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1. Introduction

1.1. Statement of results

Let B? denote the unit ball in R? and ¥: B"~' -R" be a smooth(!) parametrisation
of a hypersurface. Further, let a€(C°(R"~!) be non-negative and supported in B"~!
and suppose that ¥ has non-vanishing Gaussian curvature on the support suppa of a.
Analytically, this means that ¥ satisfies the following conditions:
(E1) rank 9,%(w)=n—1 for all we B*~1;
(E2) defining the Gauss map G: B"~!—S"~1 by
Go(w)

)= g

where

Go(w):= A 0w, B(w),

the curvature condition
det 83“:.1 <Z(w>7 G<w0)> |w:wo 7é 0

holds for all wy€E€supp a.

(1) In view of the methods of the present article it is convenient to work in the C* category, but
the forthcoming definitions and questions certainly make sense at lower levels of regularity (in particular,
in the C? class).
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Here, the wedge product of n—1 vectors in R™ is identified with a vector in the usual
manner.

A central problem in harmonic analysis is to understand the Lebesgue space mapping
properties of the extension operator F associated with such a parameterised hypersurface.

This operator is defined by the formula
Ef(x):= / 2 e 2@ g () f(w) dw (1.1)
Bn—1

for all integrable f: B! —C. Thus, E is an oscillatory integral operator with associated

phase function
d(r;w) = (x, B(w)). (1.2)

Observe that the parametrisation ¥ can be recovered from the phase by differentiation;
that is,
O p(;w) = X(w).

Typically, one is interested in proving local estimates for (1.1) of the form(?)

IEfllLeBon) Se AN fllorar-1); (1.3)

here, the left-hand norm has been localised to a ball of radius A>1 and the right-hand
constant is allowed some weak dependence on A. In particular, the Fourier restriction
conjecture asserts that (1.3) should hold for any €>0 in the range p>2n/(n—1).

In this article the natural variable coefficient generalisations of such extension oper-
ators (1.1) and estimates (1.3) are studied. In particular, here more general oscillatory
integral operators are considered whose associated phase function ¢(z;w) shares the
property of the extension operator that for each a the map w+0,¢(x;w) parameterises
a hypersurface of non-vanishing Gaussian curvature. Crucially, however, the choice of
hypersurface is now allowed to smoothly vary with x.

To formalise this discussion, let n>2, a€C°(R"xR"~!) be non-negative and sup-
ported in B"xB" ! and ¢: B"xB" ' =R be a smooth function which satisfies the
following conditions:

(H1) rank 92 ¢(z;w)=n—1 for all (x;w)€B"x B"~1;

(H2) defining the map G: B"x B"~!—Sn~1 by

L) Go(z;w)
A= 1g, @l

(?) Given a (possibly empty) list of objects L, for real numbers A, B, >0 depending on some
Lebesgue exponent p, the notation A,y By or By Ap signifies that A, <CB, for some constant
C=C7, n,p=0 depending on the objects in the list, n and p. In addition, Ap~, By is used to signify that
APSLBP and AIJZLBP'
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where

n—1
GO(.’E;W) = /\ awjar¢(x;w)7

j=1

the curvature condition

det 02, (0:0(x; w), G(23wo)) |lw=w, #0

holds for all (x;wp) €supp a.

Clearly, (H1) and (H2) agree with (E1) and (E2) when one restricts to phases of
the form (1.2), and this definition therefore leads to a generalisation of the operator E
introduced above.

Suppose ¢ satisfies (H1) and (H2), for any A>1 let

a’\(:v;w) ::a<§;w) and qb’\(x;w) 2=A¢(§;w)7

and define the operator T by
T f(z) ::/ e%wx(z;“’)ak(m; w) f(w) dw
Bn—1

for all integrable f: B"~'—C. In this case, T is said to be a Hérmander-type operator.

Note that the spatial localisation featured in (1.3) is now built into the operator.

THEOREM 1.1. (Stein [27], Bourgain—Guth [9]) Suppose T? is a Hérmander-type
operator. For all e>0 the estimate

IT* e ny Segia XN Fllon-1) (1.4)

holds uniformly for \>1 whenever p satisfies

1
p}?n——’_l if n is odd,
2
p>2i if n is even.
n

The odd-dimensional case is due to Stein [27], who in fact showed that the above
estimates are valid for p>2(n+1)/(n—1) in all dimensions without the A\°-loss. The
strengthened results in even dimensions were established much later by Bourgain and
the first author [9].(3) A detailed history of this problem is provided later in the intro-

duction. It is remarked that Theorem 1.1 is sharp, in the sense that there are examples

() Strictly speaking, in [9] weaker L°°-LP bounds are proven, but the methods can be used
to establish the LP-LP strengthening: see, for instance, [14, §9] where the LP-LP argument appears
(although in a slightly disguised form).
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of Hérmander-type operators for which (1.4) fails whenever p does not satisfy (1.5). Such
examples originate from work of Bourgain [5] and are discussed in detail in §1.3 and §2.

The majority of this work concerns the case where the phase satisfies a strengthened
version of (H2), namely

(H2%) for all (x;wp)€supp a the matrix

az)w <aﬂ?¢(m7 w), G(fE, w0)> |UJ:W0

is positive-definite.

If ¢ satisfies (H1) and (H2"), then T* is said to be a Hirmander-type operator with
positive-definite phase. Geometrically, this condition implies that the principal curva-
tures of the hypersurface parameterised by w+s9,¢(x;w) are everywhere positive. A
hypersurface satisfying this condition is said to be positively-curved.

Lee [19] observed that for positive-definite phases one may prove estimates beyond
the range of Theorem 1.1.(*) The main result of this article provides sharp estimates in
this setting.

THEOREM 1.2. Suppose T* is a Hormander-type operator with positive-definite phase.
For all >0 the estimate

IT*fll 2o (ny Ses,a AN Il o n-1) (1.5)

holds for all A>=1 whenever p satisfies

3n+1

p>23n_3 if mis odd,
3n+2

p=2 nt if n is even.
3n—2

This result improves upon the previous best results of Lee [19] and Bourgain and
the first author [9]. Moreover, it is sharp in the sense that there are Hormander-type
operators with positive-definite phase for which (1.5) fails whenever p does not satisfy
(1.6). Examples of this kind appear, for instance, in [9], [20] and are discussed in detail in
§1.3 and §2. It is remarked that range of p obtained in [19], [9] agrees with Theorem 1.2
for n=3 and therefore the sharp result in this case is due to Lee [19] and Bourgain and
the first author [9]. In all higher dimensions (1.6) is a strictly larger range of p than what
was previously known. Finally, away from the endpoint values, one may apply e-removal
techniques to establish (1.5) without the A°-loss in the constant (see §12 below).

(%) In particular, Lee [19] proved that for positive-definite phases (1.4) holds for p>2(n+2)/n in
all dimensions, extending the range in Theorem 1.1 when n is odd.
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1.2. Applications to the Bochner—Riesz problem

By the standard Carleson—Sjolin reduction [10] (see also [17]), Theorem 1.2 implies new
LP-bounds on Bochner-Riesz multipliers in dimensions n>4. Theorem 1.2 also implies
bounds for the oscillatory integral operators of Minicozzi-Sogge [20] which arise in rela-
tion to the Bochner—Riesz problem on compact manifolds (see [25, Chapter 5]). Moreover,
for certain choices of manifold, these estimates are sharp. In this section these well-known

applications are briefly reviewed.

Euclidean Bochner—Riesz

For a>0 the Bochner-Riesz multiplier of order « is the function

m®(§) = (1-[¢*)2
where (t),:=t if £>0 and zero otherwise.

COROLLARY 1.3. If p satisfies the condition in (1.6), then

111 (16)
2 p| 20 '

Here, m®(D) is the multiplier operator associated with m®, defined a priori by

m*(D)f(x) = / 2T e (€) F(€) de,

R™

where f denotes the Fourier transform of f.

Recall that the Bochner—Riesz conjecture asserts that condition (1.6) holds for all
p=2n/(n—1).(°) The conjecture was resolved for n=2 by Carleson-Sjélin [10] but re-
mains open in all higher dimensions. Corollary 1.3 provides some progress towards this
conjecture when n>4, improving over earlier results of Fefferman—Stein (see [12]), Lee
[18], Bourgain—Guth [9] and others. When n=3, the range in Corollary 1.3 matches that
of Lee [19] and Bourgain-Guth [9].

For completeness, here a sketch is provided to show how one may deduce Corol-
lary 1.3 from Theorem 1.2. This follows a standard argument by Carleson and Sjolin [10].

A stationary phase computation shows that the kernel K:=(m®)” of m®(D) is

iven b
& Y N ai(x)ei%i‘xl
K (‘”):Z (1+4|z|)(nt1)/24a’

+

(°) Once (1.6) is known in the range p>2n/(n—1), it immediately extends to all 1<p<oo, by
duality and interpolation with the trivial p=2 case.
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where the a. are symbols of order zero, in the sense that |02 a. (z)|<g|z| 718! for all multi-
indices SeNj. After applying a dyadic decomposition, the Bochner-Riesz conjecture is

therefore reduced to bounding the Carleson—Sjolin operators

(@)= [ N ala,g) f(w) d (1.7

where a€ C*°(R™ xR™) has compact support bounded away from the diagonal {(z,z):

x€R™}. In particular, Corollary 1.3 is a consequence of the following bound.

COROLLARY 1.4. If p satisfies the conditions in (1.6) and €>0, then
1 Fllo gy Se A2 fll oy for all A>1. (18)

Theorem 1.2 can be used to prove estimates of the form (1.8). In particular, one

may write S* as a superposition of operators 7T ;‘n for which the y,, variable is frozen:

S f(a) = / T £y @) dyns iy (5) = £ )-
R

It is not difficult to check that each T;‘n is a Hormander-type operator with positive-
definite phase. Theorem 1.2 can be applied to the T;‘n with a uniform constant (this
uniformity is a consequence of the proof) and Minkowski’s inequality can then be used

to convert these estimates into bounds for S?*, yielding Corollary 1.3.

Bochner—Riesz over compact manifolds

The classical Bochner—Riesz multipliers have natural analogues defined over compact
Riemannian manifolds (M, g) without boundary. In this setting, one defines the multi-
plier operator m® (D) in terms of spectral projectors associated with an eigenbasis for the
Laplace-Beltrami operator —Ag; see [23] or [25, Chapter 5] for further details. Unlike in
the Euclidean case, Theorem 1.2 does not, in general, directly lead to new LP bounds for
the spectral multipliers m®(D). Nevertheless, as described presently, Theorem 1.2 does
provide bounds for certain variants of the operator (1.7) which, in some sense, control
the “local behaviour” of the Bochner—Riesz multipliers on (M, g).

When studying Bochner-Riesz multipliers in the manifold setting, one is led to

consider certain variants of the Carleson—Sjolin operator (1.7), defined by
A L 2miX disty (x, .
Spfa)i= [ N ate, ) 1(5)dy (1.9

here, a€C> (M x M) is supported away from the diagonal, whilst dist, and dy are,
respectively, the distance function and measure on M induced by the Riemannian metric.
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Operators of this form were studied previously by Minicozzi-Sogge [20] (see also [25,
Chapter 5]).

Working in local coordinates and then arguing as in the Euclidean case, one may
use Theorem 1.2 to prove the following bound.

COROLLARY 1.5. Suppose (M, g) is a compact Riemannian manifold of dimension
n>2 without boundary. If p satisfies the conditions in (1.6) and >0, then

||S;f||LP(N[) Se,g /\(n—l)/2—n/:0+st||Lp(M) for all A>1.

An interesting feature of this result is that there are examples of manifolds (M, g)
for which the range of exponents (1.2) is sharp; see [20].

There is an analogue of the Carleson—Sjo6lin reduction in the manifold setting, which
relies on the Hadamard parametrix for the wave equation on (M, g). This can be used
to prove LP bounds for Bochner—Riesz multipliers over (M,g) in the restricted range
p=2(n+1)/(n—1): see [25, Chapter 5]. Unfortunately, the parametrix is only effective
for short time intervals and, as a consequence, Corollary 1.5 does not appear to directly
imply any new bounds for Bochner—Riesz multipliers over general (M, g). In particular, it
seems that it is necessary to combine Corollary 1.5 with global geometric information to
fully understand the Bochner—Riesz problem. For p>2(n+1)/(n—1) such difficulties can
be overcome using LP eigenfunction estimates of Sogge [24] (see [23] or [25, Chapter 5]),
but the method appears to be tied down to this restricted range of exponents.

Finally, it is remarked that new Bochner—Riesz estimates can be obtained for certain
specific choices of manifold (M, g) which enjoy additional symmetries. The simplest
example is the flat torus T"; indeed, Corollary 1.3 implies similar L” bounds in the
toral setting via the classical multiplier transference principle. A more involved example
is the n-dimensional Euclidean sphere S™.(%) In this case, using the periodicity of the
geodesic flow, one may entirely reduce the Bochner—Riesz problem to bounding operators
essentially of the form (1.9), as observed in [22] (see also [21]). It may be possible to
extend these methods to treat the class of Zoll manifolds, following a line of investigation
initiated in [21].

1.3. Historical remarks

The problem of determining LP estimates for Hoérmander-type operators has an inter-
esting history. Hormander [17] asked whether (1.5) holds for p>2n/(n—1) (without
e-loss) under the hypotheses (H1) and (H2) only, and proved that this is indeed the case

(6) The authors are grateful to Christopher D. Sogge for drawing their attention to this example.
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when n=2. This numerology agrees with the Fourier restriction conjecture and also the
Bochner—Riesz multiplier problem, both of which would follow from a positive answer
to Hormander’s question.(”) Stein [27] provided further evidence for this numerology by
proving the estimate

n+1
HT)\f”LP(]R") S(z,’a ||f||L2(anl) fOI’ all p} 2E,

matching what was known about the high-dimensional Fourier restriction and Bochner—
Riesz problems at that time. It was therefore somewhat surprising when Bourgain [5]
showed that, in general, Stein’s theorem is sharp. In particular, he demonstrated that,

for every odd dimension n>3, there exists a Hormander-type operator for which

IT* fllo @) Soa 1 llLoe (1) (1.10)

fails to hold uniformly in A>1 whenever p<2(n+1)/(n—1). Aside from answering
Hormander’s original question in the negative, Bourgain’s work hinted at an interest-
ing divergence between the odd- and even-dimensional theory. Moreover, it was noted in
[6, p. 87] that in even dimensions the L>°-LP estimates always hold in a wider range than
that of Stein’s theorem. Thus, in general, the even-dimensional case is better behaved
than the odd-dimensional case. This was further highlighted by Bourgain and the first
author [9], who showed that in even dimensions (1.10) holds for p>2(n+2)/n. Further-
more, in [9] and also implicitly in the work of Wisewell [35], examples were found in
even dimensions which show that (1.10) can fail for p<2(n+2)/n. Thus, the range of
exponents in Hormander’s original question is valid only when n=2.

At this point, it is useful to describe the nature of the counterexamples of [5], [35]
and [9], and provide some explanation for the difference between the odd- and even-
dimensional cases. Roughly speaking, in the odd-dimensional case T and f can be
chosen so that |T*f| is concentrated in the 1-neighbourhood of a low-degree algebraic
variety Z of dimension 3(n-+1). This is the smallest possible dimension for which such
concentration is possible. In the even-dimensional case, 3(n+1) is no longer an integer,
and it transpires that |7 f| can only be concentrated into the 1-neighbourhood of a
variety of relatively large dimension §(n+2). These observations are related to Kakeya
compression phenomena for sets of space curves (see [35] for a thorough introduction to
this topic and [20] for the related problem of Kakeya sets of geodesics in Riemannian
manifolds). They also hint at some underlying algebraic structure in the problem.

So far, the discussion has focused on operators satisfying the original (H1) and (H2)
hypotheses of Hormander. Lee [19] observed that, under the positive-definite hypothe-

sis (H2"), one can establish improvements over the range given by Stein’s theorem in

(") The connection with Bochner-Riesz multipliers is made via the classical reduction of Carleson—
Sjolin [10], [17], as discussed in the previous subsection.
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n odd n even

1 2
(H2) Qi Qi
n—1 n

3n+1 23n+2
3n—3 3n—2

(H2") | 2

Table 1. Endpoint values for p for Hormander-type operators under various hypotheses.

all dimensions. In particular, he showed that, for any Hormander-type operator with
positive-definite phase, (1.5) holds for p>2(n+2)/n. This coincides with Theorem 1.2
when n=3, but is weaker in higher dimensions. Wisewell [35] and Minicozzi-Sogge [20]
produced examples (again relying on Kakeya compression phenomena) to show that this
result is sharp when n=3 (see also [9, §6]).

Comparing the sharp examples under the (H2) and (H2%) hypotheses highlights
another important consideration in addition to Kakeya compression phenomena. This
feature relates to how the mass of |T?f| can be distributed in neighbourhoods of low-
degree varieties. It accounts for the improved behaviour demonstrated by operators with
positive-definite phase and is described in detail in §2.

Given the results of this article, the sharp range of estimates for this problem are
now understood under either the (H2) or (H2") hypothesis. The corresponding endpoint
values for p are concisely listed in Table 1.

It is remarked that it is possible to prove estimates beyond the range of Theorem 1.2
under additional assumptions on the phase function. For example, the first author [13]
has shown that, for n=3 and all >0, the extension operator Fp,, associated with the
paraboloid satisfies

| Epar fll e (B0,0) Se AN fllLe(B2)

for all ])2?)—1—%7 and this was further improved to p23—|—13—3 by Wang [33]. Furthermore,
the aforementioned restriction conjecture asserts that the above inequality should be

valid in the wider range p>3.

1.4. Multilinear estimates

The proof of Theorem 1.2 follows the strategy introduced by the first author in [14].
The argument relies on establishing (weakened versions of) multilinear estimates for
Hormander-type operators. The multilinear approach was introduced in the late 1990s
to study oscillatory integral operators (although it was arguably already implicit in many
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earlier foundational works in the subject [12], [10]) and has proven an invaluable tool.

To describe the k-linear setup, one first requires the notion of transversality.

Definition 1.6. Let 1<k<n and T*=(T},...,T)) be a k-tuple of Hérmander-type
operators, where Tj)‘ has associated phase ¢3\, amplitude ajAv and generalised Gauss map

G; for 1<j<k. Then, T? is said to be v-transverse for some 0<v<1 if

k

N\ Gj(@;w))

j=1

>v for all (z;w;) €suppa; for 1 <j<k.

The following conjecture is a natural generalisation of an existent conjecture of

Bennett [3] for Fourier extension operators.

CONJECTURE 1.7. (k-linear Hérmander conjecture) Let 1<k<n and let (T}, ..., TY)
be a v-transverse k-tuple of Hormander-type operators with positive-definite phase func-
tions. For all p=p(k,n):=2(n+k)/(n+k—2) and >0 the estimate

Lr(R™)

k k
X 1/k
[T 00 Sews X TTIE 1 ops (1.11)
j=1 j=1

holds for all A>1.

Techniques have been developed by Tao—Vargas—Vega [32] and Bourgain and the first
author [9] to convert k-linear into linear inequalities. There are a number of features of
the multilinear theory which suggest that it is more approachable than directly tackling
the linear estimates. For instance, here the desired inequalities are L?-based, giving
greater scope for orthogonality methods.

Some instances of the conjecture are known.

e The k=1 case corresponds to Stein’s theorem [27] (which holds without the
positive-definite hypothesis).

e The k=2 case was established by Lee [19], who then used the method of Tao—
Vargas—Vega [32] to derive estimates for the linear problem. This approach yields Theo-
rem 1.2 in the n=3 case, but produces strictly weaker results in higher dimensions (see
the discussion in §1.3).

e The k=n case was established by Bennett—Carbery—Tao [4] who also gave partial
results at all levels of multilinearity (see also [3] for further discussion of this work).
Bourgain and the first author [9] later developed a method to deduce improved linear
estimates from these multilinear inequalities.

The precise statement of the Bennett—Carbery—Tao theorem [4] is as follows.
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THEOREM 1.8. (Bennett—Carbery—Tao [4]) Let 2<k<n and suppose that (T, ..., T)
is a v-transverse k-tuple of Hormander-type operators. For all p>2k/(k—1) and £>0

the estimate

k

| R

j=1

k
—C. 1/k
551(¢j)§=1y AEHHfj”L/Q(Bn—l)
L:D(]Rn) =1

holds for all A\>1.

The positive-definite assumption does not appear in the hypotheses of Theorem 1.8.(%)
Combining Theorem 1.8 with the method of [9] leads to the sharp estimates for Hormander-
type operators stated in Theorem 1.1. For completeness, the details of this argument are
given in §11.

1.5. k-broad estimates

In [14] it was observed that, in the context of Fourier extension operators, the method
of [9] does not require the full power of the k-linear theory, but rather can take as
its input inequalities of a weaker form than (1.11) known as k-broad estimates. By
applying polynomial partitioning techniques, the first author [14] was further able to
prove the sharp range of L2-based(”) k-broad estimates for the Fourier extension operator
associated with the paraboloid. This led to an improvement on the known range of
estimates for parabolic restriction in dimensions n>4. The main goal of this paper is to
extend the theory of k-broad estimates to the more general context of Hormander-type
operators with positive-definite phase.

The k-broad setup involves the notion of a k-broad norm, which was introduced
in [14]. Decompose B"~! into finitely-overlapping balls 7 of radius K1, where K is a
large constant. These balls will be frequently referred to as K ~'-caps. Given a function
f:B" ' —C, write f=)__ f; where f. is supported in 7. In view of the rescaling & of

the phase function, define the rescaled generalised Gauss map
GMz;w) == G(;; w) for (z;w) € supp a’.

For each z€ B(0, \) there is a range of normal directions associated with the cap 7 given
by
GMa; 1) :={GMz;w):weT and (z;w) Esuppa’}.

(®) In particular, of the results mentioned above only Lee’s bilinear estimate [19] exploits the
positive-definite hypothesis.

(9) These estimates have an L2-norm appearing on the right-hand side. Relaxing L? to L° has
led to further improvements on the Fourier restriction problem for the paraboloid [33], [16].
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If VCR" is a linear subspace, then let £(G*(z;7),V) denote the smallest angle between
any non-zero vector v€V and v' € G (z; 7).

The spatial ball B(0,A) is also decomposed into relatively small balls By of ra-
dius K?2. In particular, fix Bg> a collection of finitely-overlapping K?2-balls which are
centred in and cover B(0,\). For B2 €Bg> centred at some point z€ B(0, \), define

pipag (Bic2) = max 1T, )5 (112)

min (
Vi,.,VAEGr(k—1,n) \ 7:4(G (Z;7),Va)>K 1! for 1<a<A
here, Gr(k—1,n) is the Grassmannian manifold of all (k¥ —1)-dimensional subspaces in R™.
It will often be notationally convenient to write 7¢V,, to mean that £(G*(z;7), V,)>K !
(the choice of centre Z should always be clear from the context); with this notation the

above expression becomes

/J,T,\f(BK2)I: HT)\fT||iP(BK2))'

min ( max
Vi,...,VA€Gr(k—1,n) \ 7:7¢V, for 1<a<A

For UCR™ the k-broad norm over U is then defined to be

1/p
T lsag o= (5 wrns(Bien) (1.13)

B2 E€Byea
B o NU#D
It is remarked that ||T*f [BLr , () is not a norm in the traditional sense, but it does
satisfy weak variants of certain key properties of LP-norms, as discussed below in §6.
Theorem 1.2 will be a consequence of certain estimates for k-broad norms. These
estimates are proved under a further technical assumption that the phase is of reduced

form. The details of this condition are postponed until §4.

THEOREM 1.9. For 2<k<n and all €>0, there exists a constant C:>1 and an
integer A such that, whenever T* is a Hormander-type operator with positive-definite

reduced phase, the estimate

HTAfHBLQVA(R”) 55 KCE /\EHfHL?(B"*l) (1.14)

holds for all A>1 and K >1 whenever p=p(k,n):=2(n+k)/(n+k—2).

The range of p is sharp for this theorem, as can be seen by considering the extension
operator associated with the (elliptic) paraboloid (see [14]). As explained in §6 below,
the k-broad estimate (1.14) is weaker than the corresponding k-linear estimate (1.11),
and so Theorem 1.9 can be viewed as a weak substitute for Conjecture 1.7.

To derive LP estimates from Theorem 1.9, roughly speaking, one argues as follows.
The global L? norm is broken up into contributions over balls Bg2; the problem is to
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estimate each ||T)‘f||IL’P(B ,)> and then to sum these estimates in Bye. Fixing one such
K

ball, there exists a collection of (k—1)-dimensional subspaces V1, ..., V4 such that

o A g q|p
prs g (Bi2) A IfilrafsasA I fT”LP(BKzY

Thus, by the triangle and Holder’s inequalities,
p

> T

TEV,

A
HT/\f”]]ip(BK2) SA KO(I)/JTAf(BKz)—‘,—Z

a=1

LP(BKQ)

The k-broad estimate (1.13) effectively controls the first term on the right-hand side of
the above display, after summing over all Bg2. The problem of estimating |7 f ||1£p( Br)

is therefore reduced to studying expressions of the form

2. T

TeEV

p

LP(BKQ)

for each Bpz, where the sum is over caps 7 which make a small angle with some (k—1)-
dimensional subspace V. This term can then be controlled using a combination of ¢P-
decoupling and an induction on scales argument, leading to the proof of Theorem 1.2.

The full details of this argument are given in §11.

Structure of the article

The structure of this article is as follows:

e In §2 sharp examples for Theorems 1.1 and 1.2 are discussed in detail.

e In §3 the key features of the problem are identified in order to motivate the
forthcoming analysis.

e In §4 some basic reductions are described which allow one to assume that the
phase is of a certain reduced form in the proof of Theorem 1.2.

e In §5 and §6 some basic analytic tools are introduced. In particular, the wave
packet decomposition for Hormander-type operators is defined and studied, some ele-
mentary aspects of the L2-theory for Hérmander-type operators are reviewed, and there
is also a discussion of the basic properties of the k-broad norms and their relation to
k-linear estimates.

e In §7 certain algebraic tools from combinatorial geometry are introduced. In par-
ticular, polynomial partitioning techniques are reviewed and some important geometric
lemmas are proved; these techniques will play a fundamental role in the proof of Theo-
rem 1.9.
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e In §8 and §9 transverse equidistribution estimates for T* are introduced and stud-
ied. These estimates rely heavily on the positive-definite hypothesis and partially account
for the improved behaviour exhibited by operators satisfying the (H2") hypothesis.

e In §10 the proof of k-broad estimates of Theorem 1.9 is given.

e In §11 the linear estimates of Theorem 1.2 are deduced as a consequence of the
k-broad estimates of Theorem 1.9. For completeness, the same methods are also applied
to deduce Theorem 1.1 as a consequence of Corollary 6.5.

e In §12 standard e-removal lemmas are generalised to the variable coefficient set-
ting. This allows one to strengthen Theorem 1.2 away from the endpoint by removing
the A\*-dependence in the constant.

e Appended are some remarks concerning (non)-stationary phase arguments used

throughout the paper.
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2. Necessary conditions

2.1. An overview of the sharp examples

In this section examples of Hormander-type operators are studied in view of establishing
the necessity of the conditions on the p exponent in the linear estimates of Theorem 1.1
and Theorem 1.2. This analysis will also identify some key features of operators with
positive-definite phase which will later be exploited in the proof of Theorem 1.2. As
discussed in §1.3, such examples first arose in the work of Bourgain [5], [6] and were
later developed by Wisewell [35], Minicozzi-Sogge [20] and Bourgain—Guth [9], amongst
others. The presentation in this section follows the lines of [5], [9].

All the examples considered here are of the following general form: for a fixed
operator T*, a function f is chosen so that |f| is constant whilst |7 f| is concentrated in
Ny (Z)NB(0,\) for some low-degree algebraic variety Z with dim Z=m; here Ny (Z)

is the A?-neighbourhood of Z. In particular, one has

1T fll 2@y ~ 1T fll £2(Nyo (2)nBON)) - (2.1)
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The examples will further be chosen so that

1T fll L2 @ny ~ A2 Fll 2 (mn-1y; (2.2)

note that, by Hormander’s generalisation of the Hausdorff-Young inequality [17], the
inequality HT)\f||L2(]Rn)§A1/2||f||L2(Bn71) always holds (see also §5 below).
Playing (2.1) and (2.2) off against one another yields the necessary conditions on p.

Indeed, for f as above,

I f e (mr-1y ~ [ Fllp2(n-ty ~ A" 2T fllp2 ey ~ X2 1T fll L2 (vyo (2)0B(0,0) -

Now, assuming that the estimate ||Tg|1rgn)SeA°]lgllLr(pn—1) holds for all >0 and
applying Hoélder’s inequality, it follows that

1o (1) Se [Nas (Z)NB(O, N)[V/2YPATY 2N fl| o).
By a theorem of Wongkew [37] (see Theorem 8.10 below),
[Nae (Z)NB(0, A)| S A e, (2:3)

where the implied constant depends only on n. In fact, for the simple varieties used
in the arguments below, (2.3) can be shown by direct inspection. Thus, combining the

previous displays and recalling that A can be taken arbitrarily large, one concludes that

M. (2.4)
o(n—m)+m—1

This condition depends on the two parameters m and o, and becomes more restrictive the
more m and o decrease. Therefore, in order to obtain the strongest possible restriction
on p for a given phase function, one wishes to find the lowest possible m and o, over all f,
for which the mass of T* f can concentrate in the A?-neighbourhood of an m-dimensional
low-degree algebraic variety.

e The optimal choice of m is n— L% (n— l)J . This value arises directly from the theory
of Kakeya sets of curves, and will be discussed in more detail in the next subsection.

e The optimal choice of o depends on the signature of the phase. For general
Hormander-type operators, one may find examples for which 0=0. If one assumes the
positive-definite condition (H2"), then o=1 is the lowest possible value. This difference
in behaviour is governed by transverse equidistribution estimates for T*, which were
introduced in the context of Fourier extension operators in [14]. This will be discussed
in detail in §2.4.

The optimal pairs (m, o) under the various hypotheses are listed in Table 2. Plugging

these values into (2.4) gives the corresponding sharp range of estimates for 7.



266 L. GUTH, J. HICKMAN AND M. ILIOPOULOU

n odd n even

12) | (40r+1,0) | (bn+1,0)

(H2) | (3(n+1),3) | (3n+1.3)

N[—=

Table 2. Optimal values of (m, o) for the sharp examples.

2.2. Model operators

The examples described above will arise from operators with phase of the relatively simple

form

d(z3w) = (2, w)+ 3 (A(zn)w, w), (2.5)

where A:R—Sym(n—1,R) is a polynomial function taking values in the class of real
symmetric matrices which satisfies A(0)=0. For such a phase, the condition (H1) always
holds whilst (H2) (resp. (H2%)) holds if and only if the componentwise derivative A’(x,,) €
GL(n—1,R) (resp. A’(x,,) is positive-definite) for all relevant z,, €[—1,1]. Observe that, if
A(zy,):=z,A for some fixed AeSym(n—1,R)NGL(n—1,R), then the resulting operator
is the extension operator associated with the graph of the non-degenerate quadratic form
wr—%(Aw, w). For the present purpose, one is interested in examples with higher-order
dependence on x,.

Let T be an operator associated with the phase function (2.5) for some A and a
choice of non-negative amplitude function a. The w-support of a is assumed to lie in
B(0,¢), where ¢>0 is a small constant. Cover B"~! by finitely-overlapping balls 6 of
1/2

radius A~'/2; these balls will frequently be referred to as A~/2-caps. Let 1y be a smooth

partition of unity adapted to this cover. Consider a wave packet of the form
f97U9 (W) = 6727Ti)\<vg,w7we)¢9 (OJ)

for some choice of v9€R™ ! and wy the centre of the cap 6. To obtain the necessary
conditions for LP-boundedness of T, the operator will be tested against functions given
by superpositions of these basic wave packets.
Each localised piece T* fo,v, is concentrated in a tubular region in R". In particular,
define the curve
Youe () :=vo—A(t)wg for te(—1,1), (2.6)

and let Ty, be the curved tube

Ty 1= {2 € BON): 1 =X, (50 )| <212}
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for ¢>0 as above. It is not difficult to show that
|T)‘f97v9 ()] 2 )\_("_1)/2)(%'% (z) for all x € B(0,\), (2.7)
provided that ¢ is chosen suitably small. Indeed, let ag‘ be the rescaled amplitude
a) (#;w) := a (@ wg+ A7 2w) g (we+ A" 2w)
and gbg,‘ be the phase function
) 2o (32) ) LA (o)
so that, by a linear change of variables,

T)\feﬂ)g (LL') _ )\—(n—l)/QeZﬂ—iqﬁ)‘(aI:;wQ) /]R B e2ﬂi¢§‘(7;;w)aé\(x; UJ) dw. (28)

Taking absolute values in (2.8) and writing €295 (@w) i terms of its real and imaginary

parts, one deduces that

T fo,ua (2)| 2 A~ 7D/

/ cos(2mey (23 w))ay (x; w) dw| .
Rn—1
Provided c is sufficiently small,

|pp (3 w)| < o5 Whenever z € Ty ,, and (z;w) € supp ay.

Thus, if 2€Ty ,,, we have cos(2m¢, (z;w))>1, and the desired bound (2.7) follows.

2.3. Kakeya sets of curves

By studying the geometry of the family of tubes 7} ,,, one may construct sharp exam-
ples for Theorem 1.2. These examples arise owing to Kakeya compression phenomena,
whereby the tubes are arranged to lie in a neighbourhood of a low-dimensional set. For
n=3, the following example appears in Bourgain—Guth [9] (see also [20], [35] for related
constructions). Let ¢ be of the form (2.5), where A(?) is taken to be the (n—1)x(n—1)

block-diagonal matrix

t 2 t 2
A(t) = D...H PB(t).
) <t2 t+t3) <t2 t+t3) Q

[(n—1)/2]-fold
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Here, it is understood that the final 1x1 block appears only when n is even. Observe
that the resulting phase (2.5) satisfies (H1) and (H2") on B"x B"~1.

Suppose that T is the associated oscillatory integral operator. The estimate

1T fll oy Se A Fll o (mn1) (2.9)

is tested against a superposition of wave packets
f = Z € f@,’ug 5

0:\—1/2_cap

where eg€{1,—1} are uniformly distributed independent random signs. By Khintchine’s
theorem (see, for instance, [26, Appendix D]), the expected value of [T f(z)| is given by
1/2 1/2

B @~ X Pha@k) 2 (S @)

6:\—1/2-cap 0:\—1/2_cap

for all x€ B(0, A). Thus, by Holder’s and Minkowski’s inequalities,

1/2
)\(nl)/2(/ ) XTe,,W) s U T

9:\—1/2_cap 0:\—1/2_cap

1/2—1/p \
E[T" fll e @n]-

The hypothesis (2.9) together with a direct computation now gives

1/2—1/p

S A2 Fll Lo gy, (2.10)

1 fllze(Br-1) Se

since || f||z»(pn-1)~1 is independent of the outcomes of the &g.

Varying vg corresponds to translating the tube Tp ,, in space in the 2’ direction. In
view of (2.10), one wishes to choose the vy in order to arrange the tubes so that their
union has small measure. For the above choice of phase, it is in fact possible to select the
v so that the tubes all lie in the A\'/2-neighbourhood of a low-dimensional, low-degree
algebraic variety. In particular, let m:=n—|3(n—1)| and Z:=Z(Pi,..., P,_) be the

common zero set of the polynomials
P](Jf) = )\Igj—l‘zj_lfﬁn for 1 gj g L%(n—l)J
Thus, Z is an algebraic variety of dimension m and degree O,,(1). If one defines

V9,251 := —Wg,2j and V9,25 = Vg,n—1 =10 for 1<j< I_%(n—l)J
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for each cap 6, then a simple computation shows that the curve t— (Ayg ., (t/N),t) lies
in Z. Thus,
U Thwe S Nu2(2)NB(0, V),
0:A—1/2_cap

and the desired necessary conditions on p follow from (2.10).

In conclusion, here the necessary conditions arise from the fact that it is possible to
compress an (n—1)-dimensional family of curves into a set of small dimension m. The

1

value m=n—|3(n—1)| is optimal for this kind of behaviour, in view of known estimates

for associated Kakeya maximal functions: see [35] and [9].

2.4. Mass concentration

It will be useful to contrast the behaviour in the positive-definite and indefinite cases by
considering sharp examples for Theorem 1.1 (that is, for the class of operators satisfying
(H1) and the weaker hypothesis (H2)). As before, Kakeya compression plays a significant
role in the argument, but one can introduce additional interference between the wave
packets which leads to stronger necessary conditions. In particular, this interference
causes the mass of |[T*f| to concentrate in a tiny O(1)-neighbourhood of a variety Z;
such tight concentration is not possible under the (H2*%) hypothesis (as demonstrated by
Theorem 1.2).

The following example was introduced by Bourgain [5] (see also [6]). Once again, the
phase is taken to be of the form (2.5). This time A(t) is defined to be the (n—1)x (n—1)

block-diagonal matrix

Auy=<0 t)@m@(o t)@u) (2.11)

t 2 t 2

[(n—1)/2]-fold

Clearly, the corresponding phase satisfies (H1) and (H2), but (H2") fails. Define the

curves gy, as in (2.6), so that
T fo.0, ()] 2 )\_(n_l)/zXTe,ug (z) for all x € B(0,\).
If one takes
Vg,2j—1:=—wp2j—1 and vg2; =vg,—1=0 for 1<j<|3(n—1)],

then it follows that the curve t+(\yg.u, (t/A), 1) lies in Z for all A=*/2-caps 0, where Z
is the same variety as that appearing in the previous subsection (see Figure 1).
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Figure 1. The Kakeya compression phenomenon for the curves arising from the matrix (2.11).

One may repeat the analysis of §2.3 by taking f to be a linear combination of wave
packets fp,, with random signs. This leads to the same necessary conditions as in
the positive-definite case. However, certain deterministic choices of f lead to stronger

conditions on p. In particular, consider the function

fi= > e, (2.12)

0:\—1/2_cap

where the vy are as defined above and @ is the quadratic polynomial

1 Lnb)/2]
Q(w) =3 Z W%j—r
j=1

Each modulated wave packet appearing in (2.12) has a phase given by

[(n—1)/2]
/\(Q(WG) - <v9, w—wp)) = AQ(W) D) Z (sz—l _W0,2j—1)2-

j=1
Since the A(wsj_1—wp,2;—1)? terms are bounded functions on the support of ¢, they do

not contribute any significant oscillation. One may therefore heuristically identify f with
the function

fw) =Ry (w),
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where 9 is a bump function supported in B"~!. Using a simple stationary phase argu-

ment, it was shown in [5] (see also [6], [9]) that
T f ()] = )fL"/QJ/zXNc(Z) (z) for all x € B(0,\). (2.13)

Here 0<c<1 is some small, fixed constant (which is independent of A\) and Z is as defined
in §2.3. With this estimate, one readily deduces the desired necessary conditions on p.

Indeed, testing the inequality
1T F Il Lo ey Se NN fllzesr-1)
against the function f as defined above, it follows from (2.13) that
ATIEIRIN(Z) B0, NP < A
Since |N.(Z)NB(0,\)|~A"~L=1/2) and n=|in|+[%(n—1)|+1, one deduces that
A~ /2024 (2140 /P < e

Taking A>1 large and 0<e<1 small, this forces

—1 1
’%*t <0, ifnisodd,
p
2
—E+E<0, if n is even,
2 p

corresponding to the constraints on p from Theorem 1.1.
For completeness, the details of the argument used in [5], [6] to prove (2.13) are
reviewed. Observe that T f(z) is an oscillatory integral with smooth amplitude v and

phase
[(n—1)/2] i\ "
Toj—1W2j—1+Tojwa;+ 5 (LUQj_l +/\71xnw2j)2 +6e <xn_1wn_1 + nw%_l) R
j=1
(2.14)
where

56{ 0, ifnisodd,

1, if nis even.

Introduce new variables

zj = w2j_1+A71$nW2j for 1<j< L%(n—l)J
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If x€Z, then the phase function (2.14) can be expressed as

L(n—1)/2] A, Tn o
x2j—12j+§zj +6e (:z:n_lwn_l +2wn_1> .
j=1

The integral T f can now be reduced to a product of L%(n—l)J +de= L%nJ integrals,
each in a single variable. For z€Z, the inequality (2.13) follows as a consequence of
standard stationary phase estimates applied to each of these integrals (see, for instance,
[28, Chapter VIII, Proposition 3]). This lower bound can then be extended to some

c-neighbourhood of Z via a simple estimate on the gradient of T f(z).

3. Key features of the analysis

The examples of the previous section highlight several key features of Hormander-type
operators. All these features are exploited in the proofs of the linear and k-broad esti-

mates.

(1) Algebraic structure. The sharp examples were given by arranging collections
of wave packets to lie in a relatively small neighbourhood of a low-degree, low-dimensional
algebraic variety Z. It turns out that this is an essential feature of both the linear and k-
broad problems. To exploit this underlying algebraic structure, the proof of Theorem 1.9
will rely on a variant of the polynomial partitioning method introduced by Katz and the
first author [15]. Roughly speaking, this method allows one to reduce to the case where
|T*f| concentrates around some low-degree, low-dimensional variety, as in the sharp
examples. This can be thought of as a dimensional reduction and, indeed, the proof
of Theorem 1.9 will proceed by an induction on dimension. Polynomial partitioning
has played an increasingly important role in the theory of oscillatory integral operators,
beginning with the work on the restriction problem in [13], [14] and, more recently, in
[33], [16].

(2) Non-concentration/transverse equidistribution. Suppose one does not
assume the phase is positive-definite. The example of §2.4 then shows that interference
between the wave packets can cause |T* f| to be concentrated in a tiny neighbourhood
of Z. In order to prove the sharp range of estimates in the positive-definite case, one must
rule out the possibility of such concentration. This is achieved by extending the theory of
so-called transverse equidistribution estimates introduced in [14] to the variable coefficient
setting. These estimates can be interpreted as showing that |7 f(x)| is morally constant
along transverse directions to Z in a A\'/2-neighbourhood of the variety. Consequently,
|T* f(z)| cannot concentrate in a smaller neighbourhood.
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(3) Parity of the dimension. Another key feature of the examples discussed in
the previous section is their dependence on the parity of the ambient dimension n. Recall

that this is directly related to the minimal dimension

d(n):= {

of Kakeya sets of curves in R™. The parity of the dimension does not play an overt role in

(n+1), if nis odd,

N[= D=

(n+2), if nis even,

the proof of the k-broad estimates, but it becomes a noticeable feature when one wishes
to pass from k-broad to linear estimates in the proof of Theorem 1.2. In particular, for
each fixed value of 2<k<n, the method of §11 shows that the k-broad estimates imply
a (possibly empty/trivial) range of linear estimates. It transpires that, to optimise the
range of linear estimates obtained in this manner, one should choose k to correspond to

the dimension d(n) from the Kakeya problem.

The proof of the k-broad estimates follows the same general scheme as that used to
study Fourier extension operators in [14], and heavily exploits the the features (1) and
(2) of the problem highlighted above. A detailed sketch of the argument in the extension
context is provided in [14]; this sketch is likely to be beneficial to readers new to these

ideas.

4. Reductions

4.1. Basic reductions

The prototypical example of a positive-definite phase function is given by
Ppar (T3 w) == (2, W)+ Sz, w]?. (4.1)

This is the phase associated with the extension operator for the (elliptic) paraboloid.
In general, to prove Theorem 1.2, it suffices to only consider phases which are given by
small perturbations of ¢,,,. Observations of this kind have been used previously in the
theory of oscillatory integral operators and the arguments of this section are inspired by
[17], [19].

To understand why such a reduction is possible, first recall that the class of operators

under consideration are those of the form
T’\f(x) = / 2™ (wiw) A (z;w) f(w) dw,
Rn—1

where ¢ satisfies (H1) and (H2"). In addition, one may assume a number of fairly
stringent conditions on the form of ¢ on the support of a.
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LEMMA 4.1. To prove Theorem 1.2 for some fized £>0, it suffices to consider the
case where a is supported on X x§, where X:=X'xX,, and X'CcB"!, X,,CB! and
QCB™ ! are small balls centred at zero upon which the phase ¢ has the form

d(z;w) = (2, w)+ T h(w)+E(z;w). (4.2)

Here h and £ are smooth functions, h is quadratic in w and & is quadratic in x and w.(10)
Furthermore, letting cpar >0 be a small constant, which may depend on the admissible

parameters n, p and €, one may assume that

1020 ¢(50) =Tntllop < cpars |08z, (@ W) < Cpar, (4.3)
102,02, &(; w) = knTn—1lop < par (4.4)

for all (z;w)eX xQ and 1<k<n.

Here, I,,_1 denotes the (n—1)x (n—1) identity matrix, d;; the Kronecker §-function
and || -||op the operator norm.
It is perhaps useful to provide a brief interpretation of the formula (4.2). Since h is

quadratic,
h(w) = 5(02,h(0)w, w) +O(|w]?).

Although unnecessary for the forthcoming analysis, by rotating the w coordinates, one

may further assume that
h(w) = 3lwl*+O0(lw).

Thus, the phase in (4.2) is given by
&(2; w) = Ppar (x; w) +higher-order terms,
and is therefore a perturbation of the prototypical example ¢pq;.

The proof of the lemma is based upon three elementary principles:

Localisation. If a property P of a phase holds locally on supp a, then typically one
may assume P holds on the whole of supp a by applying a partition of unity, the triangle

inequality and shifting coordinates.

Parametrisation invariance. By the change of variables formula, one may compose

¢ with a smooth change of either the x or w variables.

10y Explicitly, if (o, 8)€Ng xN2~1lisa pair of multi-indices, then
Y. 0

(i) th(O):(’)E@gE(x; 0)=0 whenever z€X and |8|<1;

(ii) 0582‘5(0;w):0 whenever we) and |a|<1.
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Modulation invariance. One is free to add smooth functions to the phase which

depend only on either the x or on the w variables. In particular, ¢ can be replaced by
$(x;w)+0(0;0) = 6(0; w) = p(x; 0),
and therefore one may assume that
0%¢(x;0)=0 and 92p(0;w)=0 (4.5)
for all multi-indices («, 3)€Ng x N~

The following argument provides an example of these three principles working to-
gether. Rotating the z-coordinates, one may assume that 9,,0,, $(0;0)=0. By (H2), it
follows that

det 02, ,$(0;0) #0.

The inverse function theorem now implies the existence of local inverses to the functions
w0y d(z;w) and 2’'—0,¢(z;w) in a neighbourhood of Ozero. Thus, by localisation,
one may assume that suppa is contained in X xQ, where X=X'xX,, for X'CcB"!,
X, CB' and QC B"! small balls centred at zero, and that there exist smooth functions

® and ¥ taking values in X and 2, respectively, such that
Opd(z;¥(z;u))=u and 9,9(P(2, 1p;w), Tp;w)=2". (4.6)

The former identity can be thought of as a generalisation of the fact that any hyper-
surface can be locally parameterised as a graph. The latter identity features in the
proof of Lemma 4.1 and it is useful to highlight some further properties of ®. For each
(@, w)€X,, xQ the map 2’ —®(2, z,;w) is a diffeomorphism from its domain onto X’;
this provides a useful change of variables on X’. Furthermore, it is easy to see that zero

lies in the domain of this map when z,,=0, w=0, and that
®(0;0)=0, 0,,2(0;0)=0 and 09,,®(0;0) :8§/w¢(0; 0)71. (4.7)

Indeed, the first identity follows directly from (4.5), whilst the remaining identities are
obtained by differentiating the defining expression for ® from (4.6).

Proof of Lemma 4.1. By (4.5), one may assume that
P(x;w) = (0w (x;0), w) +o(a; W),

where ¢ is quadratic in w and satisfies o(0;w)=0 for all we). Let ® be the function de-
fined in (4.6) and, using localisation and parametrisation invariance, perform the change

of variables 2’ —®(z’, 2,,;0) on X', so that the phase becomes

P(x;w) = (', w)+0o(P(x;0), Tn; w).
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By (4.7), one has 0, ®(z',0;0)=0(|z|) and, taking a Taylor expansion of g in z,,

o(®(230), s w) = (@ (2, 0;0), 05 ) + (D, 0) (P (2, 05 0), 0; )y +O(|z[*).
Note that the first expression on the right-hand side satisfies

o(®(x',050),0w) = (Darw®(0; 0) ™', (9 0) (03 w)) +O(|xf*)
whilst, Taylor-expanding now in z’, it follows that
(0r,,0)(2(2,0;0), 0;w) = (0z,, 0) (0; W) +O(|z]).
Combining these observations, and noting, for instance, that (4.5) implies that
Oz 0(z;0)=0 for all « e Njj and z € B",

one deduces that

(w5 w) = (&', w+ 020 d(0;0) ™ (902 0) (03 w)) + 20 (D, 0) (05 w) + O (| [*|w]);

Here the symbol (-)' is used to denote the matrix transpose and (-)~" the inverse matrix
transpose.

Since o is quadratic in w, it follows that wrsw=+0,,3(0;0)~ T (9w 0)(0;w) is a well-
defined change of variables in a neighbourhood of the origin and so, once again by lo-
calisation and parametrisation invariance, the problem is reduced to considering phase
functions of the from (4.2). By construction, h and £ are quadratic. Finally, the condi-
tion (H2") implies that the matrix 92,0, ¢(0;0) is positive definite. Applying a linear
coordinate change, one may therefore suppose that 920, ¢(0;0)=I,_;. On the other
hand, clearly 9,0, ¢(0;0)=0, 8 _,(0; 0)=1,_; and 92 _,0,, $(0;0)=0,,_1 for I<k<n—1.
By continuity, if the support of a is sufficiently small, then the conditions of (4.3) and
(4.4) are valid on the support of a. O

4.2. Parabolic rescaling

In addition to the reductions of Lemma 4.1, it will be useful to have control over higher-
order derivatives of the phase, and also the amplitude function. Such control is made
possible using a simple scaling argument.

Consider the constant coefficient case ¢(x;w):=(a',w)+x,h(w), where

h(w) = zlwl*+O0(lw?),
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so that ¢ is a perturbation of the prototypical phase ¢par defined in (4.1). The corre-

sponding operator

Ef(x):= /Bn_1 62”i¢(m5‘”)f(w) dw

(that is, the extension operator associated with the graph of h) has a special scaling
structure. Let @€ B" ! and p>1, and note that

$(a; 0+ 07 w) —d(w;8) = (T w),
where ¢ is defined the same way as ¢, but with h replaced by
h(w) = *(h(@+0™'w)=h(@) =0~ (uh(@),w))

and 7:=(0"'0,,¢(x;©), 0~ 2x,). The linear map x+7 is referred to as a parabolic rescal-

ing, owing to the o' 2

and o~ ° scaling factors.
Now consider the special case where h(w)="par(w):=1|w|? (so that ¢=¢pa,), noting
that

108 hpar(w)| =0 for all B €Ny with |B]> 3. (4.8)

Write Epa, for the operator £ and observe that fzpar:hpar and, consequently, g?)par:(bpar.
Thus, if supp fC B(@, 0™!), then

| Bpar f ()| = | Bpar f(2)],

where f(w):=0~ "~ f(@+0 'w) is supported in B" 1.
For general h, such a clean scaling identity does not hold. In particular, parabolic
rescaling does not preserve E but transforms it into the operator E associated with the

phase q~5: that is,
|Ef(2)| =|Ef().

A useful feature, however, is that the new phase q’; more closely resembles the prototypical

example ¢par (relative to ¢). In particular,
102h(w)| <s 0~ P72 for all fe N2 with || >3,
so that, as g is large, the function & is ‘closer’ to satisfying (4.8) (relative to h).

These observations can be extended to the variable coefficient setting to prove the
following reduction.
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LEMMA 4.2. To prove Theorem 1.2 for some fized £>0, it suffices to consider the

case where, in addition to the properties described in Lemma 4.1, the phase satisfies

||agaa¢‘|L°°(X><Q) < Cpaur fO’f’ 1 < |OZ| < Npar and 3 < |B| < Npar

x

for some small constant cpar and large integer Npar €N, which can be chosen to depend

on n, p and €. Furthermore, one may assume that the amplitude satisfies
185allLoe (xx) Sp 1 for all 0<[B] < Npar-
Proof. One may assume that the phase of T? is given by
O (w5w) =20 S0),

where
d(z;w) = (2, w)+z, h(w)+E(z;w)  for (v;w) € X xQ.

Let 0>1, feL'(B"!) and cover B"~! by finitely-overlapping o~ !-balls. Provided o is
chosen to depend only on ¢ and €>0, by the triangle inequality one may assume that f
is supported on one such ball, say B(w, 0~!), where e B"~!. Thus, by a linear change

of variables,

77 f(2)] =

/ e2mi(@* (wiBte™ W) =™ (@:0) oM (1 w4 o Lw) f(w) dw,
pBn—1

where f(w):=0~ " f(w+p 'w). The phase function appearing in the above oscillatory
integral may be expressed as

01000 (23 ©), w) + 02 (xnﬁ(w)+A51 (%w))
where
h(w) =0 (h(@+0 'w)—h(@)— o~ H{O,h(®),w))

and
& (z;0) = 0% (E(z;0+ 07 w) —E(2;0) — 0~ HOLE(1; @), w)).

These definitions are motivated by the analysis of the constant coefficient case, as in the

discussion prior to the statement of the lemma. Defining

E(zw) = (@070 005 @), T w),
where @ is the function introduced in (4.6), under the change of variables

' o’z
x'»—))@(Q)\,Q)\n;w and  z, — 0°T,,
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the phase and amplitude are transformed into ¢/ o (z;w) and a*/ o (z;w), respectively,
where

(23 w) == (&', w) +zph(w)+E€(z; W)
and

a(z;w):=a(®(o 2, 2p; @), Tp;0+0 W),

In particular, defining

=~ iaN/e? (.
T)‘/ng(;v) ::/R » e2mid™ (x’“’)d’\/gz(x;w)g(w) dw, (4.9)
it follows that
SO
[T f1l Lo ey S 0PN T fl Lo eny.-

It is easy to verify that the phase ¢ satisfies the conditions of Lemma 4.1 and, provided o
is chosen appropriately (depending on ¢ and a), it also satisfies the additional conditions
described in Lemma 4.2. The same is true for the amplitude a, except that the w
support has now been enlarged. However, by applying a partition of unity and translation
argument, it is possible to assume without loss of generality that a satisfies the desired

support condition. This facilitates the reduction. O

4.3. Controlling higher-order x derivatives

A final, elementary scaling argument allows one to control higher-order derivatives in .

LEMMA 4.3. To prove Theorem 1.2 for some fized €>0, it suffices to consider the
case where, in addition to the properties described in Lemmas 4.1 and 4.2, the phase

satisfies
||638§¢|\L°°(Xx9) <cpar for 2<|a| < Npar and 0<|8] < Npay. (4.10)
Furthermore, one may assume that the amplitude satisfies
10505 all L= (x x) Saup L for all 0<]al, B8] < Npar-

Proof. Let T* be an operator associated with a phase ¢ and amplitude a satisfying
the conditions of Lemma 4.2. Let 9>1 be a large constant, which will be chosen depending

on a, ¢, n and € only, and define

é(w;w):zgqﬁ(%;w) and d(m;w)::a(%;w).
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One may easily verify that ¢~> and a satisfy the conditions in Lemma 4.2, except for an
enlargement of the x-support which may be dealt with via a partition of unity. Further-
more,

IT> 1l Loy = 1T 2 £l Lo ey
and so to prove LP estimates for T? it suffices to prove corresponding estimates for T,
Finally, provided g is suitably chosen, it follows that <;~5 and a satisfy the additional

conditions in the statement of Lemma 4.3. O

Definition 4.4. Henceforth, cpar >0 and Ny €N are assumed to be fixed constants,
chosen to satisfy the requirements of the forthcoming arguments. A positive-definite
phase satisfying the properties of Lemma 4.3 for this choice of cpar and Np,, is said to

be reduced.

This notion of reduced positive-definite phase is precisely that which appears, then

undefined, in the statement of the k-broad estimates of Theorem 1.9.

4.4. Geometric consequences

Henceforth, unless otherwise stated, all positive-definite phase functions ¢ are assumed
to be reduced in the sense described above. The strategy is to obtain uniform estimates
over this class of phases.

By the definition of Hérmander-type operators, for each z€ X the map w0, ¢(x; w)
parameterises a smooth hypersurface ;. In many respects, these hypersurfaces are

geometrically very similar to the paraboloid w+ (w, %|w|2) To see this, recall that
U:U—Q
is a smooth function which satisfies
O @(x; U (z5u)) =u (4.11)

for all (z;u)eUCX xR""L. On each of the fibres U,:={u€R" 1:(x;u)€U} of the do-
main U, the map u—V(x;u) is a diffeomorphism. Thus, (4.11) implies that X, is the
graph of the function

ha () =0y, d(x; ¥ (23 1))

over the fibre U,. Each h, is a perturbation of %|u|2 in the following sense.
LEMMA 4.5. The function h, satisfies h,(0)=0, 0,h,(0)=0 and
Haiuhx(u)_lnflut)p =O(cpar)

for all uel,.
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Before proving the lemma, some simple properties of ¥ are recorded. By (4.5), it

follows that ¥(x;0)=0. The implicit function theorem implies that
0y (23 u) = 93, p(; U (w3 u)) ™,
so that, by (4.3) and the local Lipschitz continuity of taking matrix inverses,
1009 (@3 1) =Lt llop = Ocpar): (4.12)
As a consequence of this identity (and choosing cpay to be sufficiently small),
|U(z;u) =V (z;u)| ~|u—u'| for all u,u’ €Uy,

where the implied constant depends only on n. In addition, if 1<k<n—1, then by
twice differentiating 0,, ¢(z; U(x; u))=uy in the u variables, one may deduce that the
kth coordinate ¥, of ¥ satisfies

H(()Zuqlk(x§u)“op:O(Cpar)- (4.13)

The stated properties of h, now easily follow.

Proof of Lemma 4.5. By (4.5), one has
hy(0) = 0z, ¢(x; ¥ (23 0)) = Oy, ¢(x3 0) = 0.
Similarly, 9,he(0)=0 since 9, ¢(x; 0)=0. Finally,
O ha(w) = (0u,9) (23 1) (02,,0r,, &) (23 W (;1)) 00 ¥ (z; 1)+ B (; ),
where E(z;w) is the (n—1) x (n—1) matrix whose (i, )-th entry is given by
Eij(3u) = ((00z, ¢) (5 U (w3 1)), Oy ¥ (5 1))

By (4.3) and (4.13), it follows that || E(x;u)|lop=0(cpar), whilst (4.4) and multiple ap-
plications of (4.12) imply that

180 9)" (5 u) (92,02, 0) (5 W (5 1) )0 ¥ (25 1) = L1 [|op = O (¢par)-
This concludes the proof. O

Similar reasoning can be used to provide useful uniform estimates for the generalised

Gauss map associated with 7. To state the result, let
X = {xeR":%eX}

denote the A-dilate of X, so that a* is supported in X* x .
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LEMMA 4.6. For all x,2€X”* and w,0€N, the estimates
£(GMNw3w), M@ @) ~lw—w|  and  £L(GMNz;0), GH(T3w)) SA o~z
hold with implied constants which depend only on the dimension.

The proof, which is an elementary calculus exercise in the style of the proof of
Lemma 4.5, is omitted.

If the parameter x is restricted to a relatively small ball, then the second inequality
in Lemma, 4.6 often allows the Gauss map to be treated as if it were constant in x. This is
consistent with the idea that 7 is a small perturbation of a constant coefficient operator
and can therefore be effectively approximated by constant coeflicient operators at certain

spatial scales.

5. Basic analytic preliminaries
5.1. Wave packet decomposition

Throughout the following sections, £>0 is a fixed small parameter and §>0 is a tiny
number satisfying(1!) §<e and §~.1.

A wave packet decomposition is carried out with respect to some spatial parameter
1< R<\. Cover B" ! by finitely-overlapping balls @ of radius R~'/2 and let 1y be
a smooth partition of unity adapted to this cover. These 6 will frequently be referred
to as R~/2-caps. Cover R"~! by finitely-overlapping balls of radius C R(**%)/2 centred
on points belonging to the lattice R(1+9)/277=1 By Poisson summation, one may find
a bump function adapted to B(0, R1*9/2) so that the functions n,(z):=n(z—v) for
ve R1I+9/277=1 form a partition of unity for this cover. Let T denote the collection
of all pairs (f,v). Thus, for f:R*~!—C with support in B"~! and belonging to some

suitable a-priori class, one has

F=Y" @)= tx(wef)-

(6,v)€T (6,v)eT

For each R~'/2-cap 0, let wgeB" ! denote its centre. Choose a real-valued smooth

function ¢ so that the function tg(w):=v(RY/?(w—wg)) is supported in 6, and tpg(w)=1

1/2

whenever w belongs to a cR™ neighbourhood of the support of 1y for some small

constant ¢>0. Finally, define

fo.0 =0 [Aox (Vo f)].

(1) For A, B>0 the notation A B or B>>A is used to denote that A is ‘much smaller’ than B; a
more precise interpretation of this is that AgC;lB for some constant C:>1 which can be chosen to be
large depending on n and e.
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Definition 5.1. The notation RapDec(R) is used to denote any quantity C'r which
is rapidly decaying in R. More precisely, Cr=RapDec(R) if

ICr|<c RN for all N < /Ny

Here, Np,r is the large integer appearing in the definition of reduced phase from Defini-

tion 4.4. By choosing N, large, one may assume, say,
e </ Npar <2 Npar.
The function 7, (w) is rapidly decaying for |w|>R~(1*9)/2 and, consequently,
[ f0,0 =% (o f) || Lo (rn-1) < RapDec(R) || fl| L2(pn-1).-
It follows that

< RapDec(R)||f|2(5n 1)
Leo(Rnfl)

Hf_z fe,v
0,v

The functions fp , are almost orthogonal: if SCT, then

> fow ~ > fowlFen--

(0,v)es L2R™1) (g v)es

2

Let T2 be an operator with reduced phase ¢ and amplitude a supported in X x Q as in
Lemma 4.1. For (6, v) €T define the curve 75 ,: Iy ,—R™ ™" by setting 4 ,,(t):=®(v, ; wp),

where @ is the function introduced in §4 and
I, ={t € Xpn:0,0(2', t;wy) =v for some ' € X'}.
Thus, 8wgb('yéjv(t), t;we)=v for all tefglyv. Moreover, the rescaled curve

t
Wg\,v(t) = )"Y;,v/)\ (/\)

satisfies
t

0™ (13, (t), tiwg) =v forall tely, = {t €R:y € I;’v//\}.

Let FZ)\,U: Ig‘)v —R" denote the graphing map Fg"v (t):= ('yg‘)v(t), t); by an abuse of notation,
Fé‘,u will also be used to denote the image of this mapping. The geometry of the curves

]‘—‘é\,v is related to the generalised Gauss map G* by the following elementary lemma.

LEMMA 5.2. The tangent space TF@, (t)l"é\w lies in the direction of the unit vector
GMTp ,(t);we) for all tely,,.
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Proof. Differentiating the equation aw¢>(rg,v(t); wg)=w, it follows that
92,0 (U5, (t);w6)(T5,)' (1) = 0.

Thus, (I‘g,\w)’(t) must be parallel to G* (Fg‘w(t); wp) since, by definition, the latter vector
spans the kernel of 92 _¢* (1"(;\71)(1&); wp). O

Define the curved RY/2*9_tube as
Ty :={(2',2,) € B(0,R) : 2, € I}, and |2/ —} ,(zn)| < RV},

The curve I'y  is referred to as the core of Ty, Observe that, since ¢ is of the reduced

form defined in §4, one has
&' =50 ()|~ [00™ (25 009) —0], (5.1)
for all x=(2', 2, )€X* with anIGA’U (uniformly in A).

Ezample 5.3. Let ¢* (z;w):=(2',w)+z,h(w) and observe that fyg"v(t):vfté‘wh(wg)
parameterises a straight line through v in the direction of 9,h(wg). The tube is given by
Tp.o={x € B(0,R): |2’ +x,8,h(wy) —v| < RY/*+},

which agrees with those studied in the case of the extension operator.

LEMMA 5.4. If 1<R<\ and z€B(0, R)\Tp,., then
I fo.0 (@) < (1+R™Y2|006* (w5009) o))" RapDec(R) | f 12 (5n-1).- (5:2)

Proof. Observe that
D foua)= [ i) G,
where
G (w) = €720 ) 0 (5 0)eJ ()
and so, by Plancherel,
T foo(e) = [ et

Rn—1
By a simple change of variables, if one defines the phase and amplitude functions

2H W) = RPNz we + R Pw) (2, 0),
) (W) = oMz we+ RV 2w)h(w),

then
|G (2)| =R~ 1/2

o p—1/2 AR
/ e 2R e S (@) MR () dw|.
R7-

This integral is analysed using (non-)stationary phase.
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CLAIM. Fizing x€B(0, R)\Tp,», zE€Esuppn, and R>1, the following estimates hold
on supp a)t:

) R210, 03 ()|~ B/210,6 (3 00) — |2 RO

(i) 108625 (@)|SI0u0XR )] for all 2<|a]< Npas

(iil) |0%a) R (w)|<e1 for all || < Npar-

Once the claim is established, repeated integration-by-parts yields
|G (2)| = (14+R™Y28,¢™ (z; we) —v|) ™"+ RapDec(R). (5.3)

Such integration-by-parts or non-stationary phase arguments are standard but, for the
reader’s convenience (and since arguments of this kind will feature repeatedly in the
article), the details are appended. The precise result used here is Lemma A.1. The
desired inequality (5.2) is an immediate consequence of (5.3) together with Young’s
inequality and Plancherel’s theorem.

It remains to establish the claim. Here the stated uniformity in the estimates is a
consequence of the reductions made in §4. In view of Lemma 4.2, the bound (iii) for the

amplitude is immediate, and so it remains to show the bounds for the phase.

Proof of (i)

Computing the derivative of the phase function,

O ,if:f‘(w) =9, (x;wp+ R™Y2W)— 2
= [0, (5 w) — 0]+ [V — 2]+ [0 (x; wo + RV 2w) — 0y (3 we )]

Observe that |v—z| SRIT9/2 whenever z€suppn,. Moreover,
1
0.0, O (5009 + R 2w) =0, ¢ (w5000) | <R / (00 0us, & (a3 wp+ER ™/ 2w), w)| dt.
0
Since 851,%, ¢ (0;w)=0 for all weQ and 1<i, j<n—1, it follows that

1
|83)iwj N (x5 we +tR*1/2w)| g/ |<8x83iwj A (sz;3wp —&—75]-1’*1/2(@7 x)|ds (5.4)
0 .

< ||axagiwj ¢)\||L°°(X* x|t SR

for € B(0, R)NX*, where the uniformity in the last inequality is due to Lemma 4.1.
Combining these estimates,

10,0 (2 wp + R™Y%w) — 0,0 (z;wp)| S RY2.
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On the other hand, for x€ B(0, R)\Tp.,, it is claimed that
|0, ™ (23w ) —v| = RY/2H9, (5.5)

If anIg‘)v, then (5.5) follows directly from the definition of Ty, and (5.1). Temporarily

assuming that (5.5) holds in general, it follows that the d,,¢*(z;wg)—v term dominates

AR

in the above expansion of 9,,¢,’;

(w). In particular, for all z€supp7,, one concludes that
R™210,00 F ()| ~ R7210,07 (w5 w9) —v] 2 R,

whenever R>>1.
It remains to establish (5.5) for x€ B(0, R)\Tp,, with In¢fav. The condition on x,,
implies that v§2)~( ', where X' is defined to be the image of X’ under the diffeomorphism

2 »—>)\8wgzﬁ(z’, %;UJ@).

The set X’ will contain a ball centred at Ad,¢(0, z,/A;wg) of radius 2¢A for some di-

mensional constant ¢>0. Since |z,|<R and 9,¢(0;ws)=0, one observes that
oo ) 2
and so B(0, c)\)g)?’, provided R<A. Consequently, |v| 2> A, whilst, on the other hand,
|09 (2500)| S R

and so, again provided R<\, the estimate (5.5) immediately follows.(?)

Proof of (ii)

Fix aeNy with 2<|a|<Npar. By arguing as in (5.4), one obtains

000 (w)| = R™U1I=D/21(90¢) (m;we + R 2w)|

< RTID210,050M | Lo (x2 e 2] S RV,
where the uniformity in the last inequality is due to Lemmas 4.1 and 4.2. Since
|00 5 (w)| = RY?

by (i), this concludes the proof of the claim and of Lemma 5.4. O

(}2) This argument can also be used to show that, for [v|<A, the domain I}, contains an interval
about zero of length ~A.
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5.2. An L? estimate

The following standard L2-bound, which has been mentioned previously in §2, will play

a significant role in the forthcoming analysis.

LEMMA 5.5. (Hormander [17]) If 1<R<A and Bpg is any ball of radius R, then

IT*fllz2(BR) §R1/2||fHL2(B“'*1)-
This lemma is a direct corollary of the following lemma which, in turn, is a conse-
quence of Hormander’s generalisation of the Hausdorff-Young inequality [17].

LEMMA 5.6. For any fized x,€R, the estimate

1T fll L2 @1 aen ) S I f Il L2(Br-1)

holds.

Proof. Defining Sf(z'):=T*f(\x',z,), the problem is to show that

1S fll2@n—1) S /\_(n_l)/QHfHL?(R"*ly (5.6)

Observe that
Sf(l’/) :/ 627Ti)\¢(m/vz"/)\;w)a(l‘/, Tn w)f(w) dw.
Rn—1

The original hypotheses on the phase ¢ imply that
‘det Gz,qu(:U’, %;w) ‘ >1,

whilst (2/;w)+>a(2’, 2, /\;w) has support in some bounded subset of R"~1 x R"~1. Both
these conditions hold uniformly in z,, and A. Thus, the operator S satisfies the conditions
of Hormander’s generalisation of the Hausdorff-Young inequality [17] (see also, for in-
stance, [28, p.377]), uniformly in z,, and A. Applying Hérmander’s theorem immediately
yields (5.6). O

5.3. The locally constant property

As a final analytic preliminary, some simple consequences of the uncertainty principle
are discussed. It is remarked that the result of this subsection (that is, Lemma 5.8)
only plays a role in the proof of Theorem 1.2 much later in the argument (namely, in
the parabolic rescaling argument in §11). It does, however, feature in an independent

discussion in the following section.
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Definition 5.7. A function (: R™—[0, 00) is said to be locally constant at scale o for
some >0 if {(z)~((y) for all z,yeR™ with |z—y|Spe.

Owing to the uncertainty principle, heuristically one expects the following: if f

Lcap, then |T*f| is essentially constant at scale g. For extension

is supported on a ¢~
operators this is due to the fact that, under the support hypothesis on the input function,
Ef has (distributional) Fourier support inside a ¢~ !-ball. For general Hérmander-type
operators T* the Fourier transform of T f does not necessarily have compact support.
It will, however, be concentrated in some p~!-ball and this is sufficient to ensure the

locally constant property holds. This discussion is formalised by the following lemma.

LEMMA 5.8. Let T» be a Hormander-type operator and 1<k<n. There erists a
smooth, rapidly decreasing function :R™—[0,00) with the following properties:

(1) ¢ is locally constant at scale 1.

(2) If 6>0 and 1< o<\ 79, then the pointwise inequality

[T PR ST 1R+ RapDec(N) || £I15 sy

holds whenever f is supported in some o~ 1-ball. Here, (,(x):=0""((z/0).

It is useful to work with the parameter k here, in order to apply the locally constant
property effectively in k-linear settings.

The locally constant property of ¢ implies that
T FIY* 5, () ~ | TAFIMF5C,(y)  for all z,y € R with |z —y| < o
namely, |T*f |1/ *x(, is locally constant at scale . This is a rigorous formulation of the

locally constant heuristic discussed above.

Proof. Suppose that supp fC B(w, 0~ !), where we(?, and observe that

AT = [ KNG W) (w) dw,
Rn—1

where the function K* is given by

K& w) :)\"/ 6*2”/\(@75)*¢(z;w)+¢(x;@))a(x;w) dz.
This oscillatory integral is estimated via (non-)stationary phase, using the simple esti-
mate

1020 (2;w) —0pp(x;0)| S o™t for (z;w) € X xQ with w € supp f.
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In particular, if [€|>Cp~! for a suitably large constant C'>1, then repeated integration-
by-parts, combined with the control on the derivatives of a ensured by Lemma 4.3, shows
that

| KA (& w)| < RapDec(A)(1+[¢]) Y.
Let 1 be a Schwartz function on R™ with 7(§)=1 for all |{|<C for a suitable constant
C>1 and support in B(0,2C). Such a function can further be chosen so that |n|*/*
admits a smooth, rapidly decreasing majorant ¢ which is locally constant at scale 1.

From the above observations,

67279 CEITA F1(€) = [ 270" O [ )i, (€) + E(f, A)(€),

where |E(f,)\)(f)|gRapDec()\)(1+|§|)’(”+1)Hf||Lz(Bn71). Applying Fourier inversion

and using the triangle inequality to estimate the error,
—2mig? Ho) —2mip™ (@
e 2T (@A £ (1) = [e7 2O (s )T’\f]*ng(x)—i—RapDec()\)||f||L2(Bn71)

and, in particular,

1@< [ 17 fe=9)no(0)| dy+RapDecN) | Fl 2 e

Observe that, for fixed x, the function appearing in absolute values in the above integrand
has Fourier support in a ball of radius O(o~!). Bernstein’s inequality (1) may therefore

be applied to dominate the right-hand side by

k
([ 17 a5 (0) d ) + RapDecOO a0

which concludes the proof. O

6. Properties of the k-broad norms
6.1. k-broad triangle inequality and logarithmic convexity

The functional fs|T*f [BLr ,(v) 18 not a norm in a literal sense, but it does exhibit

p

some properties similar to those of LP-norms. For instance, the map U+ ||T* f [p )
k,A

behaves similarly to a measure.

(13) More precisely, here the proof uses a general form of Bernstein’s inequality, valid for exponents
less than 1. In particular, if 0<p<g<oo and g is an integrable function on R" satisfying supp §C B,
then
llgllLa rm) 5Tn(l/pfl/q)||9||LP(R")-
This extension follows from the classical Bernstein inequality (that is, the above estimate in the restricted
range 1<p<g<o00) in a rather straightforward manner. The classical Bernstein inequality is itself a direct
consequence of Young’s convolution inequality; see, for instance, [36, §5].
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LEMMA 6.1. (Finite (sub-)additivity) Let Uy,UsCR™ and U:=UUUs. If 1<p<o0

and A is a non-negative integer, then
AP AP A £11P
||T f‘|BL§1A(U) < ”T fHBLi,A(Ul)_F”T f||BL£,A(U2)

holds for all integrable f: B"~1—C.

This is an immediate consequence of the definition of the k-broad norms. A slightly
less trivial observation is that |77 f [BLr , () also satisfies weak versions of the triangle

and logarithmic convexity inequalities.
LEMMA 6.2. (Triangle inequality [14]) If UCR", 1<p<oo and A:=A;+ Ay for Ay

and As mon-negative integers, then

IT*(fr+ f2) IBry ,an S 1T f1 HBL%AI )t 1T £ HBL%A?(U)

holds for all integrable fi, fo: B* "1 —=C.

LEMMA 6.3. (Logarithmic convexity [14]) Suppose that UCR™, 1<p, p1,pa<oo and
0<ag, as <1 satisfy a;+as=1 and

1 (&%)
+ =

b1 pz.

"=

If A:=A1+As for Ay and As non-negative integers, then
A A pg||o A plja
HT f”BL?A(U) 5 HT f||Bi£}A1 (U)HT f”Biz,QAQ (U)

holds for all integrable f: B"~1—C.

These estimates are proven in the context of Fourier extension operators in [14]. The
arguments are entirely elementary and readily generalise to the variable coefficient case.
It is remarked that the parameter A appears in the definition of the k-broad norm to

allow for these weak triangle and logarithmic convexity inequalities.

6.2. k-broad versus k-linear

A relationship between k-broad and k-linear estimates is given by the following propo-

sition.
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PrOPOSITION 6.4. Let T be a class of Hérmander-type operators which is closed
under translation,(**) 2<p<oo, 2<k<n and £>0. Suppose that, for all 1< R\ and
R-balls Bg, the k-linear inequality

k

| J VARG

j=1

55,(%)?:1 v=R* | £z (n-1y
L?(Br)

holds whenever (17, ..., T,;\)G’Tk is a v-transverse k-tuple of Hérmander-type operators.
Then, for all 1< R<A and R-balls By, the k-broad inequality

||TAf||BL§71(BR) Seo KR fll2(pny
holds for any T*€T.

Recall the notion of v-transversality was introduced in Definition 1.6. The parameter
K in the above theorem is the same as that which appears in the definition of the k-broad
norms; the C, denote constants, which may vary from line to line, which depend only on
n and €.

The (local version of the) Bennett—Carbery—Tao theorem [4] therefore implies a
version of Theorem 1.9 which holds for all Hérmander-type operators (that is, without

the positive-definite hypothesis) with a restricted range of p.(1°)

COROLLARY 6.5. Let T* be a Hormander-type operator. For all 2<k<n, all p>
2k/(k—1) and all e>0 the estimate

”T)\fHBLi’l(BR) Seo KR\ fll2(pn-1y
holds for all A\>1.

For completeness, the proof of Proposition 6.4 is given; the result itself will not be
used in the proof of Theorem 1.2 and is included mainly for expository purposes. Thus,
readers interested only in the proof of Theorem 1.2 may safely skip to the next section.

Proof of Proposition 6.4. Let ZC Br be a maximal set of points with the property
that the balls B(z, R/2CK) for 2€ Z are pairwise disjoint. Here, C'>1 is a suitable
constant, chosen to meet the forthcoming requirements of the proof. Letting

B, ::B(z7£() for z€ Z,

(%) That is, if T* €T and a€R™, then the translated operator T defined by T f(x):=T> f(z+a)
also belongs to 7.

(1%) The version of the Bennett—Carbery-Tao theorem used here is not explicitly stated in [4]
(there, the variable coefficient estimates are only presented at the n-linear level). Nevertheless, k-linear
inequalities for Hormander-type operators are readily obtained by combining the analysis of §5 and §6
of [4]; see [9, §5].
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it follows that #Z < K™ and

A A
17 ey sy < 22T ey (.-

z€EZ

Fixing z€ Z, it therefore suffices to show that

”TAfHBLﬁ’l(BZ) 55 KOEREHf||L2(Bn—1),

since summing the contributions from each choice of z€ Z only introduces an acceptable
K™ factor into the estimate. By introducing a bump function into the definition of
the operator, one may further assume that the amplitude a* has z-support in the ball
concentric to B, with twice the radius.

Fix a ball Bg2=B(Z, K?)€Bg=, with Bx2NB,#, and suppose that V is a (k—1)-
dimensional subspace which realises the minimum in iz ;(Bg=2). Thus, by definition, if

7 is a K~'-cap for which

HT)\fT”ip(BKQ) > ,u’T’\f(BK2)7

then 7€V, where the inclusion symbol is used in the non-standard sense described in the
introduction. Amongst all such subspaces V', choose one which maximises the cardinality
of the set

T(V) = {T S V: HTAfT”iP(BKz) >HT%f(BK2)}

By definition, there exists some cap 7*¢V such that ||T* f, ’i,,(BKQ) = f(Bg2).
Suppose there exists a (k—2)-dimensional subspace W CR™ such that 7€W for all

7€T (V). Then, defining V' :=span(WU{G*(Z,w,-)}), where w,~ is the centre of 7*, it

follows that 7*€V’ and 7€V’ for all 7€ T (V). On the other hand, V' also realises the

minimum in the definition in ppx f(Bg2), since
|\T’\fT||iP(BK2) <pprp(Bre) forall 7¢ V'’ with 7€ V;

this is immediate by the fact that, if 7¢V’, then 7¢W, so 7 does not belong to T (V).
These observations contradict the maximality of V' and, consequently, no such subspace
W can exist.

By the preceding discussion, one may find a family of caps 77, ..., 7;_; €T (V) satis-

fying

2K~ forall wyerr, 1< <k. (6.1)

k
/\ G)\(.f,w]‘)
j=1
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Thus,
k
k
pirs §(Brc2) H [ 2 FAP (6.2)
for 7:=7*. To apply the hypothesised multilinear estimate, one wishes to exchange the

order of taking the norm and product on the right-hand side of the above expression;

that is, one wishes to prove an estimate of the form

k
k
[T e s, ) S KOO H [T fre

LP(BK2)

This is achieved by exploiting the locally constant property of the T f,, as discussed in
85.3. In particular, by Lemma 5.8 and Holder’s inequality, there exists a non-negative,

rapidly decreasing, locally constant function ¢ such that
[T fo /% ST Fr [P/ Cae + RapDec(N) | 154 s (6.3)

holds for all K~!-caps 7. Since rapidly decaying error terms are entirely harmless,
henceforth they will be suppressed in the notation. Observe that, for all z€ B(z, K?)
and y€R™, one has (x(z—y) SKOMw (Z—y), where wg (y):=(1+|y|/K)~N for some
suitable choice of large exponent N satisfying N=0(1). Combining these observations

with a second application of (6.3) yields
R L I A L (64)
Temporarily fix z€ B(0, K) and note that the locally constant property of ¢ implies that
(T £ P75 Cac () ST P/ Coc (wty) - for all y € R (6:5)

Thus, by (6.2), (6.4) and (6.5), one deduces that

/,LTAf(BKz)<KO(1/ )AH|T)‘ (i (z+y))wr (T—y;) dy.

Taking the average of both sides of this estimate over all z€ B(0, K') and shifting the y;

variables,

fi. (BK2)<KO<1>/ / H|T Freooy, =, (@)[P/" d Z (y, 2) dy da,
(®)2* JB(7,K) ;
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where

IIEw

yj CK Zj)

and
Oy;.z () =2y =25

Since both wx and (x decay (at least) as rapidly as |y|~" away from B(0,K), one
may restrict the integral in y and z from the whole space (R™)2* to the bounded region
B(0,\/CK)? at the expense of an additional harmless error term.

It is possible to localise to a finer scale than A\/CK, but this scale suffices for the
purposes of the proof. In particular, if |y|,|z|<\/CK, then it follows from Lemma 4.6
that

|G (2, w) —GMNoy . (x), w)| < M <SC'K™' forall (z,w)€suppa. (6.6)

If C' is chosen sufficiently large, then this bound is enough to ensure that pre-composing
by oy, preserves certain transversality properties, as discussed below.

Given a K~ !-cap 7, let T2 be a Hérmander-type operator given by replacing the
amplitude a* in the definition of 7* with some amplitude a} which has w-support in a

2K ~!-cap concentric to 7 and which satisfies T f, =T f,. One now wishes to bound

/(0 \/CK)2k /B( ) HlT fryooy;z (@ WP/* da Zic (y, z) dy dz. (6.7)

For the purposes of this proof, a k-tuple (71, ..., 7% ) of K~ l-caps is said to be transverse if
(T

Ty TT’\k JisacK —(k=1)_transverse k-tuple of Hérmander-type operators, for a suitable

choice of small constant ¢>0. Now, suppose (z,w)€Esuppa so that, by the original
decomposition, both z and z lie in a ball of radius R/CK. Since R<), if follows from
Lemma 4.6 that

zZ—z| _ -1

‘GA(jvw)fGA(wi”S A Scil

for all (z,w) € supp a.

Thus, choosing C' sufficiently large, in addition to (6.1), one may assume that (75, ..., 7}")

is transverse. The expression (6.7) is therefore dominated by

Z / / ideo%ijj (z)|P/* dx Zk (y, z) dy dz,
B(0.x/CK)? B K) 55

(75 )k , trans.
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where the sum is over all choices of transverse k-tuples of caps. Summing both sides of
this inequality over all B(Z, K?)€Bg> with B(Z, K?)NB,#g, it suffices to show that

k
/n H |T7%;'f7—j00-ijzj (x)|P/k dxsts||f||[[),2(Bn—1)
j=1

for any choice of K~(*~1_transverse tuple (71, ..., 7) and any y,z€ B(0, \/CK)*. How-
ever, defining ij\f(x)::TT)‘jfooyj,Zj () and again choosing C to be sufficiently large, it

(k=1)_transverse in the sense of Defini-

follows from (6.6) that these operators are ~K~
tion 1.6. Thus, the desired estimate is an immediate consequence of the hypothesised

multilinear inequality. O

7. Algebraic preliminaries
7.1. Basic definitions and results

Let 0<m<n and consider a collection of real polynomials P; €R[ X7, ..., X,,], 1<j<n—m.
Let Z(Pxy, ..., Pp_y,) denote their zero locus; that is,

Z(Pi,y...; Pp_) :={z €R": Pj(x)=0 for 1<j<n—m}.

Any such set is referred to as a variety and the mazimum degree of Z(Py, ..., Pp_p,) i
defined to be the number

deg Z(P1,...; Py_yy) = max degPj.

<<n—m

Remark 7.1. The notion of maximum degree is unnatural from a geometric perspec-
tive: it is not an intrinsic quantity associated with the variety, but depends on the choice
of defining polynomials P4, ..., P,,_,,. Nevertheless, it is a convenient quantity to work

with for the purposes of this article.

Throughout this article, it will be convenient to work with varieties which satisfy
the additional property that the nx (n—m) matrix (VPi(z) ... VP,_mn(z)) has full rank
whenever z€Z (P, ..., Py_y,). In this case, Z(Py,..., Po_y,) is said to be a transverse
complete intersection. Clearly, any transverse complete intersection is a smooth m-
dimensional submanifold of R™.

For zero-dimensional transverse complete intersections, the following well-known

variant of the classical Bézout theorem holds (see, for instance, [11]).

THEOREM 7.2. (Bézout’s theorem) Suppose that Z=Z(Py,...,P,) is a transverse
complete intersection. Then, Z is finite and #ZSH?Zl deg P;.
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A key tool in the present analysis of Hormander-type operators is the following
polynomial partitioning result, which is a variant of the polynomial partitioning theorem
introduced in [15], and is based on the classical polynomial ham-sandwich theorem of
Stone and Tukey [29].

THEOREM 7.3. (Polynomial partitioning [14]) Suppose that WeLY(R™) is non-
negative. For any degree DEN, there is a polynomial P of degree deg P<D such that
the following hold:

(i) The set Z(P) is a finite union of ~log D transverse complete intersections;

(i1) If {O;}iez denotes the set of connected components of R™"\ Z(P), then #Z D"

and
/ We~D™" W forall i€Z.
O; R™

The connected components O; of the set R™\Z(P) are referred to as cells. It is
remarked that in [14] a stronger version of the above theorem is stated and proved,
which provides further structural information about the polynomial P (in particular, the
full result is stable under certain small perturbations of P). Whilst the methods of this
article will require this strengthened version of Theorem 7.3, the full statement of the
result is not reproduced here (it is only needed to address certain technical aspects of
the analysis).

It was observed in recent work of the first author [13], [14] that polynomial par-
titioning is a useful tool for studying oscillatory integral operators. Roughly speaking,
Theorem 7.3 can be used to effectively reduce the problem to situations where the mass
of TM f is concentrated in the neighbourhood of some low-degree algebraic variety; note

that this is precisely the setup in the sharp examples discussed in §2.

7.2. Polynomial approximation

Recall that the operators 7™ are defined with respect to data belonging to the C'™

category. In order to apply algebraic methods to the problem, one must approximate

certain C*° functions by polynomials. This applies, in particular, to the core curves F(é,v

which appear in the definition of the wave packets in §5. Similar issues were addressed in

[9], [38] via a Jackson-type approximation theorem (see, for instance, [1]); for the present

purpose, an entirely elementary Taylor approximation argument is all that is required.
Let £>0 be a small parameter and define N=N.:=[1/2¢]€N. Suppose that

r:(-1,1) —R"
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is a smooth curve satisfying

- . (k) <
T~y Ogglgagﬂﬁ‘liplw () <1

The following lemma implies that
IT6,llen+1 -1,y S1,
revealing further properties of the core curves of the tubes defined in §5.
LEMMA 7.4. The curves I’},,U satisfy
(Tg.,) (D) ~1 foralltel],,

and

SIIIP KFéw)(k)(t” Scpar for2<k<N.
te 0,v

Proof. This follows from the reductions made in §4. Indeed, recall that T ,(t)=
(7.,(t), 1) satisfies D, ¢(7g,, (1), t; wp)=v. Differentiating this identity yields
(V,0) (1) = =02, 6(75,(t) £ wp) ™ 0D, (75,0, (£), 1; wh)-
The bounds now follow from (4.3) and (4.10), provided Ny, is chosen to be sufficiently
large. O

Let [[]c: R—R"™ denote the polynomial curve given by the degree-N Taylor approx-

imation of I' around zero. Observe that
1T llo (a2 < €T lowonn S 1.
Given A>1, noting that A=¢N <A~1/2, Taylor’s theorem yields
TO#) =)D 1) < A™Y21 0 for all [t] <o A7 and i =0, 1.
Letting T*: (—A, \) = R" denote the rescaled curve I'*(¢):=AL'(¢/)), the above inequalities
trivially imply that
[ [FA];HCoo(fz/\,z)\) S1 and H[FA]QHCOO(—z,\,zA) SA (7.1)

and

(TN D ()= (D) D (8)] Se AV2[¢1F for all [t] Sc A8 and =0, 1. (7.2)
Combining the i=1 case of the above estimate with the elementary inequality(1°)

lzAy| <min{|z], [y|}Hz—y| for all z,y e R"\{0},

together with the fact that |(T'*)(t)|~|[T*].(¢)|~1, one observes that the tangent spaces

to the curves I'* and [I'*]. have a small angular separation; more precisely,

LTy T, T [Te) Se A2 for all [t S A2, (7.3)

(16) This follows by estimating the area of a triangle with sides of length |z|, |y| and |z —y|, taking
the length of the ‘base’ to be min{|z|, |y|} and bounding the ‘perpendicular height’ by |z—yl|.
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7.3. Transverse interactions between curved tubes and varieties

Let Z=Z(Py, ..., P,_n) be a transverse complete intersection and fix a polynomial curve
I':R—R"™. The purpose of this subsection is to study transverse interactions between I'
and an r-neighbourhood of Z; that is, roughly speaking, one wishes to understand the
set of points at which the curve T' enters N,.Z at a large angle. More precisely, given

a,r>0, the problem is to estimate the size of the set
Zsorr={2€ Z :there exists z € with |z —z| <r and £(1,Z,T,T) > a}.

It will be convenient to assume that I is a polynomial graph, by which it is meant that the
curve can be rotated so that it is given by T'(t)=(v(t),t) for some polynomial mapping
v:R—R" 1L,

LEMMA 7.5. Let n>2, 1<m<n and Z=Z(Py, ..., Py, )CR™ be a transverse com-
plete intersection. Suppose that T:R—R"™ is a polynomial graph satisfying

[T Lo (—an2ny) ST and T[] poc(—2x,20) <O (7.4)

for some X\, 0>0. There exists a dimensional constant C>0 such that, for all a>0 and
0<r<\ satisfying a=>Cdr, the set Zsa,rrNB(0,\) is contained in a union of

O((deg Z-degT)")

balls of radius r/c.

The case of interest is given by taking I':= [I‘g’v]E to be the polynomial approximant
of the curve Fé"v introduced in the previous subsection. Here, deg 'S, 1 and, by (7.1), the
condition (7.4) holds with §~.1/)\; thus, Lemma 7.5 implies that, for a>0 and 0<r<A\
satisfying a>r /A, the set Z~, . rNB(0,\) is contained in a union of O.((deg Z)") balls
of radius r/cv.

Using Bézout’s theorem (that is, Theorem 7.2), Lemma 7.5 was established in the
case where T is a line by the first author in [14, Lemma 5.7]. If I'=/ is a line, then the
condition (7.4) holds for any A>0 and any §>0, and therefore the lemma implies that,
for any «,r>0, the set Zs, ¢ is contained in a union of O((deg Z)™) balls of radius
r/a. The result for general curves I is, in fact, a rather straightforward consequence of

the special case of lines.

Proof. Since the problem is rotationally invariant, one may assume that

I(t) = (v(2), 1),
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where v: R—R" ! is a polynomial mapping.
The function Y:R™—R"™ given by Y (2/, x,,):=(2'—y(z,), z,) is clearly a diffeomor-
phism which maps bijectively between I' and the vertical line /=span{e,,}. Furthermore,

it easily follows that the image set
Z:="(Z(Py,...; Po—m)) = Z(Pro Y"1, . Pa_ppo Y1)

is a transverse complete intersection of maximum degree TGgZ <deg Z-degT.
Let A, a and r satisfy the hypotheses of the lemma for some suitably large-dimensional

constant C'>1. The key observation is as follows.

CLAIM. There exist dimensional constants 0<c<1 and C>=1 such that
Zoarr MR X (=X A) ST N Zsca.ore)-

Once this claim is verified, Lemma 7.5 easily follows. Indeed, one may apply the
special case of Lemma 7.5 for lines (which, as previously remarked, is proved in [14,
Lemma 5.7]) to conclude that Z>ca7cﬁg is contained in a union of O((deg Z-degI')")
balls of radius 7/«. On the other hand, as a consequence of the first hypothesis in (7.4),

T (2) =" (2")| ~|z—2| forall z,2" € R*Lx(=\,N). (7.5)

Combining these observations, it follows that the set Z~, , rNB(0, \) can be covered by
O((deg Z-degT")") balls of radius r/a, as required.

Turning to the proof of the claim, let z€ Z, , rNB(0, ) and note that there exists
some x=I"(z,) €Tl with |z—z|<r and £(T,Z, T,I')>a. Defining

2:=T(z)eZ and F:=T(z)el,

it follows from (7.5) that |Z—Z|<r. Thus, the problem is reduced to showing that
K(ng, en):i(Tngv, Tié)Za
Observe that, provided C is sufficiently large depending only on n,

L(T.Z, Ty T) > 3a. (7.6)
Indeed, |z,|<A and |z, |<A+7<2A, and so, by the second condition in (7.4),
T () =T (2)| < 8|2n— 20| < 67 < C e,
Thus, if C is appropriately chosen, then

L(Tr(z,) T, Tr,)T) < 3,
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which immediately yields (7.6).

Combining the observations of the previous paragraphs, the claim follows, provided
one can show that L(ng, en)~&(T.Z, Tr(.,yI'). Let n be a smooth curve in Z containing
z and define 77:=7(n); thus, 77 is a smooth curve in Z containing z. The problem is now
reduced to proving that

L(T=i7, e0) ~ L(To, Trie, ). (7.7)

If T.n lies in the hyperplane e;- orthogonal to e, then the above estimate easily follows.
Indeed, the tangent space Tr.,)I" is spanned by I"(z,)=(7'(2x),1) and therefore, by
(7.4), one has £(T.n, Tr(.,)I')~1. On the other hand, it is clear from the definition of T
that 737 also lies in e;;, and so £(T%7], e,)=4m. Thus, (7.7) holds in this case.

If T,7n does not lie in the hyperplane e, then 1 can be locally parameterised as a
graph over the x,-variable. By an abuse of notation, let 77 denote this graph parametri-

sation and 7:=Ton so that n(z,)=z and 7(z,)=2. One may easily verify that

17 (2n) Aen| = |1 (20) AT (20)],

and so
sin £(Ts1, e,) |7 (2n)| = sin £ (T, n, TF(zn)F)|77/(Zn)| [T’ (2,)]-

By the first hypothesis in (7.4), one has
|7 (za)|~ 0 (z0)] and |T'(zn)[ ~ 1,

and (7.7) follows. O

8. Transverse equidistribution estimates
8.1. Tangential wave packets and transverse equidistribution

In this section the theory of transverse equidistribution estimates, as introduced in [14], is
extended to the variable coefficient setting. This is a key step in the proof of Theorem 1.9,
and here the positive-definite hypothesis (H2%) plays a crucial role in the argument.

The first step is to give a precise definition of what it means for a wave packet to be
‘tangential’ to a transverse complete intersection Z. Throughout this section, let 7* be
a Hormander-type operator with reduced positive-definite phase ¢ and for some R<A
define the (curved) tubes Tjy, as in §5. Furthermore, let ¢,, denote a small parameter
satisfying 0<0<d,, <1 (here ¢ is the same parameter as that which appears in the
definition of the wave packets).



SHARP ESTIMATES FOR OSCILLATORY INTEGRAL OPERATORS 301

Definition 8.1. Suppose Z=Z(Py,..., P,_,,) is a transverse complete intersection.
A tube Ty, is R™1/2+%m_tangent to Z in B(0, R) if

Ty.0 € Npij2+om (Z)
and
L(GMw;wp), ToZ) < Coang R~/ 2 H0m
for any x€Tp, and z€ ZNB(0,2R) with \J;—z|<5tangR1/2+‘5m.
Here, Ciang >0 (resp. Ciang>1) is a dimensional constant, chosen to be sufficiently
small (resp. large) for the purposes of the following arguments.

Definition 8.2. If SCT, then f is said to be concentrated on wave packets from S if

f= 3" foutRapDec(R)||f]|Lz(sm-1).
(0,v)€S

One wishes to study functions concentrated on wave packets from the collection
Ty :={(0,v) €T: Ty, is R~/* O _tangent to Z in B(0, R)}.

Let BCR" be a fixed ball of radius R'/?*9» with centre € B(0, R). Throughout
this section, the analysis will be essentially confined to a spatially localised operator
np-T*g, where np is a suitable choice of Schwartz function concentrated on B. For any
(0,v), a stationary phase argument shows that the Fourier transform of ng-T?gy,, is

concentrated near the surface
Yi={2(w):weQ}, where N(w):=0,0*(T;w). (8.1)
Now, consider the refined set of wave packets
Tzp:={(0,v)eTz:Tp,NB#I}.

If (6,v)€Tz p, then the direction G*(Z;wg) of the curved tube Tp,, on the ball B must
make a small angle with each of the tangent spaces T,Z for all z€ ZNB. It transpires
that this essentially constrains the frequency Y (wy) to lie in a small neighbourhood
of some fixed (depending on the choice of ball B) m-dimensional manifold S¢ (here,
m=dim Z).(*") In the case of the parabolic extension operator Ep,,, which is studied in
[14], the relationship between the normal direction G*(Z;wy) and the frequency X (wp)
is particularly simple. Here, $(wp)=(wp, 3|wp|?) is constrained to lie in roughly the
R~1/2-neighbourhood of some affine subspace Ag.

(17) The subscript £ is used here to indicate that S¢ lies in the & parameter space (that is, I@”) In
particular, it does not denote a dependence on some choice of . Variants of this notation (such as Ag,
Sw, Aw, etc.) feature throughout this section with the obvious corresponding intended meaning.
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Ezample 8.3. Suppose, for simplicity, that Z is an m-dimensional affine plane so
that T,Z=V for all zeZ, where V is the m-dimensional linear subspace parallel to
Z. To avoid degenerate situations, also assume that V' makes a small angle with the
e, direction. For the prototypical case of the parabolic extension operator K., the

(unnormalised) Gauss map is an affine map: Go(w)=(—w, 1). Consequently,
Ay ={weR" 1 :Gy(w) eV}
is an affine subspace of R"~! of dimension m—1. Thus, if Go(w)€V, then
Y(w) € A=A, xR.

Note that, for general Hérmander-type operators, the condition G*(Z;w)€V defines

a (possibly curved) submanifold rather than an affine subspace.

In view of this frequency concentration in the case of Ep,;, the uncertainty principle
then suggests that, if g is concentrated on wave packets from Tz g, then the function
| Eparg(z)| is morally constant as one varies « by R'/? in directions perpendicular to Ae.
Furthermore, it can be shown that the affine subspace A¢ makes a small angle with the
tangent planes T, Z for z€ ZNB, and so |Ep,,g(2)| is morally constant as one varies = by
R'/2 in directions transverse to ZNB.

One wishes to extend the above observations for Ey,, to the variable coefficient
setting; that is, for g concentrated on wave packets from Tz g,('®) the problem is to
show that |T*g| is morally constant in directions transverse to ZNB. More precisely,

one wishes to establish an inequality roughly of the form

][ TgP? 5][ TAgP? (8.2)
N91/2+5m, (Z)ﬂB B

for 0<o<R; this would show that the L? mass of T?g is unable to concentrate in a
small neighbourhood of ZNB. For the parabolic extension operator the observations
of the previous paragraph can be used to prove (8.2) (up to a rapidly decaying error
term). The general case is more complicated, however. First of all, the surface S
described above is no longer necessarily an affine subspace and may possess curvature.
One way to circumvent this issue is to introduce a further constraint on the family of
wave packets. Let R'/2<p< R and, throughout this section, let 7CR™! be a fixed cap
of radius O(o~1/?*9m) centred at a point in B"~'. Now define

Tz pr:={(0,v)eTz:0NT#@ and Ty ,NB # }.

(18) In fact, in the general case, a more stringent hypothesis on g is required, as discussed below.
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The frequencies X(wy) for (8, v) €Tz g, are further constrained to lie in a small region of
¥ upon which the curved space S¢ can be effectively approximated by an affine space A¢.
Consequently, one can carry out a similar analysis as in the parabolic extension case.

The second issue is to ensure that the resulting affine space A¢ makes a small angle
with the tangent spaces T, Z for z€ ZNB. This is crucial to ensure that the morally con-
stant property holds in directions transverse to Z. For general Hormander-type operators
this property can fail (a simple example is given by the extension operator associated with
the hyperbolic paraboloid, as discussed below). In order to ensure the angle condition,
one needs to exploit the additional positive-definite hypothesis (H2").

In practice, the rigorous formulation of these heuristics is somewhat messier than

(8.2), and it is convenient to state the key estimate in the following manner.

LEMMA 8.4. With the above setup, if dimZ<.1 and g is concentrated on wave
packets from Tz g -, then

0 (n—m)/2
/ e TR (G gl (83)
ol/246m

The inequality (8.3) is related to the heuristic inequality (8.2) via Hérmander’s L?
bound
HT)\gH%2(B) /S R1/2+6m ||g||%2(Bn—1).

The estimate is presented in this way (rather than in a form more closely resembling
(8.2)) as it provides a relatively clean statement and, moreover, (8.3) happens to be the

precise bound required later in the proof.

8.2. Uncertainty principle preliminaries

If G: R™—C is frequency supported on a ball of radius >0, then the uncertainty principle
dictates that G should be essentially constant at spatial scale »—!. In particular, the L2-

mass of G cannot be highly concentrated in any ball of radius o<r~!, and so one has

f GP < f P
B(zo,0) B(zo,r—1)

Strictly speaking, for this inequality to hold, the right-hand integral should be taken
with respect to a rapidly decaying weight function, rather than over the compact region
B(xg,r71) (see, for instance, [14, §6]). There is a variant of this estimate which is
effective in cases where G has the property that Gis merely concentrated in (rather than
supported in) an r-ball.
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LEMMA 8.5. If r—'/2<o<r™1, then for any ball B(xg, 0), & €R™ and 6>0 one has

2 A, —1 26/(146) 1 2 )
G <5 | Gugl, [22/0% : (/ |G) .
][B(zo,g) B(&), ) |B(07T 1)| n

Here, wp(e, r) is a weight concentrated on B(&o,r) given by

Wp(eyr) (€)= (1417 HE=&|) 7N (8.4)

for some large N=NseN.

Hence, if G is concentrated in B(&,r) in the sense that |CA¥(£)|§MwB(EO’T) (&) for

some controllable constant M >0, then the lemma produces a favourable estimate.

Remark 8.6. Lemma 8.5 is not sharp in terms of the dependence on the r and o
parameters. It differs, however, from the sharp inequality only by O(¢d) powers and such

losses are negligible for the purposes of this article.

Proof of Lemma 8.5. Define ¢, by (¢,)(2):=¢ (0" (x—20)), where ¢ is a Schwartz
function which satisfies |¢)(x)|>1 on B(0,1). Thus, by Plancherel,

/ GP < / [0,G? = / G
B(zo,0)

Using the rapid decay of ¢, one deduces that
0 GOISs " [ wnie ()G dn
for all £ eRn. By expressing the right-hand integral as
/@n (wB(g,gfl)(ﬁ)wB(gg,r) (77)1/2)6/(1+6)(\6(77)|1+6w3(§0,r) (77)_5/2)1/(1+6) dn
and applying Holder’s inequality, it follows that
[+ G(€)] S B (w0, 0)|-1(6)° F-11(6)V+),
where

WRBE,0~1) (n)wB(Eo,r) (77)1/2 d777

|G (0)| P wp ey ()% dn.
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To estimate 1(£), first perform the variable shift n—n+&p, and then decompose the
range of integration into the regions |n|<2[¢é—¢&| and |n|>1[¢—&|. Since

WE(e—go,0~1) (M) o W(go,e-)(§)  for [n] < 51€—&l

and

Wp(0,0-1) (M) S5 Wh(gy,0-1)(€)  for [n] = 31E=Eol,

it follows that

1(€) <o | B(xo, Q)\fle(go,gfl)(ﬁ)l/?

To estimate II(¢) note that, provided Ny is chosen sufficiently large, by Cauchy—

Schwarz and Plancherel’s theorem one has

() < I Gupl, 1% / GO w (e (n)®2 dn

Ss 1B, 7TV Gw e, 1% 1G] 2 gy -
Combining these observations, one obtains the desired estimate but with an ad-
ditional factor of (or'/?)=279/(1+9) on the right-hand side. Since 1<or'/?, the result
immediately follows. O

8.3. Wave packets tangential to linear subspaces

Here, as a step towards Lemma 8.4, transverse equidistribution estimates are proven for
functions concentrated on wave packets tangential to some fixed linear subspace V CR™.
As before, let B be a ball of radius R'/?+% with centre Z€R", and define

Tv.p:={(0,v): £(GMNZ,wp), V) SR~ Y29 and Ty ,NB+# &}

Let RY/2<o<R and, for TCR™! a ball of radius O(o~'/?*9") centred at a point in
B!, define

Tv,p,r = {(0,v) €Ty,p:0N(%-7) £},

where ( T) is the cap concentric to 7 but with f—oth of the radius.

1
10
The key estimate is the following.
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LEMMA 8.7. If VCR" is a linear subspace, then there exists a linear subspace V'
with the following properties:

(1) dimV+4dim V'=n;

(2) V and V' are quantitatively transverse, in the sense that there exists a uniform

constant Cirqns>0 such that
L(v,0") = 2C4rans  for all non-zero vectors veV and v' € V';

(3) if g is concentrated on wave packets from Ty g -, I is any plane parallel to V'
and zo€IINB, then the inequality

im v’ 1/(1+6)
0 dim V' /2 26/(145)
/I:[ﬁB( 1/248, |T)‘g|2 ’Sé RO(Sm)(E) H HLQ/((B: 1 |T/\g|2
xo,0 m) 2B

holds, up to the inclusion of a RapDec(R)| g||2(pn-1) term on the right-hand side.

Proof. The argument is presented in a number of stages.

Constructing the subspace V'’

Recall that

Go (T w)

|G (7;w)

is the Gauss map associated with the hypersurface X, defined in (8.1). Since G(z;0)=e,

wr—s GMNT;w) ==

for all z€ X, Lemma 4.6 implies that
L(GMT;w), en) ~|w| for all we .

Consequently, by choosing diam 2 to be sufficiently small in the initial reductions, one
may assume that the Gauss map w+G*(Z;w) always makes a wide angle with the hy-

perplane e;- =R"~1x {0}. In particular,
L(GMNT;w),e) =1 for all we .
Since the situation is trivial if Ty, 5=, one may assume that

A(Vyer):= max L(v,el)>1. (8.5)

veVNsSn—1 T

Define S, CR"~! by
S, ={weQ:GNz;w) eV},

Fixing an orthonormal basis {Ny, ..., N _dim v } for V=, one has

S, ={weQ: (G)(F;w), N;) =0 for 1 <k <n—dimV}.
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CramM 1. If S,#@, then S,, is a smooth surface in R"~1 of dimension dimV —1.

Proof. Let we S, and note that each Ny, is tangential to ¥ at ¥ (w). Hence, one may

write

N = Z NI (@), 0,6 (75 w)

for some choice of coefficients IV ,gj )(w)ER. A computation now shows that

8., (G (T50), Ny,) = Z 2., 0N (T3 0), Go (73 w) )N ().

The condition (H2) implies the invertibility of the (n—1)x(n—1) matrix whose (i, )
entry is given by

(02,00, 0:0™ (T3 w), G (23 w)).
Thus, the Jacobian of ws((G)(Z;w), Ni))p—3™Y has maximal rank, and the claim

follows by the implicit function theorem. O

At this point, it is convenient to switch to a graph parametrisation of ¥ via the
change of variables urs W (z; u), where U is the (appropriate A-rescaling of the) function
introduced in §4. For convenience, let W: U—) denote this mapping; that is,

U(u):=UNZ;u).
Recall that the hypersurface ¥ coincides with the graph of the function
h:U =R, h(u):=0,,¢™(T; U (u)). (8.6)
If S,NT=a, then it follows by Lemma 4.6 that
L(GNF:0),V) > o~ V/2+0m 5 R=1/2+0m

whenever 90(%4’)7&@. Consequently, Ty, g =@ and the situation is trivial. Thus, one
may assume without loss of generality that S, N7#9 and so, letting

Sy =018, ={ucU:G}(z;¥(u) €V},

it follows that S,NW~1(7)#@. The properties of the mapping ¥ discussed in §4 imply
that W—1(7) is roughly a ball of radius O(p~/2+m).

Fix some ug€S,N¥~1(7) and let A, denote the tangent plane to S, at ug. Here,
the tangent plane is interpreted as a (dimV —1)-dimensional affine subspace of R"~!
through ug. Now define A¢:=A, xRCR", so that dim A¢=dim V, and let V,, and V¢ be
the linear subspaces parallel to A, and A, respectively. Finally, let V' ::VEL, so that
dim V+dimV'=n
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Verifying the transverse equidistribution estimate in (3)

Suppose IICR™ is an affine subspace parallel to V'’ which intersects B, and zo€IlNB.
Let ng(z):=n((x—z)/RY?*%) where 1 is a Schwartz function which satisfies n(z)=1
for x€ B(0,2) and, for any (0,v)€eT, consider
(UB'TAQ(;,JH)A(E) _ e—27ri(zo,§>Rdim V' (1/248m) / K)\,R(g; w)ge,v(w) dw,
Bn—1
where the kernel KM is given by

KM (G w) = / i a R (z) dx

’

for the phase an amplitude functions
00T (2) =M wo+ RYPH0m z0) — RYHHOm (5,6,
aly"(z): = a*(wo+ RV*T0m zw)ij(2),
and B
7(z) :=n(2+%)~
CLAIM 2. Fizing wef, 56@" such that |€ —projy, X(w)| > R™/?T0m and R>1, the

following estimates hold on supp a}%:

(i) 10:9% 7 (2)|~RY?+om (€ —projy. X(w)| 2 R*™;
(i) 025" (2)|S10:65"(2)| for all 2<|af< Npar;
(iii) [0%alyB(2)| <1 for all |a|< Npar.

Here, ¥ (w):=0,¢™(T;w) is as defined in (8.1).

Once the claim is established, repeated integration-by-parts (see Lemma A.1) shows
that K% is rapidly decaying whenever |€ —projy, X(w)|>R™Y/2+%n and, in particular,
|KME (& w)| Se (T+RY2|€—projy, S(w)|) ™Y for all N < Nypa.

Proof. The uniformity in the estimates is due to the reductions from §4. The bound

(iii) for the amplitude immediately follows from Lemma 4.3, and it remains to prove the

bounds for the phase.

Proof of (i)
The z-gradient of the phase ¢}'% is equal to
RY2H0m (projy, [(9,0) (wo+ RY?H0m 25 w) = (8:6) (; w)] = [ — projy» E(w)]),

where, by Lemma 4.3, the first term satisfies

1/246m

R
[projy [(9a6™) (wo+ R0 25 w0) = (9067) (35 w)]| S ——— < BT/,

Thus, if [€ —projy X(w)| > R™/2+%=  then the desired bound immediately follows.
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Proof of (ii)

Fix aeNy with 2<|a|<Npar. It follows that
R1/2+6m
02102 ()| < A(F——

and the desired bound now follows from (i). O

]
) 102l e ) S B,

If wESUPP go.o, then |w—wg|<R™'/2 and so |Z(w)—&| SR™Y2, where &g:=%(wp).

Consequently,

‘(773 'T)\gﬁ,v H)A<§)| 5N RO(l)wB(projV/ 59,R*1/2)(§) ng,v ‘L2(3"71)7 (87)

where the definition of the weight function

wB(Projvl 59,R‘1/2)(€) = (1+R1/2|£7§9|)7N
agrees with that of Lemma 8.5 (although here the weights are thought of as functions

on V'), and so N=Nj is a large integer, depending on §.
The following geometric observation is key to the proof of property (3).

CLAM 3. If (0,v)€Tg v, then dist(&p, Ag) SR™Y/2+0m,

Temporarily assume this claim, and recall that V' ::V%J-, where Vg is the linear
subspace parallel to the affine subspace A¢. Thus, if (8, v)€Tp v, then projy. & lies in
some fixed ball of radius O(R~/2+9m). Letting £, €V’ denote the centre of this ball, it

follows that wp(proj.,, ¢,,R-1/2) SoWp(e,,R-1/2+5m), and so
o1
Y Wiy go.m12) S5 RO wp(e, poiatom).
(0,0)€Tv,B,~

Recalling (8.7),
15 TAgln) W(e, poroesmylloe S RODlglre(zn-1)
and, applying Lemma 8.5, one concludes that

N s Ql/Q dim V'’ 26/(146) \ 1/(1+9)
2 55 100 () NG ([ malne)

/B(zo,g1/2+’5Tn)ﬂH R1/?

If £¢2B, then §¢U(9,u)e1r3 Ty v, and so
|T>‘g9,v(§)| =RapDec(R)||g||z2(pn-1) for all (0,v) € Ty,p,,.

Hence,

/ |T)\g|2|773|2</ |T)‘g\2+RapDeC(R)||g||L2(Bn71),
in! 2BNII

completing the proof of property (3) under the assumption that the above claim holds.
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Proof of Claim 3. Fix (6,v)E€Tp,r,v and let ug:=proj,1 X(wp). Recalling that A¢=
A, xR and applying triangle inequality, one deduces that

dist (&g, A¢) = dist(ug, A,) < dist(ug, SuNY (7)) + sup dist(uy, Ay).
U €S, NT—1(T)

Furthermore, by Lemma 4.6,
dist (ug, 5, "W (7)) ~ dist(wg, 517) S L(GN(509), V) S R340,

where the last inequality is by the definition of Tp ;. On the other hand, fixing u. €
S.NP~L(7), one wishes to estimate dist(us, A, ). Provided p is sufficiently large (so that
diam 7 is sufficiently small), the surface S, "W ~!(7) can be parameterised as the graph
of some function : W— V.- CR*~1 where WCV,, is an open set about the origin of

diameter O(p~1/?*%). In particular, one may write
S, NU (1) = {w+(w) 1w € W}+u,

where 9(0)=0 and 0,,%;(0)=0 for 1<j<n—dimV,,. Thus, u,=w,+1(w.)+ug for some
w, €W and, since w, €V, +ug=A,, it follows that dist(u., 4,)<|Y(w,)|. By Taylor’s
theorem (here using the hypothesis that R/2<p),

1
|5 (w)| < / (L=6) (D s (s Jw, wa)| dE S i S 0~ 1H20m L RTV/2H0m
0

for 1<j<n—dimV,, and combining these observations yields the desired estimate. [J

Verifying the transversality condition in (2)

In the prototypical case of the parabolic extension operator El,,, the transversality con-
dition holds by a straightforward computation and the minimum angle can be explicitly
computed (see [14, Sublemma 6.6] and Figure 2). To establish the result for variable
coefficient operators, one uses the localisation to the cap 7 and ball B to show that the
situation is only a slight perturbation of the prototypical case. This argument is carried
out in detail below.

The transversality of the planes V' and V' heavily relies upon the positive-definite
hypothesis (H2"); the property does not hold in general if one only assumes the weaker
condition (H2).
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(a) Vo=V nNe;. (b) £(v,v")21 for veV, v’ €V’ non-zero.

Figure 2. The transversality condition in the prototypical case of the extension operator
Epar. Here S, is an affine subspace and V., is defined to be the linear subspace parallel to
Sw. Moreover, V,, coincides with V;, and is given by the intersection of V' with the horizontal
slice e;- =R~ ! x {0}. From the right-hand diagram it is clear that

0:= i L0 )=4(V,ep) 2 1;
veV\{o?,lul}lev'\{o} (v,v) (Vien) 2

see [14, Sublemma 6.6] for a formal proof of this fact. For general operators T with positive-
definite phase, Claim 4 guarantees that V,, is a slight perturbation of the horizontal slice
VNe;- (see Figure 3) so that the angle condition still holds.

Ezample 8.8. For ¢nyp(z;w):=(2',w)+z3wiws for (z;w)€R? xR? the oscillatory in-

tegral operator

Bupf(a)i= [ mome(s) () d
B

is the extension operator associated with the hyperbolic paraboloid. This is the proto-
typical example of a Hormander-type operator for which (H2%) fails. Here,

Go(w) = (—WQ, —Wi, 1)T7
and therefore, if V:={xeR3:2;=0}, then
S, ={weB?*:Go(w) €V} ={we B*:wy=0}.

It follows that %:{56@3:52:0}, and so V’::VSJ- is a vector subspace of V. Clearly, in

this situation, the desired transversality condition completely fails.

The present analysis concerns Hormander-type operators with reduced positive-
definite phase ¢, so that ¢ is a small perturbation of ¢p,,. Such phases do not exhibit
the phenomenon observed in the above example: the following claim is key to under-
standing this.



312 L. GUTH, J. HICKMAN AND M. ILIOPOULOU

CLAIM 4. Let cpar be the constant defined in §4. Then,

£(v*, V) = O(cpar)-
ey, o (v*, Vi) = O(cpar)

Here, V,, is identified with a subspace of e =R"1x{0} in the natural manner.

Ezample 8.9. Returning to the example of the hyperbolic paraboloid with
Vi={rcR3: 2, =0},

the spaces VN(R2x{0}) and V,,:={z€R3:29=23=0} are mutually orthogonal, and so

the claim does not hold in this case.

Provided cpa, >0 is chosen sufficiently small, the claim implies the transversality con-
dition. Indeed, let {v}, ..., v}, v} be an orthonormal basis for VNe,:. Fix a unit vector
V% v €V which is perpendicular to VNe;:, so that {v},..., v, } forms an orthonormal
basis for V. By the above claim, there exist vkEVuﬂS"_2CeTJ; such that

L(vg, vk) =O0(cpar) for 1<k<dimV —1.

Applying the Gram-Schmidt process, one may further assume that {vi,..., Vdimv -1}
forms an orthonormal basis of V,; adjoining e, to this set then gives an orthonormal
basis of V. Given veVNS"~! and writing

dim V—1 dim V—1
v=" Y WOl (0 Vi) 0yt Y (0,00 (v —n),
k=1 k=1

since sin £ (v, V') =|projy, vl, it follows that

dimV -1

1/2
siné(wV’):( > |<v,vz>|2+|<v,vamv>|2|<v:;imwen>|2) —O(cpar)
k=1

dimV 1/2
> ( Z |<U7UZ:>|2> (Vdim v+ €n) | —O(cpar)-
k=1
Consequently, provided that cp,, is chosen to be sufficiently small,

sin £(0, V') 2 [(vdim v+ €n)| = O(cpar) 2 15

~

indeed, the last inequality holds, since (8.5) implies that

(Vimvsen)| = £ (Wiim v, en) =4(Viey) 2 13

~

see Figure 3. This concludes the proof of the transversality condition, conditional on the

above claim.
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Vet
)

7

V’::V§

Figure 3. In the variable coefficient case, Claim 4 guarantees that the subspace V,, makes a
small angle with the horizontal slice Vﬂe#. This implies that the angle 0 is always large
(that is, bounded below by an absolute constant) and thereby ensures that V and V' are
transverse.

Proof of Claim 4. Fix v*€V N (5" 2x{0}) and let veV,,NS"~2 denote the unit nor-

malisation of the vector projy. v*. It suffices to show that £(v*,v)=0(cpar). Since
v* —v=(|projy, v*|—1)v+projy. v*
and Hprojvu v*|— 1’ <|proj viv* [, the problem is further reduced to proving that
[projy. v*[=O(cpar)- (8.8)
Recall that

Sy :={ucU:Gy(z;¥(u)) €V}
={ucU:(Gy(Z; ¥ (u)), N;)=0 for I<k<n—dimV},
where, as above, {Ny,..., N;_qimv} is a choice of orthonormal basis for V+. If h is
the function introduced in (8.6), then u~s(u, h(u)) is a graph parametrisation of the

surface ¥ and u+GQ(%; ¥(u)) is the (unnormalised) Gauss map associated with this

parametrisation. Thus, the surface S, is defined by the equations
—(Ouh(u), N))+Npn=0 for 1<k<n—dimV,

where Ni= (N}, N n) €R" ! xR. By differentiating these expressions, one deduces that
a basis for V.- is given by {Mj, ..., M,,_dgimv }, where

My, := 02, h(ug) N, for 1<k<n—dimV.
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Let 1<k<n—dimV, and recall from Lemma 4.5 that
||8124uﬁ<u0)_1n71“op:O(Cpar)- (89)

Consequently,
le_N}::‘ :O(Cpar> (810)

and, combining this with the fact that (v*, N;)=0 for 1<k<n—dimV (where v* is

identified with a vector in R®~! in the natural manner), it follows that
(v*, M) = (v*, M}, — N;.) = O(cpar)- (8.11)

Let M be the (n—1)x (n—dim V') matrix whose kth column is given by the vector M.
The orthogonal projection of v* onto the subspace V- can be expressed in terms of M
via the formula

projy . v* = MM ™M) Mo,

By (8.11), the components of the vector M v* are all O(cpar). Thus, to prove (8.8) (and
thereby establish the claim) it suffices to show that |[M(MTM)™!|,, <1, which would
in turn follow from

HMHOP S1 and ||(MTM)71||010 S

The bound for M is an immediate consequence of the definition of the M}, and (8.9). The
remaining estimate would follow if one could show that, provided cpa, is sufficiently small,
|A|>1 for every eigenvalue X of the symmetric matrix M T M. By (8.10) and continuity of
eigenvalues, it suffices to show that the matrix N TN satisfies the same property, where
N is the (n—1)x (n—dim V') matrix whose kth column is given by the vector N;. By
(8.5), the vectors Ny, ..., N/,

! qimy ER™71 are linearly independent and, moreover, satisfy
|det NTN|=|NJA AN/ _gimv]? > 1.

Therefore, the desired condition on the eigenvalues holds if the spectral radius of NN is

O(1). But the latter property is an obvious consequence of the Newton—Girard identity

m m 2
Za?:(Zai) -2 Z Qi Giy, a; €ER for 1<i<m,
i=1

i=1 1<i1 <ia<m

and the fact that the entries of NTN are all O(1). O

This concludes the proof of Lemma 8.7. O
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8.4. The proof of the transverse equidistribution estimate

It remains to demonstrate how to pass from Lemma 8.7 to Lemma 8.4. At this stage,
the proof is very similar to the argument found in [14], but the details are nevertheless
included for completeness.

There are two additional ingredients needed for the proof of Lemma 8.4. The first
is the following theorem of Wongkew [37] (see also [13], [39]), which controls the size of

a neighbourhood of a variety.

THEOREM 8.10. (Wongkew [37]) Suppose Z=Z(Py,..., Pn_m) is an m-dimensional
transverse complete intersection in R™ with deg Z<D. For any 0<o<R and R-ball By,
the neighbourhood N,(ZNBg) can be covered by Op((R/0)™) balls of radius o.

The second ingredient is a geometric lemma concerning planar slices of neighbour-
hoods of varieties. The statement of this result requires a general quantitative notion
of transversality for pairs of linear subspaces in R”. Any m-dimensional linear subspace
V' can be expressed as a transverse complete intersection V=2 (Py,, ..., Pn,_,. ), where
{N1,..., Np—m } forms an orthonormal basis of V- and Py, (z):=(z, N;). Suppose V; and

V4 are linear subspaces in R™ satisfying
dim Vi +dim V5 > n. (8.12)

It is easy to verify that the subspace V1NV; is a transverse complete intersection if and
only if
dim(V1NVs) =dim Vi +dim Vo —n

(of course, the inequality dim(V3NV3)>dim Vi +dim Vo—n always holds, so the latter

condition says that V3NV, is as small as possible).

Definition 8.11. A pair (V1,V3) of linear subspaces in R™ satisfying (8.12) is said to
be quantitatively transverse if the following hold:

(i) dim(V4NVa)=dim V;+dim V5 —n;

(i) £(v1,v2)>Ctrans for all non-zero vectors v; €(V; ﬂVg)LﬂVj, j=1,2.

Remark 8.12. In the special case where dim V; +dim Vo=n, it follows that the pair
(V1, Va) is quantitatively transverse if and only if £(v1,v2) > Cirans for all non-zero vectors
v1 €Vy and vo € V5. Thus, up to the minor disparity between the choice of constant cipans,

this agrees with the transversality condition appearing in the statement of Lemma 8.7.

LEMMA 8.13. There exists some dimensional constant C>0 such that the following
holds. Let B.CR™ be an r-ball, VCR™ be a linear subspace, Z be a transverse com-

plete intersection and suppose that dim Z+dimV >n and (T.Z,V) is a quantitatively
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transverse pair for all z€ ZN2B,.. Then,
VNB,NN,(Z)C Neco(VNZ)

for all 0<pkr.
The proof of this simple lemma is postponed until the end of this section.

Proof of Lemma 8.4. If Ty yNNpgi/2ts, (Z)NB=0, then it follows that
|T*gp,.(x)| =RapDec(R)||g||p2(pn-1) for all @ € N1 245, (Z)NB.

Consequently, one may assume that g is concentrated on only those wave packets from
Tg -z for which Ty, intersects Ngis2+s,, (Z)NB non-trivially. Suppose (6,v)€Tp ;72
has this property and let €Ty, Ng1 245, (Z)NB. If 2€ ZN2B, then |z—z|SRY/?+om
and, by the R'/?+%m_tangent condition,

L(GMNx30),T.2) < R™Y2H0m,
Since |G (Z;0) —G* (3 0)| <[z —2| /JASR™Y?197  one concludes that
£(GME;0),T.Z2) SR™Y?H0m  for all z€ ZN2B.
Thus, there exists a subspace VCR" of minimal dimension dim V' <dim Z such that
L(GN&;0), V) SRV

for all (8,v)€Tp,; 7 for which Ty ,NNgi/2+s., (Z)NB#@. In particular, g is concentrated
on wave packets from Tp 1. One may apply Lemma 8.7 to find a subspace V' of

dimension n—dim V' such that
£(v,v") = 2Ctrans  for all non-zero vectors v €V and v' € V/, (8.13)
and

oNAmV'/2 oo s 1/(1+9)
|T>\g|2 55 RO(tsm) (E) ”g”Lz/(SE}’_LZ) |T)\g|2
IIN2B

(8.14)
for every affine subspace II parallel to V’'. More precisely, the above estimate holds,

/];[ﬁB(w07gl/2+57n)

up to the inclusion of some additional rapidly decreasing term. This small error will
propagate through the remainder of the argument, but in the end it will be harmless and
is therefore suppressed in the notation.
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It is claimed that, for each z€ ZN2B, the tangent space T, 7 forms a quantitatively
transverse pair (7,Z,V’) with V'. Indeed, if this fails, then it is easy to see that, for
some z€ZN2B, there exists a subspace W CT,Z of dimension

dim W >dim Z—-dimV

with the property that £(w,V’)<ctrans for all weW\{0}. Consequently, the crucial

angle condition (8.13) guarantees that
L(w, V) > ctrans  for all we W\{0}.

This implies that there exists a linear map L: R™ —V such that L restricted to V is the
identity, L restricted to W is zero and || L|op S1. Recall that, for each (6,v)€Tp,z, one
has £(G*(z,0),V)<SR™Y?H9m and so

sup |L(GN(Z,w))—G (&, w')| S R0,

w,w’€l

On the other hand, G*(Z,60) CN¢, g-1/2+5m (T2 Z)NS™ 1, and so L(G*(z,0)) lies in
L(Ng, g-1/245, (T: Z)NS" 1) € Ny p/2esm (LT Z)).
This shows that, for all (6,v)€Tp z, one has
£(GMNz,0), L(T.Z)) S R™Y/2H0m,
Since L vanishes on W, by rank-nullity L(7,Z) is a subspace of dimension at most
dim Z—dim W <dim V.

This contradicts the minimality of V', and so (T, Z, V") is a quantitatively transverse pair
for all ze ZN2B.
By Lemma 8.13, one deduces that

HﬂNg1/2+5m (Z)ﬁB - Ncgl/z+ém (HﬁZ)ﬁQB.

Since IINZ is a transverse complete intersection of dimension dim V’+dim Z —n, Wongkew’s

theorem now implies that IINN 1/2+5,, (Z)NB can be covered by

O(Ro(ém) (R)(dim V’/+dim Z—n)/2>
o
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balls of radius ¢'/2*%. Applying the estimate (8.14) to each of these balls and summing,

one deduces that

(n—m)/2 5 s 1/(1+36)
s 1o (8) ol ([ imar)
IIN2B

/HﬁNel/g_H;m (Z)ﬂB R

Integrating over planes II parallel to V' and applying Holder’s inequality (recalling that
0 dm ), it follows that

_ d)

0 \(n—m)/2 26 /(145 1/(1+

/ (g 5 RO (2N R g (f mgp)
N91/2+5m (Z2)nB 2B

Finally, recalling Hormander’s bound,

1/(1+46) 1/(1+46)
</ T)\g|2) §R1/2+O(6m) (/ |g|2)
2B Bn—1

and absorbing the implied rapidly decaying error into the main term, one concludes that

0 (n—m)/2
/N / (2)NB |T*g|? <5 RY/2O0m) (E) ||g||2L2(Bn,1)7
gl 246m

which is the desired estimate. 0
It remains to prove Lemma 8.13.

Proof of Lemma 8.13. Applying a rotation, one may assume that V' is the span of
the coordinate vectors ey, ..., eqim v. For the purposes of this proof, vy :=(v1, ..., Ydimv)
and vy 1 =(Vdim V41, ---, V) Will denote the orthogonal projections of a space curve « onto
V and V*, respectively.

Suppose that c€VNB,NN,(Z) and fix some zp€ZNN,(B,) with 0<|z—z|<o.
Let v: R—R™ be the constant speed parametrisation of the line through ~(0):=z¢ and
~v(1):=xz. To prove the lemma, it suffices to show that there exists a curve ¥: [0, 1] -R"
such that, for all t€[0, 1], the following hold:

1) 7(0)=7(0)=20;

2) 3()ez;

3) v (t)=rvL(t);

4) W(t)Kéﬁ(/L(tﬂ where C':=(sin cgans) '

Indeed, once this is established, observe that z;:=%(1)€ZNV by properties (2) and
(3). Furthermore, (3) and (4) ensure that

(
(
(
(

7O <CAy . (0 <Cl ()| < Ce,
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and so, combining this observation with (1),
|2 =3 ()] < |o— 20| +|20—F(t)| < (1+Ct)e (8.15)

for all t€[0,1]. In particular, |z—z1| <o, giving the desired conclusion.
The transversality condition implies that the distribution (in the sense of Frobenius;
see, for instance, [34, Chapter 1])

W, :=(T.ZnV)*NT.Z

has rank n—dim V' on ZN2B, and, moreover, proszL ly: V—=W_:= is an isomorphism for
all ze ZN2B,. Smoothly extend W, to a small neighbourhood U of ZN2B,., so that

projy 1 |v: V — Wi is an isomorphism for all z € U. (8.16)

The curve 4 will be chosen so that its tangent always lies in this distribution. Given that
Fyv 1 is already defined by property (3), to satisfy this condition ¥y must be a solution
to the ordinary differential equation (ODE)

{ projy (4'(), 7y (8)) =0,
y(0) =projy zo,

where x(t):=(y(t), vy~ (t)). By (8.16), solving the above ODE is equivalent to solving a
system of the form

{y’ =g(t,y), (8.17)

y(0) =projy 2,
for a smooth function g defined on {(t,y)€RxV:(y,yy.(t))€U}. Note that g can be
described explicitly in terms of the inverse of projWTL |v and, provided U is appropriately
chosen, the derivatives of g are bounded. l
The Picard-Lindeldf existence theorem implies that the system (8.17) has a solution
v defined on an interval [0, T] for some T'>0 such that 7:=(Jy, yy1 ) satisfies Y(¢) €2B,
for all t€[0,T]. It can be checked that on this interval the curve 7 further satisfies (1)
and (3) and, by the tangency condition which motivated the definition of the ODE, (2)
also holds. If t€[0,T], then it follows that y(t)€ ZN2B, and ¥'(t)€W5), and so the
transversality hypothesis implies that

— =~/ t
Cil = Sin Ctrans § SiIl K(?/ (t), V) = M

O

Rearranging, one concludes that properties (1)—(4) all hold on [0, T7.
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It remains to show that 7' can be chosen to satisfy T'>1. If dist(¥(T),U°) 21,
then the regularity of g implies that the interval of existence can be extended by a
fixed increment. Thus, one may assume that at least one of the following holds: T'>1 or
|3(T)—z|>3r.(1°) Supposing the latter holds, by the choice of T" and (8.15), one deduces
that

37 <F(T)—2| < (1+CT)e.

Provided r is chosen to be sufficiently large compared to g, the desired bound immediately
follows. 0

9. Comparing wave packets at different spatial scales
9.1. Wave packet decomposition at scale p

The proof of Theorem 1.9 relies on a multi-scale analysis, and for this it is necessary to
compare wave packets at different scales.
Let 1< R< A, and recall the decomposition

T f(a) = Z T fo,()+RapDec(R)|| f|| L2(5n1)
(0,0)€T

described in §5. Consider a smaller spatial scale(?°) R/2< o< R, and fix B(y, 0) CB(0, R)
with centre y€ X*. Each of the T* fo,» can be further decomposed into wave packets at
scale g over B(y, o). To do this, first apply a transformation to recentre B(y, o) at the
origin. For g: B"~!—C integrable, define g::e%wx(@“')g, so that

Trg(x) =T G(i) for =z—y, (9.1)
where T is the Hormander-type operator with phase gp and amplitude @* given by

b(x;w) :=¢(aj—|—%;w) —(b(%;w) and a(z;w) ::a(m—&—%;w). (9.2)

Applying this identity to the wave packet decomposition above,

T f(x)= > TM(fo.0))(#)+RapDec(R)|| |2 (51

(0,0)€T

(1) Indeed, suppose both conditions fail for T. The failure of the latter condition implies that
dist(¥(T), (QBT)C)Z%T. Since ¥(T')€Z by property (2), one concludes that ¥(T') is far from U€, and
thus the interval of existence for 5 can be extended by a fixed increment. One may redefine T to be
some value in the interval of existence incrementally larger than the original value of 7', and repeat this
procedure until at least one of the stated conditions hold.

(?9) Later it will be useful to assume the more stringent condition R'/2<o< R =29,
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Each T fy., is (spatially) concentrated on the curved R'/?+°-tube T} ,, and, consequently,

each T)‘(f971))~ is concentrated on the translate Ty , —y. Since(*!)

0,0M(30,0 (1)) =3 w) = 0N (1,0 (), £); ) = D (ys0) =0 =00 (y5 ), (9.3)

the core curve I‘g)\,v—y of Ty, —y is equal to I'g , g where

yiwe)s
O(y;w) == 0,0 (y; w).

Now, repeat the construction of the wave packets for each T (fo,0), but at scale p.
In particular, cover 2 by finitely overlapping caps 6 of radius 0~ /2 and R"! by finitely-
overlapping balls of radius o(!19/2 centered at vectors v€p179/277=1 Let T denote

the set of all pairs (5, 0). For each (0,v)€T one may decompose

(for)= D (fo)5s+RapDec(R)||f|2(pn-1),

(6,5)eT
as in §5. The significant contributions to this sum arise from pairs (é, ¥) belonging to
To,o:={(0,7) € T:dist(6,0) <0~ '/* and |[v—0(y;we) — ] S RITD/2},

as demonstrated by the following lemma.

LEMMA 9.1. If R'/?2<o<R, then, with the above definitions, the function (fo,0) is

concentrated on wave packets from 'ﬁ'gﬂ,; that is,

(fo) = D (fou)j;+RapDec(R)|fllr2(mn-1)-

(6,5)€Teo.»
Proof. Since (fy,) is supported in 6, clearly the wave packets of (fg ) at scale

U @

6: dist(6,0)<p—1/2

are all supported in

Thus, it suffices to show that, for each (,v)€T and o~ /2-cap 0, one has

Z (f97v)-7@ =RapDec(R)||f||2(pn-1)-

o:v—1(y;we)—0|ZRA+8)/2

(?1) For every fixed w and v, here ’yg,v is used to denote the curve satisfying d,,¢* (('yﬁm (t),t);w)=v
for all (admissible) t€(—R, R). In the notation of §5, ’733711 =, , for a cap 0 with w=uwy.
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Fixing (6,v)€T and (6, 7) €T with [v—5(y; wg)—5|>RE+T/2 the above estimate would
follow if one could show that

(fg’,u)f’ﬁ = (1+R_1/2\v—17(y; wp) —17|)_(”+1) RapDec(R)|| f|l 2(pn-1)-

By definition, (fg,vjvéﬁ:@§~[(ng)/\*(1/)§f97v)] for the bump functions 1;(;, ny and 15 as
defined in §5. Thus, Fourier inversion yields the pointwise bound

|(fo,0)5,5(w)] < () L2y Ims (g (Fo,0) )l oo oy
SN @Wg)™*((fo,0) T Loe (B(5,000+972))

for all weR"~1. Since (17)7 is concentrated in B(0, 0*/2), the problem is further reduced

to showing that
((fo.0))(2) = (1+R?|z—v40(y; wp)|)~ "+ RapDec(R)| f ]| .2 (51

whenever |z —v+9(y; wg)| > RIT/2, )
Let ¢ be a Schwartz function on R~ ! satisfying ﬁ(m):l for we B"!, and define

J@(w)::w(Rl/g(w—wg)) so that
((FowVT= (G0e>™ e fo, )
On the one hand, since supp 1, C B(v, CR(*%)/2) it is not difficult to show that
|(fo.0)(2)| = 1+ R™2|z—v])~ "V RapDec(R)|| || 2 (1) (9-4)
whenever |z—v|>R1+9/2, On the other hand, it is claimed that
|($pe> " ) (2)| = (14 R™V2 |2+ 0(y; wp) )~V RapDec(R) (9-5)

whenever |z+9(y; wg)| > RIH9/2. A routine argument then shows that (9.4) and (9.5)
imply the desired estimate for ((fy,) )", and so it only remains to prove the claim.

The inverse Fourier transform in (9.5) can be expressed as

R-(1-1)/2 / e2mil(zwot B 20) 1M wiwo+ B30 ) dy,
]Rn—l

where the w-gradient of the phase is given by
R™Y2([000™(yswo+ R™Y2w) = 0,67 (y; we)|+[0(ys wo) +2]). (9:6)
Using the fact that 92_,¢*(0;w)=0, the first term in (9.6) can thus be estimated by
106 (s wo+ R™2w) =00 (yw00) | SBR[y <RV,

Consequently, if z¢ B(—5(y; wg), R1AT9)/2), then the second term in (9.6) dominates the
w-gradient of the phase and (9.6) is > R%/? in norm. Repeated integration by parts now
implies (9.4), concluding the proof. O
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9.2. Tangency properties

Let Z be a transverse complete intersection of dimension m, and suppose that h is a

function which is concentrated on wave packets from

TZ,B(y,g) = {(97 U) €Ty TG,vﬁB(yv Q) 7é @},

What can be said about the scale ¢ wave packets of h? In particular, do the lower scale
wave packets inherit the tangency property; namely, is h concentrated on scale 0 wave
packets which are o~ /2t _tangent to some variety? It transpires that this is not true
in general. It is true, however, that h can be broken up into pieces which are each made
up of scale p wave packets tangential to some translate of Z.

In particular, while all the scale p wave packets in question form very small angle with
Z—vy, they can be traced all the way up to distance ~R!/2+0m (rather than 5@1/2“‘6’”)
from Z—y, which means that they generally live too far from Z—vy to be tangential to
it at scale o. Translations of Z—y however, up to distance ~RY/2%9m are tangential to
such remote wave packets.

To make the above discussion precise, let ﬁéyv be the curve defined by
0.0 (A0, (t), t;w) =v for t€ (0, 0)- (9.7)
It is remarked that (9.3) implies the relation
o0 (E) =300y E—n) T/ (9.8)

Let T, be the o'/2*%-tube with core curve I'} ,=(3) ,(¢),t) (defined analogously to the
RY?%9_tube Tp,,), and for b€R™ define

Tyep:={(6,9)eT: Téﬁﬁ is o~ Y/ H0m_tangent to Z+b in B(0,0)}.
The key observation is as follows.

PROPOSITION 9.2. Let R1/2<Q<R1*5 and ZCR™ be a transverse complete inter-
section.
(1) Let (8,v)€Ty and be B(0,2RY/2t0m). If (0,7)€Ty., satisfies
FTVMONQI/ZM,H/Q(Z—y—s-b);A@,

then (é, IN}) ETZ_y_;_b.

(2) If h is concentrated on wave packets in Tz p(y 0, then h is concentrated on

U ;]I‘Z—y+b-

[bISRY/2+m

wave packets in
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In view of the forthcoming analysis, before proving these statements a simple appli-

cation is discussed. Under the hypotheses of the proposition, if one defines

TbZZ{(é,QN))E U ﬁ‘g,v:Té7ﬂﬁNQ1/2+5m/2(Z—y+b)75@},
(0,0)ET 2, B(y,0)

then it follows that TNI’bQ'f‘ z—y+b- Given a function h concentrated on wave packets in
T2 B(y,0), consider a function of the form

hoi= Y hgy (9.9)

Expressions of the form (9.9) will play an important role in later arguments. Proposi-
tion 9.2 implies that

fkﬁb (53) = T)\hb(m)XNel/2+8m (Z+D) (x)—l—RapDec(R)||h||L2(an1) (910)

for all z=z+yeB(y, 0).

The proof of Proposition 9.2 relies on the following lemma.

LEmMA 9.3. If (0,v)€T and (é,f))eﬁ‘.gm, then
10550 = (T3, (t+yn) =) SREH2 - for all t€ (=g, 0).

Proof. By the identity (9.8) and the definition of :]fg’v, it suffices to show that, if
(w1,v1), (W2, v2) EQXR™ 1 satisfy |wi —wa|<p~ /2 and |v; —vp| SRIH9/2, then

70, 00 () =T 0, O SRITDZ for all t € (—o, 0).

Fixing t€(—p, 0), let xt::ﬁél,vl (t),t) and v;:=8,¢™(4;ws), and note that, since the
value of 3, (t) is uniquely determined by (9.7), z:=(3),.,, (), t). Observe that

|01 =0t =000 (243 01) =B (w13 w2)| S wn —wa| || S 0"/,
Since |v1 —vo| SROF/2 it follows that |v; —ve| SRIT9/2. Therefore,
~ ~ ~ ~ 5
|’Yu);1 U1 (t) 7,732,1)2 (t)| = |732,Ut (t) 77:;2,1)2 (t)‘ ~ |Ut 7U2| 5 R(IJF )/27

which establishes the lemma. O
One may now turn to the proof of Proposition 9.2.

Proof of Proposition 9.2. The proof is broken into stages.
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The angle condition.

Fix (0,v)€Ty and (é,f})e'ﬁ‘gyv. Motivated by the definition of tangency, let xefm and
suppose z€ Z and be B(0,2RY/?+9m) are such that

Z_y+b€B(O74Q) and |]J—(Z—y—|—b)| gatarlg@1/2+5m.
It is claimed that
L(é)\ (ZE; wé)’ TZ—y+b(Z_y+b)) g Etang971/2+5ma (911)

where G is the generalised Gauss map associated with the phase qp. It is easy to see
that G*(2;w)=G*(z+y;w) and T.—y4o(Z—y+b)=T.Z, so the above estimate can be
written as

L(CMa+y;wz), ToZ) < Crango™ /2o, (9.12)

By Lemma 9.3, the definition of Tg_ﬁ and the hypothesis o< R, it follows that
\x—i—y—Fgw(xn—!—ynﬂ < RUH9)/2, (9.13)
which, by Lemma 4.6, implies that
L(CMNatyswg), ToZ) S L(GHNT)  (n+yn);wa), T-Z) +0~ /.

Finally,
Fg\)v (xn +yn> S T07’U7

and this tube is R~Y/?*9m_tangent to Z. Note that z€ZNB(0,2R) whilst, recalling
(9.13), one has

‘Fg\,v(xn+yn)_z| < ‘x+y_rg,v(xn+yn)|+‘x_(z_y+b)‘+|b| §R1/2+6m'

Thus, if the constant Ctang in Definition 8.1 is appropriately chosen, then the tangency
of Ty ,, implies that

K(GA (Fg\,v (Z‘n—Fyn); w@), TZZ) < étangR71/2+67"

and, provided R is sufficiently large, (9.12) (and therefore (9.11)) immediately follows.

Containment properties.

The angle condition (9.11) implies that any tube T; ; Which intersects

N91/2+5m/2(Z—y+b)mB(O, Q)
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is actually contained in N,i/2+s,, (Z—y+b). To demonstrate this containment property,
continue with the setup of the previous stage, but now assume the slightly stronger
conditions that z—y-+b€ B(0, o) and |z— (z—y-+b)|< 2 01/2T9 . Define a time-dependent
vector field X ;: (—0,0)xZNB(0,2R)—R™ on ZNB(0,2R) by

Xé’ﬁ(t, z):= proszZ(Fgﬁ)’(t) for all (¢,2) € [—p, 0] x ZNB(0,2R).

This can be smoothly extended to a map on [—g, o] xU, where UCR™ is a small open
neighbourhood of ZNB(0,2R). By the Picard-Lindel6f existence theorem for ODEs,
there exists some smooth mapping Zj (—0, 0)— Z such that Z(_;j(:cn):z and

Zéﬂ;(t) :X§7@(t, Zg,ﬁ(t)) for all t € (—p, 0).

Here, z=(a', xn)efw are the points fixed above.
Observe that

T3 4 (20) — (= +0) | <|T) () | +|o— (2 =y +B)] < 20 />¥0m.

Let I denote the set of all t€(—p, ) such that t>x,, and
|1~1;~‘j(s)—(Z§7ﬁ(s)—y+b)| < %QUZHM for all z,, <s<t.
It is claimed that ¢,:=sup I=p. To see this, first note that, if ¢, <p, then
S0 = |BX (1)~ (Zg (1) ~y+D).
The angle condition (9.11) implies that
(T3, (1), Tz, .y 7) < Crango™ >+ for all @, <t <L

Combining the previous two displays with the identity

Ty - .
3ot~ Zaglte) = [ proicr, s (53 Ot () —),

n

one concludes that

Ty . -
o2 < [ sin (T (00, T, 0 2I(E,) (O] i 3o

n

< QEtanggil/er&m |t* *xn|+%91/2+6m .

Since [ty —xn|<2p, if Ciang is appropriately chosen, then this yields a contradiction and,

consequently, [x,,0)CI. A similar argument shows that (—o,z,]CI, and so
ng\ﬁ)((—g, 0)) € Ng/10)01/2+6m (Z =y +b).

One therefore concludes that Té 5 CN g1 2450, (Z—y+b).
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Proof of Proposition 9.2 (1)

Let b€ B(0,2R'/?T9m) and suppose that f@)ﬁﬁNgl/gJﬂs/Q(Z—y—i—b)ﬁB(O7 0)#D; the prob-
lem is to show that Téi} is o~ 1/2+9m_tangential to Z—y+b. By hypothesis, there exists
some mefé’ﬁ and z€Z such that z—y+beB(0,0) and |z —(2—y+b)|<50'/?+%". The
preceding analysis therefore implies that fgﬁﬁgN o1/2+6m (Z—y+Db), which is the desired
containment condition for tangency. On the other hand, the angle condition for tangency

always holds by (9.11), and so the proof of part (1) is complete.

Proof of Proposition 9.2 (2)
By Lemma 9.1, it suffices to prove that

U ﬁ@,u c U ﬁ‘nyJrlr

(0,0)€T2,B(y,0) [b|SRY/2F0m

Fixing (0,v) €Tz p(y,0) and (0, f))eﬁ‘g,v, by (9.11) the problem is further reduced to show-
ing that there exists some |b| <RY/?+9m such that Téﬂ—)gNgl/Frém (Z—y+0b). Lemma 9.3
implies that fgﬁ(t)eNCRl/Hgm (Z—vy) for t€|—p,0]. Consequently, fixing to€[—o, 0],
there exists some |b| <R'Y/2+9m such that faﬁ(to)eZ—y—i—b. The desired inclusion now

follows from the containment property discussed earlier in the proof. O

9.3. Sorting the wave packets
If (6,v)eT and (éﬁ)eﬁ‘g,v, then Lemma 9.3 implies that(??)
dist 7 (To,0NB(y, 0), T; 5 +y) S RV (9.14)
In particular, if a pair of wave packets (61, v1), (02, v2) €T are such that
Toy,0, NToy 0, # 2,

then the tubes Ty, ,, and Ty, ,, are approximately equal on B(y, 0).(**) This suggests
sorting the scale R wave packets (6, v) €T into disjoint sets for which the associated tubes
essentially agree on B(y, 0).

Let 7 denote the collection of all pairs (é,w) formed by a o~ 1/2-cap 0 and we
R(+9)/27n=1_ For each (A, w)eT, choose some

T, € {(0,v) € T: dist (6, 0) <o~ Y? and |v—1(y; we) —w| S RUH/2}

(??) Here, disty denotes the Hausdorff distance.
(23) More precisely, enlarging the radius of either one of the ng’vj by a constant factor produces a
tube which contains (Tp, ., UTp, v, ) NB(y, 0)-
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Figure 4. The set Tj w::U(Q,’U)ETé Tp,,NB(y, o) is highlighted in yellow. Fixing xo€
for every (0,v)€T; ,, the tube Ty, intersects the ball B(zo, CRY/2+9),

L. GUTH, J. HICKMAN AND M. ILIOPOULOU

0,w’

so that the family {Tﬁ,w:@v w)€T} forms a covering of T by disjoint sets. Defining

T§7w = U TB,UHB(:% Q)7
(0,v)€T; ,,

one obtains the following corollary to Lemma 9.3.
COROLLARY 9.4. If (6,w)eT and (6,v)€T;,,, then
dist s (Ty,.NB(y, 0), T;,,) S R'**.

Let g: B"~!—C be integrable and define

9o = Z 9o forall (6,w)eT.
(0,0)€T5

Since the 75, cover T and are disjoint, it follows that

9= 5., +RapDec(R)|gllL2(pn1);
(Ow)eT

(9.15)
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furthermore, the functions g; ,, are almost orthogonal and, consequently,

HQH%Q(B"—l) ~ Z ||gé,w||2L2(Bn—1)~ (9.16)
(6,w)eT

By Lemma 9.1, the function (g; )" is concentrated on scale o wave packets belonging

to U(0,v)€7’g Ty ». This union is contained in
7~;~,w = {(é’,f)) eT: dist(@/7 é) < 0~/? and |5 —wl| SJR(LHS)/Q}’

and therefore each (g; )" is concentrated on wave packets from 7~é - The family

{T;

éﬂy : (97 w) e T}
forms a covering of T by almost disjoint sets. This implies almost orthogonality between
the scale p wave packets of the different functions (g ,)". A particular consequence of

this observation is that

~ > 958 Iz ey, (9.17)

(6,w)eT

(6.w)eT L2~

where hy, is defined for a given function h as in (9.9).

9.4. Transverse equidistribution revisited

Let Z be an m-dimensional transverse complete intersection, (57 w)€T and h be a func-
tion concentrated on wave packets in TZQB(%Q)Q’T(;M. Here, the key example to have in
mind is h:gé’w, for some function g concentrated on wave packets in Tz p(y,,)-

which, by Corol-
lary 9.4, is comparable to Ty , N B(y, o) for any (0, v) 67?571”.(24) Consequently, if zo€Tj
then all the scale R wave packets of h intersect B(zg, CR'Y/?T9m) (see Figure 4). More-
over, (9.14) implies that the scale p wave packets of h will intersect B(zg—y, CRY?*tom),

Every scale R wave packet of h intersects B(y, ¢) on the set Tj

0, w

Under these conditions, a useful reverse-type version of Héormander’s L? bound holds.

LEMMA 9.5. Let T* be a Hormander-type operator with phase ¢ given by a translate
of a reduced phase in the sense of (9.2) and 1<RY?*tO<r<AY2. There exists a family
of Hormander-type operators T all with phase ¢ such that the following hold:

(i) each TA€T? is again an operator with phase given by a translate of a reduced
phase in the sense of (9.2) (in particular, all the relevant bounds from §4 hold on the
support of the amplitude);

(24) Here, ‘the scale R wave packets of h’ refers to the scale R wave packets upon which h is
concentrated.
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) #TA=0(1);
i) if f is concentrated on wave packets (with respect to T*) which intersect some

B(z,r)CB(0, R), then

(ii
(ii

||f||%2(3n71) 5T71|‘T3f||i2(B(i,Cr))

holds for some T}€TA.

Lemma 9.5 can be proven for extension operators fairly directly via Plancherel’s
theorem (see [14, §3]). Establishing the general (variable coefficient) version of Lemma 9.5
involves a number of additional technicalities, and the proof is therefore postponed until
the end of the section.

For h as above, z0€Tj ,, and [b| < RY?t9m the preceding discussion implies that the

function hy, as defined in (9.9), is a sum of wave packets which intersect
B(!E(] -y, CR1/2+6m).
Lemma 9.5 can therefore be applied at scale o with r~R/2+9m to yield

SJ R71/275

”hbH%Q(B"—l) m||T*/\hb|\%2(B(x0—y,CR1/2+6m))-

The wave packets defined by T and T will have identical geometric properties (since
these properties are essentially independent of the precise choice of amplitude). By (9.10),

one concludes that

7 12 —1/2—6m, A 2
thHLz(B”*l)SR / ||T* hb||L2(NQ1/2+5m(Z+b)ﬂB(:Do,CR1/2+‘sm))' (918)

This observation has several useful consequences. First of all, by applying Hérmander’s

L? bound, one obtains the following.

LEMMA 9.6. Let h be concentrated on wave packets from TZQB(y,Q)ﬂT@w, for some
(0, w)eT. Let BC B(0,CRY*om) be such that the sets

Ny1/246, (Z+b)NB(xo, CRY/?+0m)

are pairwise disjoint over all beB. Then,

D MrolFe g1y Sl G2 (1)
beB

A further consequence of (9.18) is the following transverse equidistribution result.



SHARP ESTIMATES FOR OSCILLATORY INTEGRAL OPERATORS 331

LEMMA 9.7. Let (6,w)eT, |b|SRY2to and Z be an m-dimensional transverse

complete intersection with deg Z<.1. If h is concentrated on wave packets from

TznB(y.0) mTé}wv

then

~ 0 (n—m)/2
o 221y S BOCD (F) " Al gy

Proof. The transverse equidistribution estimate in Lemma 8.4 implies that

AT 112 1/240(6.m) [ @ ( )/2 2
1T hb||L2(Ngl/2+,5m(Z+b)ﬂB(ac0,CR1/2+5m)) SR /2ot )<E> ||h||L2(B"—1)~

Combining this with (9.18) completes the proof. O

Let g be concentrated on wave packets of Tz p(,,,). For each (5, w) €T the function
950 18 concentrated on wave packets in Tznpy, g)ﬂTg’w. It follows that Lemma 9.6 and
Lemma 9.7 hold for h=g; . Combining the contributions from distinct 75 ,, one obtains
the following.

LEMMA 9.8. Let |b|SRY?T0m and Z be an m-dimensional transverse complete in-

tersection with deg Z<.1. If g is concentrated on wave packets from T2 B(y,o)» then

(g

1Gb]l L2 (1 9l L2(pn-1)-

Proof. By (9.15) and the linearity of the map hishy, it follows that

go=">_ (95.,)5+RapDec(R)|gllL>(pm1).
(0,w)eT

The almost orthogonality relation (9.17) between the (g, ) implies that

161172 (5n-1y S Z 1095 )5 72 (n—1y +RapDec(R)||gl|72(gn-1)-
(é,w)eT

By Lemma 9.7, the right-hand side of the above display is in turn dominated by

: 0 (n—m)/2
RO (£ S 11990122501, + RapDec(R) gl 350 -1:
(6,w)eT

An application of (9.16) yields the desired estimate. O
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9.5. The proof of the reverse L? bound

Proof of Lemma 9.5. One may assume without loss of generality that £=0 and r=
RY/2%9_ Indeed, the first reduction follows from the formula (9.1), which can be used to
replace T and f, respectively, by T* and f, here defined with y:=z. Lemma 9.1 and
the identity (9.8) imply that f is concentrated on scale R wave packets associated with
T which intersect B (0,7). For the second reduction, suppose the result is known for
r:R1/2+5, and let RY/2T9<r< R and f be as in the statement of the theorem. For a€R

consider the slab
Sui=R" ' x[a— RV, a4 RV AB(0, Cr),

where C'>2 is a constant, chosen large enough for the purposes of the argument. Cover
S, with a collection {B;};c of finitely-overlapping R'/?*%-balls satisfying B;NS,#2
for all j€J. By the initial reductions, any tube Tp , makes a small angle with the e,
direction, and thus intersects at most O(1) of these balls. Orthogonality of the wave
packets together with the hypothesised estimate therefore imply that

917251y SR NT gl 22 (v (9.19)

crl/2+s(Sa))
for any g concentrated on wave packets at scale R which intersect S,. If (6,v)€Tp(0,),
then the aforementioned angle condition implies that Tp, intersects every slab S, for
which S,NB(0,r)#@. Hence, if f is concentrated on wave packets from Tp(q,,), then
one may sum (9.19) over a collection of ~7/R'/2%9 slabs which cover B(0,7) to obtain
the desired result.

Fix a function f satisfying the hypotheses of the lemma with z=0 and r=R'/?19,
and note that

Z f@,v

(0,0):Ty.,NB(0,RL/2+8) £

I fllz2(Bn—1y~

LQ(anl).

Recall that the change of variables u—¥(Z/A;u), where ¥ is the function intro-
duced in §4, reparametrises the surface {9,¢*(z;w):w€} as the graph of the function
Op, N30 (2 /A; 1)), for any z€X*. With an abuse of notation for the sake of sim-
plicity, let ¥ denote the above change of variables for z=0; that is, ¥(u):=¥(0;u).
Thus, ¥:U— is a diffeomorphism that reparametrises the surface {9,¢*(0;w):we}
as the graph of the function h(u):=0,, ¢*(0; ¥(u)); in particular, 8,/ ¢* (0; ¥(u))=u for
all uel.
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Applying the change of variables u— ¥ (u), denoting by Jy the absolute value of the
determinant of the corresponding Jacobian matrix and recalling that Jg~1 by (4.12),

one obtains
1/2
||9||L2(B"*1)NHQO\II'J\1;/ l2(Bn-1) ~ lgoW-Ju | p2(Br—1)
for all ge L2(B™~1). Tt follows that

||fHL2(B"*1) ~ ||f\IIHL2(B1L—1)7

where

fo 2‘( > fe,uo\If>'J\p.

(0,0):Ty.,NB(0,RL/2+3) £

Let E denote the extension operator
Eg(z) ::/ 62wi(<z”u)+mnﬁ(u))g(u) du
U

associated with the graph u+ (u, h(u)). For any z,, €R and a square integrable function

g supported on U, Plancherel’s theorem implies that

"gl122 (1) = Bl 2 @15 0, ))-

lglZ2(n1) = ll€*™

Hence, averaging this estimate over |z,|<R'/?*%, one obtains

19122 m -1y ~ B2 | B2 s e soss. gosaeo- (9.20)

The key observation is that the hypothesis on f implies that the right-hand L?-norm can

be localised.

CLAM. If |2,|<RY?T and 2'¢ B(0, CRY/?%9), then
Efy(z)=(1+R""?2'|)~ ") RapDec(R)| f|| 12(pn-1)-

This concentration property is very similar to that detailed in Lemma 5.4, the main
difference being that the condition (0,v)€T gy g1/2+s) is defined with respect to the
operator T*, whilst the above identity concerns the linearised version E. The proof is a
minor adaptation of the stationary phase analysis used to establish Lemma 5.4, and is
therefore omitted.

For the specific choice of function g=fy, the claim implies that (9.20) may be
strengthened to

112y ~ ol gmny ~ B2 E ful e po.omensy.  (921)
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This is easily seen to imply the lemma. Indeed, reversing the earlier change of variables,
Bfulz) = [ 279" (020N ) oo RapDec( )| o
Q
for all z€ B(0, CR'/?%), where £ is the error term in the Taylor expansion

d(z;w) = d(0;w)+ (0, 0(0;w), 2) +E(z; w).

Were it not for the factor e=2m*&(2/X@) the functions E fy(z) and T f(2) would be
equal, up to a negligible error term, and (9.21) would directly imply the desired estimate.
This unwanted additional factor can be removed via a Fourier series decomposition.

More precisely, it holds by the integral form of the remainder that
2 1
OPE(zw) = Z a/ (1-1)0000p(tz;w)dt 27 for all BNy~ (9.22)
yl=2 0

Applying the uniform bounds on the derivatives of the reduced phase function ¢ as
described in §4, and recalling the hypothesis RY/?+9 <A1/2(9.22) implies that

R1/2+6Z
A

858‘;)«5’( ;w)‘gcpar for 0 <|al, |3] < Npar and |z| S 1. (9.23)
Let 1€ C®(R" xR" 1) be supported on X xQ and equal to 1 on supp a. By forming the

Fourier series expansion in both the x and w variables, one obtains

—2mi z/Aw Z —2n wi((z/RY/2T? w
o~ 2mIAE(2/X; W’(WW): Z (1 |k|) =2y 2mil=/ B2 ) (wika)
keZn xzn—1

k=(k1,k2)
where the ¢, are weighted Fourier coefficients. Observe that (9.23) implies that |cx|S1
for all k€Z"xZ"~1. Thus, (9.21) now yields

1Fllz2(pn-1y SRR (L k) TN ) 2 s,/
keZn xZn—1
k=(k1,k2)
The above sum is split into a sum over k=(k1, ko) satisfying |k|>C,, and a sum over the
remaining k, where C,, is a dimensional constant, chosen large enough for the present

purpose. The sum over large k is bounded above by

AT (AHED T fll 2 (9.24)
|k|>Chp,
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for some dimensional constant in A; indeed, this follows by applying Hérmander’s L?-
estimate from Lemma 5.5 to each of the summands (the constant in Hormander’s theorem
can be made uniform over the class of reduced phases). By choosing C,, to be sufficiently
large so that A7, o (1+[k[) 72" < 1, the term (9.24) can be absorbed into the left-hand

side of the inequality. Thus, one obtains

£l L2y SRTVAT2N" TR )| L2 p0,0m1/240)-
pezn—1
[k|<Ch

Finally, define the class of operators
T :={T):kez" ! and |k|<C,},
where T,;\ has phase ¢* and amplitude ag, for
an(5) i= ()2 R,

It is easy to see that each such amplitude a; can be written as a linear combination
of O(1) amplitudes satisfying the conditions of Lemma 4.3, with complex coefficients of
order of magnitude O(1). Defining T to be the union, over all |k|<C,,, of the operators
with phase ¢* and the corresponding rescaled amplitudes, it follows by the pigeonhole
principle that there exists at least one operator T2 €T* for which the desired inequality
holds. O

10. Proof of the k-broad estimate

10.1. A more general result

In this section the proof of the k-broad estimate in Theorem 1.9 is given. In order
to facilitate an inductive argument, a more general result will be established, which is
described presently.

Throughout this section, 7* denotes an arbitrary choice of a translate of a Hérmander-
type operator with reduced positive-definite phase. That is, T? is of the form of the
operator T> discussed in the previous section, with phase and amplitude of the type
described in (9.2). Many of the estimates involving 7%, such as (10.1) below, are under-
stood to hold uniformly for the entire class of such operators; it is important to work
with the whole class rather than a single choice of T in order to run certain induction

arguments.
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In order to state the result, first define the exponent

cunlp) =5 (53 ) ()

and note that —ek,n(p)—l—%go if and only if p>=p(k, n), where

_ _ 2(n+k)

is the exponent appearing in Theorem 1.9.

ProroSITION 10.1. Given €>0 sufficiently small and 1<m<n, there exist
<ok 5n—1 < 5n—2 L. KhKe

and constants C. and A. dyadic, Dy, . <:1 and 9., <e such that the following holds.
Suppose Z=Z(Pi, ..., Pu_m) is a transverse complete intersection with deg Z< D,y .
For all 2<k<n, 1<A<LA, dyadic and 1<K <R, the inequality

HT)\f”BLﬁ (B(O0,R)) 55 KC'ERﬂm-HS(logAE—logA)—ek,n(IJ)-i-l/Q||f||L2(Bn71) (101)
holds whenever f is concentrated on wave packets from Tz and

p(k,m), if k<m,

2<p<po(k,m):=
p<pok,m) {mem+& if k=m

Here, Tz is defined as in §8; that is,
Ty:={(0,v) €T: Ty, is R~/? % _tangent to Z in B(0, R)}.

Proposition 10.1 immediately yields the desired k-broad estimate.

Proof of Theorem 1.9. Theorem 1.9 is a special case of Proposition 10.1. Indeed,
Z=R" is a transverse complete intersection of dimension n, and Tz contains all wave
packets in B(0, R). Thus, taking A=A, and p=p(k,n) yields the endpoint case of The-
orem 1.9. The general result follows by interpolating with the trivial p=occ estimate via

the logarithmic convexity of the k-broad norms (that is, Lemma 6.3). O

10.2. Reducing to R<A1—=,

Turning to the proof of Proposition 10.1, the first step is a technical reduction on the radii
R which is needed to facilitate certain polynomial partitioning arguments. In particular,
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it will be necessary to approximate the curves Fé‘,u by polynomial curves of degree inde-
pendent of R; by the observations of §7.2, this is possible when 1<R<, A7, and thus
(10.1) will first be proved for this restricted range of R. The result can then be extended
to the full R<\ range by a triangle inequality argument (incurring a permissible RO(€)
loss). The concentration hypothesis on f in Proposition 10.1 creates some difficulties

here, which are addressed by the following lemma.
LEMMA 10.2. Let 1<o<R<A and assume that, for any transverse complete inter-
section Z=2Z(Py, ..., Pn_,) with deg Z< D, the inequality
IT* fllsLe ,(B0.0y) < Ellfllz2(sn-1) (10.2)

holds with some constant E>0 whenever f is concentrated on wave packets from Ty.

Then for all Z as above, the inequality

O(1)
R
”T)\fHBL’,;,A(B(O,R)) S <Q> E|fllz2(pn—1)

holds for all functions f concentrated on wave packets in Ty .

Here, T denotes the collection of wave packets at scale o that are o1/2+9m transverse
to Z in B(0, ); this notation is consistent with that used in §9.

Proof. Let f be a function concentrated on wave packets in T, for some transverse
complete intersection Z, as in the statement of the lemma. Fix a cover B, of B(0, R) by
finitely overlapping p-balls. By the sub-additivity of the k-broad norms and Lemma 5.4,
there exists some B=DB(y, o) €B, such that

o(1)
R
171181y, (o0.m) (@) I7*ligey 5+ RaPDec(R) IS 172 (e,

where h:=} yer, , fo.u; here and below, the notation Tz p is consistent with that
used in §8. As in §9, write T)‘h(.’L‘—I-y):T)‘iL(.Z‘) so that, suppressing the harmless rapidly

decaying term in the notation, one has(*®)

O(1)
I f|E <(EY 20 (10.3)
BLY L (BO.R) ~ | BLY 4 (B(0.0)) :

In general, h is not concentrated on wave packets which are o~ /2% _tangential to a
suitable variety inside B(0, p); thus, hypothesis (10.2) cannot be applied directly to esti-
mate the right-hand side of (10.3). Rather, one approaches the problem via the methods

(?%) Strictly speaking, in order for (10.3) to hold, the k-broad norm on the right-hand side should
be defined with respect to a translate of the family of balls By2. Since the estimates will be uniform over
all choices of families By of bounded multiplicity, this slight technicality does not affect the argument.
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of §9. By Proposition 9.2, h is concentrated on wave packets in (Jycq 'ﬁ‘z_erb, where ‘B
is a discrete set of cardinality <(R/0)°™) such that |[b] SRY?Hom for all b€®B. Conse-
quently, by the sub-additivity of the k-broad norms and Lemma 5.4 and Proposition 9.2,
there exists some beB such that

T h|? < (£ " T hy || 10.4
” HBL%A(B(QQ))N E H bHBLz,A(B(QQ))’ ( )

for }Nlb as defined in §9. Recall from Proposition 9.2 that ilb is concentrated on wave

packets in ’I~FZ_y+b and satisfies

ol 22 (sn-1) SN fllz2(mn-1)- (10.5)

Combining (10.3) and (10.4), the desired estimate now follows by applying hypothe-
sis (10.2) to the function hy, and then using (10.5) to bound the resulting right-hand

expression. O

10.3. Setting up the induction argument

Henceforth it is assumed that 1< R<.A'~¢. Under this hypothesis, given £ >0 sufficiently
small, Proposition 10.1 will be established for the following choice of parameters:
_g—(2n-m)

Dppoi=¢ . V() =e—cubm, Ao:=[el], (10.6)

§;=10i(e):=e* foralli=1,..,n—1.

Here, 0<0=0(e)<dp—1(¢) and ¢, >0 is a fixed dimensional constant.
The proof is by induction on the radius R and the dimension m; presently the base

cases for this induction are established.

Base case for the radius: RS, K™

Provided that the implied constant in (10.1) and C. are chosen to be sufficiently large,

in this case Proposition 10.1 follows immediately from the trivial inequality

”T)\fHBLﬁ’A(B(O,R)) SR\ fllpagn-y, (10.7)

valid for all AeN and 1<p< 0.
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Base case for the dimension: m<k—1

Assuming (without loss of generality) that K <.R'/", one can show in this case that

||TAf||BL§,A(B(0.,R)) = RapDec(R)||f||L2(pn-1)- (10.8)

Indeed, fix a ball By2€Bg2 with Big2NB(0, R)#J; here, Bz denotes the collection of
K?-balls featured in the definition of the k-broad norm (1.13). Let Tp,_, denote the
collection of all K~ '-caps 7 for which there exists some (0,v)€Tz p,, with 0NT#2.
Observe that, if 7¢Tp,_,, then

| T = RapDecR) 1 s (109

K2
since f is concentrated on wave packets in Ty.
It is claimed that there exists some VeGr(k—1,n) such that

L(GNz;7), V) K™ forall TeXp (10.10)

K20

where ZER™ denotes the centre of Byz. Indeed, by (10.9), one may assume without loss
of generality that Tp _,#@, and hence Tz g, ,#9. Thus, there exists z€ ZNB(0, R)
with |z—z|<RY2T9m and, taking V €Gr(k—1,n) to be any subspace that contains 7}, Z,
the claim is easily deduced from the definition of R'/?*9m_tangency (see Definition 8.1),
together with the hypothesis K <R/,

Recalling the definition of pipa f(Bg=2) from (1.12), it follows from (10.10) that

prx p(Bg2) < rTngaé(/

TP < max / s
BK2 T¢‘I BKQ

BK2

and the desired estimate (10.8) is now a consequence of (10.9).

Reduction to A>2

Recall that A, >e'0"/9 so that dlog A.>10n. Although the argument does not require
one to induct on A, it is useful to note that (10.7) implies that Proposition 10.1 holds for
A=1. This allows one to assume A>2 throughout the following argument, and therefore

permits the use of the k-broad triangle and logarithmic-convexity inequalities.

10.4. An overview of the inductive step

Let 2<k<n—1, k<m<n and R2.K"™. Assume, by way of induction hypothesis, that
(10.1) holds whenever the dimension of the transverse complete intersection Z is at most
m—1 or the radial parameter is at most %R.



340 L. GUTH, J. HICKMAN AND M. ILIOPOULOU

Fix e>0, 1< A<A. and a transverse complete intersection Z=Z(Pi, ..., P,_,,) with
diengDmﬁ, where the parameters A, and D,, . are as defined in (10.6). Let f be
concentrated on wave packets from T .

It suffices to show that (10.1) holds at the endpoint p=pg(k, m). Indeed, observe
that Lemma 5.5 implies the L?-bound

HT/\f||2BLi1A(B(O,R))§ Z IT* frl122((0.r)) S RIFI32(5n1)-

T:K—1l-cap

Once (10.1) is established for p=pg(k, m), one may use the logarithmic convexity of the
k-broad norms to interpolate the p=po(k, m) estimate against the above inequality, and
thereby obtain (10.1) in the desired range.

The analysis proceeds by considering two different cases.

The algebraic case

There exists a transverse complete intersection Y C Z of dimension 1<I<m—1 of maxi-

mum degree at most (D,, )" such that

1T £ (10.11)

P AP

BL , (N sz, (v0nBR) = el T f sy 50,r)):
Here c,5>0 is a constant depending only on n and e which is chosen to be sufficiently
small to suit the needs of the forthcoming argument.

The cellular case

The negation of the algebraic case: for every transverse complete intersection Y'CZ of

dimension 1</<m—1 and maximum degree at most (D,, )", the inequality

A p|P AP
||T fHBLzﬁA(NR1/2+5m/4(Yl)nB(O,R)) <Calg||T f”BLi,A(B(O,R)) (10.12)

holds.

The cellular case is the simplest situation and will be treated first. Here a polynomial
partitioning argument is employed which splits the mass of the k-broad norm into small
pieces; these pieces can then be treated individually using the radial induction hypothesis.
The algebraic case is the most involved situation; it encapsulates the kind of behaviour
exhibited by the sharp examples in §2. In this case, T* f can be thought of as concentrated
near a low-dimensional and low-degree variety Y (in a k-broad sense). If the wave packets
of f are also tangential to this variety, then one may use induction on the dimension to
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conclude the argument. This might not be the case, however, and if many of the wave
packets of f are transverse to Y, then an alternative argument is required. Thus, the
algebraic case naturally splits into two sub-cases, a tangential and a transverse sub-case,
which are discussed in detail below. Lemma 7.5 can be applied to show that a given
tube Ty, can only interact transversely with the variety Y' inside a small number of
finitely overlapping balls of some fixed radius o< R (more precisely, the radius is chosen
to satisfy o'/2+9 =R1/2+0m): this eventually allows one to also close the induction in the

transverse situation.

10.5. The cellular case

The cellular case can be treated using polynomial partitioning. Roughly speaking, since
by hypothesis T f is concentrated in a neighbourhood of an m-dimensional transverse
complete intersection, for any D>1 Theorem 7.3 can be applied in m dimensions to show
that there exists a non-zero polynomial P of degree at most D such that, letting {O; }iez
denote the connected components of R™\ Z(P) (which, recall, are referred to as cells),
one has #{0;:i€Z}~D™ and

1T f1I5 ~ DT ]|

BLY 4(01) for all i € 7. (10.13)

P
BL? ,(B(0,R))
Thus, the mass of the k-broad norm is essentially equally distributed amongst the cells.
Moreover, using the hypothesis of the cellular case, one can construct P so that very

little of the mass lies near the cell wall
W .= N2R1/2+5 (Z(P))HB(O, R)

In particular, the estimate (10.13) essentially still holds if the O; are replaced with the
shrunken cells O}:=0;\W. The O} can be thought of as well separated,(*®) and this
facilitates a divide-and-conquer-style argument. More precisely, the fact that a non-zero
univariate polynomial of degree at most D has at most D roots quickly leads to the

following observation.

LEMMA 10.3. If P is a polynomial of degree deg P<D and {O}}icz are defined as
above, then each tube Ty, enters at most D /e of the cells O.

It is important to note that, in general, Lemma 10.3 does not hold if the O} are
replaced with the cells O;.

(26) In particular, the distance between a pair of distinct O is wider than the width RY/2%6 of any
tube Tp , .
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Proof. Let [Fg"v]s:R%R”*I denote the polynomial approximant of Fg"v, as defined
in §7.2. Thus, deg[Fé"v]eg [1/2¢] and (7.2) implies that

[05.,)- () =T, (t)| <RY? forallte(—R,R).

Suppose that z€O}NTy,. By the definition of O}, the ball B (x,2R1/2+5) con-
tains no points of Z(P), and is therefore contained in O;. On the other hand, we have
dist(z, I ) <RY?**% and therefore dist(z, I} ].)<2RY/?*9. Consequently, [I'; ]- en-
ters B(z,2R'Y/?T9)CO;. Thus, if Ty, enters a cell O}, then the polynomial curve L
enters O; whilst, by the simple property of univariate polynomials quoted above, [Fé\,v] c
can enter at most degP-deg[Fé\yv]g—i-lSD/E cells O;. O

Some aspects of the discussion prior to Lemma 10.3 are not entirely precise; for
instance, to apply the polynomial partitioning theorem, one must work with an L' func-
tion, rather than a k-broad norm. In view of this, let u denote the measure on R™ with
Radon—Nikodym derivative

Z NT*f(BKz)LXB 2
|Bre2| "X

By2€Bg2

with respect to the Lebesgue measure. One may easily verify that

OV IT gy oy and T s oy < (B0, 2R) (10.14)

for all Lebesgue measurable sets UCR™. These inequalities ensure that the measure
1 acts as an effective surrogate for the k-broad norm in the polynomial partitioning
argument.

By combining the cellular hypothesis with Theorem 7.3, one obtains the following

partitioning result.

LEMMA 10.4. (Polynomial partitioning [14]) There exists a polynomial P of degree
deg P< Dy, such that, if {O;}iez and W are defined as above and OL:=0;\W for all
i€Z, then #LS (D)™ and

1(0;) ~ (D) ™" u(B(0,2R)) (10.15)

for at least 99% of the cells O.

This lemma is contained in the work of the first author [14, §8.1], and the details of
the proof are not reproduced here. The basic idea is as follows: by hypothesis, the mass
of p is concentrated in Npi/24s,, (Z), where Z is an m-dimensional algebraic variety; this
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allows one to apply Theorem 7.3 in m-dimensions to construct a polynomial P which
satisfies the desired properties, with O; in place of O]. The hypothesis of the cellular
case implies that the mass of y cannot concentrate in a neighbourhood of a certain type
of algebraic variety, and this can be used to show, in particular, that the mass cannot
concentrate around the cell wall W. Provided the constant c,js is chosen to be sufficiently
small, this allows one to pass to the shrunken cells O} in (10.15) (at least for 99% of the
cells).

There are a number of technicalities involved in rigorously carrying out this argu-
ment. In particular, one must justify the application of Theorem 7.3 in dimension m;
this requires locally approximating Z by some tangent plane 7,7 and applying the the-
orem to the push-forward of 1 onto 7,7 under orthogonal projection. The partitioning
variety in T, 7 is lifted to a variety Z in R" by taking the pre-image under the orthogonal
projection; it is possible to define 7 in this way, so that it is transverse to Z. The cells
O; are then defined with respect to Z.(27)

Presently, it is shown how together Lemmas 10.3 and 10.4 easily yield the proof of
Proposition 10.1 in the cellular case. Applying Lemma 10.4 one obtains a partition of
R™\W into disjoint cells {O;};cz. For each i€Z let

Ti:={(0,0) €Tz: Tp,NO;#@} and fiz= Y  fou.
(6,v)€T;

By Lemma 5.4 one has
||T>‘f||BL,, HTAJIZHBLP »)+RapDec(R)||f||I£2(Bn,l).

Combining this inequality with (10.14) and Lemma 10.4, one deduces that at least 99%
of the cells O} have the property that

||T/\fHBLP B(O R)) ~ S ( m E)mHT)\fl”BLP :)+RapDeC(R)||f||i2(Bn71)' (10'16)

On the other hand, by Lemma 10.3 and orthogonality between the fg ,, one has

Doy~ Y #E€T:(0,0) €Tl foolgz(mn1) Se Dmell flE2(mn-y.

€L (0,v)€T 2

Since there are roughly (D, )™ cells in total, Markov’s inequality shows that at least
99% of the cells O} have the property that

1FillZ2(gn-1) Se DRTVNf 17201 (10.17)

(27) To carry out this argument rigorously, one must further ensure that all the relevant varieties
are transverse complete intersections of dimension at most m—1 and controlled degree in order to invoke
(10.12). Such technicalities account for the choice of maximum degree (D )™ in the definition of the
algebraic and cellular cases.
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Therefore, there exists some cell O} for which (10.16) and (10.17) simultaneously hold,;
henceforth, attention is focused on a single such cell O;.

Let E,, a(R) denote the constant appearing on the right-hand side of (10.1); namely,
E,, A(R) =C,, EKCE Ra—cném-&-é(log A.—log A)_ek," (p)_;’_l/g-

By the radial induction hypothesis, Proposition 10.1 holds for the radius %R. For the
fixed choice of i as above, cover O} with O(1) balls of radius p= %R. Applying Lemma 10.2

to f; on each of these balls, one obtains

HTAfi”BLi’A(B(O,R)) SEma(3R)|fillz2sr-1) S Ema(R)| fill L2(pn-1)-

Combining the above estimate with (10.16) and (10.17), one deduces that
HT)\f”BL?A(B(O,R)) < Ce(Dm,s)7(m71)/2+m/pEm,A(R)Hf”L?(Bn—l)

for some constant C.>0. The D,, . exponent is negative if and only if p>2m/(m—1);
note this is the case for the choice of exponent p=py(k,m).(*®) Thus, recalling the
definition of D=D,, . and assuming ¢ is sufficiently small depending on n, it follows that
Co(Dppc)~(m=D/24m/P <1, This establishes the desired estimate (10.1) and closes the

induction in the cellular case.

10.6. The algebraic case

Fix a transverse complete intersection Y* of dimension 1<!<m—1 and maximum degree
deg Y'<(D,, )™ which satisfies (10.11). Let R'/? <9< R be such that o'/?+% = R1/2+m
and note that

R<R*p and o< R %/?R. (10.18)

Let B, be a finitely-overlapping cover of B(0, R) by p-balls, and for each BeB,
define
Tp:={(0,v) €T:TpuNNgi/2tsm 4(Y)NB # 2}

and

fB:= Z fo,0-

(0,0)ETR

Thus, by (10.11) and Lemma 5.4,

Arp A P
I by, mo.m) S Zl; 1T FBlls1p V245 s 0700)
BeB,

(?8) Tt is for this reason that one works with the modified exponent po(k, m) rather than p(k, m).
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holds, up to the inclusion of a rapidly decreasing error term. In what follows, such error
terms, which are harmless, are suppressed in the notation.

For B=B(y, 0)€B,, let Tp tang denote the set of all (6,v)eTp with the property
that, whenever 2€Tp, and 2€Y'NB(y, 20) satisty |z— 2| <2C;ang0'/?%, it follows that

K(G)‘(x wg), T, y! )< % gg_1/2+6l’

where aang and Ciang are the constants appearing in the definition of tangency. Further-

more, let Tg trans:=TB\T B tang and define

fB,tang:: Z fG,v and fB,trans:: Z f€,1)~

(0,9)ETB tang (0,9)ETB trans

It follows that fg=fB tang+ B, trans and, by the triangle inequality for broad norms (that

is, Lemma 6.2), one concludes that

||T}\f||BLp A(B(O R)) NZ ||T)\fB tangHBLP (B)+Z ||T fB trans”BLp A/2 (B)
BeB, BeB,

Either the tangential or transverse contribution to the above sum dominates, and each

case is treated separately.

The tangential sub-case

Suppose that the tangential term dominates; that is,

HT)\f”BLi A(BOR))N Z HT fB tang”BLP
BeB,

(B (10.19)

Each term in the right-hand sum is bounded using the dimensional induction hypothesis.
Fix B=DB(y, 0)€B, and, as in §9, let

TA (fB,tang)N(x) = TAfB,tang(x+y)a

so that(??)
(B(0,0))" (10.20)

Since degY'< D, ., in order to apply the induction hypothesis, one must verify that

||T fB tangHBLk a,2(B(y,0)) = ||T>\(fB,tang) ||BL§ a/2

B,tan | i S S t- —y i
(fB.tang)” is concentrated on scale ¢ wave packets that are o~ '/2+% _tangent to V' —y in

B(0,9). By Lemma 9.1, (fB tang) is concentrated on scale p wave packets from

TB,tang = U TG,va
(evv)eTB,tang

(??) See footnote 25 on page 337.
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where the TNTQJ, are as defined in §9. Fix (é, @)E'Aﬁ‘Bytang and recall from (9.14) that
dist g7 (T 5, (To,o —y)NB(0, 0)) S RV < pl/2431, (10.21)

Combining this with the definition of Ty tang, it is easy to see that Tg ; satisfies the angle
condition for tangency, and it remains to verify the containment property

Té)ﬁ - N91/2+51 (Yl —y).
The definition of T and (10.21) imply that
T§750Ngl/2+5l/2(yl _y)mB(Ov Q) 7é a,

and so the containment property follows from the angle condition, as in the proof of
Proposition 9.2.

Thus, the dimensional induction hypothesis may be applied to (fp tang) , and one
therefore deduces that

IITA(fB,tang)NHBLgA/z(B(o,g)) < Ep 47200 /B tangll L2(Bn-1)-
Combining this estimate with (10.19) and (10.20), one concludes that
”T)\f”BLi,A(B(O,R)) < RO(él)El,AD(Q)”.f”%?(B"*l)'
To close the induction in this case, it remains to show that
RO((SZ)El,A/Q(Q) <Ena(R).

By (10.18),
Qé(loggaflog(A/Q)) < RO(&;)Rﬁ(log Ac.—log A)7

o Ckm (p)+1/2 < RO(51)R—€1€,7L(P)+1/2.

Combining these observations, the problem is further reduced to showing that
Qe—cnél <R—051R5—cn6m
X b

where ¢>1 is a suitably large-dimensional constant. By (10.18), one may ensure that this
inequality holds by choosing the constant ¢, in (10.6) at the outset to be large relative
to c.
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The transverse sub-case

Now suppose the transverse term dominates; that is,

A pp A p
Iz fHBLi,A(B(O,R))’S Z I vatransHBLi'A/?(B)' (10.22)
BEB,

The idea here is somewhat similar to that used in the cellular case. Recall, in the
cellular case the number of cells a given tube can enter is controlled by Bézout’s theorem.
In the transverse case, the number of balls BB, inside which a given tube can be
transverse to Y is again controlled due to Bézout’s theorem, this time by Lemma 7.5.

This yields the following key inequality.

CLAIM.

D 1fBotranslFa(mn-1) Se 1172 mn1)- (10.23)
BeB,

Proof. This is a fairly direct consequence of the hypothesis of the transverse case
together with Lemma 7.5. Indeed, note that

Z ”fB,transH%ﬁ(anl) ~ Z #{B € BQ : (07’0) ETB,trans}Hf@,v

BeB, (6,v)eT

|2
L2(Bn—1)»

and so, to prove (10.23), it suffices to fix an arbitrary (6,v) €T trans and show that
#{BeB,: (0,v) € Tp trans} Se 1. (10.24)

Let FI:[FQW] «:R—R"™ be the polynomial approximant of the core curve F(é,v defined in
§7.2. Thus, degI'<.1 and, recalling that RS A'~¢, property (7.2) of the approximant
implies that

ID(t)-T3,(t)| <RY? for all te (~R,R). (10.25)

Let u€Ty,, and 2€TNB(0, R) with |u—2|<RY?+. Tt follows from the definition of Tp,,,
and (10.25) that there exists some t€(—R, R) such that

lu—T3, ()| SRV* and  |a—TD(t)| SRV

Consequently, recalling Lemma 4.6,

R1/2+5
)\ )

£(GM(usw), ToT) S L(Try (1) T900 Trey D)+

and therefore, by property (7.3) of the approximant,

1/246 =
RY Ctang _1/2+6,

<
4

K(G’\(u; wp), ToT) <. A2y
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Using the above inequality, one may easily verify that, if B=DB(y,0)€B, and (6,v)€
T3 trans, then Y2 NB(y,20)#@ for ar~p /210 and repl/2H00 . Here, Y, ,.pis as
defined in §7; that is

Yia,r,r = {zeY!: there exists z €’ with |z —z| <7 and £(T.Y', T,T') > a}.

By Lemma 7.5, the number of balls B=B(y, ¢) € B, for which B(y, 2p) intersects Yi(x,r,l—‘
non-trivially is at most O((degD')"-(degY!)")=0.(1). Combining these observations,

one immediately deduces (10.24), as required. O
In view of (10.23), the strategy in the transverse case is to use the radial induction
hypothesis to show that, for some constant ¢. >0, one has

|\T>‘fB7trans||BLp (B) S Ce By A(R)|| fB trans|| 22 (Bn-1)  for all B € B,. (10.26)

k,A/2

Indeed, provided ¢.>0 is sufficiently small, depending only on n and ¢, the preceding
inequality may be combined with (10.22), (10.23) and the simple estimate

B transllL2(Bn—1) S fllL2(Br-1),

to yield

1/p
_ 1-2
HT/\fBLf;A/z(B(O,R))SscsEm,A(R)Hf”Lz(lé{t1)( § |fB,tranS||%2(B"1))

BEB,

< Em a(R)| fllz2Br-1),

closing the induction in this case.

The main obstacle in carrying out this programme is that the fp trans do not, in
general, satisfy the hypothesis of Proposition 10.1 at scale p, and therefore one cannot
directly apply the radial induction hypothesis to these functions. However, one can
appeal to the theory developed in §9, which essentially allows fB trans to be broken into
pieces fB trans,p Which do satisfy the hypothesis of the proposition at scale p. Here is a
sketch of how the argument works. By choosing a suitable set of translates 98, one may
essentially write

1/p
||T>\fB,tranSHBL£1A/2(B) S ( Z ||TAfB,trans7b||I];LP (B)) ; (1027)

be®B ras
where each piece fp trans,p is defined so that it is concentrated on scale ¢ wave packets
which are tangential to some translate Z—y+b of Z. By the theory of transverse equidis-
tributions developed in §8 and §9, the fg trans,» satisfy favourable L? estimates and, in
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particular, the inequality (10.30) below holds. The radial induction hypothesis is applied

to each of the T f B,trans,b- 10 close the induction, one must estimate the resulting sum

1/2
( Z ||fB,trans,b||2L2(Bn—1))

beB

in terms of || B trans||z2(Bn-1). Here, the gain in ¢/R in (10.30), afforded by transverse
equidistribution, is crucial to the argument: it allows one to sum up the contributions
from the individual pieces fp trans,y Without any (significant) loss in R. It is this gain
which accounts for the improved range of estimates for the k-broad inequalities under
the positive-definite hypothesis (recall, the proof of the transverse equidistribution lemma
relied heavily on the positive-definite condition).

As part of this argument, to ensure that the fp trans,, form a reasonable decompo-
sition of fp trans S0 that (10.27) essentially holds, the set of translates B must be chosen
so that Uycq Npi/2+6m (Z—y+b) covers Ngijats,, (Z) (rvecall, by hypothesis fp trans 18
concentrated on wave packets in Tz, and so the mass of T* fB trans is concentrated in
Npi/2+6,, (Z)), and so that the N,i/21s,, (Z—y+b) are essentially disjoint. This can be
achieved using a probabilistic construction. More precisely, fixing B=DB(y, o) €B,, one

may show the following.

LEMMA 10.5. There ezist a finite set BCB(0,2R"/?19m) and a collection
B/g {BK2 GBK2 :BKzﬂB(y, Q) #@}

such that, up to inclusion of a rapidly decreasing error term,

1/p
||TAfB,tranSHBL£1A/2(B) 5 (log R)2 < Z :U/TAfB,f,mn,s (BK2)> ) (1028)
By2€B’

and for each Bg2€B' the following hold:
(i) there exists some beB such that

B2 C N91/2+5m /2(Z+b), (10.29)
(i) there exist at most O(1) vectors beB for which

By ﬂNg1/2+5m (Z-l-b) 7§ .
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The proof of the lemma, which is slightly technical, is postponed until the end of
the section. Temporarily assuming this result, one may argue as follows to complete the
proof of Proposition 10.1.

For each beB, let B; denote the collection of all Bi2€B’ for which (10.29) holds.
Thus, by (10.28) and property (i) in the lemma,

1/p
T s ssanlong s S Q08 B2 5 sy (Brcr)
bEDB B 268,

up to a rapidly decreasing error term.

Define the collection of wave packets

“{owe U Tostin U Be-nro)

(0,v)ETB(y,e),trans By2€B),

note this set is a subset of the collection 'ﬁ‘b defined in §9 and so, by Proposition 9.2, one
has ’Tr;)gﬁfz_y+b. Therefore, if fB trans,b is defined by

(fB,trans,b)~Z Z (fB,trans)Ef, 5

(6,5)€T)

then (fB trans,p) 1S concentrated on wave packets that are o~ /#t0m _tangent to Z—y+b.

Furthermore, again up to a rapidly decreasing error term, one has

1/p
||T fB tranS“BLg A/2(B) (IOgR (bz: ||T fB trans b)~||BLk A/Q(B(O Q))) .
€8

The function (fB trans,b) satisfies the hypotheses of Proposition 10.1 at scale g, and
therefore the radial induction hypothesis yields

1/p 1/p
(Z ||T fB trans b) HBLk A/2 B(O,g))) <Em’A/2<Q><Z i g p B )) )
bes

beB

On the other hand, it is claimed that

1/p _ -
L o1 /4-1/2p)
(Z |fB,trans,b|i2(Bn1)> SRO(CS"L) (E) ||fB,tranSHL2(Bn—1).

beB

Clearly, it suffices to prove the above inequality for p=2 and p=o00; the desired estimate
for p=po(k, m) then follows by interpolation (via Holder’s inequality).
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p=2

Observe that, by the orthogonality between the wave packets,
Y I swansallZemn-ny~ Y #8551 (Fpawans)zs |22 51,

beB (6,5)€T

where %é,ﬁ::{be%:(é, ﬁ)eﬁ‘g} Fixing (6, 9) €T, it suffices to show that #B; ;1. Sup-
posing B ;#J, there exists some By eB’ with Tg’ﬁﬁ(BKzfy)%Q. For any beB; ;,
it follows that (é,f})e']fm and so f§76§N91/2+5,,,L(Z—y+b) by Proposition 9.2. Conse-
quently, Br2 NN y1/2+5,, (Z+b)#D for all be B; 5, and so the desired bound follows from

property (ii) of Lemma 10.5.

p=o0

In this case, the estimate is a direct consequence of the transverse equidistribution es-
timates established in §8 and §9. In particular, the function fp trans is concentrated on

wave packets belonging to Tz g and so, by Lemma 9.8, one deduces that

0 (n—m)/4
£, prans bl 22 (n-1) S ROC™) (E) 1.fB,trans || L2 (Bn-1), (10.30)

as required.

The preceding analysis shows that | T f5 trans|/BL?

P 1 /a(BO.R)) is bounded above by

0 (n—m)(1/4—1/2p)
) ||fB,transHL2(B"_1)

RO((S"L)Em (i
(o) R
and therefore, to prove (10.26) and thereby close the induction argument in this case, it
suffices to show that

(n—m)(1/4-1/2p)
Q) <EEma(R). (10.31)

RO(‘S’")Em,A(g)(E

For the exponent p=p(k, m), one has

Q_ek:,n(p)“!‘l/2<£ <R—€k,n(1))-‘r1/27

R
whilst for the perturbed exponent p=pg(k, m) the same inequality holds up to a RO®)
factor. Thus, the left-hand side of (10.31) is dominated by

)("—m)(1/4—1/220)

RO (LY B a(R).

Recalling (10.18) and the choice of parameters §; and J,,, one obtains the desired in-
equality.
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The probabilistic argument

The above argument establishes Proposition 10.1, except for the details of the proba-

bilistic argument used to prove Lemma 10.5.

Proof of Lemma 10.5. Before commencing the argument proper, a few technical re-
ductions are necessary. By a standard dyadic pigeonholing argument, one may assume
that

\ 1/p
T sssnlons s S8 R( S g (Brc) (10.32

By2€B”

for some sub-collection B” CBy> with the property that
,U,TVBYUMS (BKz) ~ MT*fB,tmns (EKz) for all BKz, BK2 eB”. (10.33)

Since fp trans 1S concentrated on wave packets from Tz g, one may further assume that
Br:NB(y, 0)NNgi/24s, (Z) £ for all Bg2€B”, at the cost of a rapidly decaying term
on the right-hand side of (10.32).

A set of translates B will be selected at random from R™ according to a probability
measure P. The distribution P is taken to be a mollified version of the uniform prob-
ability distribution P on B(0, R/2T9m). In particular, let w:R"—[0,00) be given
by (%)

—(|z|— RY/2+0m
w(z) :=exp ( ( |91/2+6m )+> for all z e R™,

and P be the continuous probability measure on R” with Radon—Nikodym derivative
( f]R" w)~w (with respect to Lebesgue measure). This measure approximates Py, in
the sense that

P(R™\ B(0,2R'/?+%)) = RapDec(R). (10.34)

The motivation behind the definition of P is that, in contrast with Py, it enjoys the
doubling property

P(B(z,2r)) SP(B(x,r)) for all z€R" and 0 <7 < p'/2+0m,
Consequently, by the Vitali covering lemma, for any £ CR"™ one has
P(Ny, (E)) SP(N,(E)) for all 0 <r < pl/2+0m, (10.35)
Recall, if B(z, K?)eB", then B(z, K*)NNgi/24s,, (Z)#2, and so

|B(0, RY2F0" )N 1 210 (2 =) Z | B(0, 0'/F0m)),

u, if u>0,

(39) Here (u)+::{ 0. ifu<o for all u€R.
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which implies that

|B(O, 01/2+6m)|
. — e
P(NQ /2+8m (Z l’)) ~ |B(0, R1/2+5m)‘

For any s€N with 2°>|B(0, p*/2t%)|, define

S . 2 ", 2°
B —{B(.’IJ,K )EB .P(N91/2+6m(Z—x))NW .

By a further pigeonholing argument, there exists some value of s as above such that
(10.28) holds with B* in place of B'.
Let C'>1 be a dimensional constant, chosen to be sufficiently large for the purposes
of the following argument, and define N:=[C27%|B(0, R*/?*)|]€N. Recalling (10.18),
it follows that
< [BO. R0

2n0,

~

Suppose that B={b1, ...,bny } is a sequence of vectors in R™ formed by choosing each
term independently at random, according to the probability distribution P. The problem
is to show that B satisfies each of the desired properties with high probability.

The containment property 9 C B(0, 2R1/2+5m)
Recalling (10.34) and (10.36), it follows that
N /N
P(% g B(O’ 2R1/2+5m)) = 1+Z ( p ) (_1)kP(Rn\B(O, 2R1/2+5m))k
k=1
=1+4+RapDec(R).

Indeed, for the second equality we use the elementary bound

Y /N
Z(k)(—l)kuk =|(1—u)N—1|<Nlu| forall 0<u<]1,

k=1

which follows from the mean value theorem. Thus, if R>1 is sufficiently large depending

only on n and ¢, then
P(B C B(0,2R"/*Tm)) > %0 (10.37)

which verifies that the desired containment property holds with high probability.
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Property (i)
Let B(z, K?)€B* and observe that

N N
P(B(x,KQ) g U NQ1/2+5m/2(Z+bj)) ZP(Z‘E U ]\[91/2+5m /4(Z+b])>

Jj=1 j=1
=1- (1 —P(Ngl/2+am/4(Z—.’£)))N.
By the definition of B* and the doubling property (10.35) of P, it follows that

cC
P(Ng1/2+5m/4(Z—£L’)) = W

for some dimensional constant ¢>0 and, consequently,

v O\ -
P (B(.’E, Kz) - U N91/2+5m/2(2+bj)> >1-— (1—N> > 1—6_60.

j=1
Let X denote the random variable that counts the number of By2€B*® for which B2 C
Noi/2tom /2(Z +0b) for some b€B. If C is suitably chosen, then the above inequality implies
that the expected value of X satisfies E[X]>(1—10"%)#B°. By Markov’s inequality,

100 99
- S S _ > .
P(X> #B ) g BB X1 > o, (10.38)

which verifies that property (i) of the lemma holds with high probability.

Property (ii)

For each x€R", let M, denote the random variable that counts the number of sets
Ni/246m (Z4Dbj) containing x; that is,

N
]\4-27(171,...,b]\])::ZXA’\/V291/2+5,,l (Z+bj)(z)'
j=1
If B(z, K*)eB®, then
P(Nogi/245m (Z—x)) ~ N or—ss— ~ L.
2 |B(0, R1/2+0m)

Now, let C>1 be a dimensional constant and Y denote the random variable that counts
the number of B(z, K?)eB® for which M,<C. By a 2-fold application of Markov’s
inequality, if C' is chosen to be sufficiently large, then

99 1 99
P(Y>_—#B°)|> "~ M, > — > :
< >100#B) P(#B o > >100# > 00 (10.39)
B(z,K?2)eBs
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which verifies that property (ii) of the lemma holds with high probability.

In view of (10.37), (10.38) and (10.39), there exists a choice of BC B(0, 2R'/2+0m)
and a subset B’ CB* of cardinality comparable to that of B* for which the desired prop-
erties (i) and (ii) hold. Finally, by (10.33), the inequality (10.28) also holds for the
sub-collection B’. O

11. Going from k-broad to linear estimates
11.1. Applying the Bourgain—Guth method

Theorem 1.2 can be deduced as a consequence of the k-broad estimates via the method

of [9]. The key proposition is as follows.

ProroSITION 11.1. Suppose that for all K>1 and all €>0 any Hdérmander-type
operator T with reduced positive-definite phase obeys the k-broad inequality

”T)\fHBLz’A(B(O,R)) Se KSR (| fllpopr) (11.1)
for some fixed k, A, p, q, Cc and all R>1. If
2n—k+2 k—1
2———— <p<2—,
on—k P Th—2

then any Hérmander-type operator T with positive-definite phase satisfies

1T fll Lo (B0, r)) So.e BENFllo(mn-1)-
Theorem 1.2 is now a direct consequence of Proposition 11.1 and Theorem 1.9.

Proof of Theorem 1.2. Theorem 1.9 implies that, for each 2<k<n, the estimate
(11.1) is valid for all p>p(n, k). Thus, for each k satisfying the constraint

2n—k+2 n+k
— <P(n, k) =2——,
ok SPk) =2 m

one may apply Proposition 11.1 with p(n, k) <p<2(k—1)/(k—2) to obtain a (potentially

(11.2)

empty) range of estimates for the linear problem. Since p(n, k) is a decreasing function
of k, the optimal estimate is given by applying Proposition 11.1 as above with k chosen to

be as large as possible, subject to (11.2). Rearranging (11.2) yields kg%nﬂ. Defining
{ %nJrl, if n is even,
k. =
1(n+1), ifnis odd,

one may readily verify that

k.—1

ky—2’

and so the linear estimate holds for all p>p(n, k.). A simple computation shows that

p(n, ki) <2

this corresponds to the range of estimates stated in Theorem 1.2. O
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For contrast, it is noted that there is also a version of Proposition 11.1 which holds
without the positive-definite assumption. This can be combined with the multilinear esti-
mates of Bennett—Carbery—Tao [4] to prove Theorem 1.1 (this is essentially the argument
used in [9]).

ProproOSITION 11.2. Suppose that, for all K>=1 and all £€>0, any Hérmander-type
operator T with reduced phase(®') obeys the k-broad inequality

HT)\JC”BL%A(B(O,R)) Se K Re| fllpo(pnr)

for some fixed k, A, p, q, Cc and all R>1. If

2n—k+2

— <P,
n—k+1 P

then any Hérmander-type operator T satisfies

1T fll o (0.R)) So.e BENS Nl Lomn-1)-

Theorem 1.1 is now a direct consequence of Proposition 11.2 and the Bennett—

Carbery—Tao theorem.

Proof of Theorem 1.1. The proof is precisely the same as that of Theorem 1.2 above,
but with the exponent 2k/(k—1) from the Bennett—Carbery—Tao theorem (that is, The-
orem 1.8 or, more precisely, the k-broad version given by Corollary 6.5) playing the role
of p(n, k). O

Remark 11.3. From the above, the narrow range of exponents in Theorem 1.1 com-
pared with Theorem 1.2 can be broadly attributed to:

(1) The weaker k-broad estimates coming from the Bennett—Carbery—Tao theorem
compared with Theorem 1.9. One cannot work with stronger k-broad estimates than
those given by Corollary 6.5, due to the failure of transverse equidistribution in the
mixed-signature case.

(2) The more stringent constraints on p in Proposition 11.2 compared with Proposi-
tion 11.1. These additional constraints arise due to the fact that hyperbolic paraboloids

contain linear subspaces, as discussed below.

(31) The notation of a reduced phase under a general signature hypothesis has not been introduced
but is almost identical to that used in the positive-definite case. Indeed, the only difference is that
the first condition in (4.3) is suitably modified, with I,,_1 replaced by a diagonal matrix with diagonal
entries 1 and —1.
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To establish the main result, Theorem 1.2, it remains to prove Proposition 11.1.
Both Propositions 11.1 and 11.2 can be established using very similar arguments: in
fact, the proofs differ only at one (crucial) point. To highlight the essential differences
between the positive-definite and mixed-signature cases, at the end of this subsection it
is indicated how one may adapt the proof of Proposition 11.1 to yield Proposition 11.2.

The proof of Proposition 11.1 is an induction on scales argument. The induction
quantity is defined as follows.

Definition 11.4. For 1<p<oo and R>1 let Q,(R) denote the infimum over all con-

stants C for which the estimate

IT* fllzo B0,y S CIf Lo (n-1)

holds for 1<r<R and all Hormander-type operators T with reduced positive-definite
phase and all A>R.

With this definition, the problem is now to show that, under the hypotheses of
Proposition 11.1, one has
Qp(R) Se 17 (11.3)

for all e>0 and 1<R<A. Indeed, this establishes the linear estimates in the case of
reduced phases, and then the arguments of §4 extend the result to general Hérmander-
type operators with positive-definite phase.

It is useful to introduce some of the ingredients of the proof of (11.3). Decompose
B(0, R) into balls By of radius K2 and consider |\T>‘f||Lp(BK2) for some fixed B2 with
centre . To bound this quantity, one expresses f as a sum of two terms: a “narrow”

and a “broad” term. The narrow term is of the form

S5 (11.4)

7€V, for some a

consisting of contributions to f from caps for which G*(Z;7) makes a small angle with
some member of a family of (k—1)-planes. The broad term consists of the contributions
to f from all the remaining caps. One may choose the planes V7, ..., V4 so that the broad
term can be bounded by the k-broad inequality from the hypothesis. Thus, the problem
is roughly reduced to studying the case where f is of the form (11.4). To treat this case,
the first step is to apply an fP-decoupling inequality to isolate the contributions of the
different f.

THEOREM 11.5. Suppose that T™ is a Hormander-type operator with reduced positive-
definite phase. If VCR"™ is an m-dimensional linear subspace, then for 2<p<2m/(m—1)
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and 6>0 one has

> Ty,

1/p
<. jr(m=1)(1/2-1/p)+5 AP
) K (ZIIT gTIILp(wBﬂ)) .
TE

TeV

LP(BK2)

Here, the sums are over all caps T for which £(GNZ,7),V)<K™', where Z is the centre

of Bg=, and wg,, is a rapidly decaying weight of the form of that defined in (8.4).

This theorem is a variable coefficient generalisation of a decoupling inequality due
to Bourgain [7]. It can be established by adapting the argument of [7] using many of the
techniques employed in the current article: see also [2].(3?)

Summing together the contributions from the various spatial balls B2, it remains
to estimate the decoupled contributions |7 f, || L»(Bg)- Since each f has small support,
after rescaling one obtains favourable estimates for |77 f, || Lr»(B(0,R)) by invoking the

induction hypothesis. This is made precise by the following lemma.

LEMMA 11.6. (Parabolic rescaling) Let 1<R<A, and suppose that f is supported
on a ball of radius 0=, where 1<o< R. For all p>2 and §>0, one has

1T fll Lo (B0, RY) S5 @p(R)RC* P~V £l 1o (n-1y.

The proof of the parabolic rescaling lemma is based on the changes of variables
previously encountered in §4.2. For extension operators the argument is simple, consisting
of an affine change of variables. In the variable coefficient case, some significant additional
complications arise; the details are therefore postponed until the following subsection.

Having introduced the main tools, the proof of Proposition 11.1 easily follows.

Proof of Proposition 11.1. It suffices to demonstrate the linear estimate for p satis-

fying the additional condition
2n—k+2

<p;
2n—k 4

the result for the remaining value of p then follows immediately by Holder’s inequality.

(11.5)

Let e>0 be given. By hypothesis,

S i [PPSO AR
BKZEBKQ b AT¢ @ BI(2

B, 2NB(0,R)#2

(32) It is remarked that, since the decoupling estimate is applied at a small spatial scale K2 <<)\1/27
one can avoid the use of the full statement of Theorem 11.5 by appealing to an approximation argument.
If one argues in this way, then only Theorem 11.5 for extension operators associated with elliptic-type
hypersurfaces is required.
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where V1, ..., V4 are (k—1)-planes and the notation 7¢V, signifies that
L(GNz,7),Va)> K,

with Z being the centre of the corresponding K?2-ball By-=.
For each Bg» fix a choice of Vi, ..., V4 which achieves the minimum above. Then

one may write

A
T fIP < KOW max/ T f P+ /
/B | | T¢Va J B s | | ; B

The first term can be estimated using the hypothesised k-broad estimate; in particular,

A
/B(O RlTAflpSKO(DC(K7E)RPE/QHJCH;Zp(Bn—l)“‘ Z ZL Z TAfT

) B, 2€B..2 a=1 K2l rcV,
K K
By 2NB(0,R)#2

p

> T

TEV,

K2 K2

P

It remains to bound the narrow term, where the contributions come from caps whose

directions make a small angle with one of planes V,. By Theorem 11.5, for any 4’ >0 one

J

for each 1<a<A. Thus, summing over the a and all the relevant balls B2, one concludes
that

has

p
) TAfT’ <y K=20/2-1)+8 Z/ T, s,
Rﬂ,

K2l reV, TEV,

3 /
BK2 EBKQ a=1 BK2
B, 2NB(0,R)#2

p
3 T’\ff‘ S D S NV AD
o/ B(0.2R)

TEV, T:K~1l-ca

Since each f, is supported on a K~ !-cap, the summands appearing in the right-hand
expression are amenable to parabolic rescaling. In particular, letting §>0 be a small
number chosen to satisfy the requirements of the forthcoming argument, Lemma 11.6

implies that
/ |T)‘f7|p 56 QP(R>pR6K2n—(n—1)P||fT Hip(anl)'
B(0,2R)

Defining
e(k,p) = (k—2)(1—3p) —2n+(n—1)p,

and combining these estimates,

/ o) T2 f1? < (KOWC(K, &) RP/*4+-C5 5 Q(R)PROK 000+ | f|0 o
B(0,R
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and so, by definition,
Q,(R)? < KOWCO(K,e)RP*/?+C5 5 Q,(R)PROK ~ckp)+0",

Since p satisfies (11.5), it follows that e(k,p)>0, and one may choose (5’2%6(]{;,])), SO
that the K exponent in the right-hand term is negative. Thus, if K =K,R>%/¢(*-») for a
sufficiently large constant K, depending only on ¢, §, p and n, it follows that

Qp(R)” < KOWC(Ko R0, o) Rl 4 5 Qp (R

Recall that, by hypothesis, the constant C'(K, ¢) arising from the k-broad estimate grows
at most polynomially in K. Consequently, one may choose 0 to be small enough (de-

pending only on admissible parameters) so that Q,(R)S. R®, as required. O

As mentioned above, this argument can be adapted to study the case of general
Hormander-type operators (with potentially mixed signature) to prove Proposition 11.2.
The induction quantity Q,(R) is defined as before, but now the supremum is taken over
the larger class of all Hsrmander-type operators T which are in a suitably reduced form.
The proof of the parabolic rescaling lemma then extends to this setting, mutatis mutan-
dis. The key differences arise in the decoupling inequality. In particular, Theorem 11.5
does not hold at the required level of generality. To see why this is so, consider the
example of the extension operator E associated with (a compact piece of) the hyper-
bolic paraboloid given by the graph of h(w):=wjwsy. If V:i={z€R3:21=0} and G is the

relevant Gauss map, then
S, ={weB*:Gw)eV}={we B?*:wy=0}.

Thus, the Fg, for 7€V are (distributionally) Fourier supported in a neighbourhood
of the &;-axis (which is, in particular, a curve of everywhere zero curvature); here the
notation 7€V is used to denote that £(G(7),V)<K !, consistent with the non-standard
notion of containment used in §1.5 and Theorem 11.5. As is well known, in the absence
of curvature, no non-trivial decoupling estimates are possible.(*?)

The following simple result acts as a substitute for Theorem 11.5.

LeEMMA 11.7. (Bourgain-Guth [9]) Suppose that T* is a Hérmander-type operator
with reduced phase. If VCR"™ is an m-dimensional linear subspace, then for all p>2
and §>0 one has

> T,

1/p
< pe(m=1)(1-2/p)+5 AP
, G K (ZT gTLp(wBK2)> .
TE

TeV

LP(BK‘Z)

(33) It is remarked that non-trivial #P-decoupling estimates are known to hold for the full hyperbolic
paraboloid; see [8]. The problem here arises because one is forced to consider decoupling along the lower-
dimensional submanifold S,, x {0}.
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Here, the sums are over all caps T for which £(G*(Z,7),V)<K™L, where T is the centre
Of BK2 .

This lemma provides much weaker estimates than those guaranteed by the /P-
decoupling theorem in the positive-definite case: here, the K exponent is larger by a
factor of 2 than that appearing in Theorem 11.5. The proof is implicitly contained in
the proof of Theorem 4 in [9, §5].

To prove Proposition 11.2, one proceeds as in the proof of Proposition 11.1, first
decomposing B(0, R) into balls of radius K2. For each such ball, the broad term is
bounded using the hypothesised k-broad estimate, whilst the narrow term is bounded by
Lemma 11.7 together with the induction hypothesis (via parabolic rescaling). The larger
exponent incurred by Lemma 11.7 propagates through the argument until one arrives at

the estimate
Qp(R)? < KOWC(K,2) RP/*+C5 50 Q,y(R)P RO K W2 (pm2)Fom= (=’

In order to close the induction, once again one must ensure that the K exponent is neg-
ative. By choosing ¢’ appropriately, this is possible if p satisfies the stronger hypothesis
p>2(n—k+2)/(n—k+1), which is precisely the condition featured in the statement of
Proposition 11.2.

11.2. Proof of Lemma 11.6

It remains to establish the parabolic rescaling lemma, which is achieved by adapting
arguments implicit in [9, §5]. As mentioned in the previous section, some additional
complications arise in the case of Hormander operators (as opposed to the extension
case), and the proof of the parabolic rescaling is slightly involved.

It will be useful to work with the following discrete reformulation of the main esti-

mate for the operator T?.

LEMMA 11.8. If D is a maximal R™'-separated discrete subset of Q, then

SQp(R) RV F| o) (11.6)
Lr(B(0,R))

Z e2ﬂi¢k(~;we)F(w9)

we€ED

for all F:D—C.

Proof. Fix ¢€C°(R" 1) supported on B(0,2) which satisfies 0<9<1 and ¢(w)=1
for all we B"~1, and for each wy€D define ¥y(w):=1(10R(w—wy)). Thus, for all z€
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B(0, R), the exponential sum appearing in the left-hand side of (11.6) can be expressed

as a constant multiple of

n—1 2mip (@50) A (.. (T —2miAQp (z/Ajw)
R /}Rni1 e a” (z;w) P(R) Z e F(wo)e(w)| dw,

wg €D

where Qg (; w):=(x;w) — d(; wp), PeC°(R™) is a function of n variables which enjoys

properties similar to those of 1 and a” is a suitable choice of amplitude. Since

sup  |08Qy(2;w)| g R x| for all BENE and z € X,
wesupp Yo

one may safely remove the A\Qy(z/A; w) term from the phase. More precisely, by expand-

ing (z)e 2™ (Rz/Xw) a5 5 Fourier series in the variable x, one can show that

i (22w n— —(n
3 @@ Fug)| SR Y (L [R) T T fi(a)],
o rezn

where T? is a Hormander-type operator with phase ¢* and

fe(w)i= " Flws)eko(w)ts(w)

wp €D

for some choice of smooth functions ¢ g satisfying the uniform bound ||cx, o[ oo (n-1) ST
Thus, by the definition of Q,(R), it follows that

SRR Y (1K)~ full o ny
LP(B(O,R)) kezm

Z e2wi¢*(.;w9)F(w0)

wgED

and, since the 1y are supported on pairwise disjoint sets,

1/p
||fk|Lp<Bn1>sR-("—1>/P( 3 |F<we>P) ,
wpED

concluding the proof. O

Proof of Lemma 11.6. Recall that the phase of T? is given by
O (w50) =20 (Fiw)),

where
o(z;w) = (2', w) +aph(w) +E(z;w). (11.7)
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Let B(@, 0~') be a ball supporting f, where @€ B"~1. If T>/¢* denotes the parabolically

rescaled operator defined in (4.9), with rescaled phase function

d(r;w) = (2, w)+x,h(w)+E(7;w), (11.8)
then it follows that

(n+1)/p)| A/ @?

1T fll e (0.r)) S € Al Lo ()

where now Dp is an ellipse with principal axes parallel to the coordinate axes and
dimensions O(R/g) x...x O(R/0)x O(R/¢?) and f(w):=p~ "V f(@+p 'w). Since

IFllzo(pn-1y =~ " OFOIP £ Lo gans),

given >0, the problem is to show that
SO _
1T Fll o) S6 @o(RIBO | Fll o (o-1)-

Observe that the phase q; defined in (11.8) is also positive-definite and of reduced form.
To lighten the notation, consider once again a general positive-definite reduced phase ¢
as in (11.7), and let T is a Hérmander-type operator associated with ¢*. It suffices to
show that

1T fll o (Dr) S6 @u(R)R || fll o (mn-1)

for all 1< R<R'<)\ and 6>0, where

. w (1IN (|2l Y

is an ellipse. Of course, if R=R’, then this inequality is immediate from the definition

of Qp(R).

Cover B"~! by a collection of essentially disjoint R~!-caps 0, and decompose f as

f=>_¢ fo. Define
T) f(w) = e 270" o) A f (),
so that
@)= Y @I fo(a),

0:R—1-cap
Fix >0 to be sufficiently small for the purposes of the forthcoming argument. Each
fo is supported on an R~'-ball and is therefore, of course, supported on an R~1+9-ball.

Since (R~'*9)~1<A!~% one may argue as in the proof of Lemma 5.8 to deduce that

T} fol) = T fasns-s () +RapDec(N) | £l (1)
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for some choice of smooth, rapidly decreasing function n such that |7| admits a smooth,
rapidly decreasing majorant ¢: R™—[0,00) which is locally constant at scale 1. In par-

ticular, it follows that
(s (@) S ROCm s(y) i la—y| S R (1L.9)

Cover Dgr by finitely-overlapping R-balls, and let B be some member of this cover.

Combining the above observations, if Z denotes the centre of Br and z€ B(0, R), then

T f(z42)| S R / P e 1)

0:R—l-cap

Cle‘s (i'fy) dyv

n

where

oMz wg) == N (E42; wa) — O (T3 we).
Taking the LP-norm in z, it follows from Minkowski’s inequality that |7 f| Lv(Bg) 18
dominated by

R5/

By Lemma 11.8, the LP-norm appearing in the above integrand is bounded by a constant

Cri-s(Z—y)dy.
L?(B(0,R))

Z e%—iqp(~;w9)e2m¢)\(i;we)T0)\f9 (¥)

0:R—1-cap

multiple of

1/p
Qp<R>R<"1>/P< > T&fecy)l”) :

0:R—1-cap

Applying Holder’s inequality and the locally-constant property (11.9), one deduces that

1/p
T Fll oo (Br) S Qp(R)YRM—1/P'H0O) ( /R > T fo(@+z—y)|PCRi-a () dy>

" 0:R—1-cap
for all z€ B(0, R). By raising both sides of this estimate to the pth power, averaging in z
and summing over all balls Bp, in the covering, it follows that |72 f|| 1s(pyg) is dominated
by

1/p
QR 0O ([ S Pl ) dy)

" 0:R—1-cap

Observe that, by Hormander’s theorem (Lemma 5.6) and Holder’s inequality, one has
T o2y S BV 2Dyl
On the other hand, the trivial estimate
1T foll Lo (Dr—y) S B~ foll 1o (n-1y
holds, simply due to Holder’s inequality. Combining the above,
HT)\fGHLP(DRfy) < R_(Tl_l)/p/+n/pHf@HLp(anl)-

The desired inequality is now immediate. O
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12. An e-removal lemma

The A¢-loss in the linear estimates of Theorems 1.1 and 1.2 can be removed away from
the endpoint by an appeal to an e-removal lemma of the type introduced in [31] (see also
[9], [30]). The precise form of the required lemma does not appear in the literature, but
it can be deduced by a minor modification of an argument from [31]. For completeness,
the details are given presently.

Suppose that T? is a Hérmander-type operator with associated phase function ¢*
(note that here no additional positive-definite assumption is assumed). Let p>2 and

suppose for all £>0 the estimate

ITAFll o (Br) Sessa BENF Lo (sn-1) (12.1)

holds for all p>p, all R-balls Br for 1< R<A, and any choice of amplitude function.
Under this hypothesis, one wishes to show that the global estimate
1T fll o (rm) S 1 Fll Lo -1 (12.2)
is valid for all p>p.
Definition 12.1. (Tao [31]) Let R>1. A collection {B(z;, R)}}L, of R-balls in R
is sparse if the centres {z1,...,xn} are (RN)G—separated. Here C>1 is a fixed constant,

chosen large enough for the purposes of the proof.

Following [31], the first step towards establishing (12.2) is to reduce the problem to

proving estimates for T* over sparse families of balls.

LEMMA 12.2. To prove (12.2) for all p>p, it suffices to show that for all >0 the

esttmate
1T fllzo(s) Serpa BENSf Nl Lo(mn) (12.3)

holds whenever R>=1 and SCR"™ is a union of R-balls belonging to a sparse collection,
for any choice of amplitude function.

The key step in the proof of Lemma 12.2 is the following covering lemma.

LEMMA 12.3. (Tao [30], [31]) Suppose that ECR"™ is a finite union of 1-cubes and
N2>1. Define the radii R; inductively by

Ry:=1 and R; ::ch_l\E|é for 1<j<N-1.

Then, for each 0<j<N —1, there exists a family of sparse collections (Bj.o)aca; of balls
of radius R; such that the index sets Ay have cardinality O(|E|"/N) and

N-1
Eg U U Sj,ou

j=0 a€A;

where S o is the union of all the balls belonging to the family B, .



366 L. GUTH, J. HICKMAN AND M. ILIOPOULOU

Proof of Lemma 12.2. Let ECR"™ be a finite union of 1-cubes. For N >1, the cov-
ering lemma together with the hypothesis (12.3) imply that

1T 1l ) Ses.a NIEI Y4 £l nen)-
Choosing N ~log(1/e), it follows that
IT> 1l o5y Sersna | EIT 52 £l Lo gy
It will be convenient to work with the dual operator
T*g(w) ::/ 672’Ti¢x(m;“)a’\(z; w)g(x) dx,
so that the above estimate can be reformulated as
1Tl ot (s Sepa [BIZ 5Vl ot 1, (12.4)

for g supported on the set F.
Fix p>p and 7€ [f%, %]n Suppose that geL?’ (R™) satisfies HgHLp/(Rn)zl and is
constant on the mesh of 1-cubes centred on points of the lattice 74+7Z". Form a level set

decomposition of g by writing g=) , ., gk, where gx:=gxp, for
Ey:={zecR": 27" < g(x)| <27F 1}

Chebyshev’s inequality implies that |Ek|§2k”l for all k€Z. Furthermore, each set Fj is
a union of 1-cubes and therefore, if Ex#@, then |Eg|>1. Combining these observations,
one deduces that Ep= for all k<0. Since gy is supported on Ej, one may apply (12.4)

to conclude that

1T gill ot (1) Sersra | Bkl 5V D) gel| Lot oy (12.5)

Using a simple base-times-height estimate, the right-hand side of (12.5) can be bounded
by (a constant multiple of)

9=k| [5,|C/ 108(1/9)+1/p' < 9=k(1=Cp'/log(1/)=p'/P")

Since p’ <p’, by choosing ¢ sufficiently small, one can ensure that the right-hand exponent

is negative, and therefore

||T*9HLP’(B”*1) S HT*gHLﬁ’(B"*l) < Z HT*ngLf”(B"*l) Seal=|lgllL» (R™)*
k>0
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This establishes the dual of the desired estimate (12.2) under the additional hypothesis
that the function g is constant on 1-cubes.
It remains to remove the condition that g is constant on 1-cubes. The key observation

is that this special case of (12.2) implies the discrete inequality

Z e~ 2N T4 oM 47y ) G(0)
sezr

Sé.a ||G||ep’ (zn) (12.6)
L?' (Bn—1)

for all Gel? (Z") and 7€ -3, %]n Indeed, once (12.6) is established, taking g€ L?' (R™)
belonging to a suitable a-priori class and applying Minkowski’s inequality, one deduces

that

dr.
L?' (Bn—1)

e*Q’TmA("”?')a’\(U%-T; Ng(o+7)
A<Vl

179l oy < [
[(—1/2,1/2]"
Combining this with (12.6) and Hélder’s inequality yields (12.4).

Thus, the problem is now reduced to proving (12.6). Fix Gef?' (Z™) and define

g(x):= > Glo)x(z—0-7),

oEL™

. . . . n . ~ . .
where x is the characteristic function of [f%, %} . Since g is constant on 1-cubes, one is

free to apply (12.4) to this function. In particular, let T* be the dual of a Hormander-type

operator with phase ¢* and amplitude @*, where

o 1 sinT (0, 0) (25 w) _la -
=115 o) o

for ap a smooth amplitude which is supported on X xQ and satisfies ag(z;w)=1 for
(z;w)€supp a. By the usual reductions (see §4), one may assume from the outset that
(0, 0) (z;w)| <L for (z;w)€X xQ and 1<j<n, and hence a is a well-defined, smooth
function. Thus, the estimate

”T*E]”LP’(B"*l) Seallgll e (R™)

holds, which can be rewritten as

3 e 2T (A N o7 )G (o)

oezLm

:5¢,a||(;HZP’(Z")7 (12.7)
L?' (Bn—1)

where

Ay (z;w) ::/ 6727fi/\(¢(x+y/>\;w)*¢>(z;w))a(x+g;w) dy.
(~1/2.1/2)" A
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Note that (12.7) is almost the desired expression (12.6), except for the disparity between

the amplitude functions. To deal with this slight technicality, observe that, since

)\lim Ay(z;w) =ap(z;w) uniformly,
—00

one may assume that A is sufficiently large so that |A)(z;w)|21 for all (x;w)Esuppa.
Furthermore, by applying the mean value theorem to the phase,

0% Axll oo (mn xRP-1) Senpa 1 for all a € Ng,

the important observation here being that the derivatives are independent of A\. Thus,

the expression appearing in the norm on the left-hand side of (12.6) is given by

Z 6_2”i¢k(”+”‘”)(14)\))‘(0+7; wW)G(0)(ox) Mo +T;w),
oEL™

where the ratio oy (z;w):=a(z;w)Ax(z;w) ! satisfies
102 ol Lo (7 xR 1) Sarg,a 1 for all @ € Nj.

Taking a Fourier series expansion of gy in the x variable and using repeated integration-

by-parts to estimate the Fourier coefficients, it follows that
QA(‘T; w) = Z (1+|k|)7(n+1)8)\7k(w)627m.<x’k>,
kezn

where the ¢, are bounded functions, uniformly in A and k (they do, however, depend
onn, ¢ and a). One may therefore bound the left-hand side of (12.6) by a (1+|k|)~("+1)-
weighted sum of the left-hand side of (12.7) applied to modulated versions of G. Esti-

mating each summand using (12.7) and summing in k concludes the proof. O

Given the above reduction, it remains to establish the estimates for 7 over sparse

collections of R-balls.

LEMMA 12.4. Under the hypothesis (12.1), if p=p, then the estimate

IT*fllzo(s) Sevsa BN Fllocsn-r)

holds for all e>0 whenever SCR™ is a union of R-balls belonging to a sparse collection.

Proof. The proof uses a crude form of wave packet analysis and has much in common
with the arguments described in §5. Let {B(x;, R)}}_; be the sparse collection of balls
whose union is the set S. Clearly it suffices to assume that R< ) and that all the B(zy, R)
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intersect the z-support of a*. Furthermore, letting cgiam >0 be a small constant chosen
to satisfy the requirements of the forthcoming argument, by applying a partition of unity

one may assume that diam X <cgjam, and so

|2, — T, |

5y <cdiam  for all 1< 1,52 < N. (12.8)

Fix neC>(R"~1) satisfying 0<n<1, suppne B! and n(z)=1 for all z€B(0, 3).
For R1:=CNR, where C>1 is a large constant, define ng, (2):=n(z/R1). Further, let
e C®(R"1) satisfy 0<y <1, suppy CQ and ¥ (w)=1 for w belonging to the w-support
of a*. Fix 1<j< N and write

ip™ (255 mip™ (x4 -
e2mid™ (x5 )@/Jf:ij-i-(eQ @™ (x5 )¢f_ij) =P f+fj.0os
where P, f:=np, *[e2"¢" (@i )y f]. If one defines
Err(z) ;:/ 62772'((15/\ (I§w)*¢>\(93j§w))a)‘($; w)fj,oo(w) dw’
Rn—1

then it follows that

T f(z)=T> [6*2’”4’*(””;')ij](x)—FErr(x).

For z€B(x;, R), the term Err(z) is negligible. Indeed, by Plancherel’s theorem,

Bir(e) = [ GL2)-(1=nm () ) d

where
Go(z) = / 27 (50) = ()8 (@5590) A () o,
Rn—l

Taking the w-derivatives of the phase of G,(2), one obtains
zfx(am(%;w) faqu(%;w)) —2+0(R),
—A(@g¢(§;w) —8{?}‘¢(%;w)) =0(R) for |a| > 2.

Thus, if z belongs to the support of 1—7ng,, then integration-by-parts (see Lemma A.1)
shows that G, (z) is rapidly decaying in R, and therefore

|Err(z)| <RapDec(Ry)|| f|| Lo (Bn-—1)-
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It remains to bound the contributions arising from the frequency localised pieces.

By applying the estimate for 7% with R-loss over each ball B(z;, R), one obtains

N 1/p
—Omid Mz
T langs) < (I O P s,y )+ RapDec() sy

=1
N 1/p
55,(15,(1 RE (Z ||P]f||I£P(B711)> +||fHLP(Bn71).
j=1

Thus, it now suffices to show that

N 1/p
( § ||ij|ip(]Rnl)> S ||fHL:D(Bn—1).
J=1

This estimate follows via interpolation between the endpoint cases p=2 and p=oc, which
are established presently. The p=oc0 case is a trivial consequence of Young’s inequality,

and so it suffices to consider p=2. By duality, the desired inequality is equivalent to

N

j=1

/2

N 1
)s(zngjniz(ml)) L (29)
=1

By squaring the left-hand side of (12.9), one obtains

L2(Rn—1

N
Z /R . Gjlvjz (w)ﬁRl *95, (LU)ﬁRl *05j, (w) dw7

J1,d2=1

where
Gy o (W) = 2mi(#7 (@150) =™ (@5539)) )y (10)2.

By Plancherel’s theorem, each summand of the above expression can be written as
| GG i) () d (12.10)

here, (nr, j,)"~ (2):=(nr,§j,)(—%). Note that the integrand in (12.10) is supported on a
ball of radius O(R;) about the origin.
Fix 1<j1, j2<N with ji #js, let z€R"™! with |2| SRy <|z;, —x;,|, and consider

Gonnle)= [ AT o)) (e

This oscillatory integral can be bounded by a simple stationary phase analysis. For

aeN""! with |a|<2, consider the function

aﬁ [(ZS)\ (le ) w) —(;5’\(% ) w)] = 83 <a;\¢(x]1 ; w)? Lj, —Tjy > +O(Cdiam|$12 — Ty, |)7
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where the remainder term has been estimated using (12.8).

Let cerit >0 be another small constant, chosen to satisfy the requirements of the
forthcoming argument, and wg€(). Suppose that
Lj, —Ljy

* GMwj,3w0)| = Carit, (12.11)

E
where the estimate is interpreted as holding for both choices of sign. Condition (H1)
on the phase implies that, for each wy€$, the vector G*(x;wp) spans the kernel of
02,0 (z;wp). Consequently, in view of (12.11), one has

‘8w[<89:¢>\<xj1 ) w)? Ljy =g, >] |w:w0 | Z |$j2 — |7

and therefore
|8w [¢)\(le ) w) _¢)‘(sz ) W)Hw:wo ’ Z |‘rj2 —Tjy |7

provided cgjam is sufficiently small. On the other hand, if (12.11) fails, then

= ag <ax¢>\(xj1 5 w), GA(I; w0)>|w:wo +O(Ccrit)~

w=wo

af:<ax¢* 2y w), S >
35 )

x]z

If cerit and cgiam are both chosen to be sufficiently small, then condition (H2) implies
that

A A —
|detagw[¢ (le;w)_¢ (xj2;w)”w:w0|z|mj2_xj1|n 1‘

Thus, any critical point of the phase must be (quantitatively) non-degenerate, and one
may apply higher-dimensional versions of van der Corput’s lemma (see, for instance, [28,
Chapter VIII, Proposition 6]) to estimate the oscillatory integral. In particular,

Givgn (N S gy =g, |~ VRS RI,
so that the absolute value of (12.10) is bounded by
~ 2
-C _ N - .
By 2,350 % 832) ™ s oy S By 7 T N, g,
i=1

2
—C/2+4n-1
SR H”gj,-HL?(R”*l)-
=1

Ll(R"_l)

Since there are only O(N?) choice of indices j; and j», one may invoke the trivial estimate
2 N
H ||g]z HLQ(R"*I) ,S Z ||g] ||%2(Bn—1),
i=1 '

Jj=1
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and then sum all the contributions from all pairs (j1, j2) to bound the off-diagonal terms
arising from the left-hand side of (12.9). On the other hand, the diagonal terms provide

a favourable contribution of

N 1/2 N 1
<leﬁm*gjiz(3n—l)> 5<Z||gj||%2<3n-l>)
j=1

Jj=1

/2

Combining these observations concludes the proof of (12.9), and thereby establishes the

lemma. O

Appendix A. The integration-by-parts argument

In this appendix, further details of the integration-by-parts argument frequently used in

the paper are presented.

LEMMA A.l. Let ¢€C™®(R"™) be real valued and a€C™®(R™) be supported in B™.
Suppose that, for some \,M>1, NeN and all z€suppa, these functions satisfy the
following conditions:

(i) 10.6(2)] >N

(i) 109¢(2)|<M|0.¢(2)| for all Ny with 2<|a|<N;

(iil) |0%a(z)|< Ml for all a€NY with |a|<N.

Then,
/ e a(z) dz

The lemma is a standard application of integration-by-parts and the Leibniz rule.

<y MNXN,

Nevertheless, the details of the proof are provided for completeness.

Proof. Define Q:R"—R by Q(2):=]0.¢(z)|? and consider the mutually adjoint(3*)

differential operators

M and D*u:=i Z 0.,.1(0.,0)Q ).

Du:=
ZQ k=1

Note that D fixes the function e*® and, consequently,

/ e?a(z) dz :/ [DNe*Pa(z) dz = / ) (DN a(z) dz.
Thus, it suffices to show that

(D*)Va(2)] Sy MYATN.

(34) In the sense that [, (Du)v= [, u(D*v), whenever at least one of the functions u,v€C ()
has compact support.
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It is useful to work with the more general statement
102 (D" a(2)| Sn.o MPHINTE for all pe Ny and o € NI satisfying p+|a| < N,

which is amenable to induction on u. The base case u=0 follows directly from hypothesis
(iii). The inductive step is established by appropriate application of the Leibniz rule and
the hypothesised bounds for ¢.

Fix 0<u<N-1 and aeN}} such that p+14|a|<N. Denoting by e, the standard
coordinate vectors for k=1, ...,n, it follows by the definition of D* and the Leibniz rule
that

804 ;H—l Z Z (Oé+€k)a§z—ﬁ+ek[(82k¢)Q—1]6§(D*)#a

k=1 p<a+tex

where, for every fixed £, the second sum is over all multi-indices S€N satisfying §;<
aj 4651, for 1<j<n. For each such multi-index, p+|8|<p+1+|a|<N, and therefore the
induction hypothesis yields

|02(D*)a(2)] Sv MPHEIAE, (A1)
On the other hand, condition (ii) together with the Leibniz rule implies that
07Q 7 (2)| Sy MMQ(2)| 7" for all v € Nj with |y| < N.
Thus, again using (ii) and the Leibniz rule,

1020, 6(2)Q " (2)]| Sv M0 ()|~ < MY,

where the last step is by (i). Applying the above estimate with y=a—f+e¢; and com-
bining this with (A.1), one deduces that

10%(D*)"+1a(2)| <y Z Z MIA=IBIHI N1 pputIBl = < o pruitlal \=(utD)
k=1 B<a+texk

which closes the induction. O
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