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Sums of Products of Cauchy Numbers, Including Generalized
Poly-Cauchy Numbers
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Abstract. Many researchers have investigated sums of products of Bernoulli numbers and related types of
sums of products. Recently, the concept of poly-Cauchy numbers has been introduced by the author as a general-
ization of the classical Cauchy number. In this paper, we investigate sums of products of Cauchy numbers including
generalized poly-Cauchy numbers. We give a relation among these sums and explicit expressions of sums of any
arbitrary products. In addition, we also show the similar results in the case of poly-Cauchy numbers of the second
kind and those of mixed ones of both kinds.

1. Introduction

The Cauchy numbers (of the first kind) cn are defined by the integral of the falling facto-
rial:

cn =
∫ 1

0
x(x − 1) · · · (x − n + 1)dx

([9, Chapter VII]). The numbers cn/n! are sometimes called the Bernoulli numbers of the
second kind (see e.g. [4, 29]). Such numbers have been studied by several authors ([8, 23, 25,
28, 30]) because they are related to various special combinatorial numbers, including Stirling
numbers of both kinds, Bernoulli numbers and harmonic numbers. It is interesting to see that
the Cauchy numbers of the first kind cn have the similar properties and expressions to the
Bernoulli numbers Bn. For example, the generating function of the Cauchy numbers of the
first kind cn is expressed in terms of the logarithmic function:

x

ln(1 + x)
=

∞∑
n=0

cn
xn

n!
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([9, 25]) and the generating function of Bernoulli numbers Bn is expressed in terms of the
exponential function:

x

ex − 1
=

∞∑
n=0

Bn
xn

n! (1)

([9]) or

x

1 − e−x
=

∞∑
n=0

B(1)
n

xn

n! (2)

([17]). Actually, Bn = B
(1)
n (n ≥ 0) except B1 = −1/2 and B

(1)
1 = 1/2. Bernoulli numbers

B
(1)
n can be also written explicitly as

B(1)
n = (−1)n

n∑
m=0

{ n

m

} (−1)mm!
m + 1

,

where
{

n
m

}
are the Stirling numbers of the second kind, determined by

{ n

m

}
= 1

m!
m∑

j=0

(−1)j
(

m

j

)
(m − j)n

(see e.g. [13]). Recently, Liu, Qi and Ding ([23]) established some recurrence relations about
Cauchy numbers of the first kind as analogous results about Bernoulli numbers by Agoh and
Dilcher ([3]). Hence, there is the possibility that the similar results hold for Cauchy numbers
if some results are established for Bernoulli numbers. For example, Cauchy numbers of the
first kind cn can be written explicitly as

cn = (−1)n
n∑

m=0

[ n

m

] (−1)m

m + 1

([9, Chapter VII], [25, p.1908]), where
[

n
m

]
are the (unsigned) Stirling numbers of the first

kind, arising as coefficients of the rising factorial

x(x + 1) · · · (x + n − 1) =
n∑

m=0

[ n

m

]
xm

(see e.g. [13]).
The following identity on sums of two products of Bernoulli numbers is known as Euler’s

formula:

n∑
i=0

(
n

i

)
BiBn−i = −nBn−1 − (n − 1)Bn (n ≥ 0) . (3)
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The corresponding formula for Cauchy numbers was discovered in [30]:

n∑
i=0

(
n

i

)
cicn−i = −n(n − 2)cn−1 − (n − 1)cn (n ≥ 0) . (4)

Many generalizations of (3) have been considered. For example, Dilcher [11] gave closed
formulae of sums of N products of Bernoulli numbers for any integer N ≥ 1. Eie [12]
considered the sums of products of Shintani generalized Bernoulli numbers. Other types of
sums of products have been also studied (e.g. [1, 2, 6, 15, 19, 24, 26, 27]). Recently, Kamano
[14] investigated the following types of sums of products:

S(k)
m (n) :=

∑
i1+···+im=n

i1 ,...,im≥0

(
n

i1, . . . , im

)
Bi1 · · ·Bim−1︸ ︷︷ ︸

m−1

B
(k)
im

(m ≥ 1, n ≥ 0) , (5)

where Bernoulli numbers Bn are defined by the generating function (1) and B
(k)
n (n ≥ 0,

k ≥ 1) are poly-Bernoulli numbers defined by the generating function

Lik(1 − e−x)

1 − e−x
=

∞∑
n=0

B(k)
n

xn

n! , (6)

where

Lik(z) =
∞∑

m=1

zm

mk
(7)

is the k-th polylogarithm function. When k = 1, B
(1)
n = (−1)nBn is the classical Bernoulli

number with B
(1)
1 = 1/2 as seen in (1) and (2). Kamano also obtained explicit formulae of

S
(k)
m for m = 2 and 3. Putting k = 1 in his result S

(k)
2 = B

(1)
n − n

∑k
j=1 B

(j)
n , Euler’s formula

(3) is entailed.
On the other hand, we [22] introduced generalized poly-Cauchy numbers (of the first

kind) c
(k)
n,a as a generalization of the Cauchy numbers and an analogue of the poly-Bernoulli

numbers by the following.

c(k)
n,a =

∫ l1

0
· · ·

∫ lk

0
(x1x2 · · · xk)

a(x1x2 · · · xk − 1)

· · · (x1x2 · · · xk − (n − 1)
)
dx1dx2 · · · dxk .

In addition, the generating function of generalized poly-Cauchy numbers is given by

Lifk
(
ln(1 + x); a

) =
∞∑

n=0

c(k)
n,a

xn

n! ,
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where

Lifk(z; a) :=
∞∑

m=0

zm

m!(m + a)k
(a > 0) .

If a = 1, then Lifk(z; 1) = Lifk(z) is the k-th polylogarithm factorial function, which is also

introduced by the author [18, 16]. If a = 1, then c
(k)
n,1 = c

(k)
n is the poly-Cauchy number

(of the first kind), introduced in [18]. If k = a = 1, then c
(1)
n,1 = cn is the classical Cauchy

number.
In the definition of c

(k)
n,a , the integer k should be positive. However, in the generating

function of c
(k)
n,a , the integer k may not be restricted to be positive but extended to zero or

negative too.
In this paper, as an analogue of (5), we investigate about sums of products of Cauchy

numbers including generalized poly-Cauchy numbers:

T (k)
m,a(n) :=

∑
i1+···+im=n

i1,...,im≥0

(
n

i1, . . . , im

)
ci1 · · · cim−1︸ ︷︷ ︸

m−1

c
(k)
im,a (m ≥ 1, n ≥ 0) . (8)

A relation among these sums and explicit expressions of sums of two and three products are

also given. By the identity T
(k)

2 = T
(k)

2,1 , we get the corresponding formula (4) of Cauchy

numbers to Euler’s formula. If a = 1, the results in this paper are reduced to those in [21].

Not only so. Kamano [14] mentioned that explicit formulae of S
(k)
m for m ≥ 4 seemed to be

complicated to describe. We obtain explicit formulae of T
(k)
m for any m ≥ 2. In addition, we

give analogous formulae for poly-Cauchy numbers of the second kind and for mixed formulae
of both kinds of Cauchy numbers.

2. Main results

It is shown [14] that

m∑
l=0

(−1)m−l

[
m + 1

l + 1

]
S

(k−l)
m+1 (n) =

⎧⎪⎨
⎪⎩

n!
(n − m)!

m∑
l=0

[m

l

]
B

(k)
n−m+l , (n ≥ m);

0, (0 ≤ n ≤ m − 1) .

We consider an extended analogous type of sums of products of Cauchy numbers includ-

ing poly-Cauchy numbers T
(k)
m,a and obtain the following relation:
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THEOREM 1. For an integer k and a non-negative integer m, we have

m∑
l=0

(−1)m−lfm,lT
(k−l)
m+1,a(n) =

⎧⎪⎪⎨
⎪⎪⎩

m∑
l=0

n−m∑
i=0

n!
i!
(

l

n − m − i

){m

l

}
c
(k)
l+i,a (n ≥ m);

0 (0 ≤ n ≤ m − 1) ,

where fm,l (l = 0, 1, . . . ,m) are coefficients, yielding

(x − a)
(
x − (a + 1)

) · · · (x − (a + n − 1)
)

= fn,nxn − fn,n−1x
n−1 + fn,n−2x

n−2 + · · · + (−1)nfn,0 . (9)

REMARK. By the definition

fm,0 = a(a + 1) · · · (a + m − 1) =
m∑

i=0

[m

i

]
ai ,

fm,l = 1

l!
dl

dal
fm,0

=
m−l∑
i=0

(
i + l

l

)[
m

i + l

]
ai (l = 1, 2, . . . ,m) .

If a = 1, then

fm,l =
[

m + 1

l + 1

]
.

Note that the generating function of T
(k)
m,a is given by

(
x

ln(1 + x)

)m−1

Gk,a(x) =
∞∑

n=0

T (k)
m,a(n)

xn

n! , (10)

where

Gk,a(x) : = Lifk
(
ln(1 + x); a

) =
∞∑

n=0

c(k)
n,a

xn

n!

=
∞∑

m=0

(
ln(1 + x)

)m
m!(m + a)k

.

Since

xm dl

dxl
Gk,a(x) =

∞∑
i=0

c
(k)
l+i,a

xm+i

i! (m, l ≥ 0, k ≥ 1) , (11)
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the coefficient of xn in

xm dl

dxl
Gk,a(x)

is equal to
⎧⎪⎨
⎪⎩

c
(k)
n−m+l,a

(n − m)! (n ≥ m);
0 (0 ≤ n ≤ m − 1) .

We need the following Lemma in order to prove Theorem 1.

LEMMA 1. For an integer k, a positive integer m and a nonzero real number a, we
have

({m

m

} dm

dxm
+
{

m

m − 1

}
1

1 + x

dm−1

dxm−1 + · · · +
{m

1

} 1

(1 + x)m−1

d

dx

)
Gk,a(x)

= 1

(1 + x)m(ln(1 + x))m

m∑
l=0

(−1)m−lfm,lGk−l,a(x) ,

where fm,l (l = 0, 1, . . . ,m) are defined in (9).

PROOF OF LEMMA 1. Since

d

dx
Lifk(x; a) = 1

x

∞∑
m=0

mxm

m!(m + a)k

= 1

x

∞∑
m=0

(
xm

m!(m + a)k−1 − a
xm

m!(m + a)k

)
= Lifk−1(x; a) − aLifk(x; a)

x
,

we have

d

dx
Gk,a(x) = Gk−1,a(x) − aGk,a(x)

(1 + x) ln(1 + x)
. (12)

By induction, we can show that for m ≥ 1

dm

dxm
Gk,a(x) =

m∑
ν=1

(−1)m−ν

(1 + x)m
(
ln(1 + x)

)ν
[m

ν

]
gν+1,a(x) ,

where

gν+1,a(x) :=
ν∑

l=0

(−1)ν−lfν,lGk−l(x) (ν = 1, 2, . . . ,m) .
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Thus, by using the inversion relationship

m∑
j=ν

(−1)j−ν

{
m

j

} [
j

ν

]
=
{

1 (ν = m);
0 (ν = 1, 2, . . . ,m − 1)

(see e.g. [13, Chapter 6]), the left-hand side of the identity in above Lemma is equal to

m∑
j=1

{
m

j

}
1

(1 + x)m−j

j∑
ν=1

(−1)j−ν

(1 + x)j (ln(1 + x))ν

[
j

ν

]
gν+1,a(x)

= 1

(1 + x)m

m∑
ν=1

gν+1,a(x)

(ln(1 + x))ν

m∑
j=ν

(−1)j−ν

{
m

j

} [
j

ν

]

= gm+1,a(x)

(1 + x)m(ln(1 + x))m
,

which is the right-hand side of the desired identity. �

Now, by the generating function (10), the identity (11) and Lemma 1,
∞∑

n=0

(
m∑

l=0

(−1)m−lfm,lT
(k−l)
m+1,a(n)

)
xn

n!

=
(

x

ln(1 + x)

)m m∑
l=0

(−1)m−lfm,lGk−l,a(x)

= xm

(
(1 + x)m

{m

m

} dm

dxm
+ (1 + x)m−1

{
m

m − 1

}
dm−1

dxm−1

+ · · · + (1 + x)
{m

1

} d

dx

)
Gk,a(x)

=
m∑

l=0

(1 + x)l
{m

l

} ∞∑
i=0

c
(k)
l+i,a

xm+i

i!

=
m∑

l=0

l∑
κ=0

(
l

κ

)
xκ

{m

l

} ∞∑
i=0

c
(k)
l+i,a

xm+i

i!

=
m∑

l=0

∞∑
n=0

n∑
i=0

(
l

n − i

){m

l

} c
(k)
l+i,a

i! xm+n

=
∞∑

n=m

(
m∑

l=0

n−m∑
i=0

n!
i!
(

l

n − m − i

){m

l

}
c
(k)
l+i,a

)
xn

n! .
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Note that
(
l
ν

) = 0 (l < ν) and
{

m
0

} = 0 (m ≥ 1). Therefore,

m∑
l=0

(−1)m−lfm,lT
(k−l)
m+1,a(n) =

⎧⎪⎪⎨
⎪⎪⎩

m∑
l=0

n−m∑
i=0

n!
i!
(

l

n − m − i

){m

l

}
c
(k)
l+i,a (n ≥ m);

0 (0 ≤ n ≤ m − 1) .

If we put m = 1 in Theorem 1, by f1,0 = a and f1,1 = 1, we get an analogous formula
to Euler’s identity (3) for sums of products of a Cauchy number and a poly-Cauchy number.

COROLLARY 1.

n∑
i=0

(
n

i

)
ci(c

(k−1)
n−i,a − ac

(k)
n−i,a) = n(n − 1)c

(k)
n−1,a + nc(k)

n,a (n ≥ 0) .

2.1. Explicit formula for T
(k)
2,a (n). Theorem 1 gives only a relation among sums of

products T
(k)
m,a(n). For m = 2, an explicit formula for

T
(k)
2,a (n) =

n∑
i=0

(
n

i

)
cic

(k)
n−i,a

can be given. This is an extension of [20, Theorem 4].

THEOREM 2. For integers n ≥ 0 and k ≥ 1 and a real number a > 0 we have

T
(0)
2,a (n) = cn + ncn−1 , (13)

T
(k)

2,a (n) = T
(0)

2,a (n)

ak
− n

k∑
j=1

c
(j)
n,a + (n − 1)c

(j)
n−1,a

ak−j+1
, (14)

T
(−k)

2,a (n) = akT
(0)

2,a (n) + n

k−1∑
j=0

ak−j−1(c
(−j)
n,a + (n − 1)c

(−j)

n−1,a) . (15)

PROOF.
∞∑

n=0

T
(0)

2,a (n)
xn

n! = x

ln(1 + x)
Lif0

(
ln(1 + x); a

) = (1 + x)x

ln(1 + x)

= x

ln(1 + x)
+ x2

ln(1 + x)
.

Since

x2

ln(1 + x)
= x

x

ln(1 + x)
= x

∞∑
n=0

c(k)
n

xn

n!
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=
∞∑

n=0

(n + 1)cn

xn+1

(n + 1)! =
∞∑

n=0

ncn−1
xn

n! ,

we have

∞∑
n=0

T
(0)

2,a (n)
xn

n! =
∞∑

n=0

(cn + ncn−1)
xn

n! .

Next, by (12) and G0,a(x) = 1 + x we have

k∑
j=1

1

ak−j
(1 + x) ln(1 + x)

d

dx
Gj,a(x) =

k∑
j=1

(
Gj−1,a(x)

ak−j
− Gj,a(x)

ak−j−1

)

= 1 + x

ak−1
− aGk,a(x) .

Hence,
∞∑

n=0

T
(k)

2,a (n)
xn

n! = x

ln(1 + x)
Gk,a(x)

= 1

ak

x(1 + x)

ln(1 + x)
− x(1 + x)

k∑
j=1

1

ak−j+1

d

dx
Gj,a(x)

= 1

ak

∞∑
n=0

T
(0)

2,a (n)
xn

n! − x(1 + x)

k∑
j=1

1

ak−j+1

∞∑
n=0

c
(j)

n+1,a

xn

n!

= 1

ak

∞∑
n=0

T
(0)

2,a (n)
xn

n! −
∞∑

n=0

n

k∑
j=1

1

ak−j+1

(
c
(j)
n,a + (n − 1)c

(j)

n−1,a

)xn

n! .

Therefore, we get the identity (14).
Finally, by

(1 + x) ln(1 + x)
d

dx
G−k = G−k−1 − aG−k ,

we have
k−1∑
j=0

ak−j−1(1 + x) ln(1 + x)
d

dx
G−j,a(x) =

k−1∑
j=0

(
ak−j−1G−j−1,a(x) − ak−jG−j,a(x)

)

= G−k,a(x) − ak(1 + x) .

Hence,
∞∑

n=0

T
(−k)
2,a (n)

xn

n! = x

ln(1 + x)
G−k,a(x)
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= ak x(1 + x)

ln(1 + x)
+ x(1 + x)

k−1∑
j=0

ak−j−1 d

dx
G−j,a(x)

= ak
∞∑

n=0

T
(0)
2,a (n)

xn

n! + x(1 + x)

k−1∑
j=0

ak−j−1
∞∑

n=0

c
(−j)

n+1,a

xn

n!

= ak
∞∑

n=0

T
(0)
2,a (n)

xn

n! +
∞∑

n=0

n

k−1∑
j=0

ak−j−1(c(−j)
n,a + (n − 1)c

(−j)

n−1,a

)xn

n! .

Therefore, we get the identity (15). �

Putting k = 1 in (14), we have the following identity. This is also an analogous formula
to Euler’s identity (3). If a = 1, then this is reduced to (4).

COROLLARY 2.

a

n∑
i=0

(
n

i

)
cicn−i,a = cn + ncn−1 − ncn,a − n(n − 1)cn−1,a (n ≥ 0) .

PROOF. If k = 1 in (14), we have

T
(1)

2,a (n) = T
(0)
2,a (n)

a
− n

(
cn,a + (n − 1)cn−1,a

)
a

.

Hence,

n∑
i=0

(
n

i

)
cicn−i,a = cn + ncn−1

a
− n

(
cn,a + (n − 1)cn−1,a

)
a

.

�

2.2. Explicit formulae for T
(k)
3,a (n). For m = 3, an explicit formula for

T
(k)

3,a (n) =
n∑

i=0

n−i∑
j=0

n!
i!j !(n − i − j)!cicj c

(k)
n−i−j,a

can be also given. This is an extension of [20, Theorem 6].

THEOREM 3. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

T
(0)
3,a (n) = −(n − 1)cn − 2n(n − 2)cn−1 − n(n − 1)(n − 3)cn−2 , (16)

T
(k)
3,a (n) = T

(0)
3,a (n)

ak
− n

(
1

ak
− 1

(a + 1)k

)
T

(0)
2,a (n − 1)
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+ n(n−1)

k∑
j=1

(
1

ak−j+1
− 1

(a + 1)k−j+1

)(
c
(j)
n,a+(2n−3)c

(j)

n−1,a+(n−2)2c
(j)

n−2,a

)
,

(17)

T
(−k)

3,a (n) = akT
(0)

3,a (n) + n
(
(a + 1)k − ak

)
T

(0)
2,a (n − 1)

+ n(n−1)

k−2∑
j=0

(
(a+1)k−j−1−ak−j−1)(c(−j)

n,a +(2n − 3)c
(−j)

n−1,a + (n − 2)2c
(−j)

n−2,a

)
.

(18)

PROOF.
∞∑

n=0

T
(0)
3,a (n)

xn

n! = x2(1 + x)

(ln(1 + x))2 = (1 + x)

∞∑
n=0

T
(1)

2,1 (n)
xn

n!

=
∞∑

n=0

(T
(1)

2,1 (n) + nT
(1)

2,1 (n − 1))
xn

n! .

Since T
(1)
2,1 (n) = −(n − 1)cn − n(n − 2)cn−1 by Corollary 2,

T
(0)
3,a (n) = T

(1)
2,1 (n) + nT

(1)
2,1 (n − 1)

= −(n − 1)cn − n(n − 2)cn−1

+ n
(−(n − 2)cn−1 − (n − 1)(n − 3)cn−2

)
= −(n − 1)cn − 2n(n − 2)cn−1 − n(n − 1)(n − 3)cn−2 ,

which is the identity (16).

Next, by Lemma 1 with m = 2 and f2,0 = a2 + a, f2,1 = 2a + 1 and f2,2 = 1
(

d2

dx2 + 1

1 + x

d

dx

)
Gk,a(x) =

(
(a2 + a)Gk,a(x) − (2a + 1)Gk−1,a(x) + Gk−2,a(x)

)
(1 + x)2(ln(1 + x))2

=
(
a + 1)

(
aGk,a(x) − Gk−1,a(x)

) − (
aGk−1,a(x) − Gk−2,a(x)

)
(1 + x)2(ln(1 + x))2

.

Thus,

(1 + x)2(ln(1 + x)
)2
(

d2

dx2 + 1

1 + x

d

dx

) k∑
j=1

Gj,a(x)

(a + 1)k−j+1

=
k∑

j=1

(
aGj,a(x) − Gj−1,a(x)

(a + 1)k−j
− aGj−1,a(x) − Gj−2,a(x)

(a + 1)k−j+1

)

= aGk,a(x) − Gk−1,a(x) − aG0,a(x) − G−1,a(x)

(a + 1)k
.
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Hence,

Gk,a(x) − Gk−1,a(x)

a

= aG0,a(x) − G−1,a(x)

a(a + 1)k
+ (1 + x)2(ln(1 + x))2

(
d2

dx2 + 1

1 + x

d

dx

) k∑
j=1

Gj,a(x)

a(a + 1)k−j+1 .

Since

Lif−1(z; a) = z

∞∑
m=1

zm−1

(m − 1)! + a

∞∑
m=0

zm

m!
= (z + a)ez ,

we get G−1,a(x) = (1 + x)
(
a + ln(1 + x)

)
, so aG0,a(x) − G−1,a(x) = −(1 + x) ln(1 + x).

Hence,

k∑
μ=1

(
Gμ,a(x)

ak−μ
− Gμ−1,a(x)

ak−μ+1

)

=
k∑

μ=1

aG0,a(x) − G−1,a(x)

ak−μ+1(a + 1)μ

+ (1 + x)2(ln(1 + x))2
(

d2

dx2 + 1

1 + x

d

dx

) k∑
μ=1

1

ak−μ+1

μ∑
j=1

Gj,a(x)

(a + 1)μ−j+1 ,

entailing that

Gk,a(x) = G0,a(x)

ak
+
(

1

ak
− 1

(a + 1)k

) (
aG0,a(x) − G−1,a(x)

)

+(1+x)2(ln(1+x))2
(

d2

dx2 + 1

1+x

d

dx

) k∑
j=1

(a+1)jGj,a(x)

k∑
μ=j

1

ak−μ+1(a+1)μ+1

= 1 + x

ak
−
(

1

ak
− 1

(a + 1)k

)
(1 + x) ln(1 + x)

+ (1+x)2(ln(1+x))2
(

d2

dx2
+ 1

1 + x

d

dx

) k∑
j=1

(
1

ak−j+1
− 1

(a + 1)k−j+1

)
Gj,a(x) .

Therefore,
∞∑

n=0

T
(k)

3,a (n)
xn

n! = x2

(
ln(1 + x)

)2 Gk,a(x)
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= 1

ak

x2(1 + x)(
ln(1 + x)

)2
−
(

1

ak
− 1

(a + 1)k

)
x2(1 + x)

ln(1 + x)

+ x2(1 + x)2
(

d2

dx2 + 1

1 + x

d

dx

) k∑
j=1

(
1

ak−j+1 − 1

(a + 1)k−j+1

)
Gj,a(x)

=
∞∑

n=0

T
(0)

3,a (n)

ak

xn

n! −
(

1

ak
− 1

(a + 1)k

)
x

∞∑
n=0

T
(0)
2,a (n)

xn

n!

+
k∑

j=1

(
1

ak−j+1 − 1

(a + 1)k−j+1

)
x2(1 + x)2

(
d2

dx2 + 1

1 + x

d

dx

) ∞∑
n=0

c
(j)
n,a

xn

n!

=
∞∑

n=0

T
(0)

3,a (n)

ak

xn

n! −
(

1

ak
− 1

(a + 1)k

) ∞∑
n=0

nT
(0)
2,a (n − 1)

xn

n!

+
k∑

j=1

(
1

ak−j+1 − 1

(a + 1)k−j+1

)∞∑
n=0

n(n−1)
(
c
(j)
n,a + (2n − 3)c

(j)

n−1,a+(n − 2)2c
(j)

n−2,a

)xn

n! .

By comparing the coefficients of xn/n! in both sides, we have the identity (17).
Finally, since

(1 + x)2(ln(1 + x)
)2
(

d2

dx2 + 1

1 + x

d

dx

) k−2∑
j=0

(a + 1)k−j−2G−j,a(x)

=
k−2∑
j=0

(
(a+1)k−j−1(aG−j,a(x)−G−j−1,a(x)

)−(a+1)k−j−2(aG−j−1,a(x)−G−j−2,a(x)
))

= (a + 1)k−1(aG0,a(x) − G−1,a(x)
)− (

aG−k+1,a(x) − G−k,a(x)
)
,

we obtain
k∑

μ=2

(−ak−μ+1G−μ+1,a(x) + ak−μG−μ,a(x)
) = −ak−1G−1,a(x) + G−k,a(x)

= (1 + x)2(ln(1 + x)
)2
(

d2

dx2
+ 1

1 + x

d

dx

) k∑
μ=2

μ−2∑
j=0

ak−μ(a + 1)μ−j−2G−j,a(x)

−
k∑

μ=2

ak−μ(a + 1)μ−1(aG0,a(x) − G−1,a(x)
)

= (1+x)2(ln(1+x)
)2( d2

dx2
+ 1

1 + x

d

dx

)k−2∑
j=0

ak(a+1)−j−2G−j,a(x)

k∑
μ=j+2

a−μ(a+1)μ
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+ (
(a + 1)k − ak−1(a + 1)

)
(1 + x) ln(1 + x) .

Hence, we have

G−k,a(x) = ak−1(1 + x)
(
a + ln(1 + x)

)+ (
(a + 1)k − ak−1(a + 1)

)
(1 + x) ln(1 + x)

+(1+x)2(ln(1+x)
)2 ( d2

dx2 + 1

1+x

d

dx

) k−2∑
j=0

(
(a+1)k−j−1 − ak−j−1)G−j,a(x)

= ak(1 + x) + (
(a + 1)k − ak

)
(1 + x) ln(1 + x)

+(1+x)2(ln(1+x)
)2( d2

dx2 + 1

1 + x

d

dx

)k−2∑
j=0

(
(a + 1)k−j−1−ak−j−1)G−j,a(x) .

Therefore,
∞∑

n=0

T
(−k)

3,a (n)
xn

n! = x2

(
ln(1 + x)

)2 G−k,a(x)

= ak x2(1 + x)(
ln(1 + x)

)2 + (
(a + 1)k − ak

)x2(1 + x)

ln(1 + x)

+ x2(1 + x)2
(

d2

dx2
+ 1

1 + x

d

dx

) k−2∑
j=0

(
(a + 1)k−j−1 − ak−j−1)G−j,a(x)

=
∞∑

n=0

akT
(0)
3,a (n)

xn

n! + (
(a + 1)k − ak

) ∞∑
n=0

nT
(0)

2,a (n − 1)
xn

n!

+
k−2∑
j=0

(
(a+1)k−j−1 − ak−j−1) ∞∑

n=0

n(n−1)
(
c
(−j)
n,a +(2n − 3)c

(−j)

n−1,a+(n − 2)2c
(−j)

n−2,a

)xn

n! ,

yielding the identity (18). �

2.3. Explicit formulae for T
(k)
4,a (n). Kamano [14] mentioned that explicit formulae

of S
(k)
m for m ≥ 4 seemed to be complicated to describe. However, similarly to Theorem 2

and Theorem 3, we can obtain explicit forms for T
(k)

4,a (n).

THEOREM 4. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

T
(0)
4,a (n) = T

(1)
3,1 (n) + nT

(1)
3,1 (n − 1) , (19)

T
(k)

4,a (n) = T
(0)

4,a (n)

ak
− n

(
1

ak
− 1

(a + 1)k

)
T

(0)
3,a (n − 1)

+ n(n − 1)

(
1

2ak
− 1

(a + 1)k
+ 1

2(a + 2)k

)
T

(0)
2,1 (n − 2)
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− n(n − 1)(n − 2)

k∑
j=1

(
1

2ak−j+1
− 1

(a + 1)k−j+1
+ 1

2(a + 2)k−j+1

)

× (
c
(j)
n,a + (3n − 6)c

(j)
n−1,a + (3n2 − 15n + 19)c

(j)
n−2,a + (n − 3)3c

(j)
n−3,a

)
,

(20)

T
(−k)

4,a (n) = akT
(0)

4,a (n) + n
(
(a + 1)k − ak

)
T

(0)
3,a (n − 1)

+ n(n − 1)

(
(a + 2)k

2
− (a + 1)k + ak

2

)
T

(0)
2,a (n − 2)

+ n(n − 1)(n − 2)

k−3∑
j=0

(
(a + 2)k−j−1

2
− (a + 1)k−j−1 + ak−j−1

2

)

× (
c
(−j)
n,a + (3n − 6)c

(−j)

n−1,a + (3n2 − 15n + 19)c
(−j)

n−2,a + (n − 3)3c
(−j)

n−3,a

)
.

(21)

2.4. Explicit formulae for T
(k)
m,a(n). Continually, we can also obtain explicit forms of

T
(k)
m,a(n) for m = 5, 6, . . . . Actually, there exist explicit formulae of T

(k)
m,a(n) for any general

integer m ≥ 2.

THEOREM 5. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

T (0)
m,a(n) = T

(1)
m−1,1(n) + nT

(1)
m−1,1(n − 1) , (22)

T (k)
m,a(n) =

m−2∑
r=0

(
n

r

) r∑
i=0

(
r

i

)
(−1)r−iT

(0)
m−r,a(n − r)

(a + i)k

+ n

(
n − 1

m − 2

) k∑
j=1

m−2∑
i=0

(
m − 2

i

)
(−1)m−i−1

(a + i)k−j+1

m−1∑
κ=0

Pm,κ (n)c
(j)
n−κ,a , (23)

T (−k)
m,a (n) =

m−2∑
r=0

(
n

r

) r∑
i=0

(
r

i

)
(−1)r−i(a + i)kT

(0)
m−r,a(n − r)

+ n

(
n − 1

m − 2

) k−m+1∑
j=0

m−2∑
i=0

(
m − 2

i

)
(−1)m−i (a + i)k−j−1

m−1∑
κ=0

Pm,κ(n)c
(−j)
n−κ,a ,

(24)

where

Pm,κ (n) =
κ∑

t=0

{
m − 1

m − t − 1

}(
m − t − 1

m − κ − 1

)
(n − m + 1)!

(n − m − κ + t + 1)! (κ = 0, 1, . . . ,m − 2)
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and

Pm,m−1(n) =
m−2∑
t=0

{
m − 1

m − t − 1

}
(n − m + 1)!

(n − 2m + t + 2)! = (n − m + 1)m−1 .

2.5. Proof of Theorem 5. Since
∞∑

n=0

T (0)
m,a(n)

xn

n! =
(

x

ln(1 + x)

)m−1

Lif0
(
ln(1 + x); a

)

=
(

x

ln(1 + x)

)m−1

(1 + x)

=
(

x

ln(1 + x)

)m−1

+ x

(
x

ln(1 + x)

)m−1

=
∞∑

n=0

T
(1)
m−1,1(n)

xn

n! +
∞∑

n=0

(n + 1)T
(1)
m−1,1(n)

xn+1

(n + 1)! ,

the identity (22) holds.
We shall prove the identity (23) in a different method from those used in the proofs in

Theorem 2 and Theorem 3. The identity (24) can be proven similarly and omitted. We need
some lemmata.

LEMMA 2. For any integer m ≥ 1 we have

1

n + a − y
=

m−1∑
r=0

(−1)r
(

n

r

) r∑
i=0

(
r

i

)
(−1)i

i + a − y

+
m−1∑
i=0

(−1)m+im!(n
m

)
i!(m − i − 1)!(n − i)

(
1

i + a − y
− 1

n + a − y

)
.

PROOF. Put

hn(m) =
m−1∑
r=0

(−1)r
(

n

r

) r∑
i=0

(
r

i

)
(−1)i

i + a − y

+
m−1∑
i=0

(−1)m+im!(n
m

)
i!(m − i − 1)!(n − i)

(
1

i + a − y
− 1

n + a − y

)
.

For m = 1

hn(1) = 1

a − y
−
(

1

a − y
− 1

n + a − y

)
= 1

n + a − y
.
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For m ≥ 1

hn(m + 1) − hn(m)

= (−1)m
(

n

m

) m∑
i=0

(
m

i

)
(−1)i

i + a − y

+
m∑

i=0

(−1)m+i+1(m + 1)!( n
m+1

)
i!(m − i)!(n − i)

(
1

i + a − y
− 1

n + a − y

)

−
m−1∑
i=0

(−1)m+im!(n
m

)
i!(m − i − 1)!(n − i)

(
1

i + a − y
− 1

n + a − y

)

= (−1)m
(

n

m

) m∑
i=0

(
m

i

)
(−1)i

i + a − y
−
(

n

m

)(
1

m + a − y
− 1

n + a − y

)

+
m−1∑
i=0

(−1)m+i+1
(

n

m

)(
m

i

)(
1

i + a − y
− 1

n + a − y

)

=
(

n

m

)
1

m + a − y
−
(

n

m

)(
1

m + a − y
− 1

n + a − y

)

+ (−1)m

n + a − y

(
n

m

)m−1∑
i=0

(
m

i

)
(−1)i

=
(

n

m

)
1

n + a − y
−
(

n

m

)
1

n + a − y
= 0 .

�

LEMMA 3. For m ≥ 1 and n ≥ 0 we have

1

(n + a)k

=
m−1∑
r=0

(−1)r
(

n

r

) r∑
i=0

(
r

i

)
(−1)i

(a + i)k
+

k∑
j=1

m−1∑
i=0

(−1)m+i
(
n
m

)
m!

i!(m − i − 1)!(i + a)k−j+1(n + a)j
.

PROOF. Taking the infinite sum
∑∞

k=1 yk−1 for small y > 0, the left-hand side of the
identity in Lemma 3 is equal to

∞∑
k=1

yk−1

(n + a)k
= 1

n + a − y
.
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By Lemma 2, the right-hand side is equal to

m−1∑
r=0

(−1)r
(

n

r

) r∑
i=0

(
r

i

)
(−1)i

i + a

∞∑
k=1

(
y

i + a

)k−1

+
m−1∑
i=0

(−1)m+im!(n
m

)
i!(m − i − 1)!

∞∑
k=1

yk−1

(i + a)k

k∑
j=1

(i + a)j−1

(n + a)j

=
m−1∑
r=0

(−1)r
(

n

r

) r∑
i=0

(
r

i

)
(−1)i

i + a − y

+
m−1∑
i=0

(−1)m+im!(n
m

)
i!(m − i − 1)!

1

n − i

(
1

i + a − y
− 1

n + a − y

)

= 1

n + a − y
.

�

LEMMA 4. For m ≥ 0 we have

m∑
l=0

(−1)lfm,l(n + a)l = (−1)mm!
(

n

m

)
.

PROOF. By the definition of fm,l in (9)
m∑

l=0

(−1)lfm,l(n+a)l = (−1)m
(
(n+a) − a

)(
(n+a)−(a+1)

) · · · ((n+a) − (a+m−1)
)

= (−1)mm!
(

n

m

)
.

�

By taking the summation
∑∞

n=0

(
ln(1 + x)

)n
/n! on both sides of the identity in Lemma

3 and by Lemma 4, we have

Gk,a(x) =
∞∑

n=0

(
ln(1 + x)

)n
n!(n + a)k

=
m−1∑
r=0

(−1)r
r∑

i=0

(
r

i

)
(−1)i

(i + a)k

(
ln(1 + x)

)r
r!

∞∑
n=r

(
ln(1 + x)

)n−r

(n − r)!

+
k∑

j=1

m−1∑
i=0

(−1)m+im!
i!(m − i − 1)!(i + a)k−j+1

∞∑
n=0

(
n

m

)(
ln(1 + x)

)n
n!(n + a)j
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=
m−1∑
r=0

(1 + x)
(− ln(1 + x)

)r
r!

r∑
i=0

(
r

i

)
(−1)i

(i + a)k

+
k∑

j=1

m−1∑
i=0

(−1)m−i

i!(m − i − 1)!(i + a)k−j+1

m∑
l=0

(−1)m−lfm,lGj−l,a(x) . (25)

Replacing m by m − 1 and k by j in Lemma 1, and multiplying both sides by (1 +
x)m−1xm−1, we have
(

x

ln(1 + x)

)m−1 m−1∑
l=0

(−1)m−l−1fm−1,lGj−l,a(x)

= (1 + x)m−1xm−1
m−2∑
t=0

{
m − 1

m − t − 1

}
1

(1 + x)t

dm−t−1

dxm−t−1 Gj,a(x)

= (1 + x)m−1xm−1
m−2∑
t=0

{
m − 1

m − t − 1

}
1

(1 + x)t

∞∑
n=0

c
(j)

m+n−t−1,a

xn

n!

=
m−2∑
t=0

{
m − 1

m − t − 1

}
(1 + x)m−t−1

∞∑
n=0

n!
(n − m + 1)!c

(j)
n−t,a

xn

n!

=
m−2∑
t=0

{
m − 1

m − t − 1

}m−t−1∑
r=0

(
m − t − 1

r

)
xr

∞∑
n=0

n!
(n − m + 1)!c

(j)
n−t,a

xn

n!

=
m−2∑
t=0

{
m − 1

m − t − 1

}m−t−1∑
r=0

(
m − t − 1

r

) ∞∑
n=0

n!
(n − r − m + 1)!c

(j)
n−r−t,a

xn

n!

=
m−2∑
t=0

{
m − 1

m − t − 1

}m−1∑
κ=0

(
m − t − 1

m − κ − 1

) ∞∑
n=0

n!
(n − κ + t − m + 1)!c

(j)
n−κ,a

xn

n! (κ = r + t)

=
∞∑

n=0

n!
(n − m + 1)!

m−1∑
κ=0

Pm,κ (n)c
(j)
n−κ,a

xn

n! .

Thus, replacing m by m − 1 and multiplying
(
x/ ln(1 + x)

)m−1 on both sides of (25),
(

x

ln(1 + x)

)m−1

G(k)
n,a(x) =

∞∑
n=0

T (k)
m,a(n)

xn

n!

=
m−2∑
r=0

(−x)r

r!
r∑

i=0

(
r

i

)
(−1)i

(i + a)k

∞∑
n=r

T
(0)
m−r,a(n − r)

xn−r

(n − r)!
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+
∞∑

n=0

n!
(n − m + 1)!

k∑
j=1

m−2∑
i=0

(−1)m−i−1

i!(m − i − 2)!(i + a)k−j+1

m−1∑
κ=0

Pm,κ (n)c
(j)
n−κ,a

xn

n! .

Comparing the coefficients, we obtain the identity (23).

3. Poly-Cauchy numbers of the second kind

Similarly to T
(k)
m,a , define T̂

(k)
m,a(n) for a real number a > 0 by

T̂ (k)
m,a(n) :=

∑
i1+···+im=n

i1,...,im≥0

(
n

i1, . . . , im

)
ĉi1 · · · ĉim−1︸ ︷︷ ︸

m−1

ĉ
(k)
im,a (m ≥ 1, n ≥ 0) ,

where ĉ
(k)
n,a is a generalized poly-Cauchy number of the second kind, whose generating func-

tion is given by

Lifk
(− ln(1 + x); a

) =
∞∑

n=0

ĉ(k)
n,a

xn

n! .

ĉ
(k)
n,a can be also defined by

ĉ(k)
n,a =(−1)a

∫ 1

0
· · ·

∫ 1

0︸ ︷︷ ︸
k

(−x1x2· · ·xk)
a(−x1x2· · ·xk−1)· · ·(−x1x2· · ·xk−n+1)dx1dx2· · ·dxk .

When a = k = 1, ĉ
(1)
n,1 = ĉn is the classical Cauchy number of the second kind, whose

generating function is given by

x

(1 + x) ln(1 + x)
=

∞∑
n=0

ĉn
xn

n! .

By using the corresponding lemma to Lemma 1, where Gk,a(x) is replaced by Ĝk,a(x) =
Lifk

(− ln(1 + x); a
)
, we can obtain the following result.

THEOREM 6. For an integer k and a non-negative integer m, we have

m∑
l=0

(−1)m−lfm,l T̂
(k−l)
m+1,a(n)

=

⎧⎪⎪⎨
⎪⎪⎩

m−1∑
l=0

n−m∑
i=0

(−1)n−m−i n!
i!
(

n − l − i − 1

n − m − i

){m

l

}
ĉ
(k)
l+i,a + n!

(n − m)! ĉ
(k)
n,a (n≥m);

0 (0≤n≤m−1) .
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PROOF.
∞∑

n=0

m∑
l=0

(−1)m−lfm,l T̂
(k−l)
m+1,a(n)

xn

n!

=
m∑

l=0

(−1)m−lfm,l

(
x

(1 + x) ln(1 + x)

)m

Ĝk−l,a(x)

= xm
m∑

l=0

1

(1 + x)m−l

{m

l

} ∞∑
i=0

ĉ
(k)
l+i,a

xi

i!

= xm

m∑
l=0

( ∞∑
ν=0

(−1)ν
(

m − l + ν − 1

ν

)
xν

){m

l

} ∞∑
i=0

ĉ
(k)
l+i,a

i! xi

=
∞∑

n=0

m∑
l=0

n∑
i=0

(−1)n−i

(
m − l + n − i − 1

n − i

){m

l

} (n + m)!
i! ĉ

(k)
l+i,a

xn+m

(n + m)!

=
∞∑

n=m

(
m−1∑
l=0

n−m∑
i=0

(−1)n−m−i n!
i!
(

n − l − i − 1

n − m − i

){m

l

}
ĉ
(k)
l+i,a + n!

(n − m)! ĉ
(k)
n,a

)
xn

n! .

�

Putting m = 1 in Theorem 6, we have the following. This is also an analogous formula
to Euler’s identity (3).

COROLLARY 3.

n∑
i=0

(
n

i

)
ĉi (ĉ

(k−1)
n−i,a − aĉ

(k)
n−i,a) = nĉ(k)

n,a (n ≥ 0) .

3.1. Explicit formulae for T̂
(k)
m,a(n). Similarly to Theorem 5, the following result

holds for a general m ≥ 2.

THEOREM 7. For integers n ≥ 0 and k ≥ 1 and a real number a > 0 we have

T̂ (0)
m,a(n) =

n−l∑
l=0

(−1)n−l n!
l! T̂

(1)
m−1,1(l) , (26)

T̂ (k)
m,a(n) = T̂

(0)
m,a(n)

ak
+

m−2∑
r=1

1

r!
r∑

i=0

(
r

i

)
(−1)i+n−r

(i + a)k

n−r∑
l=0

(
n − l − 1

r − 1

)
(−1)l

n!
l! T̂

(0)
m−r,a(l) (27)

+ n!
k∑

j=1

m−2∑
i=0

(−1)m−i−1

i!(m − i − 2)!(i + a)k−j+1
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×
(

ĉ
(j)
n,a

(n−m+1)!+
m−2∑
t=1

{
m−1

m−t−1

}n−m+1∑
l=0

(−1)n−m−l+1
(

n+t−m−l

t−1

)
ĉ
(j)
m+l−t−1,a

l!

)
,

T̂ (−k)
m,a (n)=akT̂ (0)

m,a(n)+
m−2∑
r=1

1

r!
r∑

i=0

(
r

i

)
(−1)i+n−r (i+a)k

n−r∑
l=0

(
n−l−1

r−1

)
(−1)l

n!
l! T̂

(0)
m−r,a(l)

(28)

+ n!
k−m+1∑

j=0

m−2∑
i=0

(−1)m−i (i + a)k−j−1

i!(m − i − 2)!

×
(

ĉ
(−j)
n,a

(n−m+1)!+
m−2∑
t=1

{
m−1

m−t−1

} n−m+1∑
l=0

(−1)n−m−l+1
(

n+t−m−l

t−1

)
ĉ
(−j)

m+l−t−1,a

l!

)
.

3.2. Proof of Theorem 7. Firstly,
∞∑

n=0

T̂ (0)
m,a(n)

xn

n! =
(

x

(1 + x) ln(1 + x)

)m−1

Ĝ0,a(x)

= 1

1 + x

(
x

(1 + x) ln(1 + x)

)m−1

= 1

1 + x

(
x

(1 + x) ln(1 + x)

)m−2

Ĝ1,1(x)

= 1

1 + x

∞∑
n=0

T̂
(1)
m−2,1(n)

xn

n!

=
∞∑

ρ=0

(−1)ρxρ
∞∑

ν=0

T̂
(1)
m−2,1(ν)

ν! xν

=
∞∑

n=0

(
n∑

l=0

(−1)n−l
T̂

(1)
m−2,1(l)

l!

)
xn

=
∞∑

n=0

(
n∑

l=0

(−1)n−l n!
l! T̂

(1)
m−2,1(l)

)
xn

n! .

Hence, the identity (26) holds.
Notice that

xm−1

(1 + x)m
(
ln(1 + x)

)m−r−1 =
(

x

1 + x

)r (
x

(1 + x) ln(1 + x)

)m−r−1 1

1 + x

=
(

x

1 + x

)r ∞∑
n=0

T
(0)
m−r,a(n)

xn

n!



SUMS OF PRODUCTS OF CAUCHY NUMBERS 67

= xr

⎛
⎝ ∞∑

μ=0

(−1)μ
(

μ + r − 1

μ

)
xμ

⎞
⎠
( ∞∑

l=0

T
(0)
m−r,a(l)

xl

l!

)

= xr
∞∑

n=0

n∑
l=0

(−1)n−l

(
n + r − l − 1

r − 1

)
T

(0)
m−r,a(l)

l! xn

=
∞∑

n=0

n∑
l=0

(−1)n−l

(
n + r − l − 1

r − 1

)
(n + r)!T

(0)
m−r,a(l)

l!
xn+r

(n + r)!

=
∞∑

n=0

n−r∑
l=0

(−1)n−r−l

(
n − l − 1

r − 1

)
n!
l! T

(0)
m−r,a(l)

xn

n! .

Hence, similarly to the identity (25), by replacing m by m − 1, for k ≥ 1 and m ≥ 2 we have

Ĝk,a(x) = Ĝ0,a(x)

ak
+

m−2∑
r=1

(
ln(1 + x)

)r
(1 + x)r!

r∑
i=0

(
r

i

)
(−1)i

(i + a)k

+
k∑

j=1

m−2∑
i=0

(−1)m−i−1

i!(m − i − 2)!(i + a)k−j+1

m−1∑
l=0

(−1)lfm−1,lĜj−l,a(x) . (29)

Now, we have
(

x

(1 + x) ln(1 + x)

)m−1 m−1∑
l=0

(−1)m−l−1fm−1,lĜj−l,a(x)

= xm−1
m−2∑
t=0

{
m − 1

m − t − 1

}
1

(1 + x)t

dm−t−1

dxm−t−1 Ĝj,a(x)

= xm−1
m−2∑
t=0

{
m − 1

m − t − 1

}
1

(1 + x)t

∞∑
n=0

ĉ
(j)

m+n−t−1,a

xn

n!

=
m−2∑
t=0

{
m − 1

m − t − 1

}
1

(1 + x)t

∞∑
n=0

n!
(n − m + 1)! ĉ

(j)
n−t,a

xn

n!

=
∞∑

n=0

n!
(n − m + 1)! ĉ

(j)
n,a

xn

n!

+
m−2∑
t=1

{
m − 1

m − t − 1

}⎛
⎝ ∞∑

μ=0

(−1)μ
(

t + μ − 1

μ

)
xμ

⎞
⎠
( ∞∑

ν=0

ν!
(ν − m + 1)! ĉ

(j)
ν−t,a

xν

ν!

)

=
∞∑

n=0

n!
(n − m + 1)! ĉ

(j)
n,a

xn

n!
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+
m−2∑
t=1

{
m − 1

m − t − 1

} ∞∑
n=0

n∑
ν=0

(−1)n−ν

(
t + n − ν − 1

t − 1

)
n!

(ν − m + 1)! ĉ
(j)
ν−t,a

xn

n!

=
∞∑

n=0

n!
(

ĉ
(j)
n,a

(n − m + 1)!

+
m−2∑
t=1

{
m − 1

m − t − 1

} n−m+1∑
l=0

(−1)n−m−l+1
(

n + t − m − l

t − 1

)
ĉ
(j)

m+l−t−1,a

l!
)

xn

n! .

By multiplying
(
x/(1+x) ln(1+x)

)m−1 on both sides of (29) and comparing the coefficients
of xn/n!, we obtain the identity (27). The identity (28) is similarly proven.

3.3. Explicit formulae of T̂
(k)

2,a (n) and T̂
(k)

3,a (n). Putting m = 2 in Theorem 7, we

have the following identities. This is an extension of [20, Theorem 9].

THEOREM 8. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

T̂
(0)

2,a (n) =
n∑

l=0

(−1)n−l n!
l! ĉl , (30)

T̂
(k)

2,a (n) = T̂
(0)
2,a (n)

ak
− n

k∑
j=1

ĉ
(j)
n,a

ak−j+1 , (31)

T̂
(−k)
2,a (n) = akT̂

(0)
2,a (n) + n

k−1∑
j=0

ak−j−1ĉ
(−j)
n,a . (32)

Putting k = 1 in (31), we have the following identity. This is also an analogous formula
to Euler’s identity (3). If a = 1, then this is a version of Cauchy numbers of the second kind,
compared to the version of the first kind (4).

COROLLARY 4.

a

n∑
i=0

(
n

i

)
ĉi ĉn−i,a =

n∑
l=0

(−1)n−l n!
l! ĉl − nĉn,a (n ≥ 0) .

Putting m = 3 in Theorem 7, then for an integer k, T̂
(k)

3,a can be expressed as follows.

This is an extension of [20, Theorem 11].

THEOREM 9. For integers n ≥ 0, k ≥ 1 and a real number a > 0, we have

T̂
(0)
3,a (n) =

n∑
l=0

(−1)n−l n!
l! T̂

(1)
2,1 (l)

= (−1)nn!
n∑

l=0

(
l∑

λ=0

(−1)λ
ĉλ

λ! − (−1)l
lĉl

l!

)
,



SUMS OF PRODUCTS OF CAUCHY NUMBERS 69

T̂
(k)
3,a (n) = T̂

(0)
3,a (n)

ak
+ n!

(
1

ak
− 1

(a + 1)k

) n−1∑
l=0

(−1)n−l−1(n − l)

l! ĉl

+n(n−1)

k∑
j=1

(
1

ak−j+1
− 1

(a + 1)k−j+1

)(
ĉ
(j)
n,a+(n−2)!

n−2∑
l=0

(−1)n−l
ĉ
(j)

l+1,a

l!

)
,

T̂
(−k)

3,a (n) = akT̂
(0)

3,a (n) − n!((a + 1)k − ak
) n−1∑

l=0

(−1)n−l−1(n − l)

l! ĉl

+n(n−1)

k−2∑
j=0

(
(a+1)k−j−1 − ak−j−1)

(
ĉ
(−j)
n,a +(n−2)!

n−2∑
l=0

(−1)n−l
ĉ
(−j)

l+1,a

l!

)
.

4. Two kinds of poly-Cauchy numbers

Define U
(k)
m,a(n) by

U(k)
m,a(n) :=

∑
i1+···+im=n

i1 ,...,im≥0

(
n

i1, . . . , im

)
ci1 · · · cim−1︸ ︷︷ ︸

m−1

ĉ
(k)
im,a (m ≥ 1, n ≥ 0) .

Then we obtain the following. The proof is similar to Theorem 1 and omitted.

THEOREM 10. For an integer k and a non-negative integer m, we have

m∑
l=0

(−1)m−lfm,lU
(k−l)
m+1,a(n) =

⎧⎪⎪⎨
⎪⎪⎩

m∑
l=0

n−m∑
i=0

n!
i!
(

l

n − m − i

){m

l

}
ĉ
(k)
l+i,a (n ≥ m);

0 (0 ≤ n ≤ m − 1) .

Putting m = 1 in Theorem 10, we have the following. This is also an analogous formula
to Euler’s identity (3).

COROLLARY 5.

n∑
i=0

(
n

i

)
ci(ĉ

(k−1)
n−i,a − aĉ

(k)
n−i,a) = n(n − 1)ĉ

(k)
n−1,a + nĉ(k)

n,a (n ≥ 0) .

For a general m ≥ 2 we have the following. The proof is similar to that of Theorem 5
and omitted.

THEOREM 11. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

U(0)
m,a(n) = U

(1)
m−1,1(n) , (33)
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U(k)
m,a(n) =

m−2∑
r=0

(
n

r

) r∑
i=0

(
r

i

)
(−1)i

(i + a)k
U

(0)
m−r,a(n − r)

+ (−1)m−1n!
(n − m + 1)!

k∑
j=1

m−2∑
i=0

(−1)i

i!(m − i − 2)!(i + a)k−j+1

m−1∑
κ=0

Pm,κ (n)ĉ
(j)
n−κ,a , (34)

U(−k)
m,a (n) =

m−2∑
r=0

(
n

r

) r∑
i=0

(
r

i

)
(−1)i(i + a)kU

(0)
m−r,a(n − r)

+ n!
(n − m + 1)!

k−m+1∑
j=0

m−2∑
i=0

(−1)m−i (i + a)k−j−1

i!(m − i − 2)!
m−1∑
κ=0

Pm,κ (n)ĉ
(−j)
n−κ,a . (35)

where Pm,κ (n) (κ = 0, 1, . . . ,m − 2,m − 1) are given as in Theorem 5.

Putting m = 2 in Theorem 11, then U
(k)
2,a can be expressed explicitly. This is an extension

of [20, Theorem 15].

THEOREM 12. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

U
(0)
2,a(n) = ĉn, (36)

U
(k)
2,a(n) = ĉn

ak
− n

k∑
j=1

ĉ
(j)
n,a + (n − 1)ĉ

(j)

n−1,a

ak−j+1 , (37)

U
(−k)
2,a (n) = akĉn + n

k−1∑
j=0

ak−j−1(ĉ(−j)
n,a + (n − 1)ĉ

(−j)

n−1,a

)
. (38)

Putting k = 1 in (37), we have the following identity. If a = 1, then this is reduced to
the alternative identity (2.3) in [25, Theorem 2.4] because cn = ĉn + nĉn−1 by (2.2) in [25,
Theorem 2.4].

COROLLARY 6.

a

n∑
i=0

(
n

i

)
ci ĉn−i,a = ĉn − n

(
ĉn,a + (n − 1)ĉn−1,a

)
(n ≥ 1) .

Putting m = 3 in Theorem 11, then U
(k)
3,a can be expressed as follows. This is an extension

of [20, Theorem 17].

THEOREM 13. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

U
(0)
3,a(n) = U

(1)
2,1(n) = −(n − 1)(ĉn + nĉn−1)

= −(n − 1)cn ,
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U
(k)
3,a(n) = U

(0)
3,a(n)

ak
+
(

1

ak
− 1

(a + 1)k

)
nĉn−1

+n(n−1)

k∑
j=1

(
1

ak−j+1 − 1

(a + 1)k−j+1

)(
ĉ
(j)
n,a + (2n−3)ĉ

(j)

n−1,a+(n−2)2ĉ
(j)

n−2,a

)
,

U
(−k)
3,a (n) = akU

(0)
3,a(n) − (

(a + 1)k − ak
)
nĉn−1

+n(n−1)

k−2∑
j=0

(
(a+1)k−j−1−ak−j−1)(ĉ(−j)

n,a + (2n−3)ĉ
(−j)

n−1,a + (n−2)2ĉ
(−j)

n−2,a

)
.

Define V
(k)
m,a(n) by

V (k)
m,a(n) :=

∑
i1+···+im=n

i1,...,im≥0

(
n

i1, . . . , im

)
ĉi1 · · · ĉim−1︸ ︷︷ ︸

m−1

c
(k)
im,a (m ≥ 1, n ≥ 0) .

Then we obtain the following. The proof is similar to Theorem 6 and omitted.

THEOREM 14. For an integer k and a non-negative integer m, we have

m∑
l=0

(−1)m−lfm,lV
(k−l)
m+1,a(n)

=

⎧⎪⎪⎨
⎪⎪⎩

(−1)n−m

m−1∑
l=0

n−m∑
i=0

(−1)i
n!
i!
(

n − l − i − 1

n − m − i

){m

l

}
c
(k)
l+i +

n!
(n − m)!c

(k)
n (n≥m);

0 (0≤n≤m−1) .

Putting m = 1 in Theorem 14, we have the following.

COROLLARY 7.
n∑

i=0

(
n

i

)
ĉi (c

(k−1)
n−i,a − ac

(k)
n−i,a) = nc(k)

n,a (n ≥ 0) .

For a general m ≥ 2 we have the following. The proof is similar to that of Theorem 7
and omitted.

THEOREM 15. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

V (0)
m,a(n) = V

(1)
m−1,1(n) , (39)

V (k)
m,a(n) = V

(0)
m,a(n)

ak
+

m−2∑
r=1

1

r!
r∑

i=0

(
r

i

)
(−1)i+n

(i + a)k

n−r∑
l=0

(
n − l − 1

r − 1

)
(−1)l

n!
l! V

(0)
m−r,a(l)
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+ (−1)m−1n!
k∑

j=1

m−2∑
i=0

(−1)i

i!(m − i − 2)!(i + a)k−j+1

×
(

ĉ
(j)
n,a

(n − m + 1)! +
m−2∑
t=1

{
m−1

m−t−1

}n−m+1∑
l=0

(−1)n−m−l+1
(

n+t−m−l

t−1

)
ĉ
(j)

m+l−t−1,a

l!

)
,

(40)

V (−k)
m,a (n)=akV (0)

m,a(n)+
m−2∑
r=1

1

r!
r∑

i=0

(
r

i

)
(−1)i+n(i+a)k

n−r∑
l=0

(
n−l−1

r−1

)
(−1)l

n!
l! V

(0)
m−r,a(l)

+ n!
k−m+1∑

j=0

m−2∑
i=0

(−1)m−i (i + a)k−j−1

i!(m − i − 2)!

×
(

ĉ
(−j)
n,a

(n − m + 1)!+
m−2∑
t=1

{
m−1

m−t−1

} n−m+1∑
l=0

(−1)n−m−l+1
(

n+t−m−l

t−1

)
ĉ
(−j)

m+l−t−1,a

l!

)
.

(41)

Putting m = 2 in Theorem 15, then V
(k)
2,a can be expressed explicitly. This is an extension

of [20, Theorem 20].

THEOREM 16. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

V
(0)
2,a (n) = cn, (42)

V
(k)
2,a (n) = cn

ak
− n

k∑
j=1

c
(j)
n,a

ak−j+1 , (43)

V
(−k)
2,a (n) = akcn + n

k−1∑
j=0

ak−j−1c
(−j)
n,a . (44)

Putting k = 1 in (43), we have the identity (2.3) in [25, Theorem 2.4].

COROLLARY 8.

a

n∑
i=0

(
n

i

)
ĉicn−i,a = cn − ncn,a (n ≥ 1) .

Putting m = 3 in Theorem 15, then V
(k)
3,a can be expressed as follows. This is an extension

of [20, Theorem 22]. Notice that

ĉn =
n∑

l=0

(−1)n−l n!
l! cl .
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THEOREM 17. For integers n ≥ 0 and k ≥ 1 and a real number a > 0, we have

V
(0)
3,a (n) = V

(1)
2,1 (n) = −(n − 1)cn ,

V
(k)
3,a (n) = V

(0)
3,a (n)

ak
−
(

1

ak
− 1

(a + 1)k

)
nĉn−1

+n(n−1)

k∑
j=1

(
1

ak−j+1 − 1

(a + 1)k−j+1

)(
c
(j)
n,a +(n−2)!

n−2∑
l=0

(−1)n−l
c
(j)

l+1,a

l!

)
,

V
(−k)
3,a (n) = akV

(0)
3,a (n) + (

(a + 1)k − ak
)
nĉn−1

+n(n−1)

k−2∑
j=0

(
(a+1)k−j−1−ak−j−1)

(
c
(−j)
n,a +(n−2)!

n−2∑
l=0

(−1)n−l
c
(−j)

l+1,a

l!

)
.
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