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Abstract

The purpose of the present paper is to consider and study a special form of Rund’s
h-curvature tensor K, and Berwald’s curvature tensor Hj;; in an R3-like C-reducible
Finsler space. In this paper, we modify the Rund’s h-curvature tensor K lij . to special

form by using some special Finsler spaces like C-reducible, R3-like Finsler spaces.
2000 MSC: 53C60

1 Introduction

Let F" = (M™, F) be an n-dimensional Finsler space with the fundamental function F'(x,y).
The Finsler I';-connection RI', constructed from the Cartan connection CT', is called the
Rund connection. Matsumoto defined the curvature tensor RI' and the concept of special
form of Rund’s curvature tensor K lijk [5]. The author [9] have studied Finsler space with

Rund’s h-curvature tensor Klljk, of a special form. Here we extend the study of a special
form of Rund’s h-curvature tensor using R3-like Finsler space and obtain some results. In
this paper, the range of indexes varies from 1 to n and the v-covariant and o-covariant

derivatives are denoted by |j and ||j, respectively.
We use the following notations from [5, 8]:

1. . 3 B .
(a) gij = §3z‘3jL2, 9”7 = (gij) R

1 1 g o
b) Cijr = iakgija ij = igk (Omgis)
C) hij = gij — lilj, h; = 5; — lilj

(
(
(d) Chy'=0, hiy'=0
() v'Ly=yiL, gyy'y’ =F?, Ly =F
(

f) Ly =uyiL

Definition 1.1 (see [1, 2]). A Finsler space F" (n > 3) is called R3-like, if the curvature

tensor Rp;ji, is written in the form
Rpijr = gnjLik + gikLnj — gnkLij — gij Lk

where L = L;;g" is the tensor.

(1.2)
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Definition 1.2 (see [2, 3]). A Finsler space F" is called C-reducible if it satisfies the equation
Cijk = (Cihjk + Cjhy; + Ckhij)/(n +1) (1.3)
where C; = C’ijkgjk.

Definition 1.3 (see [6]). A Finsler space F" is called P-reducible if the torsion tensor Py
is written as

Piji. = Gihji + Gjhy; + Grhgj (1.4)
where Pij, = Cijpo and G; = Cyo/(n + 1).
The v-covariant derivative of P-reducible Finsler space is given by [9]
Py = Gihjk + Gjihi, + Gyl (1.5)
Definition 1.4 (see [7]). A Finsler space is called Landsberg Finsler space if Cjjo = 0.

We use the following identities from [5, 7, 9]:

(a) R;'knz - Klijk + Uiy { P Py + Plil\j} =0
(b) Rlijkyl = R%}jk = R;'k

(¢) Kijj + Ky + Kjyy =0

(d) Hlijk = R;'k”la

(e) Hlijk: + H;kl + Hlilj =0,

(f) Kijp=—Kij, Kk = 9 Kjjy,

(8)  hijje = 2Cijk — L_2(yihjk + yjihik)

(h) hj’”k = —L7(y;hi +y' i)

where Ré.k is the (v) h-torsion tensor and the suffix ‘0’ means contraction with y°. The

notation u ;) denotes the interchange on indices j and k£ and substraction.
We use the following lemma in the next section.

Lemma 1.5 (see [4]). If the equation vp;hji + vijhng + vinhi, = 0 holds in F™, then we
have (1) vij = 0,(n > 4) and (2) vi; = v(min; — myn;), with reference to the Moor frame
(I°, mt,n?), where v is a scalar.

2 Special form of Rund’s h-curvature tensor l’]k
Let F™ be a Finsler space with Rund’s h-curvature tensor K lijk of the special form [9]

Kijx = Ugny{ Ajuhi + Dichi + Ejhia } (2.1)

where A, Dy, E;-, F;, G, are Finsler tensor fields.
Consider h-curvature tensor of the form

K;x = Rij, — Cl.R, (2.2)
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Using equations (1.2) and (1.3) in (2.2), we get
K;jk = {(5§le + gmLé- — 6, Li; — gi; L},
— (65 Ly, + ye L} — 04 L; — y; L) (C'hyy + Cihi + Cohj) /(n + 1) }
By using some Finsler identities, the above equation can be written as
K ={(h5 + ') Lig, + (hu + Ulie) Ly — (B, + U'le) Lyy — (haj + L) Ly }
—{C' iy 05 Ly + Cihi.8% Lig 4+ Crhj6; Ly, + Chypy L5 Crhiyn L 4 Crhijy L
~C'hyy 8 Lj— Cihisy L —Crhjdy Lj—C'hyyy; Ly, — Cihiy; Ly — Cyhjy; L } / (n+1)
After simplification and the rearrange the terms, we get
K, = {P5Lux + hu L — hi.Ly; — hiyLi } + {U'l; Lhge + Ul LR — Ul Lhy; — Ll Lhy}
— 2{C"hy; Ly, +Cyhs Ly +Cjhj Lyy — C*hy, Ly — Cihj, Ly; — Cyhi Ly; } /(n + 1)
Klljk‘ = Uy [hi (2CkLy;) /(n + 1) + h;- (Lig + LUl — 2C Ly /(n + 1))
+ b (LY + LUl 4+ 2C" Ly, / (n + 1)) ]

In simple form, the above equation can be written as a special form of (2.1) as

Kijy, = Ugry (PiAji + h'; Di, + hip EY) (2.3)
where

Aje =2Cky;L/(n + 1)

Dy = (L + LUl — 2C Ly /(n + 1)) (2.4)

E; = (L: + LI'l; + 2C'Ly;) /(n + 1)
Thus we state the following.

Theorem 2.1. In an R3-like, C-reducible Finsler space, the h-curvature tensor reduces to
special form of Rund’s h-curvature tensor (2.3).

Now we compare the Rund’s curvature tensor and h-curvature tensor. Thus, from (2.1)
and (2.2), we have

Ri;), — CL.Riy = { Ajuhi + Dychls + Ejhyy — Ashi — Dijhy, — Ephyi} (2.5)
Contracting (2.5) with respect to 4!, y* and using (1.1d), we get

Riy = Dooh’, (2.6)
Again contracting (2.6) with respect to ¢ and j, we get

R = (n - 1)D00 (27)

Now, we will find Dgg. Consider D;; from the special form (2.3), and contract this with
respect to i and j, and by using (1.1e), we have

Do = 2LF? (2.8)
Substituting (2.8) in (2.7), we have
R=2(n—1)LF?

Thus we state the following.
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Theorem 2.2. If the Rund’s h-curvature tensor has the special form (2.1), then the scalar
curvature of the space is 2(n — 1) LEF?.

Let us suppose that F™ is R3-like C-reducible Finsler space. Then, by using (1.3) and
(2.3), the h-curvature tensor (2.2) can written as

R}, = K3 + C}.Rj;,
Ri;). = Uginy{ Ajchi + Digh’s + Ejhy }
+ {(65 Ly + ye L} — 0xLj — y; Ly) (C'hyr + Cihi. + Cohj) /(n + 1) }
Lk = {Ajk + (20 Lye) /(n + 1) }hi — { Ag; + (2CkLy;) /(n + 1) } g
+ { Dy + 2C, Lyy/(n + 1) }hs — {Dyj + 2CiLy; /(n + 1) } by, (2.9)
+{E} —2C"Ly;/(n+ 1) }hyy — { E}, — 2C"Lyg /(n + 1) } by
Rij, = UGy [{Ajk + 2C;Lyx/ (n + 1) }hi + { Dig + 2C1 Lyg /(0 + 1) } hj
+ {E} —2C"Ly;/(n+ 1) } hy]
Ri;y. = Uginy{ Qjrhi + Nijhi, + Mjhy }
where
Qjk = {Aji, +2C;Lyy/(n+ 1)}
Nir. = { Dy, + 201 Ly /(n + 1) }
={E} —2C"Ly;/(n+1)}
Thus we have the following.

Theorem 2.3. In an R3-like C-reducible Finsler space, if the Rund’s h-curvature tensor has
the special form (2.3), then the Cartan h-curvature tensor R%jk has the special form (2.9).

Using the special form of Rund’s h-curvature tensor K fjk in the Bianchi identity (1.6d),

we get
(Ajk — Akj + ij — Djk)hf + (Akl — Ay, + Dy, — Dkl)h;‘ (2.10)
+ (Alj — Ajl +Dj — Dlj)hz =0 '

Due to Lemma 1.1, equation (2.10) can be written as
Ajg — Agj = Dji, — Dy
Thus we have the following.

Theorem 2.4. If the Rund’s h-curvature tensor Klzjk is of the special form (2.3), then both
the tensor fields A;; and D;; are symmetric simultaneously.

It is also known that a Finsler space is Landsberg space with P;jp = Cyjp 0 = 0. If F™ is
Landsberg, then from (1.6a) and (1.6e), we get

i i i _ g
Rl — Kij, =0 or Hpy = Ky,

Thus we can propose the following.



A special form of Rund’s h-curvature tensor using R3-like Finsler space 179

Corollary 2.5. If F™ is a Landsberg space and the Rund’s h-curvature tensor Kl’Jk is of the
form (2.3), then Cartan curvature tensor coincides with the Berwald’s curvature tensor.

Now consider h-curvature tensor (1.6a) of the form

Rl = Kiji — Uiy { Pjp P + Pryj; }

From equation (1.6e), the above equation can be written as
Hlijk: = Klijk - U(jk){Pfrpigz + Plzl|j} (2.11)
Suppose F™ is a P-reducible Finsler space, then by using (1.4), (1.5), (2.3), and (2.11), we
have
Hijie = Uginy { Ajhi + Duhls + Ejhua} = Uty { PPy + P }
Hi;i = {Ajrhi + Dy’ + Ethgy — Ap;hi — Dyjhi, — Ejhji}
— Uiy {(G" P+ G+ Gl (G hia+ Grhi +Gihyy) + Grphi+Giphi+ Gl ) }
Hiy = {Ajkthrleh}JrE;hkl—Akjhf—DZjhi;—Exihjl}—(Gk|jhzi+Gl\jh2+ijhkz)
+(Gjhi+Gurhl+Glphi) = {G'Grhjrhig+ G Gihji+ GG hi iy +G G b,
+ GG hihyy + Gy GRhihi + GrGihihy, — G'Grhiehjy — G*'Gihi — GRG" hithyy
— GyGihl — GG hjhj — G Gjhihi — GoGihshy }
Hiy = Ui { Tiwhi + Mighy + Njhy }
(2.12)

where
Tik = Ajk — 9ryj
My = Dy, + Gy, + GrGy — GG hyy — G.Gph] — GGl
N; = Ef — G|, = G'G"hj, — G;G"h;, + G'G,
Thus we have the following.

Theorem 2.6. In a P-reducible Finsler space, and the special form of Rund’s h-curvature

tensor Kl’jk has the special form of Berwald’s curvature temsor, then Hl’jk is of the form
(2.12).

Consider the Bianchi identity
Hip+ Hjy+ Hiyy =0 (2.13)
Substituting (2.12) in (2.13), we get
(Tt — Tij + Mij — M) hi + (Thy — Tk + My — My (2.14)
+ (Tij — Tjo + My — Mij)h] = 0
Due to Lemma 1.1, equation (2.14) can be written as
Ty — Tiej = My — My

Thus we have the following.
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Theorem 2.7. If in a Finsler space F™ the h-curvature tensor Hf]k is of the form (2.12),
then the tensor fields Ty, and My; both are simultaneously symmetric.
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