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Abstract. In this paper we study the John-Nirenberg inequalities with variable exponents on a probability
space. Let Y be a rearrangement invariant Banach function space defined on (Ω,F , P ) and a measurable function

p(·) : Ω → R+ be a variable exponent. We prove that if the stochastic basis is regular, then

BMOφ,Y = BMOφ,p(·) , ∀1 ≤ p(·) < ∞ ,

where φ(r) = 1/rΦ−1(1/r) and Φ is a concave function with proper condition.

1. Introduction

Let (Ω,F , P ) be a probability space and {Fn}n≥1 be a non-decreasing sequence of sub-
σ -algebras of F such that F = σ(

⋃
n≥1 Fn). The expectation operator and the conditioned

expectation operator are denoted by E and En, resp. A sequence f = (fn)n≥1 of random
variables such that fn is Fn-measurable is said to be a martingale if E(|fn|) < ∞ and
En(fn+1) = fn for every n ≥ 1. For 1 ≤ p < ∞, the Banach space BMOp is defined
as:

BMOp = {
f = (fn)n≥1 : ‖f ‖BMOp = sup

n
‖En(|f − fn|p)‖

1
p∞ < ∞}

,

where the f in |f − fn|p means f∞. Let T be the set of all stopping times with respect to
{Fn}n≥1. It is easy to check that (see for instance Theorem 4.2.5 in [14] or [31])

sup
n

∥
∥∥En(|f − fn|p)

∥
∥∥

1
p

∞ = sup
ν∈T

(
P(ν < ∞)

)− 1
p ∥∥(f − f ν)χ{ν<∞}

∥∥
p

.
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We also refer to [15] for the Carleson measures characterization of BMO norms. Based mainly
on duality, John-Nirenberg’s theorem and something else, the space BMO (Bounded Mean
Oscillation; see John-Nirenberg [18]) plays an important role in classical analysis and martin-
gale theory. The well known John-Nirenberg Theorem (one of the most important theorems
in martingale theory) says that if the stochastic basis {Fn}n≥1 is regular, then

(1.1) BMOp = BMO1.

We refer to [11] and [12] for the fact above. Recently, Miyamoto, Nakai and Sadasue [26]
extend (1.1) to a much more general setting. We briefly recall their result. Let S be the set of
all functions Φ : [0,∞) → [0,∞) satisfying Φ(0) = 0, limr→∞ Φ(r) = ∞. Denote by S�

the set

S� =
{
Φ ∈ S : ∃ cΦ ≥ 1 and � ∈ (0, 1] s.t. Φ(tr) ≤ cΦ max{t�, t}Φ(r) for t, r ∈ [0,∞)

}
.

For q ∈ [1,∞) and a function φ : (0,∞) → (0,∞), the generalized Campanato martingale
space BMOφ,q is defined by

BMOφ,q = {
f = (fn)n≥1 : ‖f ‖BMOφ,q < ∞}

,

where

‖f ‖BMOφ,q = sup
n≥1

sup
A∈Fn

1

φ(P (A))

(
1

P(A)

∫

A

|f − Enf |qdP

)1/q

.

Then if there exists Φ ∈ S� such that φ(r) = 1
rΦ−1(1/r)

and the stochastic basis is regular, the

John-Nirenberg type inequality holds. Namely, for all 1 ≤ q < ∞
(1.2) BMOφ,q = BMOφ,1 .

On the other hand, we also note that in the past few years the subject of variable exponent
spaces has undergone a vast development. We refer to two monographs [3, 6] for the recent
progress on variable Lebesgue spaces and their applications to partial differential equations
and variational integrals with non-standard growth conditions, and [5, 29] for the variable
Hardy spaces.

Although variable exponent Lebesgue spaces on Euclidean space have attracted a
steadily increasing interest, the variable exponent framework has not yet been applied to the
probability space setting. Compared with Euclidean spaces, the essential difficulty is that the
general probability space has no natural metric structure to define the so-called log-Hölder
continuity of variable exponents. In the present paper, we find the following condition with-
out metric characterization of p(x) to replace log-Hölder continuity in some sense. That is,
there exists an absolute constant Kp(·) ≥ 1 depending only on p(·) such that

(1.3) P(A)p−(A)−p+(A) ≤ Kp(·) , ∀A ∈ F .
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See Section 2 for the notations. We often denote Kp(·) simply by K if there is nothing con-
fused. Under the condition of (1.3), we study the John-Nirenberg inequalities with variable
exponents on a probability space. We refer to the very recent paper [17] for the Doob maximal
inequality and atomic decomposition on variable Hardy martingale spaces.

Now let us briefly state the main result in the present paper. Let Y be a rearrangement
invariant Banach function space and p(·) : Ω → R+ be a variable exponent. We define the
generalized Campanato martingale spaces associated with Y

BMOφ,Y = {
f = (fn)n≥1 : ‖f ‖BMOφ,Y < ∞}

,

where

‖f ‖BMOφ,Y = sup
ν∈T

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖Y

‖χ{ν<∞}‖Y
;

and we also define the generalized Campanato martingale space with variable exponent p(·)
BMOφ,p(·) = {

f = (fn)n≥1 : ‖f ‖BMOφ,p(·) < ∞}
,

where

‖f ‖BMOφ,p(·) = sup
ν∈T

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖p(·)
‖χ{ν<∞}‖p(·)

.

Let Φ ∈ S� and φ(r) = 1
rΦ−1(1/r)

. The main result in this paper is if the stochastic basis is

regular and p(·) satisfies the condition (1.3), then

BMOφ,Y = BMOφ,p(·) , ∀1 ≤ p(·) < ∞ .

Our strategy is to prove that BMOφ,Y and BMOφ,p(·) are respectively equivalent to BMOφ,1.
The present results can be regarded as probability versions of [20, 21, 22]; however the method
is very different, and the condition (1.3) makes us avoid the use of log-Hölder continuity or
the boundedness of Hardy–Littlewood maximal operator.

Throughout this paper, we always denote by C an absolute positive constant, which can
vary from line to line, and denote by Cp(·) the constant depending only on p(·). The symbol
A � B stands for the inequality A ≤ CB for some constant C. If we write A ≈ B, then it
stands for A � B � A.

2. Preliminaries

In this section, we give some preliminaries necessary to the whole paper.

2.1. Rearrangement invariant Banach function spaces. Let us first recall some ba-
sic facts on the rearrangement invariant Banach function spaces. Given two random variables

f and g, we write f
d
 g to mean that they have the same distribution. A Banach function
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space (Y, ‖ · ‖Y ) is said to be a rearrangement invariant Banach function space if f
d
 g and

g ∈ Y, then f ∈ Y and ‖f ‖Y = ‖g‖Y . We refer to Chapter 2 in [2] for the more concrete
definition.

A rearrangement invariant Banach function space is simply called an r.i. space in this
paper. For example, Lebesgue spaces, Orlicz spaces and Lorentz spaces are r.i. spaces, while
weighted Lebesgue spaces with suitable weights are Banach function spaces that are not r.i.
spaces.

In order to describe our results we need the Boyd indices of Y introduced by Boyd in [9].
We define, for every 0 < c < ∞, the dilation operator Dc acting on the space of measurable
functions on [0,1] by Dc(f )(t) = f (ct), if 0 < ct ≤ 1; Dc(f )(t) = 0, otherwise. The lower
Boyd index and the upper Boyd index of Y are respectively defined by

αY = lim
c→0+

log ‖Dc−1‖
log c

= sup
0<c<1

log ‖Dc−1 ‖
log c

,

βY = lim
c→∞

log ‖Dc−1‖
log c

= inf
1<c<∞

log ‖Dc−1 ‖
log c

,

where ‖Dc‖ stands for the operator norm of Dc : Y −→ Y . Noting that for any r.i. space Y ,

0 ≤ αY ≤ βY ≤ 1 .

We shall need the following fact for Boyd indices (see [24], Theorem II.4.110). If Y is an r.i.
space on Ω with associate space Y ′, then

αY + βY ′ = 1 , αY ′ + βY = 1 .

The following lemmas can be found in [2].

LEMMA 2.1. Let Y be an r.i. space on Ω with associate space Y ′. If f ∈ Y and
g ∈ Y ′, then f g is integrable and

∫

Ω

|f (ω)g(ω)|dP ≤ ‖f ‖Y ‖g‖Y ′ .

LEMMA 2.2. Let Y be an r.i. space on Ω with associate space Y ′. Then

‖χA‖Y ‖χA‖Y ′ = P(A) ,

for any measurable set A ⊂ Ω with P(A) < ∞.

LEMMA 2.3. Let Y be an r.i. space on Ω with associate space Y ′. Then

‖f ‖Y = sup
‖h‖Y ′≤1

∣∣
∣
∫

Ω

f (ω)h(ω)dP

∣∣
∣ .
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2.2. Variable exponents. In this subsection, we introduce variable exponent

Lebesgue spaces Lp(·)(Ω) defined on a probability space (Ω,F , P ) and some useful lem-
mas.

DEFINITION 2.4. Given a probability space (Ω,F , P ), a measurable functions p(·) :
Ω −→ [1,∞) is called a variable exponent. Let P(Ω) be the set of all variable exponents.

Let A ⊂ Ω. We denote

p+(A) = sup
x∈A

p(x) , p−(A) = inf
x∈A

p(x) .

If A = Ω, we simply write p+ = p+(Ω) and p− = p−(Ω). Given p(·) ∈ P , we always as-

sume that p+ < ∞. The space Lp(·) = Lp(·)(Ω) is the collection of all measurable functions
f such that for some λ > 0,

ρ(f
/
λ) =

∫

Ω

( |f (x)|
λ

)p(x)

dP < ∞ .

This becomes a Banach function space when equipped with the Luxemburg norm

‖f ‖p(·) ≡ inf{λ > 0 : ρ(f
/
λ) ≤ 1} .

We note that Lp(·) is not an r.i. space generally.

LEMMA 2.5 (see [3], page 24). Given p(·) ∈ P , then for all f ∈ Lp(·) and ‖f ‖p(·) �=
0, we have

∫

Ω

∣
∣
∣

f

‖f ‖p(·)

∣
∣
∣
p(x)

dP = 1 .

LEMMA 2.6 (see [10], Theorem 1.3). Given p(·) ∈ P and f ∈ Lp(·), then we have
(1) ‖f ‖p(·) < 1(= 1,> 1) if and only if ρ(f ) < 1(= 1,> 1);

(2) If ‖f ‖p(·) > 1, then ρ(f )1/p+ ≤ ‖f ‖p(·) ≤ ρ(f )1/p− ;

(3) If 0 < ‖f ‖p(·) ≤ 1, then ρ(f )1/p− ≤ ‖f ‖p(·) ≤ ρ(f )1/p+ .

LEMMA 2.7 (see [3], Hölder’s inequality). Given p(·), q(·), r(·) ∈ P , such that

1

p(x)
= 1

q(x)
+ 1

r(x)
.

Then there exists a constant Cp(·) such that for all f ∈ Lq(·) and g ∈ Lr(·), f g ∈ Lp(·) and

‖f g‖p(·) ≤ Cp(·)‖f ‖q(·)‖g‖r(·) .

DEFINITION 2.8. Given p(·) ∈ P and a function φ : (0,∞) → (0,∞), the general-
ized Campanato martingale space with variable exponent BMOφ,p(·) is defined by

BMOφ,p(·) = {
f = (fn)n≥1 : ‖f ‖BMOφ,p(·) < ∞}

,
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where

‖f ‖BMOφ,p(·) = sup
ν∈T

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖p(·)
‖χ{ν<∞}‖p(·)

.

2.3. Hardy–Orlicz martingale spaces. Let Φ ∈ S� with � ∈ (0, 1]. The Or-
licz space LΦ is defined as all measurable functions f with respect to (Ω,F , P ) such that
E
(
Φ(c|f |)) < ∞ for some c > 0 and

‖f ‖LΦ = inf
{
c > 0 : E

(
Φ(|f |/c)) ≤ 1

}
.

Now we define the Orlicz–Hardy martingale spaces. For a martingale f = (fn)n≥1, we denote
its martingale difference by dfi = fi − fi−1 (with convention f0 = 0). Then the conditional
quadratic variation, the square function and the maximal function of martingale f are defined
by

sn(f ) =
( n∑

i=1

Ei−1|dfi |2
)1/2

, s(f ) =
( ∞∑

i=1

Ei−1|dfi |2
)1/2

;

Sn(f ) =
( n∑

i=1

|dfi |2
)1/2

, S(f ) =
( ∞∑

i=1

|dfi |2
)1/2

;

f ∗
n = sup

1≤i≤n

|fi | , f ∗ = sup
i≥1

|fi | .

For Φ ∈ S�, we define

Hs
Φ = {

f = (fn)n≥1 : ‖f ‖Hs
Φ

= ‖s(f )‖LΦ < ∞}
.

HS
Φ = {

f = (fn)n≥1 : ‖f ‖HS
Φ

= ‖S(f )‖LΦ < ∞};

HΦ = {
f = (fn)n≥1 : ‖f ‖HΦ = ‖f ∗‖LΦ < ∞}

.

The stochastic basis (Fn)n≥1 is said to be regular, if for n ≥ 0 and A ∈ Fn, there exists
B ∈ Fn−1 such that A ⊂ B and P(B) ≤ RP(A), where R is a positive constant independent
of n. A martingale is said to be regular if it is adapted to a regular σ -algebra sequence. This
amounts to saying that there exists a constant R > 0 such that

fn ≤ Rfn−1

for all nonnegative martingales (fn)n≥1 adapted to the stochastic basis (Fn)n≥1. For Φ ∈ S�,

the authors in [26] proved that HΦ = Hs
Φ = HS

Φ when the stochastic basis (Fn)n≥1 is regular,

and that the dual space of Hs
Φ is BMOφ,2, where φ(r) = 1

rΦ−1(1/r)
. We end this section by

collecting two useful properties of Φ ∈ S�. For the detailed proof of them, we refer to [26].
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PROPOSITION 2.9. If Φ ∈ S� with � ∈ (0, 1], then
(1) Φ is equivalent to a concave function in S� ;
(2) Φ is subadditive.

3. Main results

THEOREM 3.1. Let Y be an r.i. Banach function space with αY > 0 and p(·) ∈ P .

If there exists Φ ∈ S� with � ∈ (0, 1] such that φ(r) = 1
rΦ−1(1/r)

for all r ∈ (0,∞), and

(Fn)n≥1 is regular, then

BMOφ,Y = BMOφ,p(·) .

3.1. John-Nirenberg inequalities with r.i. spaces. In this subsection we prove
BMOφ,Y = BMOφ,1 by constructing atomic decomposition of Orlicz–Hardy spaces Hs

Φ via
atoms associated with r.i. spaces.

DEFINITION 3.2. Let Φ ∈ S� with � ∈ (0, 1] and Y be an r.i. space on Ω with
βY < 1. A measurable function a is a (Φ, Y )s -atom (or (Φ, Y )S , (Φ, Y )∗ resp.) if there exists
a stopping time ν ∈ T such that

(a1) an = Ena = 0 if ν ≥ n;

(a2) ‖s(a)‖Y ≤ ‖χ{ν<∞}‖Y

‖χ{ν<∞}‖LΦ
(or ‖S(a)‖Y , ‖a∗‖Y resp.) .

Denote by As(Φ, Y ) (or A∗(Φ, Y )) be the set of all sequences of pair (μk, a
k, νk), where

μk are nonnegative numbers, ak are (Φ, Y )s -atoms (or (Φ, Y )∗-atoms) and νk are the stopping
times corresponding to ak and also

∑

k∈ Z

P(νk < ∞)Φ
(μk‖s(ak)‖Y

‖χ{νk<∞}‖Y

)
< ∞

(
or

∑

k∈ Z

P(νk < ∞)Φ
(μk‖(ak)∗‖Y

‖χ{νk<∞}‖Y

)
< ∞.

)

Let (μk, a
k, νk) ∈ As(Φ, Y ) (or A∗(Φ, Y )) and define

As
Y (μk, a

k, νk) = inf
{
c > 0 :

∑

k∈Z

P(νk < ∞)Φ
( μk‖s(ak)‖Y

c‖χ{νk<∞}‖Y

)
≤ 1

}

(
or A∗

Y (μk, a
k, νk) = inf

{
c > 0 :

∑

k∈Z

P(νk < ∞)Φ
( μk‖(ak)∗‖Y

c‖χ{νk<∞}‖Y

)
≤ 1

}
.

)

In order to prove the main theorem, we need the following lemma.
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LEMMA 3.3. Let Φ ∈ S� with � ∈ (0, 1] and Y be an r.i. Banach function space. For
f ∈ Y and B ∈ F with P(B) �= 0, if {f �= 0} ⊂ B, then

E
(
Φ(|f |)) ≤ 2P(B)Φ

( ‖f ‖Y

‖χB‖Y

)
.

PROOF. Set m = ‖f ‖Y

‖χB‖Y
. Since tΦ(r) ≤ Φ(tr) holds for t ∈ [0, 1] and r ∈ [0,∞), we

have

Φ(|f |) = Φ(|f |χB) ≤ Φ(m + |f |)χB ≤
(

1 + |f |
m

)
Φ(m)χB .

Thus, by Lemma 2.1 and Lemma 2.2 we obtain the conclusion as follows:

E
(
Φ(|f |)) ≤ E

((
1 + |f |

m

)
Φ(m)χB

)

= Φ(m)E
((

1 + |f |
m

)
χB

)

= Φ(m)
(

E(χB) + E
( |f |

m
χB

))

≤ Φ(m)
(
P(B) +

∥
∥
∥
|f |
m

∥
∥
∥

Y
‖χB‖Y ′

)

= Φ(m)
(
P(B) + ‖χB‖Y ‖χB‖Y ′

)

= 2Φ(m)P(B) .

REMARK 3.4. By Lemma 3.3, we have that, for any positive constant μ and for any
pair (a, ν) of (Φ, Y )s -atom,

∫

Ω

Φ
( μs(a)

(2cΦ)1/�

)
dP ≤ 1

2

∫

Ω

Φ(μs(a))dP

≤ P(ν < ∞)Φ
( μ‖s(a)‖Y

‖χ{ν<∞}‖Y

)
.

THEOREM 3.5. Let Φ ∈ S� with � ∈ (0, 1] and Y be an r.i. Banach function space
with βY < 1. Then

‖f ‖Hs
Φ

≈ inf
{
As

Y (μk, a
k, νk) : f =

∑

k∈Z

μka
k, (μk, a

k, νk) ∈ As(Φ, Y )
}

.

PROOF. Suppose that f ∈ Hs
Φ . Then from [26] Theorem 2.3, there exists a sequence of

pair (μk, a
k, νk) ∈ As(Φ,L∞) such that f = ∑

k∈Z μka
k and As

L∞(μk, a
k, νk) ≤ c‖f ‖Hs

Φ
,

where c is a constant independent of f . By the proof of [26] Theorem 2.3, we know that
Ena

k = 0 if νk ≥ n and

s(ak) = 0 on the set {νk = ∞} ,
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where νk is the stopping time corresponding to ak . Thus

s(ak) ≤ ‖s(ak)‖∞χ{νk<∞} .

Applying ‖ · ‖Y on both sides of the above inequality, we find that

‖s(ak)‖Y ≤ ‖s(ak)‖∞‖χ{νk<∞}‖Y

≤ ‖χ{νk<∞}‖Y

‖χ{νk<∞}‖LΦ

,

which means (a2) holds. And so for each k, ak is a (Φ, Y )s -atom.
Next we show that (μk, a

k, νk) ∈ As(Φ, Y ). Since

∑

k∈Z

P(νk < ∞)Φ
( μk‖s(ak)‖Y

As
L∞(μk, ak, νk)‖χ{νk<∞}‖Y

)

≤
∑

k∈Z

P(νk < ∞)Φ
( μk‖s(ak)‖∞‖χ{νk<∞}‖Y

As
L∞(μk, ak, νk)‖χ{νk<∞}‖Y

)

=
∑

k∈Z

P(νk < ∞)Φ
( μk‖s(ak)‖∞
As

L∞(μk, ak, νk)

)

≤ 1 ,

which means

As
Y (μk, a

k, νk) ≤ As
L∞(μk, a

k, νk) ≤ c‖f ‖Hs
Φ

,

namely, (μk, a
k, νk) ∈ As(Φ, Y ).

Moreover, again from the proof of [26] Theorem 2.3,
∑n

k=m μka
k converges to f in Hs

Φ

as m → −∞, n → ∞.
For the converse part, assume that f = ∑

k∈Z μka
k and (μk, a

k, νk) ∈ As(Φ, Y ). And

without loss of generality, we suppose that As
Y (μk, a

k, νk) = 1. Then by the subadditivity of
Φ and Remark 3.4, we have

∫

Ω

Φ
( s(f )

(2cΦ)1/�

)
dP ≤

∫

Ω

Φ
(∑

k∈Z μks(a
k)

(2cΦ)1/�

)
dP

≤
∑

k∈Z

∫

Ω

Φ
( μks(a

k)

(2cΦ)1/�

)
dP

≤
∑

k∈Z

P(νk < ∞)Φ
(μk‖s(ak)‖Y

‖χ{νk<∞}‖Y

)

≤ 1 .

This shows ‖f ‖Hs
Φ

≤ (2cΦ)1/�As
Y (μk, a

k, νk). The proof is complete.
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REMARK 3.6. 1) The condition βY < 1 can be replaced by a weaker condition which
could be described by Orlicz indices. It is a well known fact that one has no atomic de-
composition for Φ(t) = t in classical harmonic analysis when Y = L1 (see Theorem 4.10
in [4] ), and that’s why we have such a condition.

2) If (Fn)n≥1 is regular, then HΦ = Hs
Φ = HS

Φ for Φ ∈ S�, see [26]. Hence we can

also obtain the (Φ, Y )S (or (Φ, Y )∗ resp.)-atomic decomposition for HS
Φ (or HΦ resp.). The

proof is similar to the one of Theorem 3.5, so we leave the details to the reader.

THEOREM 3.7. Let Y be an r.i. Banach function space with αY > 0. If there exists

Φ ∈ S� with � ∈ (0, 1] such that φ(r) = 1
rΦ−1(1/r)

for all r ∈ (0,∞), and (Fn)n≥1 is

regular, then

BMOφ,Y = BMOφ,1 .

PROOF. First suppose that f ∈ BMOφ,Y . Then for ν ∈ T , by Lemmas 2.1 and 2.2, we
have

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖1

P(ν < ∞)

≤ 1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖Y ‖χ{ν<∞}‖Y ′

P(ν < ∞)

= 1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖Y

‖χ{ν<∞}‖Y

.

This means ‖f ‖BMOφ,1 ≤ ‖f ‖BMOφ,Y .
On the other hand, assume that f ∈ BMOφ,1. Then for ν ∈ T , by Lemma 2.3, there

exists h ∈ Y ′ and ‖h‖Y ′ ≤ 1 such that

‖(f − f ν)χ{ν<∞}‖Y ≤ 2
∣
∣∣
∫

{ν<∞}
(f − f ν)hdP

∣
∣∣ .

By the Doob inequality in r.i. spaces, let c0 be the constant (depending only on Y ′) such that
‖f ∗‖Y ′ ≤ c0‖f ‖Y ′ , ∀f ∈ Y ′; see for instance [28]. Define

a = ‖χ{ν<∞}‖Y ′(h − hν)

2c0‖χ{ν<∞}‖LΦ

,

then

‖a∗‖Y ′ ≤ c0‖a‖Y ′ ≤ ‖χ{ν<∞}‖Y ′

‖χ{ν<∞}‖LΦ

,

which implies a is a (Φ, Y ′)∗-atom. Let μ = 2‖χ{ν<∞}‖LΦ‖χ{ν<∞}‖Y ′ , then

A∗
Y ′(μ, a, ν) = inf

{
c > 0 : P(ν < ∞)Φ

( μ‖a∗‖Y ′

c‖χ{ν<∞}‖Y ′

)
≤ 1

}
≤ μ .
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Indeed, this is because

P(ν < ∞)Φ
( μ‖a∗‖Y ′

μ‖χ{ν<∞}‖Y ′

)
≤ P(ν < ∞)Φ

( 2

μ‖χ{ν<∞}‖Y ′

)

= P(ν < ∞)Φ
( 2‖χ{ν<∞}‖Y ′

2‖χ{ν<∞}‖Y ′ ‖χ{ν<∞}‖LΦ

)

= P(ν < ∞)Φ
(
Φ−1(1/P (ν < ∞)

))

= 1 .

Since βY ′ = 1 − αY < 1, then by Remark 3.6 (2)

h − hν ∈ HΦ ,

with its quasi-norm

‖h − hν‖HΦ ≤ cμ .

By [26], if (Fn)n≥1 is regular, (HΦ)∗ = (H s
Φ)∗ = BMOφ,2 = BMOφ,1. Therefore,

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖Y

‖χ{ν<∞}‖Y

≤ 1

φ(P (ν < ∞))

2
∣
∣
∣
∫
{ν<∞}(f − f ν)hdP

∣
∣
∣

‖χ{ν<∞}‖Y

= 1

φ(P (ν < ∞))

2
∣
∣
∣
∫
{ν<∞} f (h − hν)dP

∣
∣
∣

‖χ{ν<∞}‖Y

≤ 2

φ(P (ν < ∞))

‖h − hν‖HΦ ‖f ‖BMOφ,2

‖χ{ν<∞}‖Y

≤ c
‖χ{ν<∞}‖LΦ

φ(P (ν < ∞))P (ν < ∞)
‖f ‖BMOφ,1

= c‖f ‖BMOφ,1 ,

which means

‖f ‖BMOφ,Y ≤ c‖f ‖BMOφ,1 .

3.2. John-Nirenberg inequalities with variable exponents. In this subsection we
prove BMOφ,p(·) = BMOφ,1. We first state an extension of the converse Hölder inequality,
which will be used to deal with variable exponent inequalities.

LEMMA 3.8. Let p(·) ∈ P , 0 < p− ≤ p+ < ∞ and satisfy (1.3). Then for all set
B ∈ F , we have

P(B)1/p−(B) ≈ P(B)1/p(x) ≈ P(B)1/p+(B) ≈ ‖χB‖p(·) ∀x ∈ B .
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PROOF. Obviously, we have P(B)1/p−(B) ≤ P(B)1/p(x) ≤ P(B)1/p+(B), for all x ∈ B.
Since (1.3), we have

P(B)1/p(x)

P(B)1/p−(B)
≤ P(B)

p−(B)−p(x)

p−(B)p(x) ≤ K

1
p2−(Ω)

p(·) � K.

This implies P(B)1/p(x) ≤ KP(B)1/p−(B).

Then it is easy to check that P(B)1/p−(B) ≈ P(B)1/p(x) ≈ P(B)1/p+(B). And we have

χB(x)

P(B)1/p−(B)
≈ χB(x)

P(B)1/p(x)
,

that is
(

χB(x)

P(B)1/p−(B)

)p(x)

≥ χB(x)

P(B)
≥

(
χB(x)

KP(B)1/p−(B)

)p(x)

.

So
∫

Ω

(
χB(x)

P(B)1/p−(B)

)p(x)

dP ≈
∫

Ω

χB(x)

P(B)
dP = 1 .

Consequently, we get ‖χB‖p(·) ≈ P(B)1/p−(B) and we get the desired result.

COROLLARY 3.9. Let p(·) ∈ P and satisfy (1.3).
(1) Then for all set B ∈ F , we have

‖χB‖1 ≈ ‖χB‖p(·)‖χB‖q(·) ,

where

1 = 1

p(x)
+ 1

q(x)
.

(2) Let q(·) ∈ P and satisfies (1.3). Then for all set B ∈ F , we have

‖χB‖r(·) ≈ ‖χB‖p(·)‖χB‖q(·) ,

where

1

r(x)
= 1

p(x)
+ 1

q(x)
.

PROOF. It follows from Lemma 3.8 that

‖χB‖r(·) ≈ P(B)
1

r(x) = P(B)
1

p(x)
+ 1

q(x) ≈ ‖χB‖p(·)‖χB‖q(·) , ∀x ∈ B .

THEOREM 3.10. Let p(·) ∈ P and satisfy the condition (1.3). If (Fn)n≥1 is regular,
then

BMOφ,p(·) = BMOφ,1 ,
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where φ(r) = 1
rΦ−1(1/r)

and Φ ∈ S� .

PROOF. First suppose that f ∈ BMOφ,p(·). Then for ν ∈ T , by Lemma 2.7 and
Corollary 3.9, we have

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖1

P(ν < ∞)

� 1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖p(·)‖χ{ν<∞}‖p′(·)
P (ν < ∞)

= 1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖p(·)
‖χ{ν<∞}‖p(·)

· ‖χ{ν<∞}‖p(·)‖χ{ν<∞}‖p′(·)
‖χ{ν<∞}‖1

� ‖f ‖BMOφ,p(·)

This means ‖f ‖BMOφ,1 � ‖f ‖BMOφ,p(·) .
On the other hand, assume that f ∈ BMOφ,1. Then for ν ∈ T , by Lemma 2.7, we have

‖(f − f ν)χ{ν<∞}‖p(·) � ‖(f − f ν)χ{ν<∞}‖p+‖χ{ν<∞}‖ p+p(·)
p+−p(·)

= ‖(f − f ν)χ{ν<∞}‖p+
‖χ{ν<∞}‖p+

‖χ{ν<∞}‖ p+p(·)
p+−p(·)

‖χ{ν<∞}‖p+ .

Hence, we can get

1

φ(P (ν < ∞))
‖(f − f ν)χ{ν<∞}‖p(·) � ‖f ‖BMOφ,p+ ‖χ{ν<∞}‖ p+p(·)

p+−p(·)
‖χ{ν<∞}‖p+ .

Then from Theorem 2.9 in [26], we have

1

φ(P (ν < ∞))
‖(f − f ν)χ{ν<∞}‖p(·) � ‖f ‖BMOφ,1‖χ{ν<∞}‖ p+p(·)

p+−p(·)
‖χ{ν<∞}‖p+ .

Henceforth, by Corollary 3.9,

1

φ(P (ν < ∞))

‖(f − f ν)χ{ν<∞}‖p(·)
‖χν<∞‖p(·)

� ‖f ‖BMOφ,1

‖χ{ν<∞}‖ p+p(·)
p+−p(·)

‖χ{ν<∞}‖p+

‖χν<∞‖p(·)
� ‖f ‖BMOφ,1 ,

which means

‖f ‖BMOφ,p(·) ≤ c‖f ‖BMOφ,1 .

According to Theorems 3.7 and 3.10, we get Theorem 3.1.

REMARK 3.11. 1) If p(·) ≡ 1 and φ(r) ≡ 1 for r ∈ (0,∞), then Theorem 3.1 reduces
to the main result recently obtained in [32].

2) If p(·) ≡ 1 and Y = Lq , then Theorem 3.1 reduces to (1.2) in the first section.
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