hp(T"l(Xg)J HfE(gg))

By Proposition 5.3, the kernel of the homomorphism 7 (X,)—T, is a finite group that
acts trivially on gg, and hence on H, (?E(gg). Since we work with rational coefficients, this

implies that there is an isomorphism
Hy(m1(Xy); HqCE(Qg)) = Hy(Ly; HqCE(Gg))a

as claimed. O

ProrosITION 7.11. Let d>2. The stabilization map
Hy(Ly; HqCE(gg)) — Hy(Lg41, H(?E(gg+1))

is an isomorphism for g>2p+2q+4 and a surjection for g=2p+2q+4.

Proof. As noted above, the group I'y is rationally perfect for g>2. The chain com-
plex of Q[I',]-modules CC¥(g,) is finite-dimensional over Q in each degree, and is there-
fore split by Proposition B.5. By Lemma B.1, we get a homotopy commutative diagram

of chain complexes of Q[I'g]-modules

CSE(Gg) — CEE(gg+1)

1R
R

HE®(gg) —— HIE(gg41),
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where the vertical maps are chain homotopy equivalences. This implies that the diagram

Hy(Tg; CF"(8g)) —— Hi(Tgr15 CIF(gg4+1))

*

IR
IR

H (Lg; HSE(gg)) — Hy (Tg1; HSE(gngl))

is commutative, and that the vertical maps are isomorphisms. By Theorem 7.4, the top
map is an isomorphism for g>2k+4 and a surjection for g>2k+4, so the same is true
for the bottom map. For any group I' and any graded I'-module H,, regarded as a chain

complex with zero differential, there is a decomposition of hyperhomology,

Hy(T; Ho) = @ Hy(T; Hy),
ptg=k

which is natural in I' and H,. It follows that the constituents of the bottom map,
op.qt Hp(Ly; H(?E(gg)) — Hp(Tgi1; HqCE(gg-i-l))a

are isomorphisms for g>2p+2g+4 and surjections for g=2p+2q-+4. O

This completes the proof of Theorem 7.6.

7.3. Homological stability for block diffeomorphisms

The goal of this section is to prove the following theorem.

THEOREM 7.12. Let d>3. The stabilization map
0. Hy(BDiff (Mg 1); Q) — Hy(BDiffs (M 41.1); Q)

is an isomorphism for g>2k+4 and a surjection for g=2k+4.

The proof of the theorem is based on an analysis of the diagram (4.7) in §4.2 for
M=M, . We will use the following abbreviations.

Xg:Bauta(Mg,l), Xg7J:Bauta7J(Mg71), Xg7o=Bauta,o(Mg,1),
Y,=BDiffy(M,,), Y,.=BDiffy.(M,1), F,=auty.(M,,)/Diffy.(M,,).
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For M=My, 1, the diagram (4.7) can then be rewritten as

Fy——x
Y. Xg.o * (7.2)
Y, Xg,7 Bri(Xg,5),

where each square is a homotopy pullback. We let fg:m (Xg,7)- Recall that, by con-
struction, it is the image of J: ]Si\ffa(Mg,l)—)wo autg(My,1). The fundamental group of
Y, . is the kernel of J. We will study the spectral sequences of the homotopy fiber
sequences

Fy—Yy,— Xy, (7.3)

and
Y. —Y,— Bmi(Xg,). (7.4)

First, we need a result on the fundamental group of X, ;.

PROPOSITION 7.13. The kernel of m (X4 5)—Ty is finite. The group m (X, ) is
rationally perfect for g>2.

Proof. From §5.2 we have a commutative diagram of groups with exact rows,

l— Ky ——mY, —— T, ——1

| L

l— Ky —m Xy —— Ty —— 1.

By construction, 71 (X, ;)=im J. It follows that there is an exact sequence
1 —)KgJ —)7T1(Xg7‘]) —)Fg —1,

where K ; injects into K. Since K is finite, so is K ;. The rest of the proof is similar
to that of Proposition 7.8. O

PROPOSITION 7.14. The fibration
Fy—Y,.— Xy,
1s rationally totally non-homologous to zero, i.e., there is an isomorphism
H.(Yy.;Q)=H,(X,.;Q®H,(F,;Q). (7.5)

Moreover, the isomorphism may be taken to be fg-equivariant,
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Proof. The fibration at hand is the upper row in (4.13) for M =DM, ;. The vertical
maps in (4.13) are rational homology isomorphisms, and the lower fibration is rationally
trivial by Corollary 4.26, since the reduced homology of M, ; is concentrated in a single
degree. This proves the first claim.

The group

~

I'y=m1(Xg,7)=moauty s(Mg1)

acts on the spaces in the fibration sequence (7.3), in the sense that there are homomor-
phisms fg—nro aut(Z) for Ze{F,,Yy., X4 .} and the maps in (7.3) preserve this (homo-
topy) action. The actions can be seen as holonomy actions of the various fibrations in
(7.2), but it is better to go back to the definitions in §4.1 of the involved spaces. Ele-
ments of fg are represented by diffeomorphisms ¢: My 1 — M, 1 with p=id. The action
on the A-monoids f)i\f/fa’o(Mgﬁl). and gﬂa’o(Mg’l). is given by conjugating a k-simplex
[ AF X My 1 —AFx M, 1 with A*x . The induced action on

auto,, (Mj,1)/ Diff .. (My,1)
induces an action on the structure A-set compatible with the homotopy equivalence
=r ~ G/O
Fy=auty,.(My,1)/ Diff 5. (M, 1) == (S5 (My1).) 1)-

An element [¢] Gfg acts on a k-simplex W L5 AF x M of the structure A-set by the com-
position (A¥x)ef. Use of geometric realization and the classifying space construction
yields the required fg—action on the relevant spaces. Since fg is rationally perfect, the

isomorphism (7.5) can be taken to be fg—equivariant. O

Proposition 7.9 identifies H. (X, .;Q)=HC®(g,) as fg—modules. Next, we describe
the rational homology of Fy as a fg—module. Recall that H;Q denotes Hq(M, 1;Q).

PROPOSITION 7.15. There is an isomorphism of fg—modules
H.(Fy; Q) = A HZ),
where
1= Q{m;:|mi| =4i—d>0}(= (s~ "m.(G/0)@Q)>0),
and fg acts on the right-hand side via the standard action of I'y on H;Q.

Proof. There is a fg—action on the A-set of normal invariants, where a diffeomor-
phism ¢: My 1 — Mg, 1 with dp=id acts by composing a k-simplex of J\/g/o (Mgy1). with

KL (AR x 1) (¢5)

-

“
Ak XMgJ e Ak XMgJ,
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and the normal invariant
G/O G/O
0. 8570 (My ). — N5/ (M, ).

becomes equivariant.
It follows from Lemma 3.3 of [10] that the homotopy equivalence

NSO (M, 1), =5 Semap, (M, 1/0M,1,G/O)

of Theorem 4.2 is fg—equivariant on homotopy groups, where [@]efg acts on the target
via the diffeomorphism ¢~ My 1 — M, ;.
Since OMgy 1— Mg 1 is a sum of Whitehead products, its suspension is homotopically

trivial and
map, (M, 1/0M,1,G/O) ~map, (M, ,G/0)xQ*G/O,

because G/O~QB(G/0). The action on Q224G /O is trivial, so all in all

q" o Jon: SaG/O(Mg,l)(l) —rmap, (Mg,h BO)(O)

~

is I'g-equivariant on homotopy groups with the action on the target induced by
o N My — My ;.
We have the fg—isomorphism
s (map,, (Mg,1, BO)(0)) ®Q = Ha(Mg,1; Q)®I1

and, since map, (Mg 1, BO) ) is an infinite loop space, it has trivial rational k-invariants,

SO
H* (map*(Mg717 BO)(O)7 Q) = A(H;Q®H)

as fg—modules.
Since Fg%Sg/ O(Mgﬂ)(l) is a fg—equivariant homotopy equivalence, and the com-
posite
Fy =5 8579 (M, 1) 1) ~—2" s map, (M, 1, BO) o)

is a rational homotopy equivalence by Proposition 4.20, which is fg—equivariant on ho-
motopy groups, it follows that F, also has trivial rational k-invariants and that we have

isomorphisms of fg-modules
m(F)®Q=T@H? and H,(F;Q)=AII®HY),

as claimed. O
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The previous proposition may be interpreted as asserting an isomorphism of (abelian)

graded Lie algebras,
g = y1(Fy)©Q= s IR HY.

The homology is then given by
H.(Fy; Q) =H"(ag).
We may write CEE(a,) as the value at H, of a Schur functor as follows.

LEMMA 7.16. There is an isomorphism of m(Xg,s)-modules

CF(ag) = P 2 (k) @s, H*

k>0

compatible with the stabilization maps, where 2(k) is the Lp-module
(k) =T1%",

In particular, D(k) is concentrated in degrees >k for every k.

By Propositions 7.9 and 7.15, we may rewrite the right-hand side of (7.5) in terms
of Chevalley—FEilenberg homology:

H*(Xg,05 Q)®H*(Fg;@) gHSE(gg)(@HEE(ag) gHﬂﬂCE(gg@ag)'

In particular, the action of fg:m (Xg,5) on H*(Y, .; Q) factors over Iy, since this is true
for the right-hand side. Since the kernel of m1 (X, ;) =T, is finite, we may then write
the Ea-term of the spectral sequence of (7.4) as follows:

E; = Hp(m1(Xg,7); Hy(Yy,0;Q)) = Hy(Dy; HCE(gg@ag))-

b,q q

Hence, the proof of Theorem 7.12 will be complete once we verify the following proposi-

tion.

PROPOSITION 7.17. Let d>3. The stabilization map
H,(Ty; H(?E(QQEB“Q)) — Hp(Tgy1; HgE(gngl Dag+1))

is an isomorphism for g>2p+2q+4 and a surjection for g=2p+2q+4.
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Proof. The proof proceeds exactly as the proof of Proposition 7.11, after noting that
CCE(gy@ay) is a split complex of Q[I'y]-modules, whose module of g-chains is the value
of a polynomial functor of degree 2¢ on the standard Q[I'y]-module Hg. More precisely,
by combining Lemmas 7.2 and 7.16 we have that

CP(gg@a,) =C(gy) @CF (ay) 2P (E @ 2) (k) @5, HF,
k>0

where

(CR2)(k)= @ Indg'.s, C(H)22()).
i+j=k

Since € (i) is concentrated in degrees >%id and 2(j) is concentrated in degrees >j, it
follows that (¥®2)(k) is concentrated in degrees >1k. This implies that the functor
(€®2)q4(—) is polynomial of degree <2¢ for every q. O

8. Stable cohomology

The goal of this section is to calculate the stable rational cohomology of the classifying
spaces Bautg(M, 1) and BI,)BEE@(MQJ). We begin by reviewing the calculation of the
stable cohomology of BDiffg(M, 1) in terms of k-classes, due to Galatius and Randal-

Williams, and Borel’s results on the stable cohomology of arithmetic groups.

8.1. k-classes and the stable cohomology of the diffeomorphism group

Let M be a closed oriented 2d-dimensional manifold and let Diff(M) be the group of
orientation-preserving diffeomorphisms of M. The space B Diff (M) is a classifying space
for smooth oriented fiber bundles with fiber diffeomorphic to M, or ‘M-bundles’ for short.
With every characteristic class of oriented vector bundles
ce H*(BSO(2d))
there is an associated characteristic class of M-bundles
ke € H*24(BDiff(M)),

characterized by the following. Given a smooth oriented fiber bundle

M—E- 25X,
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the vertical tangent bundle T, F is an oriented 2d-dimensional vector bundle over F,
and we may consider its characteristic class c(T,FE)€H*(E). By applying the Gysin
homomorphism m: H*(E)— H*~24(X), we obtain a class

m(c(TxE)) € H*24(X).

By definition, k.(m)=m(c(TrFE)). Recall that the rational cohomology of B SO(2d) is a
polynomial ring
H*(B SO(Qd)7 Q) :Q[plv vy Pd—1, 6]

in the Pontryagin classes p; and the Euler class e.

For M =M,, the pullback of x. along the map B Diffy(M, )— B Diff(M,) gives
us a class in H*=24(B Diff3(M, 1)) that we will also denote .. The stabilization map
BDiffg(M, 1)— B Diff§(Mg+1,1) induces an isomorphism on Hy(—) for ¢g>2k+4 [29].
The stable cohomology is given by the following.

THEOREM 8.1. (Madsen—Weiss 2d=2 [44], Galatius—Randal-Williams 2d>4 [27])
For 2d#4, the stable cohomology of the diffeomorphism group of Mg is given by

H*(BDiffg(Mso,1); Q) ZQ[kc|c € B,

where B is the set of monomials c in the Pontryagin classes pi—1,Pd—2, -, P[(d+1)/4] ond
the Euler class e, of total degree |c|>2d.

8.2. Borel’s calculation of the stable cohomology of arithmetic groups

The rational cohomology of BU is a polynomial algebra in the Chern classes

H*(BU,Q) :Q[Cth, }

The Hopf algebra structure is given by A(c,)=>. ¢p®cy. Let o1,...,0, denote

ptg=n
the elementary symmetric polynomials in the indeterminates ¢4, ...,¢,. Then, there is a

unique polynomial p,, such that
D01y ey o) =1 4. 410
Define the ‘Newton classes’ by

Sn=pn(C1, . Cn) € HQ”(BU; Q).

These are primitive generators for the rational cohomology of BU.
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According to Borel [15], the rational cohomology of the infinite symplectic group
Sp(Z) is the primitively generated Hopf algebra

H*(BSp(Z); Q) =Q[x1, xa, ... ].

The primitive generators z; are of degree 4i—2, and may be chosen to be the pullbacks
of the odd classes so; 1 € H¥~2(BU; Q) along the map

BSp(Z) — BSp(R) <~ BU.

8.3. Relation between Borel classes and k-classes

There is another way of producing characteristic classes of smooth fiber bundles, following
Atiyah [2, §4]. Again, let M be a smooth oriented 2d-dimensional manifold. Assume that
d is odd. Then H?(M;R) is of even dimension, say 2g.

Let E-"- X be an M-bundle. There is a real 2g-dimensional vector bundle & over X
(the Hodge bundle), with structure group Sp,,(IR), whose fiber over z is the cohomology

group
& =HYn ! (2); R).

The structure group can be reduced to the maximal compact subgroup U (g) CSp,,(R),
so we obtain a g-dimensional complex vector bundle 1 over X. We may consider the
‘Newton classes’

si(n) € H*'(X).

The even classes vanish, s9;(7)=0. The odd classes agree with the pullbacks of the Borel

classes
s2i-1(n) = 0" (i) (8.1)

along the map ¢: X — B Spy, (Z).

Now, one may ask if there are any relations between the classes k.(7) and s;(n).
This problem was addressed and solved by Morita [54, §2] in the case of surface bundles.
A similar treatment is possible in our situation. According to [2, equation (4.3)], we have

the relation

ch(n®™—n) =m(L(T:E)) (8.2)

in the cohomology of X . In the left-hand side, n* denotes the conjugate bundle, the formal
difference n* —n is taken in K (X), and ch is the Chern character ch: K(X)— H*(X;Q),

ch(n):ngZ Sk('n)

k!
k>1
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Since s3,(n*)=(—1)¥s4(n), we may write the left-hand side of (8.2) as

ch(n®—n)=

k odd

Turning to the right-hand side, if £ is a real vector bundle over F of dimension 2d, then

L(&)=L(p1, .... pa)

is the formal power series in the Pontryagin classes of ¢ determined by

L(oy,...,0q) = f(t1) ... f(ta),

where o; is the elementary symmetric polynomial in ¢2, ...,tﬁ of degree ¢, and f(t) is the

formal power series

t 2 : k 1 Bk 2k

k>1

Here By, are the Bernoulli numbers. Explicitly, the homogeneous term in L(€) of degree
n is given by

Ln :i’n(ph 7pn) ZQdZAISI(pl’ 7p")
Ikn

Here, the sum is over all partitions I=(iy,...,4,) of n, and s; denotes the correspond-
ing polynomial in the elementary symmetric polynomials (see e.g. [53, p.188]). The

coefficients are A\;=M\;, ... \; ., where

k-1 Bk
k)

e =(—1)

We are assuming that d is odd, say d=2s+1. By comparing homogeneous terms in (8.2)

and using (8.1), we obtain the relation

=k, € HY%(X;Q) (8.3)

for every ¢. It is easily seen that the class l~/i+5 is proportional to the Hirzebruch L-class
Liys (cf. [53, p. 224]). In fact, 22i*1ii+S:Li+s. Passing to the universal bundle, we may
conclude that the map

H*(BSp(Z); Q) — H* (B Diffy(Me,1); Q) (8.4)
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sends the Borel class x; to
i — 1)1
B (2122i1). -
for every i>1.

By Theorem 8.1, the set {k.:c€ B} generates the cohomology freely, where B is the
set of monomials ¢ in the Pontryagin classes pg—1,pa—2, .-, P[(a+1)/4] and the Euler class
e of total degree |c¢|>2d. In particular, these classes are linearly independent. By [9],
every monomial ¢ in the Pontryagin classes of degree 4i+4s appears with a non-zero
coefficient in L; .. It is easily seen that L;;, will contain such monomials ¢ belonging to
B: for example, if we write i=¢s+r, where ¢ and r are non-negative integers with r<s,
then c=pipsy, belongs to B and appears with a non-zero coefficient in L;;,. It follows
that sz, , is non-zero in H*(BDiff5(Ms,1); Q). Thus, we have proved the following
theorem, for d>3 odd.

THEOREM 8.2. Let d>3. The map BDiffy(Mu,1)— BT« is injective on indecom-

posables in rational cohomology.

The argument in the case when d is even is similar. The symplectic group Sp,,(R) is
replaced by the orthogonal group O, 4(R), and the complex vector bundle 7 is replaced by
two real vector bundles W+ and W™, as in [2]. According to [15], the stable cohomology
of the arithmetic group Oy 4(Z) is a polynomial algebra in generators z; of degree 4i, for
i=1,2,.... The class x; may be chosen as the pullback of ph,(W*)—ph,(W~) under the
map

B0y 4(Z) — BOy 4(R) — BO(g) x BO(g),

where the last map is a homotopy inverse of the map BO(g) x BO(g)—BOy, , coming
from O(g) x O(g) being the maximal compact subgroup of O, 4. Then [2, equation (4.2)]
expresses the Pontryagin character ph(W+—W™) (i.e., the Chern character of the com-
plexification) in terms of x-classes. As before, this can be used to show that the classes

x; are mapped to non-zero linear combinations of k-classes.

8.4. The stable cohomology of homotopy automorphisms

Let
Xg=Bautsg(M,1),

and consider the homotopy colimit

Xoo =hocolim(X; = Xo— X3 —...),
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taken over the stabilization maps described in §7.2. By Theorem 7.6, the canonical map

Xy— X induces an isomorphism in rational cohomology
HY(Xo0; Q) — H*(Xy5Q)

for g>2k+4. The goal of this section is to prove the following theorem.

THEOREM 8.3. Let d>3. There is an isomorphism of graded rings
H* (X003 Q) 2 H* (Too; Q)@ Hep (800) - (8.5)

In the above theorem, I'oo =colimg I'y and g, =colimg g4. Recall that I'y denotes the
automorphism group of the quadratic module (Hy, i1, ¢) and that g, denotes the graded
Lie algebra Der), L(V,), where V,=s""'H,®Q.

As discussed earlier, Borel’s results [15] yield a computation of the left factor
H*(Tw; Q).

In §9, we will show how to express the right factor H¢g(goo)t ™ in terms of graph ho-
mology.

The proof of Theorem 8.3 has several ingredients. Homological stability together
with Borel’s vanishing result (as manifested in Theorem 7.5) will allow us to conclude

that the universal cover spectral sequence for X, satisfies
.9 ~ 17P,0 0,q
ES1=ES " QEyY.

Then, we will prove that the spectral sequence collapses at Fs. We do this by showing
that the rational cohomology ring of X, is free and that the map X, — Bl is injective

on indecomposables in rational cohomology. Recall that
)Z'g =X, .=DBauty.(My1).
THEOREM 8.4. The natural map
HP(Dy; Q)‘X’Hg}E(gg)Pg — HP(m1(Xg); H(Xy,0;Q)),

ts an isomorphism in the stable range g>2p+2q+4.

Proof. As in Proposition 7.10, there is an isomorphism

HP(m1(Xg); HY(Xg,0;Q)) = HP(Tg; Hig(8y)), (8.6)
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compatible with the stabilization maps. Since I'y is rationally perfect, the functor
HP(T'y; —) is exact on the category of finite-dimensional Q[I'y]-modules. In particu-
lar, since the Chevalley-Eilenberg complex C¢p(gg) is finite-dimensional in each degree,
we may identify the right-hand side of (8.6) with the g-th cohomology of the cochain
complex HP(I'y; C¢r(gy)). By Lemma 7.2 we may identify Cly(gy) with the value at
Hg of a polynomial functor of degree <2q. Hence, by Theorem 7.5 the natural map

HP(Ty; Q)®C(%E(gg)rg — HP(Ty; Clg(gy))

is an isomorphism for g>2p+2q+4. The claim follows by passing to cohomology in the
q direction and using (8.6). O

THEOREM 8.5. The cohomology algebra H* (X oo; Q) is free graded commutative with

finitely many generators in each degree.

Proof. 1t follows from the homological stability theorem that the natural map
HY(Xoo; Q) — HM(X,; Q)

is an isomorphism for g>2k+4. The latter group is finite-dimensional by Theorem 5.7.
This proves the claim about finite type. To show that the cohomology algebra is free, we
employ an argument similar to that of [51]. Let Doy denote the little 2d-disks operad.

There are maps
Dag(r)x Xg, X..x Xy — Xy, g=g1+...49r. (8.7)

Indeed, given a configuration of r little 2d-disks in a fixed 2d-disk, we may remove
their interiors and glue in the manifolds My, 1,..., My, 1 in their place. The result is
homeomorphic to My ;. Given homotopy automorphisms of M, ;1 that restrict to the
identity on the boundary, we can extend them to a homotopy automorphism of M, 1 by
letting it be the identity outside the interiors of the removed disks. This construction

respects compositions, so it passes to classifying spaces, giving (8.7). The maps (8.7)

x=][x,

920

endow the disjoint union

with the structure of an Ey4-space. By the recognition principle for iterated loop spaces
(cf. [46], [47]), the space X admits a group completion GX which is a 2d-fold loop space,
and it follows from the group completion theorem that there is a homology isomorphism
Xoo—GXo, where GX denotes a connected component of GX (cf. [1, §3.2]). Since GXy
is a 2d-fold loop space, its rational cohomology is a graded commutative and cocommu-
tative Hopf algebra, so the same is true of the cohomology of X,. By [52], this implies

that the cohomology algebra is free graded commutative. O
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THEOREM 8.6. The map X, — Bl'« induces an injective homomorphism on inde-

composables in rational cohomology.

Proof. The claim follows immediately from Theorem 8.2, which states that the com-

posite map
BDiffg(Muo,1) — Bauty(Mye,1) — Bl

induces an injective map on indecomposables in rational cohomology. O

Proof of Theorem 8.3. We have H'(X,;Q)=H"'(Bm1(X,); Q)=0 for g>2, because
the group m1(Xy) is rationally perfect (see Proposition 7.8). Let (Xg)4 and Bmi(Xg)
denote the rational plus constructions (see Appendix C) and let T, be the homotopy
fiber of the map (Xg)6—>B771 (Xg)ﬁ. We obtain a map of fibrations,

X, Bri(X,)

|

4>(X ) *)B?Tl(Xg

éﬂ(;sﬂ

and we may consider the induced map of cohomology spectral sequences E— E with
Q-coefficients:

By = HP(Bmy(X,)h; H'(T,)) and  E§®=H"(Bmi(X,); H'(X,)).

By construction, the maps E2°—E?? and EP2— EP:4 are isomorphisms for all p
and ¢. We have that E2?2E2° @ E? because the spaces involved are simply connected.
In the spectral sequence E, we have cohomology with twisted coefficients, but it follows
from Theorem 8.4 that Eg’qgﬁg’oééﬁg’q for all p and ¢ in the stable range. The map
E — E respects these isomorphisms, because they may be realized by taking cup products.
Thus, we are in position to apply Zeeman’s comparison theorem for spectral sequences;
we may conclude that

Ey?— EJ1

is an isomorphism for all ¢ in the stable range. There results an isomorphism of graded

algebras

The stable cohomology of By (Xg)é agrees with the stable rational cohomology of the
group I'y, because m1(X,) surjects onto I'y with finite kernel. Borel’s calculation of the
stable cohomology of arithmetic groups [15] tells us that the cohomology ring H*(T'»; Q)
is free graded commutative. This, together with Theorems 8.5 and 8.6, shows that the
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hypotheses of Lemma 8.7 below are fulfilled, which yields an isomorphism of graded
algebras
H"((Xoo)g) =H" (Bm(Xoo) ) @ H (Too; Q).
The proof is finished by combining this with the isomorphism (8.8). O
For an arbitrary fibration F'— F— B, injectivity of the map H*(B)—H*(FE) is not
enough to ensure collapse of the associated spectral sequence (see e.g. the discussion in

[50, pp. 148-149]). It is for this reason we need to know that the cohomology ring of X,

is free. We use the following lemma. The proof is straightforward and left to the reader.

LEMMA 8.7. Let F—E—B be a fibration of simply connected spaces of finite Q-
type. If the cohomology rings H*(E; Q) and H*(B;Q) are free graded commutative and
if H*(B;Q)—H*(E;Q) is injective on indecomposables, then there is an isomorphism
of graded algebras

H*(E;Q)= H"(F;Q)@H™(B; Q).

We remark that the isomorphism H*(E; Q) H*(F;Q)®H*(B;Q) of Lemma 8.7

is not canonical but depends on the choice of splitting of the short exact sequence of

indecomposables
0— QH*(B;Q)— QH"(F;Q) — QH"(F;Q) —0.

Similar remarks apply to the isomorphisms in Theorem 8.3 above and in Theorem 8.8

below, since Lemma 8.7 is used in the proof of these results.

8.5. The stable cohomology of the block diffeomorphism group

Let
Y, = BDiff5(M,1),

and consider the homotopy colimit over the stabilization maps
Yoo =hocolim(Y; — Yo — ...).

By Theorem 7.12, the canonical map Y,— Y., induces an isomorphism in rational coho-
mology H*(Yeo; Q)2 H*(Y,; Q) for g>2k+4.

THEOREM 8.8. For d>=3, there is an isomorphism of graded rings
H* (Yoo Q) = H (BT} Q) & Hp (800 B 01o0) ™
The two graded Lie algebras to the right are the colimits as g— 00 of
gg=Derf L(V,) and ag=s"'TIQHZ,

where ag4 is abelian. They are equipped with the evident action of T'y.
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Proof. Recall the notation from §7.3. As follows from the results in that section, we
have a 71 (X, s)-equivariant isomorphism
H*(Yy,; Q)= H*(X,,.; QQ@H" (Fy; Q),
and we may rewrite the right-hand side in terms of Chevalley-Eilenberg cohomology:
H*( Xy Q@H"(Fy; Q) = Hop(99) O Hop(ag) = Hop (99 ®dg)-

Since the kernel of m1 (X, 7) =Ty is finite, we may then write the Es-term of the spectral

sequence of (7.4) as follows:
Ept=HP(m(Xg,y); H(Yy,.; Q) = HP(Tg; Hep(gyD0y)).-
In the stable range, g>2p+2q+4, we have that
HP(Ty; Hg (940 0y)) = HP(Dg) @ Hp (g, ®a,) 7.

This follows from the argument that proves Theorem 8.4, by noticing that the Chevalley—
Eilenberg cochains C¢p(gy®ay) is a polynomial functor of degree >2¢. The rest of the

argument is virtually identical to the proof of Theorem 8.3, using the fibration diagram

Yy Y, Bmi(Xg,1)

.

Ty —— (Yg)g — Bmi(Xg,0)g-

The fact that H'(Y,;Q)=0, which is necessary for the construction of (Yy)gs can be
verified by using the spectral sequence of the fibration Fyy =Y, — X, ;. Indeed, first note
that H'(X,,7; H°(F,; Q))=H'(m1(X,,s); Q)=0, since fg:m(XgJ) is rationally perfect
(Proposition 7.13). Secondly, Proposition 7.15 implies that Hl(Fg;Q):(H‘;Q)v for d=3
(mod 4) and H'(F,;Q)=0 for d#3 (mod 4), as fg—modules7 from which it follows that

H°(X, ;; H'(F,; Q) = H'(F,; Q)T =0. 0

9. Graph complexes

In the previous section, we arrived at the following description of the stable cohomology
of the classifying spaces Xo=B auty(M,,1) and Y;=B Diff5(Mg1):

H*(Xoo;Q) 2 H*(To0; Q)@ Hég (900) ",
H* (Yoo; Q) 2 H* (T oo; Q) ® He g (G0 @ o0 )T
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cf. Theorems 8.3 and 8.8. As discussed earlier, the first factor H*(T'w; Q) is isomorphic
to a polynomial algebra Q[z1, 2, ...] on classes x; of degree 4i—2 if d is odd and 43 if d
is even.

In this section, we will examine the second factors. We will show how to express
the invariant Lie algebra cohomology in terms of graph complexes. For the proof, it
will be convenient to work dually with homology and coinvariants. Since the Chevalley—
Eilenberg complex CSE(gg) is a chain complex of finite-dimensional algebraic represen-
tations, the coinvariants H EE(gg)pg may be computed as the homology of the chain com-
plex CSE(gg)pg. Indeed, as observed e.g. in the proof of Proposition 7.11, if g>2 then
CCE(g,) is chain homotopy equivalent to HCE(g,) as a complex of Q[I'y]-modules, and
any additive functor, such as (—)r,, preserves chain homotopy equivalences. Similarly,
HEE(ggEBag)pg may be computed as the homology of the chain complex CSE(gg@ag)pg.

Recall the notation
gg=Der L(V,) and a,=s'IIRH,.

Let ¢ denote the graph complex associated with the Lie operad, as described in the
introduction, and let
gl=xi"1g.

The following is the main result of the section.
THEOREM 9.1. There are isomorphisms of chain complexes
O (9o )r.. 2 AZ4(0),
OFF (800 B aoo)r, 2 A [I].

Remark 9.2. For d odd, the first statement is essentially equivalent to a theorem of
Kontsevich [39], [38], a proof of which has been detailed in [22]. The proof offered here
is new. It has the advantage that it rediscovers Kontsevich’s graph complex, no prior
construction of the graph complex is necessary. For d even, it is not a priori clear—mnot
to the authors at any rate—that one would expect the same result; for one thing, the Lie
algebra g, is different from Kontsevich’s Lie algebra when d is even since, e.g., [a, a]#0
for an odd generator « of a free graded Lie algebra. Curiously, this difference is canceled
in the course of the proof due to the difference between symplectic invariant theory and

orthogonal invariant theory.

9.1. Y-modules

Let ¥ denote the groupoid of finite sets and bijections. A (left) ¥-module in a category V
is a functor €: X —V. A right ¥-module is a functor Z: ¥°°? V. Every right ¥X-module
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2 can be converted into a left X-module 2°P by letting 2°P(S)=2(S) for a finite set S
and
P°P(0)=2(c™1): 2(S) — 2(T)
for a bijection o: S—T; we will do this tacitly in what follows. For n>1 we write €(n)
for €({1,2,...,n}), and we set €(0)=%(2).
Now assume that the target category V is symmetric monoidal and has all colimits.
Given an object V in V and a finite set S, let

SevV=EV.
seS
We may also form the S-indexed tensor product
VeS=R)V.
ses
For V fixed, —®V may be regarded as a left ¥-module and V®~ as a right ¥-module.
Let (X)) denote the category whose objects are functions f:S—T between finite

sets and whose morphisms are commutative squares
Ry
T
T,

where the horizontal maps are bijections. For a fixed finite set .S, let (S|X) denote the
subcategory of (X]X), where o=idg. In other words, the objects of (S]X) are functions

between finite sets f: S—T and the morphisms are commuting triangles
s— 1 7
T/

Every Y-module € gives rise to a functor (X]X)—V), defined on objects by

(sL1)—s() =R ().

teT

where 7 is a bijection.

Recall the composition product of ¥-modules (monoids over which are operads): the
composition of two X-modules ¥ and Z is the Y-module €2, whose value on a finite
set S is given by

(€2)(8) = colim €(T) @ 2(f),
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where the colimit is over the category (S|X).
The levelwise tensor product ¥® Z is defined by

(€22)(5)=¢(S)22(5),

where X acts diagonally.
The Schur functor associated with a ¥-module % is the functor €'[—]: V—V defined
by

— ; RS ~v RN
%[V]-cgélgl%(S)@V —j.;%(n)@mﬂ/ .

The main feature of the composition product is the existence of a natural isomorphism

ClaV]=(¢-2)V].

9.2. Invariant theory and matchings

Definition 9.3. A matching on a set S is a set M of disjoint 2-element subsets whose
union is all of S. Let Mg denote the set of all matchings on the set S.

If 0:S—T is a bijection, then for every matching M€ Mg there is an induced
matching o, (M)€E My given by

0. (M) ={{o(x),0(y)} :{z,y} € M}.
In this way, M may be viewed as a covariant functor X— Set.
Remark 9.4. Note that Mg=@ if the number of elements |S| of S is odd. If |S] is
even, say |S|=2k, then

IMg|=(2k—1)11=1-3-5-...-(2k—1).

If X is a set, we let QX denote the graded vector space with basis X concentrated
in degree zero, and we let XV denote the dual of QX. If V is a graded vector space,
then we let X®V denote QX ®V. Let sgn, denote the sign representation of ¥, i.e.,
sgn,, =Q with action of 0 €3, given by multiplication by the sign sgn(c) of o. If V is a
graded vector space, Z1, ..., T, €V, 1=21®...91, €V®" and 0 €Y, then we let sgn(o, z)

denote the sign for which
(21®...Qx,)0 =sgn(o, )z, @...QT,, ,

with respect to the standard right action of ¥,, on the graded vector space V®".
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THEOREM 9.5. Let V be a graded anti-symmetric inner product space of degree

2d—2, concentrated in degree d—1. Consider the pairing
(=, =): Mo @VE ;s sny,
defined by
(M, 21®...Qxa) =sgn(0) sgn(0, )Xoy, Xoy) v (Tonp_1s Tooy)s

for M={{o1,02}, ..., {o2k—1, 00k } } € Mag. This pairing gives rise to morphisms of Xaj-
modules of degree —2k(d—1),

p: Moy @5gyy, — Homgp vy (VE2,Q),  o(M)(z) = (M, z),

:(VEH)sp(v) —> Mok ©sgnyy,, ()= Y (Mz)M.
MeMoay

The morphism ¢ is surjective and the morphism 1 is injective. Both ¢ and 1 are

isomorphisms if dimV >2k.

Proof. First of all, note that the pairing is well defined, because (V, (—, —)) is graded
anti-symmetric and of even degree. As the reader may check, the pairing is 3.,,-equivariant
is the sense that

(T (M), Tx) =sgn(r){M, z),

for all T€Xq;.

Suppressing the grading, V is in effect a symplectic vector space for d odd, and
a symmetric inner product space for d even. The statements about ¢ are essentially a
summary of the first and second fundamental theorems for the symplectic and orthogonal
groups; see [42, §9.5]. Note that QMg is isomorphic to the ¥gi-representation denoted
Ay, in [42]. The sign representation factor is not present in the fundamental theorem for
the orthogonal group ([42, Theorem 9.5.2]), but it reappears due to the fact that, when
d is even, elements of V are of odd degree d—1, which means that signs appear when
tensor factors are permuted.

Turning to ¢, note that (V®2)g, ) is dual to Homgp)(V®?*,Q), up to a degree
shift by 2k(2d—2). Note also that the Yop-module QMo is self-dual. Indeed, a Xo-
equivariant isomorphism 6: Q My, —QM sy, is given by

0(f)= > f(M)M.

MeMosy
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The map 1 is the composite

\%

(VO ) gpr) == (VEF)5p1)) Y)Y == (Mor @sgny,, )Y =2 My, ®sgny,

o®1
— Mo, ®sgnyy,

where 7 is the canonical isomorphism from a finite-dimensional graded vector space to
its double dual. O

COROLLARY 9.6. Suppose that v=dimV >2k. Let e, ea, ..., e, be a basis for V, and
let
e=e] ®€f&®€2®6§£®...®6k®6ﬁ e Ve,

Then, the coinvariants (V®2k)sp(v) has basis
[6(7_1], 0602k7

where Ca CXoy is the set of permutations o such that 01 <03<...<09;_1 and o9;_1 <09
for all .

Proof. Let E denote the matching {{1,2},{3,4}, ..., {2k—1, 2k} } € Myi. There is a
bijection Cy, — May, given by

or—0.(E)={{o1,09},{03,04},....{02k—1, 001} }.

Hence, the Yoi-module Moy ®sgny;, has basis o.(£) for 0€C. The isomorphism
(U (V®2k)Sp(V)4>M2k®Sgn2k is such that

Ple]=E,

whence [ec™!]=sgn(c)o.(E), because 1) is Yop-equivariant. It follows that [ec 1], for
o€(Cyy is a basis for (V®2k)Sp(V)7 as claimed. O

Remark 9.7. We note for future reference that, in particular, (V®2k)sp(v) is spanned
by elementary tensors, meaning elements of the form [(e; ®ef£®eg®e§&®...®ek®ek#)a]

for some o €Xo.

Let V denote the category of graded vector spaces over Q, and let Sp:Sp?i”fl2

denote the category of graded anti-symmetric inner product spaces of degree 2d—2,
concentrated in degree d—1. For an Sp-module (i.e., a functor) M:Sp—V, we define the
‘Sp-coinvariants’ by
Mg, =colim M (V).
=5 M)
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Informally, the coinvariants Mg, may be thought of as the value of M(V)g,(v) as the
dimension of V' tends to infinity. There is an Sp-X-bimodule given by

Spx¥X—V,
(V,8)— V&5,
Using Sp-coinvariants, Theorem 9.5 admits the following elegant formulation.
COROLLARY 9.8. There is an isomorphism of ¥-modules

(V®S)gp 251518 D Me@sgng .

9.3. The graph complex

Definition 9.9. A graph G:(Fi)V, E) consists of a set F' of flags or half-edges, a
set V' of wvertices, a function f: F—V, and a matching F on F, elements of which are
thought of as the edges of the graph.

An isomorphism of graphs G— G’ is a pair of bijections o: F—F’ and 7: V=V’ that

commute with the structure maps,

and preserve edges, in the sense that o.(E)=F’. Let raph denote the groupoid of

graphs and their isomorphisms.

The valence of a vertex v€V is the cardinality of the set f~!(v). The Euler charac-
teristic of a graph is defined by x(G)=|V|—|E].
Every 3-module € gives rise to a functor ¢:¥raph—V, whose value at a graph
G=(F-LV,E) is
C(Q)=C(f)=QE(f (v));

veV
of. [32, (2.12)].

Definition 9.10. For a ¥-module €, define the space of €-decorated graphs by

@iy = Gce(é)}irra%h sVI=x(@@2d=2) 5o @ sgn . @F(G)

= (P sIVImXDCI2) (sgn, @ sgnp @F(G)) aur():
[G]
where the colimit is over the groupoid of graphs ¥raph, and the sum is over all isomor-

phism classes [G] of graphs.
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The reader may compare this with [32, equation (2.18)]. Thus, ¢49% is spanned by
oriented graphs whose vertices are decorated by elements of 4. To specify a ¢-decorated
graph, one needs to supply the data of

e a graph G:(Fi)V, E),

e an orientation of the vertices and an orientation of the flags, and

e for each vertex veV, an element &, €%(f~1(v)).

The homological degree of a decorated graph is |V|—x(G)(2d—2) (plus the homo-
logical degrees of the decorations &, in case € is equipped with a grading). For d=1,
the space ¥% is isomorphic to the space of ‘@-graphs’ [22]. For d>1, 49¢ is sim-
ply a regraded version of ¥'¢. If ¢ is a cyclic operad, then there is a differential
0:996, —%9%€),_1, defined as a sum over edge contractions; see e.g. [22] for a detailed

description.

9.3.1. Colimits over Grothendieck constructions

Let I be a category and F': I —Cat be a functor from I to the category of small categories.
The Grothendieck construction I [ F is the category whose objects are pairs (i, ), where
i is an object of I and z is an object of F'(¢). A morphism (i,2)—(j,y) in I [ F is a pair
(f,9), where f:i—j is a morphism in I and g: F(f)(x)—y is a morphism in F(j). There
are evident functors

F(i) 25T / F5 T

Consider a functor D: I [ F—V to some category V with all colimits. For a fixed 1,
we get a functor Di;=D(i,—): F'(i)—V, and we may form its colimit
colim D(i,x).
z€F (i)
As i varies, these colimits assemble into a functor from I to V, and we may form its
colimit

colim colim D(i, x).
i€l zeF(i)

On the other hand, we may form the colimit of D over I [ F. It is an exercise to check
that the results are canonically isomorphic. For reference, we state this as a proposition.

PROPOSITION 9.11. For every diagram D:I [ F—YV, indexed by the Grothendieck

construction of a functor F:I— Cat, there is a canonical isomorphism

colim D(i,x) = colim colim D(%, x).
(i,x)€l [ F i€l zeF (i)
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We will apply this observation twice in the proof of Theorem 9.12 below.

There is a functor (—|X): ©— Cat sending a finite set S to the category (S1X). The
Grothendieck construction ¥ [(—]X) and the comma category (£]X) are isomorphic as
categories over X.

Next, we observe that the groupoid ¢raph is equal to the Grothendieck construction

i) [ M

where M: (2|X)—Cat is the functor that sends an object f:S—T to the set Mg of
matchings on the source, viewed as a category with only identity morphisms.

Recall that Sp:szcﬁ2 denotes the category of graded anti-symmetric inner product
spaces of degree 2d—2 concentrated in degree d—1. Taking cue from Proposition 6.6, we
associate with every ¥-module € an Sp-module V—%((V)), where

C(V) =" P E(n)os, VO
n>=0

THEOREM 9.12. There is a canonical isomorphism
AsE((V))sp 296

Proof. The functor V+— AsV may be identified with the Schur functor associated to
the X-module As, with As(T)=s!T!sgn, for a finite set 7. In particular,

AsE((V)) =2 (AsoF)[V]
= cgleigl(ASO%) (S)eV®s
-l ) or

o li As(TYRE ®s
pos ol s(T)RE((f)2Ve2,

where we have used Proposition 9.11 in the last step. Since colimits commute with
colimits and tensor products we get
AsE[V]gp = li As(T)®€ ves
sEWVlsp= | joolim  As(T)@F(F)@(V)sp

>~ colim _ As(T)®FC 151(d=1)
;s SQm, s(I@C((f))®s Ms®@sgng,

where we use Corollary 9.8 in the last step. Viewing the set Mg as a category with only

identity morphisms, we may rewrite the above expression as

s S0 ) R, 2 AN E () Ssms.
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As noted above, the groupoid ¢raph is isomorphic to the Grothendieck construction
(xl%) / M.

Remembering that As(T)=s!Tlsgny, another application of Proposition 9.11 (and a

change of notation V=T, F=5) then shows that the above colimit is isomorphic to

Gcgg}igr;h sB2DIVIHFIA=D gon . @ sgnp @6 (G),

which is equal to 9% by definition; note that

(3=2d)|V|+|F|(d—1)=|V|—(2d—2)x(G). O

Remark 9.13. Note how the groupoid of graphs emerges through successive assembly
of colimits in the proof of the previous theorem, in effect allowing us to rediscover both
the groupoid of graphs and the space of ¢-graphs. Similarly, in the next theorem we will

rediscover the graph complex differential.

If € is a cyclic operad, then the formula (6.7) endows € ((V)) with the structure of

a graded Lie algebra, and we may form the Chevalley—Eilenberg complex
CIE(E((V))) = (AsE((V)), deg).-

THEOREM 9.14. If € is a cyclic operad, then the isomorphism in Theorem 9.12

commutes with differentials, yielding an isomorphism of chain complexes
CCE(E((V)))sp = (4%, ).
Proof. 1t follows from Corollary 9.6 that the graded vector space
A"sE((V))spv)
is spanned by Sp(V')-orbits of elements of the form
E QNN RNy, & EC(i;), h VO, (9.1)
such that h;®...®h, €VE?* is an elementary tensor, i.e., of the form
1

hM®..Qh,=(e1 ®6?&®€2®€2#®m®6k®6k#)07 )

for some o€ Cyy.
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Tracing through the isomorphism As%'((V))spv)=9%€ of Theorem 9.12, the class
of the element (9.1) may be represented by the decorated graph, whose underlying graph
G= (FLV, E) has vertices V={hq, ha, ..., h, }, flags F:{el,efﬁ,...,ek,ek#}, edges E=
{{es, ef&}, s €y ek#}}, and where f: F—V is given by f(e)=h; if e appears as a tensor
factor in h;. The vertex h; is decorated by the element &;, the orientation of the vertices
is h1A...Ah, and the orientation of the flags is determined by o.

Towards describing the Chevalley—Eilenberg differential applied to (9.1), recall that
the formula (6.7) defines the Lie bracket of two elements £s®@hs and &®hy in F((V)):

£ ®@he, &®h] = (£)ioj (&)@ (ha)ios (he).
0,J
Since h1®...®hy, is an elementary tensor, the only possibility for (hs);o; (h:) to be non-
zero is if the i¢th tensor factor of h; is e, and the jth factor of h; is ef, or vice versa, for
some 7. In other words, (hs)ic;(h:) is non-zero only if the vertex h, is connected to h;
by an edge {e,, e} in the graph G. Bearing this observation in mind, the expression for
the Chevalley—Eilenberg differential,
deg(§1@hiN . NERhy,) =

S €D hy, ORI AEL @I A & Dy . @Rt oo N @i,

s<t
may be simplified: Since h1®...®h,, is an elementary tensor, we may instead sum over
all edges in G. Indeed, for each edge {e,,e¥}, there are unique s, t, i and j such that
the ith factor of h, is e, and the jth factor of hy is €. So, the above expression may be

written as
k

37 H(6)ioi (€)@ (he)ios (he) AEL @R A £ @ . D g oo Ny @y,

r=1
The rth summand in the above expression corresponds to the decorated graph obtained
by contracting the edge {e,, e} in the decorated graph we started with. So, we have

rediscovered Kontsevich’s graph complex differential. O

The proof of Theorem 9.1 consists in two applications of Theorem 9.14. By Propo-
sition 6.6, the graded Lie algebra gg:Der:g L(V,) is isomorphic to the Lie algebra asso-
ciated with the cyclic operad Zie. Thus,

CP(goc)r.. = CTF(Lie((V))sp 29 Lie.
The graph complex in the introduction involves only connected graphs, whereas discon-

nected graphs are allowed in the definition of ¥¢.%ie. By interpreting a disconnected

graph as a formal product of its connected components, one sees that

4?1 Lie= A9 (0).
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Secondly, the graded Lie algebra g,®a, is isomorphic to the Lie algebra associated to
the cyclic operad Zier; with

ZLie((n)), ifn=3,
s4—211, if n=1.

Lien((m)={

The ‘hairy graph complex’ AZ?[I1] is easily seen to be isomorphic to ¥¢.Zier.

Appendix A. Cohomology of arithmetic groups

The automorphism groups Aut(H, p,q) and Aut(H, u, Jq) associated with a quadratic
module (H, pu,q) are arithmetic. We will summarize the results on the cohomology of
arithmetic groups that we need. We refer to Serre’s survey article [63], and the references

therein, for more details.

THEOREM A.1. Let G be an algebraic group defined over Q, let T' be an arithmetic
subgroup of Gg, and let V be a finite-dimensional Q-vector space with an action of T'.
Then, the following statements hold:

(1) The cohomology groups H*(T; V) are finite-dimensional.

(2) If G is simple and of Q-rank at least 2, then the first cohomology group vanishes:

HY(T;V)=0.

Proof. If T is torsion-free, then the first claim follows from the fact that the trivial
Z[TI']-module Z admits a finite-length resolution by finitely generated free Z[I']-modules.
For general T', there exists a torsion-free subgroup I'VCTI' of finite index, and the claim
follows because H*(T'; V) may be identified with the set of I-invariants in H*(I'; V') by
a transfer argument (see e.g., [17, Proposition III.(10.4)]).

If G is simple and of Q-rank at least 2, every finite-dimensional representation V of
T is almost algebraic (see [63, §1.3 (9)]). This means that there is a finite-index subgroup
I CT such that the restriction of V' to I'" is the restriction of an algebraic representation
of the algebraic group G. This implies that the first cohomology group H'(T'; V) vanishes,
as in [4, Corollary 16.4]. O

Appendix B. Some elementary homological algebra

We will consider Z-graded chain complexes over an associative ring R, e.g., R=Q[n] for

a group T.
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A chain complex C. is called split if there are maps s,,: C,,—C,, 41 such that dsd=d.
Equivalently, there is a chain homotopy equivalence between C, and the homology H,(C),

viewed as a chain complex with trivial differential.

LemMA B.1. If C, is a split chain complex, then there is a chain homotopy equiv-

alence
C, — H,(C)
pC

such that pc(2)=[z] if z is a cycle.
If f:C.— D, is a chain map between split chain complexes (not necessarily compat-

ible with the splittings), then the diagram

c.—1 b,
pc

JPD
H.(f)

H.(0) —% 1,.(D)

commutes, up to chain homotopy.

Proof. Let s: C,— Cyq1 satisfy dsd=d. The reader may check that the formulas

P
n CC%T H.(C)

p(x)=[z—sd(z)], V[z]=2—ds(z) and h=s—s%d
give well-defined maps that satisfy

pV=1 and 1-Vp=dh+hd.

Clearly, p(z)=[z] if z is a cycle.

Next, consider a chain map f: C,— D, between split chain complexes. Since

for cycles z, we have that V¢ [z]=2z—dh(z). Therefore,

pofVelzl=ppf(z—dh(z)) =pp(f(2)) = [f(2)],

showing that
ppfiVeo :H*(f)

Hence,
H,(f)pc =ppfVepe~ppf. O
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LEMMA B.2. A chain complex C, is split if and only if the short exact sequences

0—3Zn—3Cp 2 B, 1 —0,

0—B,—72,— H,—0

are split exact for all n. Here, Z,=ker(d,), Bn,-1=im(d,,), and H,=H,(C,).

Definition B.3. We will say that a group 7 is rationally perfect if H'(7;V)=0 for

all finite-dimensional vector spaces V over Q with an action of .

LEMMA B.4. A group 7 is rationally perfect if and only if

for all finite-dimensional vector spaces V. and W over Q with an action of .

Proof. Use the relation
Exté[ﬂ](VV, V)= H' (7; Homg (W, V)). 0

PROPOSITION B.5. Let w be a rationally perfect group. If C, is a chain complex of

Q[r]-module such that C, is finite-dimensional over Q for every n, then Ci is split.

Proof. If C,, is finite-dimensional over Q for all n, then so are Z,,, B,, and H,,. Since
7 is rationally perfect, the Ext-groups Ext(bm (H,, By) and Ext}Q[W] (Bn—-1, Zy) vanish for
all n, which forces C, to split by Lemma B.2. O

Appendix C. A Q-local plus construction

Let X be a connected space of finite Q-type such that H!(X;Q)=0. Then X admits a
minimal Sullivan model .#Zx of finite type with generators in degree 2 and above; see e.g.,
[25, Proposition 12.2]. The spatial realization |.#x| is then a simply connected Q-local
space of finite Q-type. Moreover, the canonical map X —|.#x]| is a rational cohomology
isomorphism. One may view |.#Zx| as a Q-local version of the plus construction, and we
will denote it by X@. In fact, if the fundamental group of X is perfect, i.e., H1(X;Z)=0,
then X@ is a Q-localization of the ordinary plus construction. Note however that the
rational plus construction has a wider range of applicability, as it does not require the

fundamental group to be perfect.
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Appendix D. Proof of Theorem 4.18

For a vector bundle £ over a finite CW-complex X with a closed subspace CCX, we
defined in §4.3 the A-monoid S, aute(€) and its stable version S, auto(€5). There is an
obvious forgetful map

7: 5. auto(€5) — S, aute (X).

LEMMA D.1. The map
7: S, auto . (€%) — S. auto . (X)
satisfies the Kan condition.

Proof. Given a diagram

A s qute (RF1 x€)

|, ]

JI AN autc . (X)

that displays (f, F) as a horn in S_; autc.(£), we seek to extend it to an element
(f, ﬁ) of S autc . (§), provided dim £ —dim X —1>k. Since we stabilize, we may assume
dim & —dim X >>k. We treat the case of the kth horn, i.e., AF is the union of the faces
d;AF=d'(A¥=1) for i=0,1,...,k—1. The cases of the other horns are similar. Let F; be
the restriction of F to d;AF, so that

dF,=d, 1 F,, 0<v<pu<k-1.
In §4.3 we introduced the isomorphism ¢,,: RxRF15R* and we let
(fp)4: auto.(RF 1 x &) — auto . (R* x€)

be the map
(fu)#(F) = ¢, (idr XFW;l-
Then, F},=(¢,)%(F,) is a map from d, A" into autc,.(R¥x &), and these morphisms fit

together to define a diagram

J LN autc,. (R x &)

L, |

AF L) autc . (X).
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Indeed, d,,AkﬂduAk:d,,duAk:du,ld,,Ak when v <, and since

(60) (D)3 = (Bu—1)2(d0) 3 aute,. (R 2 x &) — aute,. (R* x€),

it follows that F), and F}, agree on d, A*Nd, AF.
As in the proof of Lemma 4.9, we may apply [66, §11.3] to extend (f, F’) to (f, F")
with
AFxRFxe I Rbx g

L]

APx X ——— 5 X.

Off hand there is no reason to expect that F” maps the kth face of A* into

(6n)4 autc,.(RM1x¢),

which is required for (f, F"') to define a k-simplex of S. autc.(§). But we can adjust F”,
using that
(fr)4: autc, (RF! x &) — aute .. (R* x £)

is highly connected when dim & —dim X > k; cf. Proposition 4.12. The boundary (k—2)-
sphere 9(d,A¥) is contained in 9(A*) and the diagram

dp A — autc, (RF x &)

S
\\ (¢k)#
N
>

A(dp AP~ aute,, (RF1 x€)

represents an element of m,_1((¢x)4), which with our assumption on dim¢ is the zero
group. Hence, F" deforms to a map from dA* into autc.(RF~1 x¢) and using a collar
to absorb the deformation, we have obtained the required k-simplex of S. autc,.(§).

We remember that S, aute,.(¢5) is the colimit of S, aute,.(£9), £5=£ X R®, as s—o0.
The condition dim £*—dim X >k is satisfied for large s, because X was assumed to be a
finite CW-complex. O

The map that sends (f, f)Eautqo(f) into (f,id xf)Eautcyo(IRk x £) induces a map
from Sy autc.(§) to Sy aute,.(€) and gives rise to the A-map

a.: S, aute, (€9) — S. autc,.(€9).

Both A-sets are Kan A-sets; for the target, this is a consequence of Lemma D.1. Hence,
the homotopy groups of their geometric realizations may be calculated from the combi-

natorial homotopy groups.
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LEMMA D.2. mg(a.) is an isomorphism.

Proof. Assuming dim £ —dim X >k,
m(S. aute,. (€)) = Zi(S. autc,.(€))/ ~

where
Zi(8S. autc.(§))={F € Sk autc (&) :d,F=id,p=0,..., k},

and where F)~F, if there exists a G€§k+1 autc.(§) with dpyG=Fi, dy+1G=F, and
d,G=0 for u<k. If
F: AF —s aute . (R* x€)

is an element of Zj(S. autc.(§)), then
Fod'=¢,o(id xd,F)eg, ', p=0,...k,
and since d, F'=id, we may view I’ as a map

F:(S*, %) — autc . (RF x€).

We claim that two such maps represent the same element of 7rk§. autc.(§) if and only
if they are homotopic as maps into auut(;,o(Rk*‘1 x¢). To wit, write A**! as the join
of the (k—1)-simplex (vg,...,v5_1)=drdr+1 A1 and the 1-simplex (vg,vir1), where
{vg, ..., vp11} is the set of vertices of A¥*1. The family of simplices

(v0, -y Uk—1) *{tvp + (1 =) vp41 : 0<E <1}

turns the above
G: AF s aute  (RFF X €)

into a map
G: (8%, %) x I — aute . (R¥1 x )

related to F} and F, via the diagram

(S*, %) x {1} —2 autc.. (RF x €)
(Pht1)#
(S*, %) x I —%— aute. (RF+1 % €)

(Pr)#

(S*, ) x {0} —— autc,. (R¥ x&).
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Since we are assuming that dim £ —dim X >k,
autc,. (&) — autc. (R¥! x )
is a (k+1)-equivalence. Consequently, Fy, F and G can be viewed as maps into autc . (£)

with G being a homotopy between Fj and Fy. This completes the proof. O

COROLLARY D.3. The geometric realization of S. autc,o(fs) is homotopy equivalent
to the topological monoid autc .(£%).

Remark D.4. Tt was pointed out in [18, Appendix 1, §3] that the A-group ]ﬁa(M).

is in fact a simplicial group. In our formulation, the degeneracy operator

sx: Diffo (M), — Diffo (M) 11
maps a k-simplex (¢, 1) into (sx(p), sa(¥)), where

sa(¥)(x,y) = ¥(s 2, y)

and where sy () (7, y) € AF! has components

3/\(90)1(3379)24101(3)\(37)7y)a 1<’L<)\7
sx(@)ar(z,y) = or(@)pa(s (@), y) + (1—oa(@))pasa (s, y),
sx(@)i(z,y) =pic1(s™(x)), A+1<i<k+1.
Here, (x7y)€Ak+1 XM? S)\(xla "'axk-i-l):(mla "'5£A+1a ...,.I‘k;+1) and

TA42—TA41
UA(x17"‘7$k+1): )
Tx+2 =LA

with the convention that pg=0, pr11=1, £9=0 and xx412=1. It is the collar conditions
that make the above formulas well-defined. Indeed, the collar conditions for ¢, listed in
preparation to Lemma 4.16, make the denominator of o, () cancel out:
(sop)1(z,y)= 1, if 29 ~0,
(sa@)ati(z,y)= 30/\(3)\1" Y) a1 — %(30A+$,\+2), if zx ~xyi2,

(869 k+1(7, )= Thp1, if xp ~1.

Differentiating the above expression for sy(p), it follows that auty.(7ar) and its stabi-
lization auta,o(Tjg[) admit degeneracy operators, so are simplicial monoids. In fact, if we

use a collared version of autc,.(£), then it also becomes a simplicial monoid.
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