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Abstract. Let Q be a quiver, and w a weight function on the set of arrows of Q. In this paper, we will introduce
an R-algebra UD(Q, w; R) over aring R in which the information how vertices of Q are joined by its arrows with
weights should be reflected well. This algebra is obtained by using ZQ-modules where ZQ is the path algebra of
Q over Z. We will particularly focus on quivers and weight functions defined by the subgroup lattice of a finite
group G, and defined by irreducible characters of subgroups of G. The structure of the corresponding Z-algebras
UD(Q, w; Z) and relations with the group G will be studied.

1. Introduction

Let G be a finite group, and Sgp(G) the totality of subgroups of G. One of the motiva-
tions of this paper is the following. For a family D € Sgp(G) of subgroups of G, denote by
A(D) the totality of chains (Hy < Hy < --- < Hy) of subgroups in D with respect to the
inclusion-relation <. Then a pair (D, A(D)) forms a simplicial complex (ordered complex)
which is called a subgroup complex of G. There are a lot of works on subgroup complexes
such as their homotopy property, Lefschetz modules, classifying spaces, and so on (see [6] and
various references in it for this research area). Those complexes can be thought of objects in
the intersection of finite group theory, combinatorics, and algebraic topology. In order to pur-
sue the nature of subgroup complexes further, we like to consider their representations. Since
a partially ordered set (D, <) can be regarded as a quiver, representations of path algebras
of quivers are studied here. Although we do not still reach a direct application to subgroup
complexes, we hope that this paper will give us another approach to such complexes in the
future.

The paper is organized as follows: In Section 2, we recall the concept of quivers
0 = (Qo, 01, s, r) and path algebras RQ where R is a coefficient ring. Our standing situa-
tion is established here, and in particular a weight function w on the set of arrows of Q is con-
sidered. In Section 3, we define a right, and also a left ZQ-modules R Q¢. Then using those
actions of ZQ, an R-algebra UD(Q, w; R) is introduced as an R-subalgebra of End(RQy).
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This is one of the main objects in this paper. We examine the structure of UD(Q, w; R), and
in particular UD(Q, w; Z) over Z is completely determined by some integers which we call
the generating constants. In Section 4, we consider a quiver Q¢ and a weight function wg
associated to the subgroup lattice (Sgp(G), <) of G, and investigate the generating constants
of UD(Qg, wg; Z). We especially show that a generating constant corresponding to sub-
groups A, B < G is equal to the order of G if and only if A and B furnish a factorization

of G. In Section 5, we consider a quiver QCC? and a weight function wCGh associated to irre-

ducible characters of subgroups of G. Some elements of UD(Q¢, wCGh; Z) corresponding to
Bratteli diagrams are discussed. Furthermore we see that abelian groups are characterized by
a weight function wCGh which behaves in a special way. Finally we study the case where all of
the generating constants are equal to 1.

2. Preliminaries

In this section, we recall the definitions of quivers and path algebras (cf. [1, Section ITI-1]
for example), and establish our notation. One of the important things in this paper is that we
equip each arrow of a quiver with a “weigh”. Throughout the paper, let R be a commutative
ring with the identity element.

DEFINITION 2.1. A quiver Q is a quadruple

0 =(Qo, Q1. (s: Q1 = Qo). (r: Q1 — Qo))

where Q¢ (# ¥) and Qg are sets, s and r are maps from Q; to Qp. Elements of Q¢ and
0 are called vertices and arrows of Q respectively. For an arrow o € Q1, when s(¢) = a

and r(«) = b denote by a S bora = (a — b). The start and range of « are respectively
elements s () and r(«) in Q.

DEFINITION 2.2. Let Q = (Qo, Q1, s, r) be a quiver.

(1) Q is said to be finite if Q¢ and Q; are both finite sets.

(2) A path A in Q is either a sequence (xja2 - - -ox) (kK > 1) of arrows o; € Q7 with
r(a;) = s(ajyp) foralli = 1,...,k — 1, or the symbol ¢, for a € Qp which is
called the trivial path. We usually identify a vertex a with e,. Denote by P(Q) the
totality of paths in Q.

(3) Foranon-trivial path A = (a1 - - - a¢) in Q, we define s(A) := s(a1) and r(A) :=
r(ax) which are called the start and range of A. Furthermore, define s(e;) := a and
r(eq) ;= a fora € Qy.

(4) The path algebra RQ of Q over R is the R-free module generated by all paths in Q,
and a multiplication on R Q is defined by extending bilinearly the composition

Ay = (()061 coeapPrec- Bw)  if row) = s(B1)

otherwise
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of paths Ay = (a1---ax) and Ay = (B1---Bm). Then RQ is an associative R-
algebra.

Here we establish the notation which will be used in this paper. Let Q = (Qo, O1, S, 1)
be a quiver. For a non-trivial path A = («xja2 -+ - o) € P(Q) (i € Q1), denote by £(A) the
length k of A. The notation P(Q); (i > 1) stands for the totality of paths of length i, namely
P(Q)i :={A eP(Q)£(A) =i} (G >1). SetP(Q)o :={es | a € Qp} the totality of trivial
paths in Q. As mentioned in Definition 2.2, we identify a vertex a with e,. For a, b € Qo,
denote by P(Q),— 5 the totality of paths A with s(A) = a and r(A) = b.

Let w : Q1 — R be a map, and we call it a weight function of Q. Then w can be
extended on non-trivial paths by setting w(A) := ]_[f-‘=1 w(w;) for A = (a1 ---ag) € P(Q).
In particular, for Ay, Ay € P(Q) with A; Ay # 0, we have that w(A143) = w(A)w(A)).
It is a convention that w(a) := 1 fora € Q.

Let Z be the ring of rational integers, and let ZQ := (P 5cp(p) AZ be the path algebra
of Q over Z. If Q is finite then ZQ possesses the identity element ), 0, @- Note that
Z.Q contains a Z-subalgebra ZQg = @aer
RQo := R ®z ZQy. In this paper, we will investigate certain ZQ-modules R Qg, and also an
R-subalgebra of End(R Q) (see Section 3).

aZ generated by all trivial paths in Q. Put

3. Representations of ZQ

Keep the notation in Section 2. In this section, we define a right, and also a left
Z.Q-modules RQp. Then using those two ZQ-actions, we introduce an R-subalgebra
UD(Q, w; R) of End(RQg) which is one of the main objects in this paper. Furthermore
we investigate the structure of UD(Q, w; R), and in particular UD(Q, w; Z) over Z is com-
pletely determined by some integers which we call the generating constants. These constants
play an important role in applications to subgroup lattices and group characters in Sections
4 and 5 respectively. Throughout this section, let Q = (Qo, Q1, s, r) be a quiver, and w a
weight function of Q.

3.1. The UD-algebra. First of all, we give the following two actions of a path A €
P(Q) on RQo.

DEFINITION 3.1. For A € P(Q) and a € Qy, define elements Aa and aA in RQy as
follows:

aA = w(A)(8a,5ayr(4)) € RQo;

i.e. a(s(A) — r(A)) = w(A)r(A) if s(A) = a, and 0 otherwise.
Aa = w(A)(8r(a),a5(A)) € RQo;

ie. (s(A) — -+ > r(A))a:=w(A)s(A)if r(A) = a, and 0 otherwise.
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Then, by extending bilinearly, we have the following two maps @,, and ¥,,:

@y RQo X ZQ — RQy by( Z d,a, Z CAA> — Z Z (cady)aA

aeQo AeP(Q) AeP(Q)aeQy
Yy : 2O x RQo — RQp by ( Z caA, Z daa) = Z Z (cady)Aa
AeP(Q) aeQq AeP(Q)acQg

PROPOSITION 3.2. @, and ¥, induce RQq to the structures of right and left Z.Q-
modules respectively.

PROOF. Fora € Qg and Ay, Ay € P(Q), suppose that (A1) = s(Az). Then we have
that

(@A) Az = (W(A)Sa5a)r (A1) A2
= wW(ADSa, 5 (W(A2)Sr(A)),5(a0)7 (A2))
= w(A142)8a,5a7(A2) = a(A142).

If (A1) # s(Az), thatis AjAy = 0, then it is clear that (aA1)A2 = 0 = a(A1Aj). The
other conditions of right ZQ-module are straightforward. By the same way, ¥,, makes R Qo
a left ZQ-module. ]

Using ZQ-modules RQq described in Proposition 3.2, we introduce an R-subalgebra
UD(Q, w; R) of End(R Q).

DEFINITION 3.3. Let Q = (Qo, Q1,5,r) be a quiver, andlet w : Q1 —> Rbea
weight function of Q.
(1) Foreach A € P(Q), define two endomorphisms of an R-module R Qg as follows:

Pw(A): RQo —> RQo by s> Py(s, 4)
Ap(A): RQo —> RQo by s> ¥, (A,s)

Note that, for f, g € End(RQy), the composition map f o g is read from left to
right. So we use the notation that a/°9 = (a/)9 fora € RQy.

(2) LetUD(Q, w; R) be an R-subalgebra of End(R Q) generated by p,,(A) and A, (A)
for all paths A € P(Q), namely

UD(Q, w; R) := (pu(4), 2w (A) | A € P(Q)) < End(RQo) .

We call UD(Q, w; R) the UD-algebra (Up-Down algebra) of Q with respect to w
over R.

REMARK 3.4. Let A= (a — ---— b) € P(Q) be a path. Then we have that

a’ A =aA=w(A)b, b =Ab=uw(A)a
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by the definition. This can be thought that p,,(A) moves a “down” to b along A, and A,,(A)
moves b “up” to a along A. So we regard UD(Q, w; R) as an R-algebra generated by “up-
down operators”, and the information how vertices of Q are joined by its arrows with weights
should be reflected well in UD(Q, w; R).

The next Lemma is immediate from Proposition 3.2.
LEMMA 3.5. For Ay, Ay € P(Q), we have that
pw(A142) = pu (A1) 0 pu(A2)  and  ry(A241) = Ay (A1) 0 Ay (A2).

REMARK 3.6 (Transposed relation). Fix a sequence B := (b1, ..., by) of the ele-
ments in Qg. For A = (b;, — --- — bj) € P(Q), let M, (A and M, () be respec-
tively representation R-matrices of p,,(A) and A, (A) with respect to B. Then we have that
tMpw(A) = MM,(A)' Indeed since

b Y = by A = w(A) (8,521 (A)) = w(A) (8., bi)

we have an (i, j)-entry (M, (a))i,j = w(A) if (i, j) = (j1, ji), and O otherwise. In
other words, M, 4y is a matrix with the unique non-zero entry w(A) in the position of
(s(AQ),r(A)). Similarly since (My,,(a))i,j = w(A) if (i, j) = (jk, j1), and 0 otherwise, we
gettM w(A) = Mkw(A)~

Using Lemma 3.5 and the description of My, (4) in Remark 3.6, we have the following.

LEMMA 3.7. Fora,b € Qo, let e, € End(RQo) be an endomorphism defined by
x¢ab := 8y 4b for x € Qo. Then an R-subalgebra { p,,(A) | A € P(Q) ) of UD(Q, w; R) is
described as follows:

(ow(A) | A € P(Q)) = Z ( Z w(A) - R>ea,b (finite sum)
a,beQo * AeP(Q)u=b
This is identified with a matrix algebra of the form

(5 )

AeP(Q)a=ip a,b€Qo

EXAMPLE 3.8. Let Q be a quiver with Qg = {a, b}, P(Q) = {a, b, (a — b)}, and
k := w(a — b) € R. Recall that RQp = aR @ bR is a ZQ-module. Then endomorphisms
pw(A) € End(R Qo) for A € P(Q) are represented as follows:

a b a b a b

a1l 0 a {0 O a (0 k
Mpu,(a) = b <0 O)’ Mpw(b) = b (O l)’ Mpu,(a—>b) = b <0 O) .
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Then, by Remark 3.6, M; 1) = tMpw(A) for A € P(Q). As R-algebras, we have that

(pu(d) | A € P(Q)) = (’; "If)

3.2. Opposite paths and UD(Q, w; R). In order to examine the structure of
UD(Q, w; R), we introduce the opposite path YA of A € P(Q). But before doing this, we
extend a quiver Q by adding arrows further.

DEFINITION 3.9. Let Q = (Qo, Q1, s, r) be a quiver.
(1) Foreacharrow a = (a — b) € Q, we define the symbol ‘a. Set Q1™ := {'a |« €
O1}and Q' := Q; U O7*". Then

0" = (0o, O, (s: 0¥ = Qu). (r: 01 — 0v))

forms a quiver where s and r are extended on Q‘fd as s(a) := r(a) = b and
rffa) :=s(@) =afora = (a — b) € Q1. Thus ‘oo = (b — a). We call '« the
opposite arrow of «. Note that P(Q) € P(Q").

(2) Forapath A = (ag 3 a1 3 - 5 a1 B ) € P(Q) € P(Q") (i € Q)),
define
t t t t
TA = (ak 2 UL N a; - ao) e P(0'Y

which is called the opposite path of A. Then we have that £( A) = £(A) = k.

REMARK 3.10. Let X be a finite connected graph with no loops. Then associating to
each arrow an opposite as in Definition 3.9 is standard in the construction of the preprojective
algebra I1(X) of X' (cf. [4, page 553]). Indeed, associate with X the quiver X having the
same vertices as X’ and where each edge in X is replaced by a pair of arrows « <> -.

Thus for each arrow « in X, there is an opposite of . The preprojective algebra IT(X) is a
certain quotient algebra of RX.

Let P(Q)°PP := {A | A € P(Q)}. Then any path I' € P(Q"%) can be expressed as
I =11 I forsome I € P(Q) UP(Q)°PP and m > 1. Here we may assume that,
foreachi = 1,...,m — 1,if I; € P(Q) then I € P(Q)°PP, orif I; € P(Q)°PP then
Iy € P(Q). A weight function w : Q1 —> R of Q can be extended on Q(fpp by setting
w(a) = w(a) fora € Q1. For ' =T --- I}, € P(Q"), define

s(0) = s(I'), r(I) i=r(L), w(l) = [ Jw@), €)=Y er).

i=1 i=1
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Now consider the path algebra R Q"I of Q"9, which contains an R-subalgebra RQg € RQ".
As in Section 3.1, for I' € P(Q") and a € Q, define

al’ :==w(I")(84,5¢ryr(I')) € RQo .

Then we obtain an endomorphism p,,(I") : RQy9 —> RQq defined by a — al’, which has
the property py, (') = pu (I') 0 py(I"") for I', I'" € P(Q"Y). Note that p,,(* A) coincides
with Ay, (A) for A € P(Q) (see Remark 3.6). Therefore UD(Q, w; R) is rewritten as follows:

UD(Q, w; R) = (pu(I") | I' € P(Q"Y)).

NOTATION 3.11 (Up-Down paths). For arrows o, 8 € Q1 such that r(«) = r(f),
we just write A = (aB) for a path A = ( ('B)) in Q" where s('B) = r(B) = r(a).
Similarly, for arrows o, B € Q1 suchthat s(x) = s(8), the notation A = («f) indicates a path
A = ((a) B) in Q" where r(‘@) = s(a) = s(B). For example, for arrows aj = (a — b),
oy =(c —> b),a3 = (d — ¢), a4 = (d — e) in Q1, the notation

A=@8pE&clae
implies a path in Q"4 as follows:

t t
o o) o3 oy
A:(a—>b—>c—>d—>e).

o o Q,
So any path A € P(Q”d) can be expressed as A = (ao 2 ai 2 a)— -+ —ap_1 = ak) for some
a; € Q1 (i =1,..., k) where — means — or <. Throughout this paper, we frequently use

this way of writing for paths without using opposite arrows.

3.3. The generating constants. We see that the algebra UD(Q, w; R) is realized as
an R-matrix algebra in the next. From this result, the generating constants can be introduced.

PROPOSITION 3.12. Fora,b € Qy, let e;, € End(RQq) be an endomorphism de-
fined by x¢b = § ,b for x € Qo. Then the UD-algebra UD(Q, w; R) is described as
follows:

UD(Q.w: R) = ) ( > w(F)-R)ea,b (finite sum)

a,b€Qo " IreP(Q"p
This is identified with a matrix algebra of the form

(LT

reP(Q"asp a.b€Qo

PROOF. As in Remark 3.6, p,,(I') for I' € P(Q"%),— has a representation matrix
with the unique non-zero entry w(I") in the position of (s(I"), 7(I")). Furthermore we had
pw(I'T") = pyu(I") 0 pu(I'") for I', I'" € P(Q"Y). Thus the assertion clearly holds. O
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COROLLARY 3.13. Suppose that Q is finite. Suppose further that P(Q"%)a—p # ¢
forany a, b € Qq, and that w = 1 namely w(a) = 1 for any @ € Q1. Then UD(Q, w; R) is
isomorphic to a matrix algebra Mg, (R).

DEFINITION 3.14 (Generating constants). Suppose that a coefficient ring is the ring
Z of rational integers. For a, b € Qy, suppose that

P(Q"Yasp ## and S:= ) w(l) - Z#{0).

reP(Q') =)

Then there exists a positive integer s, 5 such that s, 5 - Z = S. In other words, s, is the
greatest common divisor of {w(I") | I" € P(Q"),—}. On the other hand, if P(Q"Y),—) = ¢
or § = {0} then we define s, , := 0. Then by Proposition 3.12, UD(Q, w; Z) is completely
determined as

UD(Q.w:Z) = Y (Sap-ZL)eqp (finite sum)
a,beQq

We call the integers s, (a,b € Qo) the generating constants of UD(Q, w; Z). Note that
Sabp = Spg for any a,b € Qp. Furthermore denote by just UD(Q, w) the UD-algebra
UD(Q, w; Z) over Z for short.

4. Subgroup lattices

In this section, we apply the results in Section 3 on path algebras to subgroup lattices.
Suppose that a coefficient ring is the ring Z of rational integers. Let G be a finite group,
and let Sgp(G) be the totality of subgroups of G including the whole group G and the trivial
subgroup {e}. We first define a quiver associated to a partially ordered set (poset for short).
Then the subgroup lattice (Sgp(G), <) with an ordering < defined by the inclusion-relation
gives us a quiver Q¢, and we are able to deal with the UD-algebra UD(Q¢, wg) where a
weight function wg is defined by indices of subgroups. After studying some properties of the
generating constants of UD(Qg, wg), we characterize those constants which are equal to the
order of G. In this case, a factorization of G is related. For a subgroup H < G and g € G,
we write H9 := g~ Hyg.

4.1. Quivers arising from posets. In order to apply the results in Section 3 to the
lattice (Sgp(G), <), we prepare a quiver defined by a poset in general.

DEFINITION 4.1. Let (X, <) be a poset. For elements a, b € X, we define an arrow
(a — b) precisely whena > b. Put (Qx)o := Xand (Qx)1 :={(a@a - b)|a,b e X, a > b}.

Then denote by Qx or Q(x,<) a quiver ((Qgg)o, (0%)1, s, r) where maps s, r : (Qx)1 —>
(Qx)o are defined by s(«) :=a andr (o) :=bfora = (@ — b) € (Ox)1.
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DEFINITION 4.2. Sgp(G) can be viewed as a poset together with the inclusion-relation
<. Denote by

06 = Q(Sgp(G). <)
a quiver associated to a poset (Sgp(G), <) (see Definition 4.1). In this case, a weight function
wg of Qg is defined by indices of subgroups, that is, wg(H — K) := |H : K| € Z. The
notation UD(G) or UD(G, wg) stands for the UD-algebra UD(Qg, wg) over Z. Also the
notation Q‘éd implies (Q¢)"d.

Before going to an application to (Sgp(G), <), we consider the structure of the UD-
algebra obtained from the direct product of posets.

DEFINITION 4.3. Let (X,<x) and (), <g) be posets. For distinct (xi,yr),
(x2,¥y2) € X x %), define an ordering (x1, y1) > (x2, y2) precisely when x; >x xp and
¥1 =9 ¥2. Then (X x ), <) becomes a poset. In this case, if wx and wg) are weight func-
tions of associated quivers Qx and Qg respectively, then we adopt a weight function w of

Qxxy defined by w((x1, y1) = (x2,¥2)) := wx(x; = x2) x wy(y1 — y2). Note that if
X1 = x7 then we set wx (x; — x2) := 1, and similarly for wy).

PROPOSITION 4.4. Under the above notation, we have a Z-algebra isomorphism as
follows:

UD(Qxxy,w) = UD(Qx, wx) ®z UD(Qyg, wy).

PROOF. We consider the generating constants of UD(Qxxg),w). For elements

(x1,y1), (x2,y2) € X x 9, set P := P( LﬁéiX@)(n,yl);»(xz,yz)'
isomorphisms X = X x {y1} € X x QP and Y = {x2} x Y C X x ), and then we can identify
Qx and Qxx(y,}>and also Qg and Q(,}xg . Now for any path I" € P, there exist projections
I't and I> of I onto P(Q x) and P(Qy)) respectively such that w(I") = wx (I'1) x wy (I2).
Indeed we can take certain paths

ud _ ud
I e P(QXX{YI})(XI,yl):>(X2,y|) - P(Qx )X1:>X2’
ud _ ud
;e P(Q{xz}X@)(m,yl):ﬂm,yz) - P(Q@)yliyz’
Then by the definition of the generating constants, we have that

Sy, G L= ) w(l) - Z
reP

=( > w(n)~Z)( > w(Fz)-Z)

MeP(Q%) s 5 DeP(Q4)y =y,

Note that we have poset

= (sxlﬁxz 'Z) (5)’1,)’2 'Z) = Sx;,x08y,y, - L.
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Then the tensor product (5)(1,)(2) X, x0eX ® (5 i, yZ)yl,yz e of two matrices of the generating

constants of UD(Qx, wx) and UD(Qyg), wg)) gives a matrix of those of UD(Q x g, w). This
leads us to the required isomorphism. O

4.2. Some properties of the generating constants. In this section, we investigate
some fundamental properties of the generating constants of UD(G) = UD(Q¢, wg) which
will be used later in Section 4.3.

PROPOSITION 4.5. For A, B € Sgp(G), let so.p be the generating constant of
UD(G).

(1) s4.p divides|A: ANB| x |B:ANB|.

(2) sa,p divides the order of G.

PROOF. (1) Forapath A =(A — ANB < B)in 0" wg(A) is divisible by s4.B
from Definition 3.14 where wg(A) =|A: AN B| x |B: AN B|.

(2) Takepaths A = (A < G — B)and A’ = (A — {e} < B) in Q‘(l;d. Then wg(A) =
|G : A||G : Bl and wg(A’) = |A||B|. By the definition of s 4_p, the greatest common divisor
(wg(AQ), wg(A4")) is divisible by s4, 5. Now since (|G|p)2 = |Alp|BlplG : AlplG : Blp
for a prime number p, we have that ¢ := |A|,|B|, ord := |G : A|p|G : B|p divides |G|,.
Note that, for a positive integer n, n,, is the highest power of p that divides n. It follows that
(wg(A), wg(A")), = min{c, d} divides |G|,. This completes the proof. d

EXAMPLE 4.6 (The generating constants of UD(S3)). Let S3 be the symmetric group
on a set {1,2,3}. There are six subgroups of $3, and we name a; = S3, a = ((1,2)),
a3 = ((1,3)), as = ((2,3)), as = ((1, 2, 3)), and a¢ = {e}. Then a quiver O, with weights
is drawn as follows:
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Furthermore the generating constants of UD(S3) can be calculated as follows:

ai ay az a4 as ae

ap (1 3 3 3 2 6
aal3 1 1 1 6 2
a3 1 1 1 6 2
a3 1 1 1 6 2
as| 2 6 6 6 1 3
as \ 6 2 2 2 3 1

Note that (a;, aj)-entry is the generating constant s4,,4; € Z.

LEMMA 4.7. Let H be a subgroup of G. For A, B € Sgp(H), let sg’B and 52{3 be
respectively the generating constants of UD(G) and UD(H). Then the following holds.

(1) 8§  divides s¥ .

(2) If H is a normal subgroup of G, then 551,3 = 55‘1’3

PROOF. (1) Straightforward from Definition 3.14.

(2) Let A = (A =: Lop—L1—---—Ly := B) beapath from A to B in Q‘éd. Then we have
apath Any from A to B in Q‘;}j of the form Ang = ((LoﬂH)—(LlﬂH)—- . ~—(LkﬂH)) by
reducing loops. Suppose that L; > L;41 for some i. Then since H < G by our assumption,
we get

. ILi: Lit1]
|ILiNH:Liy1NH = ——F——.
|LiH : Lit1H|
It follows that wy (Ang) divides wg (A), and thus 52”3 divides 52,3 as desired. d

LEMMA 4.8. Let N be a normal subgroup of G, and set G := G/N. For subgroups
N < A,B < G,wehavesa p = 13 where s p and sz g are the generating constants of

UD(G) and UD(G) respectively.

PROOF. LetA = (A =:Lyo—L;—---— Li := B) be a path from A to B in Q‘g.
Then we obtain a path Ay from A to B in QL(‘;d of the form

ANy = (LogN — L{N —--- — L¢N)
by reducing loops. Furthermore we obtain a path Ay /N from A to B in Q%d of the form
An/N := (LoN/N — LiN/N — --- — LyN/N)

by reducing loops. Since wg(Ayn/N) = wg(Ay), and since wg (Ay) divides wg (A) by the
same way as in the proof of Lemma 4.7, we see that 53 5 divides 54 p.
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On the other hand, since the set of paths in Q‘é_d from A to B can be thought of a subset

of paths in Q‘éd from A to B whose vertices contain N, s p divides s7 5. The proof is
complete. O

The following is a consequence of Proposition 4.4 on the direct product of posets.

PROPOSITION 4.9. Let A and B be finite groups. Then UD(A x B,wpxp) =
UD(A, wy) ®z UD(B, wp) if and only if (|A|, |B|) = 1.

PROOF. Note that if (|A|, |B|) = 1 then we have a poset isomorphism (Sgp(A x
B), <axB) = (Sgp(A), <4) x (Sgp(B), <p), and that the converse is also true. Thus the
assertion follows from Proposition 4.4. O

4.3. A characterization of the generating constants. In this section, we focus our
attention on the generating constants s4 g of UD(G) which are equal to the order |G| of G.
Indeed we show thats4 p = |G|if and only if G = AB and A N B = {e}.

LEMMA 4.10. Let A= (Lo—Li—---— L) (k > 2) be a path in QL(‘;d such that, for
anyl <i<k—1,Li—1 < Lj > Liy1orLi—1 > L; < Ljy1. Then a weight wg(A) of A is
as follows:

(D) IfLo> Ly < Lrand Lg—2 > Lg—1 < Ly

Ly Ly Ly  Lg
L Ly Ly ’

-3 L

|La| - |Lk—2| )2_ |1Lol ><< |Lo| - - |Lk—2l| L] >2

wg (A) = Lol Lil x ( =
[Ly]-- - |Lik=3]| L1l [Ly| [Ly]- - |Lik=3]|Lk-1l

) IfLo <Ly > Lyand Ly—> < Ly—1 > L

Ly Li—1
Lo Ly Ly Lg

ILil--1Lk=1] \*  |Lol ILi|-- | Lg—1])?
wg(A) = |Lol|Lg| X < =— X|— ] .
|Lol| - |Lg—2||Lkl | L] [Lol| -+ |Lk—2]

3) IfLo> Ly < Lyand Ly—> < Ly—1 > L

Lo Ly Li—1
L Ly Ly Lg
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ILa|---1Li1] \° Lol (ILal---1Li—1]\?
wG<A>=|Lo||Lk|x< el i Bl L T
|L1| - [Lx—al|Lg| ILil = \[Li|---|Li—a

4) If Lo <Ly > Lyand Ly—y > Ly—1 < L

Ly Ly  Lg
Lo Ly Lg ’

-3 Ly

ILi|---|Lg—2|  \*  |Lol ILy|-- - |Lial|Li] \?
wg(A) = |Lol|Lk| % ( =— X .

\Lol -+ |Li—3l|Lk—1l) — |Lil [Lol - - [Li—3l|Lk—1l
PROOF. Straightforward. O
LEMMA 4.11. Let A = (Lo — Ly —---— Lg) (k = 2) be a path in Q‘gj such that

G = LoLg. Suppose that, forany 1 <i <k —1,Li_1 < L; > Liyy1orLij_1 > L; < Lj4.
Let G = G/Lg x --+- X G/Lg be the direct product of families G/L; (0 < i < k) of the left
cosets of L; in G. Set

L L
f:{(goLo,...,gkLk)eg giLi C gi+1Lit1 01 }

giLi O git1Lit1 (0 <Vi <k—1)

Then we have that Jwg(A)/|G : Lo N Lx| = |F|/|G : Lo N Lg|, and this is an integer. In
particular, wg (A) is divisible by |G : Lo N L|.

PROOF. Given a coset g;L; € G/L; (0 < i < k —1). We will determine
the next g;11L;+1 € G/L;4; satisfying the condition of elements in F. Suppose that
giLi C giy+1Li+1. Then since g; € g¢i+1Li+1, we have that g;11L;4 is uniquely deter-
mined as ¢;L;+1. Suppose next that g;L; D gi+1L;+1. Then since gi_lgi+1Li+1 lies in
Li/Li+1 = {yiLit1, ..., YmLi+1}, gi+1Li41 must be one of m = [L; : Ljti| cosets
giyjLiy1 (1 < j < m). Using these facts, we find the value | F|. On the other hand, wg(A)
is obtained in Lemma 4.10. Furthermore since G = LoLy by our assumption, we have that

| Lol Lkl 123

IG: Lo Ly| = ——21=kL 1B
[Lo N Lg|? [Lo N Lg|

and |G/Lo| =

Then by direct calculation, we can see that /wg(A)/|G : Lo N Lx| = |F|/|G : Lo N Lg]| as
desired.

Now, G acts on F viaaF := (agoLo, ...,agxLy) for F = (goLo, ..., gxLr) € F and
a € G. Let S be the stabilizerin G of F = (goLo, ..., gcLx) € F, that s,

k
S={aeGlaF=F) = L)% < (Lo)% N(L% =Lon L% ©.
i=0
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Since g := gk_lgo € G = LyLy by our assumption, we have that ¢ = xy for some x € Ly
and y € Lo, and thus Lo N (Lg)9 = (Lo N Lg)”. It follows that |S| divides |Lg N Lg|, and
thus the length |G : S| of the G-orbit of F is divisible by |G : Lo N Lg|. Therefore |F| =0
(mod |G : Lo N Lgl|). The proof is complete. O

PROPOSITION 4.12. (1) For A, B € Sgp(G) with A > B, we have that s, p = |A :
B|.
(2) Foranypath A = (Hy —» Hy — --- — Hy) in Qg, we have that

k-1
l_[5H,-,Hi+1 = |Ho : H|.
i=0

PrROOF. (1) Let A= (A=:Ly—Ly—---— Ly := B) beapath from A to B in Q‘gl.
It suffices to show that wg (A) is divisible by |A : B|. We proceed by induction on the length
k =1£(A) of A.

The first case where A = (A — B) is trivial. So we may assume that k > 2. Suppose
that L;—; > L; > LiyjorLi-y < L; < Liy; forsomel <i < k—1. Put A’ :=
(Lo—-++—Lj—1—Lj+1 —---— Ly) just deleting L; from A. Then since wg(A) = wg(A')
and £(A’) = £(A) — 1, we have that |A : B| divides wg(A) by induction. Thus for any
1 <i <k—1,wemay assume that L;_; < L; > Ljyjor Li_1 > L; < Lj+1. Then by
Lemma 4.10, wg (A) is divisible by |A : B].

(2) Straightforward from (1). O

PROPOSITION 4.13. For A, B € Sgp(G), the followings are equivalent.
(1) sa,p=1G: AN B|.
2) G = AB.

PROOF. (1) = (2): By Proposition4.5 (1), 54,5 = |G : AN B| divides |AB|/|AN B|.
Since |AB| < |G|, we have that |[AB| = |G]|.

(2) = (1): The proof is similar to that of Proposition 4.12. Let A = (A =: Lo — L1 —
-+« — Li := B) be a path from A to B in Q‘éd. It suffices to show that wg (A) is divisible by
|G : AN B|. We proceed by induction on the length &k = £(A) of A.

If k = 1then A = (A — B), and we may assume that A > B. By our assumption,
G = AB = A, so that wg(A) = |A : B| = |G : AN B| as desired. Hence we may
assume that k > 2. Suppose that L;_; > L; > Lj41 or Li—1 < L; < L;4+1 for some
l<i<k-1 PutA := (Lyp—--+—Li—y — Ljs; — --+ — Lg) just deleting L; from
A. Then since wg(A) = wg(A') and £(A’) = £(A) — 1, we have that |G : A N B| divides
wg (A) by induction. Thus forany 1 <i < k — 1, we may assume that L; 1 < L; > L;4j or
Li—1 > L;j < Lj+1. Then by Lemma 4.11, wg(A) is divisible by |G : A N B|. The proof is
complete. O

THEOREM 4.14. For A, B € Sgp(G), the followings are equivalent.
(1) sa,8 =G|
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(2) G=ABand AN B = {e).

PROOF. (1) = (2): By Proposition 4.5 (1), s4, g = |G| divides |AB|/|A N B|. Since
|AB| < |G|, we have that |]AB| = |G| and |A N B| = 1, and thus the assertion holds.
(2) = (1): This is clear from Proposition 4.13. d

Recall that a finite group which is the product of two nilpotent subgroups is solvable (see
[5, 13.2.9]). So applying this fact, the following is a consequence of Theorem 4.14.

COROLLARY 4.15. Ifsa p = |G| for some nilpotent subgroups A, B < G then G is
solvable.

5. Group characters

In this section, we apply the results in Section 3 on path algebras to group characters. Let
G be a finite group. For a subgroup H of G, denote by Irr(H) the totality of irreducible com-
plex characters of H. The set of all pairs of subgroups H < G and irreducible characters y of
H forms a poset with an ordering defined by the multiplicity of characters (see Definition 5.1).
Then, by Definition 4.1, we have an associated quiver Qg‘. So the UD-algebra UD(Q¢, w%h)
over Z can be considered where a weight function wCGh is defined by the multiplicity of char-
acters. We first define some elements in UD(Q", wgl) corresponding to Bratteli diagrams
(see [2]), and examine their properties. Next we see that the group G is characterized by a
weight function w‘éh which behaves in a special way. Finally we investigate the case where all
of the generating constants of UD(Q, wgh) are trivial. For character theory of finite groups,
we refer to [3].

5.1. Our setting and Bratteli operators. In this section, we define a quiver Qg‘
and a weight function wCGh associated to group characters. And then we consider elements
B (K, H) and B4(K, H) in uD(Q¢, wCGh) corresponding to the Bratteli diagram of sub-

groups K and H of G.

DEFINITION 5.1. (1) Let € be the set of all pairs of subgroups H < G and charac-
ters x € Irr(H), namely

¢ = |J {(H 0 |xelm(H)).
HeSgp(G)

Then € is a poset under an ordering < defined by (H, x) < (K, 6) precisely when
H < K and (x,0|g)m # 0. Denote by

le = Q(Cs,i)
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a quiver associated to a poset (€, <) (see Definition 4.1). In this case, a weight
function wg‘ of QCGh is defined by

wiP((K,0) — (H, x)) := (x,0ln)u € Z.

(2) For a generalized character § = ) xelre(H) Mx X € Z[Irr(H)] of H, we write (H, &)
for an element erlrr(H) my(H, x) in a Z-subalgebra Z(Qg‘)o - ZQg1 (see Sec-
tion 2).

REMARK 5.2. An arrow o = ((K,O) — (H,X)) of weight m := (x,0|g)n # 0Ois
defined by the restriction 8|y of 8. Then, by Frobenious reciprocity (cf. [3, page 62]), we
think that the opposite arrow ‘o = ((K, 0) <« (H, X)) of weight m = (9, XK)K is defined

by the induction x X of x.
DEFINITION 5.3. For subgroups H < K < G, put
PM k.= {((K,0) — (H, x)) e P(OD) |0 € Ir(K), x € Ire(H)).
Define an element 8(K, H) in the path algebra ZQ‘g1 as follows:

B(K.Hy:= Y A €Z0@.

Ae(PMk 1

Furthermore, define an element 8(H, H) := erlrr(H)(H, X) € Z(le)o to be the sum of
all trivial paths corresponding to vertices (H, ) for all x € Irr(H).

REMARK 5.4. Itis worth mentioning that the above B(K, H) (H < K) together with
weights wCGh can be thought of the “Bratteli diagram” of K and H (see [2] for example). This
is a graph whose vertex set is Irr(K) U Irr(H), and two distinct 6, x € Irr(K) U Irr(H) are
joined by m edges if and only if (x,0y)y = m for 6 € Irr(K) and x € Irr(H).

DEFINITION 5.5 (Bratteli operators). For subgroups H < K < G, define two ele-
ments of UD(Q¢", w‘é‘) - End(Z(Q‘g‘)o) corresponding to B(K, H) as follows:

By(K. H) = p,a(BK.H) =D p,m(4):ZQF0 — Z(QF)o
Ae(PMk 1
By(K H) == ha(BK, H)) = D da(d): Z(QF) — Z(QF)o

APk 1
In particular, we have that B (H, H) = By(H, H), and that for (L, n) € (Q‘g‘)o =Cg,

(LB = N A= Y wEA)(Sw.sar (D) € Z(QDo

Ae(PMk 1 Ae(PMk 1
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LB = 3" AL = Y wF A (Eraywms(A) € Z0F0
Ae(PMk g Ae(PMk g

EXAMPLE 5.6. For subgroups H < K < G, suppose that Irr(K) = {61, 62, 63, 04, 05}
and Irr(H) = {x1, x2, x3}, and that 8(K, H) € ZQCGh with weights m; is given as follows:

) 03 04 05

my my| M5 my

Irr(K)
mj my me
Irr(H)
X1 X2 X3

In this case, for example, (K, 92)B¢(K*H) and (H, xg)BT (K.H) are calculated as follows:
(K., 02) 25 = my(H, x1) + m3(H, x2) = (H,max1 +m3x2) = (H, 02| 1)
(H, x2)P15M = m3(K, 02) + ma(K, 03) + ms (K, 64)
= (K, m36> + ma03 + msbs) = (K, (x2)*)

In general, we get the next.

PROPOSITION 5.7. For subgroups H, K < G, and (L,n) € (Qcé‘)o = Cg, we have
that

(D) (L, )BEID = 5 1 (H,nly) and (L, n)B1 & = 55, (K, 9%) for H < K.

(2) (Mackey Decomposition) For a set {x1, ..., x;} of (K, H)-double coset representa-
tives in G,

r

(L, n)BT(G’H)OBi(G’K) — (SH,L Z(Hia nxi)B¢(Hi,H,'QK)OBT(H,'HK,K)

i=1
where H; 1= xini_l.
PROPOSITION 5.8. As in the following, let B be a Z-subalgebra of ZQ, and let B,
and B4 be Z-subalgebras ofUD(QCh, wCGh) < End(Z(QcGh)o).
B:=(B(K,H)|H=<K<G)<Z0®
B, :=(By(K, H)| H < K <G) <UD, wih)
By = (By(K. H) | H < K = G) < UD(QZ" w§)

(1) The Z-algebra B is isomorphic to the path algebra ZQ¢ defined by the lattice
(Sgp(G), =).

(2) For a Z-submodule M on(Qg’)o, M is a right (resp. left) Z.Q g-module if and only
if M is invariant under B (resp. By).
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PrROOF. (1) Itis clear from the fact that generators S(K, H) and B(H, H) (H < K <
G) of B correspond to a path (K — H) of length 1 and the trivial path A in the quiver Qg
(see Definition 4.2).

(2) From the definition, M is invariant under B (resp. B4) if and only if M is a right
(resp. left) B-module. So the assertion follows from (1). d

EXAMPLE 5.9. Let My; and Mie; be Z-submodules of Z(Q‘g‘)o as follows:
M= Y (KJAK)Z Meg:= Y. (H pu)Z
KeSgp(G) HeSgp(G)
where 15 and pg are the trivial and regular characters of H. Since, for H < K < G,
(K, 1) = (H, 1), (H, pr)P1&HD = (K, pk)
(K, px)2 & = |K 2 HI(H, pn).,
we have from Proposition 5.8 (2) and Proposition 3.2 that
Myi = (Puw, Z(Qg)o)  as right ZQg-modules where w = 1

Mreg = (W, Z(QG)o)  as left ZQg-modules where w = 1
Mreg = (Pw, Z(Qc)o)  as right ZQg-modules where w = wg

where wg is defined by indices of subgroups of G (see Definition 4.2).

5.2. A characterization of G by weights. In this section, we see that the group G
is characterized by a weight function wCGh which behaves in a special way. For any element
x = (H, x) € €g, define x, := x.

LEMMA 5.10. Forany path A in Q%, we have that w‘é‘(A) < [;‘Ei—)ﬁ;]

PROOF. For any path A := ((Ho, x0) — (Hi, x1) = --+ = (Hk, x)) in Q%' we

set m; = (XilHHl’ Xi+l)Hi+1 (0<i <k-1). Then wgl(A) = 1—15(:_01 m;. Furthermore set
m = (xo0lH,, xk)H,- Then we have that

]ﬁm' <m< |:X0(1)i| - [XS(A)(I):|
i=0 T T b Xr(a)(1)

as desired. O

PROPOSITION 5.11. The followings are equivalent.

. sy
(1) For any path A in Q%, we have that w‘é‘(A) = [;ﬁ—;h;].
(2) G is abelian.

PROOF. (2) = (1): Since every irreducible character of a (finite) abelian group has
degree 1, the assertion clearly holds.
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(1) = (2): First of all, we will show that any abelian subgroup C < G is normal in
G. Take any ¥ € Irr(C), and express wG = Z;Zl m;6; for some m; > 1 and 6; € Irr(G).
Then A := ((G,6;) — (C,v)) forms a path in Q% and by our assumption wil(A) =

s(a) (1) 6;(1 .. .
I:i((riii(l):l = [ﬁ] = 6;(1). This implies that

t
Oile =0: (DY,  ¥9lc = (Zmieia))w. (%)
i=1

In particular, in the case of the trivial character ¢ := 1¢ of C, we have, by (%), that
(10)%(y) = (1¢)9(1) = |G : C| for any y € C. On the other hand, the definition of in-
duced characters tells us that (IC)G(y) = ﬁ deG loc(g_lyg), and hence g_lyg e C for
any g € G. It follows that C is a normal subgroup of G.

Now, we will show that G is abelian by induction on the order |G| of G. Before doing
this, it is worth mentioning that, for any proper subgroup H < G and a non-trivial normal
subgroup {1} # N < G, H and G/N clearly satisfy the condition (1), so that by induction
both H and G/N are abelian.

Suppose that |[7(G)| > 2 where 7 (G) is the set of primes dividing the order of G. Take
any elements x, y € G whose orders are relatively prime. As shown in the above, abelian
subgroups (x) and (y) are normal in G, so that (x)(y) = (x) x (y) and [x, y] = 1. This
yields that G is the direct product of Sylow subgroups of G, namely it is nilpotent. Since
|7 (G)| = 2, each Sylow subgroup is abelian by induction, and thus G is abelian. So we may
assume that G is a p-group for some prime p.

Suppose that there exist elements x, y € G such that [x, y] # 1. If (x, y) < G then
by induction [x, y] = 1, a contradiction. So we get G = (x, y). Let C), = (a) < Z(G),
and then by induction G/(a) is abelian, so that [x, y] € [G, G] < (a). Suppose further that
there exists an element b € G of order p such that (a) # (b). Since (b) N (x), (b) N (y) <
(b) = Cp, we obtain that [b, x] = 1 = [b, y]. This means that b € Z(G), and by induction
G/(b) is abelian, so that [x, y] € [G, G] < (b). It follows that [x, y] € (a) N (b) = {1}, a
contradiction. Thus the p-group G possesses the unique subgroup of order p, which implies
that G is isomorphic to a cyclic group or a generalized quaternion group (cf. [7, page 59]).
But since [x, y] # 1, and since any proper subgroup of G is abelian by induction, we have
that G = Qg = (A, B | A* = 1,A2 = B2, B-'AB = A7) the quaternion group. Then
there exists the unique irreducible character 6 € Irr(G) of degree 2. Let C := (A) = C4
be an abelian subgroup of G, and then 6|¢c = ¥ + v for certain distinct Y1, ¥ € Irr(C).
However, this contradicts (). The proof is complete. O

5.3. Trivial generating constants. In this section, we investigate the case where all
of the generating constants of UD(QS", w%h) are equal to 1. And indeed we finally show that
every finite group has this property. For a subgroup H < G, set

Py =P((05)") and P:=P((02)").
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For elements u, v € €y C €, we denote by 55 , the generating constant of uD(Q¢h, wg‘).
Furthermore an element ({e}, 1{.}) of € for the trivial subgroup {e} of G is denoted by just
1.

DEFINITION 5.12. We say that a finite group G is a T GC-group (Trivial Generating
Constant) if 5, y = 1 forany x, y € €g.

LEMMA 5.13. (1) Ifsx1 =1 foranyx € Cg then G is a T GC-group.
(2) Let H be a subgroup of G. Ifsgy = 1forsomex,y € €y then sx y = 1.

PROOF. (1) For any x,y € &g, we have that 5, ; = 1 and 51, = 5,1 = 1 by our
assumption. So there exist integers m o and n such that

Yo maw@A) =1, Y arwd)=1.

AePyoq FeP1:>y
It follows that
sey L= Y wdT)-Zs Y Y manrwd(AD)
TeP.ioy AePyo1 I'eProy

Z Z mAnpwgl(A)wgl(F)

AePy1 FEPliy

( > mAwgh(A))x( > npwgh(r)>=1.

AePy1 FEPliy

H

(2) By our assumption s,/ ,

= 1, there exist integers m 4 such that

D mawi(4) =1.

AE(PH)Xﬂ)'
But since (PH)x;sy c Px:>),, we have that 1 € sy, - Z. O

LEMMA 5.14. Let H and K be TGC-groups. Set G := H x K. Then for any x :=
(G, x) € €g, we have that s, 1 = 1.

PROOF. The irreducible characters of G can be obtained as Irr(G) = {6 x Y | 6 €
Irr(H), ¢ € Irr(K)} where (60 x ) (hk) := O(h)y(k) for hk € G = H x K (cf. [3,
page 59]). So we may assume that x = 6 x  for some 6 € Irr(H) and ¢ € Irr(K). Let
y:=(H,0) € €y and 7 := (K, ¥) € k. Then 55{1 = 551 = 1 by our assumption, so there
exist integers m o and n - such that

> mawi(a) =1, Yo nrwd)=1.

Ae(Py)y=1 I'e(Pg):=1
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Now for paths
A= (y=:(H,60) — (Hy,0)) — -+ — (Hy,6;) :=1) € (Py)y=1,
= (z=:(K1i,¥1) — (K2, ¥2) —--- = (K¢, Y1) := 1) € (Pg)z=1,

define p; j := (H; x Kj,0; x ¢¥j) € €c (1 <i <, 1 < j <1). Then it is straightforward
to check that

AST == (p1,1 — p2.1 — = Ps—1,1 — Ps,1 — Ps2 — ** — Ps.i—1 — Ds.1)
forms a path in P,_,; with the property that

wg (pi1 — pir1.1) = wif ((Hi, 6) — (Hig1,6i41)) (1 <i<s—1),

w (ps.j — psjr)) = wi ((Kj, vj) = (Kjrn, Y1) (1 <j<t—1).
This tells us that wi(AI) = w§h(A) x w(I). It follows that

se1-Zi= Yy wd(M)-Z> Y. > manrw@(AfD)

TePyo1 Ae(Py)y=1 T'e(Pk);=1
= ( > mAw;}I(A)> x < > npw;h(r)> =1.
Ae(Ph)y=1 I'e(Pg);=1
The proof is complete. O

DEFINITION 5.15 (cf. page 127 in [3]). A finite group E is said to be elementary or
p-elementary (where p is a prime) if E is the direct product of a cyclic group and a p-group.

THEOREM 5.16. If any elementary subgroups of G are TGC-groups then G is a
T GC-group.

PROOF. By Lemma 5.13, it suffices to show that s, 1 = 1 for any x := (K, x) € €.
Now using Brauer’s characterization of characters (cf. [3, Theorem 8.4]), x € Irr(K) can be
expressed as

x =y m@n~
reA
where A is an index set, m, is an integer, and ; is a linear character of an elementary
subgroup Ej of K. Let {A1,....As} :== {A € A0 # o = (x. W)")}. Then we
E}u

have that 1 = Zle m;,ay,;. By our assumption, Ej is a T GC-group, and thus S, 1= 1 for
x; = (Ejy;, ¥y,). This implies that

Y nawg (A) =1

Ae(Pr, )ym
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for some integers n 4. On the other hand, set I} := (x — x;) (1 <i <) an arrow of weight
a,;. Then I'; A is a member of P,_,1 forany A € (PEM )x;=1. Hence we have that

Se1-Zi= Y wCGh(T).ZaXS:< > mx,.nAw&h(FiA))

TeP, 1 i=1 " Ae(PE; o1

s S
Yo X nau@) =Y me, 1.
i=1 i=1

AP, Jx;=1
The proof is complete. o

LEMMA 5.17 (cf. Corollary 6.19in [3]). Let P be a p-group and let H its subgroup
whose index in P is p. Suppose x € Irr(P). Then one of the following holds:

(1) x|g is irreducible.

(2) x|u is a sum of distinct irreducible characters of H.

LEMMA 5.18. (1) An abelian group A is a T GC-group.
(2) A p-group P is a TGC-group.

PROOF. (1) Let A = (x — y) be an arrow in th where x := (H, x) and y :=
(K,¥) € €4. Put0 £ m = w‘gh(A) = (x|k,¥)k. Then since x (1) > mir(1), and since
every irreducible character of a (finite) abelian group has degree 1, we have that m = 1. This
implies that A is a T G C-group.

(2) We proceed by induction on the order | P| of P. By Lemma 5.13, it suffices to show
that s, 1 = 1 forany x := (K, x) € €p. Suppose that K < P. Thensince K is a T GC-group
by induction, we have that 551 =1, and thus 5, ;1 = 1 by Lemma 5.13.

Suppose next that K = P. Let H be a maximal subgroup of P, then |P : H| = p.
By Lemma 5.17, for x € Irr(P), there exists & € Irr(H) such that (x|g,0)r = 1. Let
y:=(H,0) e €y C Cp,andset [ := (x — y) an arrow of weight 1. Then I"A is in P,
for any A € (Py)y—1. Furthermore, since H is a T GC-group by induction, we have that

551 1 = 1. So there exist integers n 4 such that

> nawia)=1.
Ae(Ph)y=1

Therefore
se1-Zi= Y wi(N)-Z> Y nawi(IA)

YePys1 Ae(PH)y=1
= Z nawit(A) =1.
Ae(Pr)yo

The proof is complete. O
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LEMMA 5.19. Every p-elementary group E = P x C where P is a p-group and C is
a p’-cyclic is a T GC-group.

PROOF. We proceed by induction on the order |E| of E. By Lemma 5.13, it suffices
to show that s, 1 = 1 for any x := (S, x) € €g. Suppose that S < E. Then since § =
(SN P)x(SNC)isa p-elementary group whose order | S| is less than |E|, S is a T GC-group
by induction. It follows that 55’1 = 1, and thus s, 1 = 1 by Lemma 5.13. So we may assume
that S = E = P x C. Note that, by Lemma 5.18, P and C are both T GC-groups. Therefore
Lemma 5.14 tells us that s, 1 = 1. The proof is complete. O

THEOREM 5.20. Every finite group is a T GC-group.

PROOF. Straightforward from Theorem 5.16 and Lemma 5.19. O
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