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Abstract. A family of smooth geometrically irreducible curves violates the Hasse principle if they have lo-
cal points everywhere, but they possesses no global points. In this paper, we show how to construct non-constant
algebraic families of forms of degree 4k that violate the Hasse principle. Some examples of non-constant algebraic
families of forms of degrees 12 and 24 that violate the Hasse principle are given to illustrate the method.

1. Introduction

A family of smooth geometrically irreducible curves (Cy), over Q is said to be coun-
terexamples to the Hasse principle if Cy (Q) = ¥ but Cy(Ag) # ¥ for each . Equivalently,
we also say that the curves (Cy ), violate the Hasse principle. The failure for the Hasse princi-
ple on these curves is said to be explained by the Brauer-Manin obstruction if Cy (Ag)B" = @
for each «. See, for example, Jahnel [8] for an account of the Brauer—Manin obstruction. It is
well-known that the Hasse principle for curves fail in general. The first counterexamples of
cubic forms to the Hasse principle were discovered by Selmer [10]; for example, Selmer [10]
showed that the ternary cubic form defined by 3x° + 4y® 4+ 5z = 0 is a counterexample to
the Hasse principle.

Bhargava [1] proved that for each n > 1, a positive proportion of hyperelliptic curves
72 = F(x) of genus n over Q, when ordered by height, fails the Hasse principle. Bhargava [1]
further showed that the failure can be explained by the Brauer—Manin obstruction. One can
ask whether a similar asymptotic result holds when hyperelliptic curves are replaced by forms
of degree > 3 over Q. In this direction, Bhargava [2] proved that a positive proportion of
ternary cubic forms over Z, when ordered by the heights of their coefficients, fails the Hasse
principle. It is not known whether a similar asymptotic result hold when ternary cubic forms
are replaced by a more general form of degree > 3.

In this paper, we are interested in the following weaker question.

QUESTION. For each integer n > 3, does there exist a family of forms of degree n > 3
that are counterexamples to the Hasse principle?
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For n = 3, Bhargava [2] answers this question in the affirmative as a special case of
his result, but does not explicitly describe such ternary cubic forms. An explicit algebraic
family of cubic curves is given in the work of Poonen [9]. In [5], the author constructed an
arithmetic family of quartic forms over Q that are counterexamples to the Hasse principle,
which affirmatively answers the question when n = 4. Fujiwara and Sudo [7] produced many
forms of degree n with n = 5 (mod 10) that violate the Hasse principle. In [6], the author
proved that there are algebraic families of degree n withn = 2 (mod 4) that violate the Hasse
principle.

The present work is a continuation of our previous work [6]. We will show how to
construct non-constant algebraic families of forms of degree n with n = 0 (mod 4) that are
counterexamples to the Hasse principle. As an illustration, we explicitly construct a non-
constant algebraic family of forms of degree 12 and a non-constant algebraic family of forms
of degree 24 that violate the Hasse principle.

Our paper is organized as follows. In Section 2, we prove that for k € Zxo, m,n €
Z~¢ with (k 4+ 1)n > m, under certain conditions, there exist hyperelliptic curves of genus
2(k 4 1)n — 1 that are counterexamples to the Hasse principle explained by the Brauer-Manin
obstruction (see Theorem 2.3). These curves are of the form

(1) ZZ — A(Bx2(k+1)n _I_C)2 + (szm +E)2

for certain choices of parameters A, B, C, D, E. In Section 3, we prove that under certain
conditions, there exist forms (X;); of degree 4(k + 1)n parameterized by certain rational
numbers ¢ such that each form A; admits a morphism to a hyperelliptic curve of genus 2(k +
1)n — 1. The latter is among the hyperelliptic curves of the form (1) in Theorem 2.3. It thus
follows from Theorem 2.3 that the form X of degree 4(k + 1)n is a counterexample to the
Hasse principle (see Theorem 3.1). In Section 4, we show that under certain conditions, there
exist algebraic families of forms of degree 4(k + 1)n for a given non-negative integer k and
a given positive integer n (see Theorem 4.2). Using this result, we explicitly construct a non-
constant algebraic family of forms of degree 12 and a non-constant algebraic family of degree
24 that are counterexamples to the Hasse principle (see Examples 4.4 and 4.6).

2. Certain hyperelliptic curves violating the Hasse principle

In this section, for a prime p = 1 (mod 8), a triple (k, m,n) of integers with k >
0,m > 1 and n > 1, we explicitly construct certain curves D of genus 2(k 4+ 1)n — 1 that are
counterexamples to the Hasse principle explained by the Brauer—Manin obstruction. These
curves play a key role in constructing forms over QQ that are counterexamples to the Hasse
principle.

We begin by proving the following lemma.

LEMMA 2.1. Let p be a prime. Let (a, B, y,)) € Z* be a quadruple of non-zero
integers, and let k, m, n be integers such thatk > 0,m > 1 andn > 1. Set

Q) d:= Olm)\'2(1’<+1)m(p(0[ + 'B))(k+1)n + (_1)m+1ﬂmy2(k+1)n(pa +(p+ 1)’3)(:’(+1)n ,
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and assume that the following are true:

(Al) (k+ 1)n >m,andd # 0.
(S) the polynomial P), o g 5., (x) € Q[x] defined by

+((pa+ (p+ DAY’ X" = pla + B))’°
is separable, that is, Py o g 3., (x) has exactly 4(k 4 1)n distinct roots over C.
Let C be the smooth projective model of the affine curve defined by
3) C:2® = Ppapiy().

and let Q(C) be the function field of C. Let A € Br(Q(C)) be the class of the quaternion
algebra defined by

(4) A= (p.(pa+(p+ DBy x> — pla+p)+2).
Then the element A belongs to the subgroup Br(C) of Br(Q(C)). Furthermore,
B:=(p, (pa+ (p+ DRy x> — pla + B) —2)

and

Fo ( (pa + (p + DP)y*x*™ — pla + B) + z)
=\7 20D

all represent the same class as A in Br(Q(C)).
PROOF. The defining equation of C can be written in the form
((poe+ (p + DBY*x™ = pla + ) +2) ((per + (p + DBy x> — pler + ) — 2)
(5) — — p(@a2HD 2k Dn g2
and thus
((par + (p+ DAY X — pla + B) +2) ((pa + (p + DAY ¥ — pla + B) —2)
= Noer(ﬁ)/Q(ﬁ(akz(k+1)x2(k+l)” +8).

Thus we deduce that A 4+ B = 0. Furthermore, we know that A — F = (p, x>*+Dny = 0,
Since A, B, and F belong to the 2-torsion part of Br(Q(C)), it follows that A = B = F.

Let U; be the largest open subvariety of C in which the rational function F := (pa +
(p + DB)y*x?™ — p(a + B) + z neither has a zero nor pole, and let U, be the largest open
subvariety of C in which the rational function G := (pa + (p + 1) ,B)yzxzm —pla+8)—z
neither has a zero nor pole. Since A = BB, A belongs to Br(U;) and Br(U,). We prove that in
the affine part of C, the locus where both F and G have a zero is empty. Assume the contrary,
and let (X, Z) be a common zero of F and G. Then it follows from (5) that

a)\'z(k-f‘l)xz(k-'rl)n + ﬂ — 0’
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and thus
(6) @) 20D x20ehn — g
On the other hand, we know that
2((pa+ (p+ DY’ X" — pla+ ) =F+G =0,
and thus
() (pa+(p+ DB’ X" = pla+p).
Hence it follows from (6) and (7) that
(y2(k+l)n(pa +(p+ 1)[3)(k+1)n)(am)LZ(k+1)m)X2(k+l)nm
= (=D"p"y D (pa + (p+ DB
— o Z2kADm (4 gy kDR
and thus
d = " p2EEDM (g 4 By kHDn L (pymtl gm o 20640 4 (4 1)g)KkHDE —

which contradicts (A1).
Let

(pa + (p+ DR)y*x®" — p(a+ B) + z

H = 20+

and denote by 0o = (X : Yoo : Zoo) be a point at infinity of C. We know that Yo, = 0 and
Zoo = £ p!/2220+D x 25D "y here X o #£ 0. Since (k + 1)n > m, we deduce that

(por + (p+ DEYY2XZ Y2 — pa + YT + 7o

H(o0) = 2&FDn ’
o

— 412220+ £

and therefore H is regular and non-vanishing at the points at infinity of C.

Let Uz be the largest open subvariety of C in which the rational function H neither has a
zero nor pole. Since 4 = F, we deduce that .4 belongs to Br(Uz). By what we have shown,
it follows that C = Uy U U, U Us. Since A belongs to Br(U;) fori = 1,2, 3, we deduce that
A belongs to Br(C). Therefore our contention follows. d

THEOREM 2.2. We maintain the same notation and assumptions as in Lemma 2.1.
Assume that p is a prime such that p = 1 (mod 8). Assume further that (A1), (S) in Lemma
2.1 are true, and that the following are true:

(A2) ged(er, p) =1, ged(B, p) = 1, ged(y, p) = L and ged(A, p) = L.
(A3) [ is a quadratic residue in IF[X, for any odd prime | dividing «.

(A4) B is a quadratic non-residue in IF;.
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(AS) [ is a quadratic residue in F; for any odd prime | dividing A.
(A6) [ is a quadratic residue in IE‘; for any odd prime [ dividing d.

Let C be the smooth projective model of the affine curve in Lemma 2.1. Then C (AQ)Br =0

PROOF. Let Q(C) be the function field of C, and let A be the class of the quaternion
algebra defined by (4) in Lemma 2.1. For any P; € C(Qy), we will prove that

0 ifl#p

8 i P)) =
) inv; (A(Py)) 2 it i=p.

Suppose that [ = 2,1 = oo, or [ is an odd prime such that p is a square in @f. We see
that forany ¢ € QZX, the local Hilbert symbol (p, ); is 1. Thus inv; (A(P;)) is 0.

Suppose that / is an odd prime such that/ # p and p is not a square in Q;°. By (A3) and
(AS5), we deduce that o« £ 0 (mod /) and A # 0 (mod /). We consider the following cases:

Case 1. v(x)>0.
Assume that

(pa+ (p+ DP)y*:x® — pla+p)+z =0 (mod )

© (pa+(p+ DBy —pla+p)—z =0 (modl).
It follows that

(pa+ (p+ DBy x® — p(a+B)=0 (mod ),
and thus
(10) (pa+ (p+ DBy’ x™ =pl@+p) (modl).

Furthermore, it follows from (9) and (5) that
ap2*FD20+Dr g = (0 (mod 1),
and hence
(11) aA2KkFD 20D — g (mod [).
Thus it follows from (10) and (11) that
Olm)LZ(k+1)m(pa F(p+ 1)ﬁ)(k+1)ny2(k+1)nx2(k+1)mn
= am)\‘2(k+l)m (p(Ol 4 ﬁ))(k+1)n (mOd l)
and
Olm)LZ(k+1)m(pa F(p+ 1)ﬁ)(k+1)nyz(k+1)nx2(k+1)mn
= (—=D"B" (pa + (p + DB F"2ED" (mod 7).
Thus we deduce from the last two congruences that

o"WEDT (pla+ ) DT = (=1 " (par + (p + DYDY 2EEDT (mod 1)
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and therefore
d zamkz(kﬁ-l)m (pla + ﬂ))(k+l)n
+ (—1)m+1,3m(]705 + (p + l)ﬂ)(k+1)n]/2(k+l)n =0 (mOd l) )

By (A6), we deduce that [ is a quadratic residue in ', and thus it follows from the quadratic
reciprocity law that p is a square in QZX, which is a contradiction. Thus at least one of
(por + (p + DB)Y*x™™ — pa + p) + z and (p + (p + DY x*" — pla + B) — 2 is
non-zero modulo /, say U. Thus the Hilbert symbol (p, U); is 1, and therefore inv; (A(P)) is
0.

Case 2. & :=v(x) <O.
By (A3) and (A5), @ # 0 (mod /) and A % 0 (mod /). Hence

vl (paz)»4(k+1)x4(k+l)") =4k + Dne,

and thus it follows from (A1) and (3) that

2 24 4(k+1),.4(k+1)n
v1(z v (pa”A X
v(2) = ’(2 ) _ulp - ) — 2k + Dne..

We have that
v((pa+(p+DB)y*x™ — pla+p)) = min (vi(p(a + B)), v ((pa + (p + DBY*x™"))

> min (0, vi(par + (p + 1 B) + 2ui(y) + 2mu;(x))
> min (0, 2me)
= 2me (since 2me < 0)
> 2(k + )ne = v;(z) (since (k+ )n > m).

Hence we deduce that

u((pa+ (p+ DBy — pla+ ) +2) = (@) = 2(k + e,

which is an even integer. Using Theorem 5.2.7 in [4], we see that the Hilbert symbol (p, (pa+

(p+ DB)y2x* — p(a + B) + z); is 1. Thus inv; (A(P)) is 0.
Suppose that/ = p. If v, (x) < 0, then it follows from (A2) and (3) that

=v,p(p) +vp (a2A4(k+1)x4(k+1)") =144+ Dnvp(x),
which is a contradiction since the left-hand side is an even integer whereas the right-hand side
is an odd integer.

If vy (x) > 0, then it follows that v,(x) > 1. Since & # 0 (mod p), B # 0 (mod p)
and A # 0 (mod p), we see that

vp(p(a)\'z(k+l)x2(k+l)n _I_’B)Z) — Up(p) + vp((a)\'2(k+l)x2(k+l)n + ﬂ)2)
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=14 ZUP((X)LZ(]{-'_I)XZ(]H_D" +,3)

= 1+ 2min (v, (@A?*FTDx2EEDm) 5 (8))
=1+ 2min (2(k + Dnv,(x),0)
=1+2-0 (since vp(x) > 1)

=1.

On the other hand, we see that
op(((per + (0 + DB = pla + B))°)
=20, ((pa+ (p + DAY X" = pla+ )

> 2 min (vp((poz +(p+ DY), vp (pla + ,3)))

> 2min (vp(par + (p + D) + 2mvp(x), 1+ vp(a + B))
> 2min (2mvp(x), 1) (since v,(pa + (p 4+ 1)B) = 0 and v, (x + B) > 0)

=2 (since 2mvp(x) = 2m > 2> 1).
Hence we deduce from (3) that
20,(2) = v, (2%)

= min (vp (p(a)»z(kﬂ)xz(kﬂ)n + ,3)2),
vy (((pe + (0 + DAY = p(a + §)’))
= min (l, v,,(((pot +(p+ l)ﬁ)yzxzm — plae+ ,3))2))

=1 (since vp(((pa +(p+ DBY* ™ — pla+ ﬂ))z) > 2) ,

which is a contradiction since the left-hand side is an even integer whereas the right-hand side
is odd. This contradiction establishes that v, (x) = 0, and hence x is a unit in Z;. By (3), we
see that v, (z) > 0.
Taking (5) modulo p, we deduce that
(pa+ (p+ DBy x> — pl@+p) —z=0 (mod p)
or

(pa+ (p+DB)y*x™ —pla+p)+z=0 (mod p).

We consider the following two cases:
Casel. (pa+ (p+ DB)y*x* — pa+B) —z=0 (mod p).
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We see that z = (pa + (p 4+ 1)B)y*x>™ — p(a + B) (mod p), and hence it follows that
(pa+ (p+ DBy x™ — pla+B) +z
=2((pa + (p+ DY’ x*" — pla + B)) = 2By*x*" £ 0 (mod p).
Using Theorem 5.2.7 in [4], we deduce from (A4) that the local Hilbert symbol

2.2m 2.2m
(p. (pa+(p+1)ﬂ))/2x2m—p(a+ﬂ)+z)p=<2ﬁy a )=<2)/x )(E)=—1,
p p p

and therefore inv, (A(P,)) = 1/2. Case II. (pa + (p + DB)Y2x> — pla+B)+2z=0
(mod p).

We see that —z = (pa + (p + 1)B)y*x¥™ — p(a + B) (mod p), and hence it follows
that

2. 2m
(pe+(p+ DBy x™ —pla+p) —z
=2((pa + (p+ DAY *™" — pla + ) =2By*x™ £0  (mod p).

Using Theorem 5.2.7 in [4], we deduce from (A4) that the local Hilbert symbol

2..2m 2..2m
(b DB = ) —2), = (P20 ) = (20 (B) -,
p p p

Since A and B represent the same class in Br(Q(C)), where B is the Azumaya algebra defined
in Lemma 2.1, we deduce that inv,, (A(P))) = 1/2.

Therefore ), inv;. A(P;) = 1/2 for any adelic point (P;); € C(Ag). Hence C (AQ)Br =
. O

We now prove the main theorem in this section.

THEOREM 2.3. We maintain the same notation and assumptions as in Theorem 2.2.
Let A = y = 1 in Theorem 2.2, and let d be the integer defined by (2) with both of A and y
replaced by 1, that is, d is of the form

(12) d = Olm(p(Ol +,3))(k+l)n + (_1)m+1'3m(pa +(p+ l)ﬂ)(k+1)n )
Set
(13) q:=B +pla+p)’.

Assume (A1)—(A6), and (S) in Theorem 2.2, and assume further that the following is true.
(A7) letl be any odd prime dividing q. Then (k + 1)n —m # 0 (mod [).

Let D be the smooth projective model of the affine curve defined by

(14 D:2?=p@?®V 4 B2 4 ((pa+ (p+ DB — pla+B))’.

Then D is a counterexample to the Hasse principle explained by the Brauer—Manin obstruc-
tion.
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REMARK 2.4. Note that condition (S) in Theorem 2.3 is equivalent to saying that the
polynomial P, o g.1,1(x) € Q[x] defined by

2
Ppap1,1(x) = plax ™D 4 8)2 + ((pa + (p + D)X — pla + B))
is separable.

REMARK 2.5. When A = 1 and y = 1, we see that gcd(y, p) = ged(X, p) = 1, and
(AS) is trivially true. Hence it suffices to only assume that (S), (A1)—(A4), (A6), and (A7) are
true in Theorem 2.3.

REMARK 2.6. Substituting y = A = 1 into the defining equation (3) of C, we see that
(3) becomes the defining equation (14) of D. Hence it follows from Theorem 2.2 and the
assumptions in Theorem 2.3 that D(AQ)Br =0.

PROOF OF THEOREM 2.3. By Remark 2.6, D(AQ)Br = ). Hence it suffices to prove
that D(Ag) # . Since D is a proper scheme over QQ, we know that

Dhg)= [] P@p.

p primes

(For the proof of this fact, see, for example, Jahnel [8, Lemma 1.9, p.121].) Thus in order to
prove that D(Ag) # 9, one only needs to show that D(Q,) # @ for all primes p including
p = 00, i.e., D is everywhere locally solvable. We consider the following cases:

Case 1. 1 is an odd prime such that p is a square in Q;".

We see that the curve D, defined by

— 2
D* :Z2:p(ax2(k+l)n+[3y2(k+1)n)2+y4(k+1)n 4m((pa + (p + l)ﬁ)xzm _ p(a +ﬁ)y2m) .

is an open subscheme of D. One can check that the point Py :=(x : y : 2) = (1:0:a/p) €
D.(Qp) € D(Qy), and hence it follows that D is locally solvable at /.

Case 2. 1 is an odd prime such that q is a square in Q.

By the definition of g, we see that the point P := (x,z) = (1, \/g) lies on D. Since
V4 € Q/, it follows that P, € D(Q).

Case 3. 1 is an odd prime such that pq is a square in Q.

We see that the point P3 := (x, z) = (0, \/pq) € D(Qy), and thus D is locally solvable
atl.

Case4. [ =2.

By assumption, one knows that p = 1 (mod 8). Hence ,/p € QZX. Thus the point P;
defined in Case I belongs to D(Q3). Therefore D is locally solvable at 2.

Case5. |l =p.

By the definition of g, we see that

q=pB+pla+p)?=p> (modp),
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and hence ¢ is a square in Q;. Thus p is among the odd primes in Case 2, and therefore

P, € D(Qp).
Case 6. | is any odd prime such that | divides q.
If [ divides «, then it follows from (A3) that [ is a square in F¥, and hence we deduce

from the quadratic reciprocity law that p is a square in Q. Thus the point P; defined in Case
1 belongs to D(Qy), which proves that D is locally solvable at /.
Assume now that « # 0 (mod /). We consider the following system of equations

F(x,2) =pax*® D4 8)2 4 ((pa+ (p + DB)x"
—pla+B)*—2z2=0 (modI)

(15) Z—f(x, 2) = 4(k + Dnpax?*kFDn=1gx2k+hn 4 gy

+4m(pa + (p + DX ((pa + (p + D)X

—pla+p)#0 (modl).

We see that
F(1,0)0=g=0 (mod])

and
oF
a(l, 0) =4(k + Dnpa(a + B) +4m(pa + (p + 1)B)B
= 4(p(a + B)(mp + (k + Dna) +mp?).

Since ¢ = % + p(a + B)> = 0 (mod 1), it follows that 82 = —p(a + B)* (mod /). Hence
we deduce that

aF
o 0) = 4(p(a + B)(mp + (k + Dna) — mp(a + B)?)
=4pa(e+ B)((k+ 1)n—m) (modl).

We prove that 4pa (o + ) # 0 (mod /). By the assumption above, we know that « % 0
(mod /). By the definition of ¢ and (A2), we know that ¢ = 8% + p(a + B)> = > £ 0
(mod p), and hence it follows that p does not divide g. Thus we deduce that p = 0 (mod 7).
We assume that « + 8 = 0 (mod /). Hence it follows from (13) that

Br=B+pla+p)?=qg=0 (modl),

and thus « = (¢ + 8) — B = 0 (mod ]), contradiction. Therefore we have shown that
4pa(a + B) £ 0 (mod ). Furthermore, we see from (A7) that (k + 1)n —m % 0 (mod [),
and thus

%(1, 0)=4pa(ae+B)((k+1)n—m)=£=0 (modl).
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Therefore we deduce that (x, z) = (1, 0) is a solution to the system (15). By Hensel’s lemma,
we deduce that D is locally solvable at /.

Case7. | =o0.

Since pg > 0, we see that the point P3 = (x,z) = (0, ,/pg) € D(R). Hence D is
locally solvable at oco.

Therefore, by what we have shown, D is everywhere locally solvable, and hence our
contention follows. o

EXAMPLE 2.7. Let p = 17, (k,m,n) = (0, 1, 3), and let (o, 8, A, y) = (1,5, 1, 1).
Then d = 7186423 is a prime such that d is a square in ;. We see that ¢ = 637 = 72 13.
We know that (k + 1)n —m =2 % 0 (mod 7) and (k + 1)n —m = 2 % 0 (mod 13). Thus
(A7) holds. By computation, we easily see that (A1)-(A6) are true. On the other hand, we
see that the polynomial P17.1,5.1,1(x) € Q[x] defined by

Pi7.15.1.1(x) = 17(x 4 5)2 + (107x% — 102)?

is separable. Thus (S) holds.
Let DE(I)’{ 1?;) be the smooth projective model of the affine curve defined by

D??’vl,fg) 122 =17(x% 4 5)% + (107x% — 102)% .

It then follows from Theorem 2.3 that DE(I)’; ’13; is a counterexample to the Hasse principle
explained by the Brauer—Manin obstruction.

3. The Hasse principle for certain forms

In this section, we will use the curves D in Theorem 2.3 to construct forms X of degree
n with n = 0 (mod 4) that are counterexamples to the Hasse principle. The next theorem is
the main result in this section.

THEOREM 3.1. Let p be a prime such that p = 1 (mod 8). Let o,  be non-zero
integers, and let d and q be the integers defined by (12) and (13), respectively. Let k,m,n
be integers such thatk > 0,m > 1 andn > 1. Assume that (A1)—(A7), and (S) in Theorem
2.3 are true. Let (n1,ny, n3, na, ns, ne, n7, ng) be an octuple of non-negative integers, and
let ¢ € Q be a non-zero rational number. Assume further that the following are true:

Cl 2k+Dn—1=Qn1 + Dnyand?2ny + 1 = n3 + ny.

(C2)

ny = 2
(16) na, n3, n4, ns, ne,ny > 1

ng >0,
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and
np > ns
ny > ng
(17) ny > ny +ng
ns > ng
ne > ng .

(C3) ¢ € Z, for any odd prime l dividing q.
Let (A, W, X, A) € Q* be the quadruple defined by

A=¢

U = —g2i—ns) pni—ns
(18) p ¢

T = —(pay1 "¢

A =g (a2(nl—"5)pn1—"5 + pMTegm s q"l_"s) ,
and set

(19) Q(-x, y, Z) = x2n1+1 _ xn3yn4 + y2n1+1 + lpx2(n1—n5)z2n5+1

+2y2(n1—n0)22n6+1 +Ax2(n1—n7—ng)y2n7z2ng+l +AZ2nl+1.

Let X C P? be the form of degree 4(k + 1)n defined by
(20) X (Q()C, y, Z))2n2 ZZ — p(ax2(k+1)n + ,3)72(k+1)n)2

_ 2
+ y DT (pa + (p+ DB — pla+ B)y*")".
Then X is a counterexample to the Hasse principle.

REMARK 3.2.
(i) By (18), A = —g"s7™W — ghe™"8 3 — g7 A,
(i) Since ¢ # 0, we see from (18) that AW X A # 0.

PROOF. We first prove that X is everywhere locally solvable. It suffices to consider the
following cases:

Case 1. | is an odd prime such that p is a square in QZX.

Since Q(1,0, a,/p) = 1, the point P; = (x,y,z) = (1,0, a,/p) belongs to X (Q;),
which proves that & is locally solvable at /.

Case 2. 1 is an odd prime such that q is a square in Q.

Since Q(1, 1, ,/q) = 1, the point P, = (x, y,z) = (1, 1, ,/q) belongs to X' (Q;), which
proves that X is locally solvable at /.

Case 3. 1 is an odd prime such that pq is a square in Q.

Since Q(0, 1, \/pg) = 1, the point P; = (x,y,z) = (0,1, ,/pq) belongs to X'(Qy),
which proves that & is locally solvable at /.
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Case4. 1 =2.

By assumption, we know that p = 1 (mod 8), and hence ,/p € QZX. Thus the point P;
defined in Case I belongs to X' (Q»). Therefore X is locally solvable at 2.

Case5. 1 =p.

By the definition of ¢, we know that ¢ = 8% + p(a + 8)> = > (mod p), and hence it
follows that g is a square in (@;. Thus p is among the odd primes in Case 2, and therefore the
point P, in Case 2 belongs to X'(Q)).

Case 6. | is any odd prime such that | divides q.

If [ divides «, then it follows from (A3) that [ is a square in F%, and hence we deduce
from the quadratic reciprocity law that p is a square in Q. Thus the point P; in Case I
belongs to X'(Q;), which proves that X is locally solvable at /.

Assume now that @ # 0 (mod /). Set

(1)
F(x,y,2) = plax

DA (b (p 4+ DB — pla+ By — 22 (0(x, y, 2)*™

2(k+1)n + 'ByZ(k-H)n)Z

and consider the system of equations defined by
F(x,y,z) =0 (mod]/)

22
22 O 3.2 £0 (mod ).
0x

By (C3), we know that ¢ € Z;, and hence Q(x. y.2) € Z[x,y,z]. By (21), and since
g = B% + p(a + p)?, we deduce that

(23) F(1,1,0) =g =0 (modJ).
We see that
oF
(24) a(‘x, y, Z) — 4(k + l)nanZ(k-‘rl)n—l(ax2(k+l)n +[3y2(k+1)n)

+4m(pa + (p + 1)ﬂ)x2m_1y4(k+1)n—4m
x ((pa+ (p+ DB — p(a +ﬂ)y2m)

- 22 (mgu, ¥,2) (O(x, y, z>)2"2—1> :
0x

Note that since ¢ = B2+ p(a + )2 =0 (mod 1), it follows that 2 = — p(a + ) (mod ).
Therefore we deduce from (24) that

(25) %(1, 1,0) = 4(p(a + B)(mP + (k + Dna) — mp(a + B)?)

=4pa(a + B)((k+ 1)n—m) (modl).
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Using exactly the same arguments as in Case 6 of the proof of Theorem 2.3, we know that
4pa(a + B) # 0 (mod ). On the other hand, by (A7) in Theorem 2.3, (k + 1)n —m # 0
(mod 7). Thus it follows from (25) that

oF
(26) —(1,1,00#0 (modl).
0x

Therefore it follows from (23) and (26) that (x, y, z) = (1, 1, 0) is a solution to the system
(22). By Hensel’s lemma, we deduce that X is locally solvable at /.

Case7. | =oo.

Since ,/p € R, we see that the point P; in Case I belongs to X'(R). Therefore X is
locally solvable at oco.

By what we have shown above, X is everywhere locally solvable.

We now prove that X has no rational points. Let D be the smooth projective model of the
affine curve defined by (14) in Theorem 2.3, and let ¢ : X — D be the rational map defined
by

¢: X —7D
(x:y:2)— (x:y:z2(00, y,2)") .

If x =y =2z(Q(x,y,2))" = 0, then by (19), z(Az¥"1 1) = 0. Since A = ¢ # 0, we
deduce that z = 0. Thus ¢ is regular at every point of X' (Q), and therefore ¢ is a Q-morphism.
Recall from Theorem 2.3 that D(AQ)Br = (. In particular, this implies that D(Q) = ¢, and
thus X (Q) = . o

4. Certain algebraic families of forms violating the Hasse principle

In this section, using Theorem 3.1 in Section 3, we will construct certain algebraic fami-
lies of forms of degree n withn = 0 (mod 4) that are counterexamples to the Hasse principle.

The next lemma shows the existence of certain rational functions over QQ that only take
values in M;cg7Z; for a given finite set S of odd primes. Lemma 4.1 below is a special case of
Lemma 4.2 in [6].

LEMMA 4.1. Let S be a finite set of odd primes, and let Q(T') be the field of rational
functions in the variable T over Q. Then there exist infinitely many rational functions F(T) €
Q(T) that satisfy the following conditions:

(1) F(T,) # O for every rational number T, € Q;
(i) for each odd primel € S, F (T,) belongs to Z; for every rational number T, € Q.

PROOF. By the Chinese Remainder Theorem, there exist infinitely many integers &
such that ¢ is a quadratic non-residue in IF,X for each [ € S. Take such an integer ¢, and define

F(T) = e Q(T).

T2 —¢
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Following the ideas in the proof of Lemma 4.2 in [6], one can show that F(T) satisfies (i) and
(ii) in Lemma 4.1. O

THEOREM 4.2. Let p be a prime such that p = 1 (mod 8). Let k, m, n be integers
such thatk > 0,m > 1 andn > 1. Let o, B be non-zero integers, and let d and q be the
integers defined by (12) and (13), respectively. Assume that (A1)—-(A7), and (S) in Theorem
2.3 are true. Let (ny,n2, n3, na, ns, ne, n7, ng) be an octuple of non-negative integers such
that (C1) and (C2) in Theorem 3.1 hold. Then there are algebraic families of forms of degree
4(k + 1)n that are counterexamples to the Hasse principle.

PROOF. Set

S ={l| /is an odd prime dividing ¢} .
Applying Lemma 4.1 for the set S, we deduce that there exist infinitely many rational func-
tions F(T) in Q(T) that satisfy the following conditions:

(i) F(T,) # 0 for every rational number 7, € Q; and
(ii) for each odd prime [ € S, F(T,) belongs to Z; for every rational number 7, € Q.

Take such a rational function F(T), and let A(T), W (T), X (T), A(T) be rational func-
tions in Q(7) defined by

A(T) = F(T),
W(T) = =) " IS (T,
2(T) = —(pg)"' " F(T),
A(T) = g"s ™8 (@2 =1s) phi=ns | phi—hs gMm=ns _ gm=ns) p(T)
and set
O(x, v, 2)(T) = x2 1 — xmsyna 1 2mtl gy 2m=ns) 2nst]
+ DTy et p A(T)x 2T ) 2 2L A (T2

For each rational number T}, let X7, C P? be the form of degree 4(k + 1)n defined by
X1, (Q(x, y, 2)(T))*2 2% = plax®ETDn 4 gy2(rhm?
- 2
+ DT (par 4 (p + DA = pla+ By*")”.

Take an arbitrary rational number T, € Q. Since F(T) satisfies (i) and (ii) above, the
condition (C3) in Theorem 3.1 is satisfied with F(T,) in the role of {. Applying Theorem
3.1 with F(7,) in the role of ¢, we deduce that X7, is a counterexample to the Hasse princi-

ple. Hence each member in the algebraic family (XT*) is a counterexample to the Hasse

T,€Q
principle, which completes our proof. O



292 DONG QUAN NGOC NGUYEN

REMARK 4.3.

(i) Note that Theorem 4.2 does not imply that for each integer k > 0, and each integer
n > 1, there exists an algebraic family of forms of degree 4(k 4+ 1)n that are
counterexamples to the Hasse principle.

(ii) Note that once one can choose integers k > 0,m > 1,n > l,a # 0,8 # 0
for which conditions (A1)—-(A7) and (S) are satisfied, it is not difficult to show the
existence of the octuples of non-negative integers (n1, na, n3, na4, ns, ne, N7, Ng)
that satisfy conditions (C1) and (C2) in Theorem 3.1. Thus Theorem 4.2 really
means that for each prime p = 1 (mod 8), if one can choose integers k > 0, m >
I,n > 1,0 # 0,8 # 0 for which conditions (A1)-(A7) and (S) are satisfied,
then one can construct algebraic families of forms of degree 4(k + 1)n that are
counterexamples to the Hasse principle.

(iii) For a given prime p = 1 (mod 8), using the Chinese Remainder Theorem, and
Dirichlet’s theorem on primes in arithmetic progressions, it is not difficult to show
that there are infinitely many tuples of integers (k, m, n, «, B) with k > 0, m >
I,n > 1,a # 0,8 # 0 for which conditions (A1)—(A7) are satisfied. The only
difficulty is to show among those tuples, there exists at least one tuple that satisfies
condition (S) in Lemma 2.1, which is equivalent to showing the existence of one
tuple for which the polynomial P, 4 g5, (x) is separable, where

Pp,a,ﬂ,)\,y(-x) :p(aAZ(k+l)x2(k+l)n + ﬁ)2

+((pa+ (p+ DB — pla+B)’.

For sufficiently large integers k, m, n, it seems a non-trivial question to determine
whether the polynomial P « g1, (x) is separable for a general couple of integers

(@, B).

4.1. Examples of algebraic families of forms of degree 4n with n odd. In this sub-
section, we will construct an explicit non-constant algebraic family of forms of degree 12 that
are counterexamples to the Hasse principle. Although we restrict ourself to constructing only
one non-constant algebraic family of forms of degree 12, the method presented here can be
easily extended to construct algebraic forms of degree 4n for other odd values of n.

Throughout this subsection, we maintain the same notation as in Theorem 2.3, Theorem
3.1 and Lemma4.1.

EXAMPLE 4.4. Weset p =17,k =0,and m = 1 as in Example 2.7. Let n = 3, and
let

(n1,nz,n3,n4,ns,n6,n7,n8) =(2,1,1,4,1,1,1,0).

Let (o, B) = (1,5). Then d = 7186423 is a prime such that d is a square in F1X7' Thus (A6)

holds. We see that ¢ = 637 = 7% - 13. We know that (k + 1)n —m = 2 % 0 (mod 7) and
(k+ n —m = 2 £ 0 (mod 13). Thus (A7) holds. By computation, we easily see that
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(A1)—(AS) are true. Furthermore the polynomial defined by
17(x® 4+ 5)% 4+ (107x% — 102)? € Q[x]
is separable over C, and thus condition (S) in Theorem 2.3 is satisfied. On the other hand, it

is not difficult to check that conditions (C1), (C2) are satisfied.
Since g = 637 = 72 .13, we see that S = {7, 13}. Set ¢ = 5, and define

1
F(T):=7—=<QI).

For each rational number 7, € Q, we see from Lemma 4.1 that (C3) is satisfied with F(T})

in the role of ¢.
Let A(T),w(T), ¥(T), A(T) be the rational functions defined by

AT)=F(T) = —5——,
(T) = F(T) = 75—
w(T) = _aZ(Vll—ns)pnl—ns F(T) = _L
T2 -5°
10829
S(T) = —(pg)" " F(T) = ———,
(T) = ~(pq)" " F(T) = =5
A(T) = ¢ (a2(n1—n5)pn1—n5 + pM e g TS qnl—ns) F(T) = %,

and let
17 5 3 10829 , 4

O, y, (T i=x" —xy* 4y - 2-5 ¢ 12-5°

6503133 , 5 1 s
— X .
725" Y T a5t

For each rational number 7, € Q, let X((0171)3) . C P2 be the form of degree 12 defined

by
X5 1 (O, y, 2)(T)? 22 = 17(x® + 5% + y8(107x% — 102y%)? .
Note that the defining equation of X(O 1.3).7, can be written in the form
17 10829
a7) 5 4 5 2.3 2 23
27 X(013)T .(x — Xy +y—T2_5xz T2—5
2
6503133 , , 1 s\ a2
FEETRRARE Rl
* *
=17(x% + 5y%)% + y8(107x% — 102y%)2.
By Theorem 3.1, we deduce that each member in the algebraic family ( X an isa
©O.13).% )7 o

counterexample to the Hasse principle.
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We show that the algebraic family (X(Ol 1)3) T) is non-constant, i.e., there exist
*/ T,eQ

rational numbers T(l) T(Z) € Q such that X (17)3) o) and X((Ol?3) ;@ are non-isomorphic.
The latter can be proved if one can show the existence of rational numbers T*(l), T*(z) e Q
such that
i an an . _
(i) both X(O L3740 and X(0,1,3),T,(2) are nonsingular projective curves of degree 12
and genus 55;

(ii) there exists a prime g at which both X (17) , and X (17)
(0,1,3),T, 0,1,3),T,

. (17) 17
tion, and the sets XO 13 T(,)(Fp), X(O 1372 (F@) are different.

e have good reduc-

Set T(l) = 0, and T(z) = 1. Then X(O 1 3).0° and XO 1 3),1 are the forms of degree 12
defined by

17 10829 6503133 15\?
247D N 4 5 2.3 2.3 2.2 -5 2

5 X777 + 5 y°z 5 x°y°z SZ Z
= 17(x% +5y%)% + y3(107x% — 102y%)?,

amn
X131 <x —xyt 4y — 7 n z 1 1

= 17(x° +5y%? + y2(107x% — 102y?)2.

17 10829 6503133 1 \?
23+ v~ x2y2 — _Zs) 2

We know that both X 01 71)3) o> and X((Olj)ﬁ)’ | are non-singular projective curves of degree

12 and genus 55; furthermore they have good reduction atgp = 11.
By computation, the set of all points of x4 ©. 1 3,0 OVer [y, is given by

X550 ={0:1:1),(4:2:1),(0:3:1),(0:7:1),(8:7:1),(0:8:1),
(6:8:1),(2:10: )}

The set of all points of x4 (. 1 3),1 Over Fy; is given by
X((()l71)3)1(IF11)={(0:3: 1),(10:5:1),(10:6:1),(0:7:1),(3:7:1),(0:8:1),(5:8:1),
©0:9:1D),7:9:1)}.
Hence
X1 5 01 # X1 (E 1),
which proves that X(o 1.3).0° and X! (. 1 3),1 are non- isomorphic. Thus the algebraic family

X (17) ) is non-constant.
( O.13).T ) 7
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X(”) and a7

REMARK 4.5. In order to find a prime g at which both o X ?
(0,1,3), T, (0,1,3),T,

: a7 an :
have good reduction, and the sets X(0,1,3),Tf” Fp), X(o, 13).7® (Fy) are different, we used the
computational algebra software MAGMA [3] to search for small primes g satisfying these
conditions.

4.2. Examples of algebraic families of forms of degree 4n with n even. In this
subsection, we will show how to construct algebraic families of forms of degree 4n that are
counterexamples to the Hasse principle, where 7 is an even integer such that n > 6. Through-
out this subsection, we will keep the same notation as in Theorem 2.3, Theorem 3.1 and
Lemma 4.1.

Fix k = 0, and let m be a positive integer. Throughout this subsection, assume thatn > 1
is even. Let d be the integer defined by (12). Reducing d modulo p, we see that

d = (_l)m—Han—i-m (mod p) ,

and since p = 1 (mod 8), it follows that

__1\ym+1 gn+m n+m
@ (5)-(=57)=(57):
p p p

Here (—) denotes the Jacobi symbol. Note that in order to use Theorem 3.1 to produce

algebraic forms of degree 4n that are counterexamples to the Hasse principle, we need to
assume that conditions (A1)-(A7), and (S) are satisfied.

Assume now that (A1)—(A7), and (S) are satisfied. By (A4), we see that 8 is a quadratic
non-residue in F[f We contend that n + m is even; otherwise, we deduce that 8”1 is a
quadratic non-residue in X, and hence it follows from (28) that d is a quadratic non-residue
in F[f By (A6) and since p = 1 (mod 8), we know that d is a quadratic residue in F*, which
is a contradiction. Thus n 4 m is an even integer, and therefore m is an even integer.

We contend thatn +m = 0 (mod 4). Assume the contrary, i.e.,n +m = 2(2h + 1) for
some integer h. By (12), and since m, n are even, we see that

d=a"(pla+p)" = B"(pa+ (p+ D)’
= (@"2(p@+ )" + B (pa + (p + 1B)"")
x (" (pa+B)"* = B (pa + (p+ D))
By (A6), and since 2 is quadratic residue in ', dy is a quadratic residue in [F{, where
dy =" (pla+BN"? + B (pa+ (p + DB,
On the other hand, reducing d+ modulo p shows that

d+ = IB(VH-m)/Z — 132h+1 (mOd p) .
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Since S is a quadratic non-residue, it follows from the last congruence that d is not a square
in F[f , which is a contradiction. Therefore n +m = 0 (mod 4).

We contend that n > 6 and m > 2. Indeed, (A1) implies thatn > m > 1. Since m, n are
even,m > 2andn > 4. If n =4, thenm = 2. Thusn +m = 6 % 0 (mod 4), which is a
contradiction. Therefore m, n are even integers such thatn > 6, and m > 2.

For the rest of this subsection, assume further that m = n — 4 > 2. With this choice of
nandm,n —m =4 # 0 (mod /) for any odd prime / dividing g. Therefore (A7) is trivially
satisfied.

In order to use Theorem 3.1 to produce algebraic families of forms of degree 4n for an
even integer n > 6 that are counterexamples to the Hasse principle, it suffices to find couples
(ct, B) such that (A2), (A3), (A4), and (S) hold, and such that |d| and |d_| are primes, where
| - | is the usual absolute value, and

dy = a2 (pla+ BN + B (pa + (p + DBY"/?,
d_ = a"*(p(a + p)"* = " (pa + (p + D).

With this choice of d4, d_, we contend that (A6) is satisfied. Indeed, reducing d+ and
d_ modulo p, we see that

dy = B2 (mod p),
d_=—p"™/2  (mod p).

Since (n 4+ m)/2 is even and —1 is a square in IF;, d4 and d_ are quadratic residues in F;.
Since d = dd_, (A6) is satisfied.

Once we can obtain quadruples («, B, d, q) that satisfy (A1)—(A7), and (S), we can fol-
low Theorem 3.1 and Lemma 4.1 to construct algebraic families of forms of degree 4n for an
even integer n > 6 that are counterexamples to the Hasse principle. As an illustration, we will
construct a non-constant algebraic family of forms of degree 24 such that each member in the
algebraic family is a counterexample to the Hasse principle.

EXAMPLE 4.6. Letp =17,k =0,m = 2,andn = 6, and set
(n1, n2,n3, n4, ns,ne, n7,ng) = (5,1,1,10,4,4,1, 3).
Let (o, B) = (1,20). Thend+ = 1117151953 and d— = —1026153367 satisty the following:
(i) |d+] = 1117151953, |d—| = 1026153367 are primes;
(ii) dy and d_ are squares in F .

Since d = dyd_ = —1146369238021575751, (A6) is satisfied.

We see that ¢ = 7897 = 53 - 149. We know that (k + 1)n —m =4 #£ 0 (mod 53) and
(k+ Dn—m =4 # 0 (mod 149). Thus (A7) holds. By computation, we easily see that
(A1)—(AS) are true. Furthermore the polynomial defined by

17(x'2 +20)% + (377x* — 357)? € Q[x]
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is separable over C, and thus (S) is satisfied. On the other hand, it is easy to see that (C1),
(C2) hold.

Since g = 7897 = 53 - 149, S = {53, 149}. Set ¢ = 3. Following Lemma 4.1, one
obtains the rational function F(T) € Q(T) defined by

F(T) =

o e Q(T).

For each T, € Q, it follows from Lemma 4.1 that (C3) is satisfied with F(T}) in the role
of ¢. Let A(T), W (T), X(T), A(T) be the rational functions defined by

1
AT)=F(T) =

-3’
U(T) = _a2(n|—n5)pn|—n5 F(T) = _L
T2 -3’
134249
X(T) = —(pg)" ™" F(T) = ———,
(T) (pq) (T) 77 3
A(T) = qns—ns (a2(n1—n5)pn|—n5 4 pnl—nsqnl—ns _ qnl—n5> F(T) = 997‘7297:?9393

Set

17 134249
11 10 11 2.9 2.9

997935993 , 5 4 1 1
+ 773 xX°y“z +T2—3Z .

For each T, € Q, let X((Ol;)’ﬁ)’n C P? be the form of degree 24 defined by

X 56 (G, y. (T 2% = 17(x'2 +20y'%)2 + y'10(377x* — 357y%)2.

By Theorem 3.1, each member in the algebraic family ( & an is a counterexample
0.2.6).7.) 7, .

to the Hasse principle.

We show that the algebraic family (& an is non-constant, i.e., there exist
0.2.6.T) .

) and an

rational numbers T,,(l), T,,(Z) € Q such that X((o”z (2 are non-isomorphic.

(1) X

,6), T, 0,2,6),T,
The latter can be proved if one can show the existence of rational numbers T*(l), T*(z) e Q
such that

(i) both X {an , and X {an ,, are nonsingular projective curves of degree 12

0.2,6).7" 0.2,6).7%
and genus 55;
7 (17
and

2,6), 7" 0.2,6).7%

. a7 17) .
t the sets X F,), X F fferent.
ion, and the sets (0’2’6)@(,)( ©)s (0’2’6)]*(2)( ) are differen

(ii) there exists a prime g at which both X((Ol have good reduc-
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Set T*(l) = 0 and T*(2) = 2. Then X((Ol;),é)’o nd Xo 2.6).2 are the forms of degree 24
defined by

17 134249 1)
300+ 5y 3326453317y 3z“> z?

= 17(x'2 +20y'%)? + y'16(377x* — 357y?2,

(17)
X(ozs)o < —xy +y Ty —

and
XDt 1 —xy!0 4y = 172%2% — 134249y%° 4 9979359932277 + !1)22
= 17(x"2 +20y'%)? + y'6(377x* — 357y?,

We know that both X((o 72) 6).0 and x') 0. 2 6).2 are nonsingular projective curves of degree
24 and genus 253; furthermore they have good reduction at o = 11.

By computation, the points (0 : 3:1),(5:4:1),(6:4:1),0:8:1),(5:8:1),
6:8:1),(0:10:1),(2:10:1), (9 : 10 : 1) are all the points 0fX02 6).0 over F11. On the

other hand, the set of points of XO 2 6).2 Over [F11 consists of the points (0:2:1), (3:2: 1),

@®:2:1),0:3:1),0:4:1),1:5:1),(10:5:1),0:8:1),(1:8:1),(10:8:1).
Thus

(17)
X0,2,6,0F11) # X (0 B 0.2F11)
which proves that the algebraic family (X((Ol? 6). T*) 0 is non-constant.

a7

REMARK 4.7. In order to find a prime g at which both Xm) W X @
2,6), T (0,2,6),T,

have good reduction, and the sets X’ {an aFp), X x U7
(0,2,6).T, (0,2,6),

computational algebra software MAGMA [3] to search for small primes  satisfying these
conditions.

e (IF,Q) are different, we used the
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