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Abstract. In this paper, we study the kernel of the reciprocity map of certain simple normal crossing varieties
over a finite field and give an example of a simple normal crossing surface whose reciprocity map is not injective for
any finite scalar extension.

1. Introduction

The reciprocity map of the unramified class field theory for a proper variety X over a
finite field k is a homomorphism of the following form:

px : CHo(X) —> 7°(X).

Here CHy(X) is the Chow group of O-cycles on X modulo rational equivalence, and nfb (X)
is the abelian étale fundamental group of X. The map px is defined by sending the class of a
closed point x to the Frobenius substitution at x. If X is normal, px has dense image [5]. If
X is smooth, py is injective [4]. We also know that there is a projective normal surface X for
which pyx is not injective [6], and that there is a simple normal crossing surface X over k for
which px/n is not injective but pxg g /7 is injective for any sufficiently large finite extension
E/k and some n > 1 [7]. Here a normal crossing variety X over k is a equidimensional
separated scheme of finite type over k which is everywhere étale locally isomorphic to

Spec(k[To, ..., Tal/(ToTi -+ T,)) (0 <r <d=dimX).
A normal crossing variety X over k is called simple if any irreducible component of X is
smooth over k. For any simple normal crossing variety X, we have an exact sequence (cf. [3])

EX.n px/n ab
Hy(I'x,Z/n) —— CHo(X)/n —— n{®(X)/n, (1.1)
where [y is the dual graph of X which is a finite simplicial complex. By studying on the map
£x.n, ONE can see as to whether px /n is injective or not. However €x , is abstract and difficult
to compute directly. In this paper, we study €x , and Ker(py) for a certain simple normal
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crossing variety, and construct a simple normal crossing variety X over k for which pxgr/n
is not injective for any finite extension F/k and some n > 0.

This paper is organized as follows: In Section 2, we investigate the kernel of the reci-
procity map py for a certain simple normal crossing variety Y by using a method of Matsumi-
Sato-Asakura [6]. In Section 3, we construct a simple normal crossing surface over a finite
field whose reciprocity map py is potentially not injective. In Appendix, we prove some
lemmas on simple normal crossing varieties over finite fields which are used in Section 2.

Notation

(1) For an abelian group A and a positive integer n, A/n denotes the cokernel of the

map A LA Aqors denotes the torsion subgroup of A. A®" denotes the direct sum of n
copies of A.

(2) For a field k, k* denotes the multiplicative group, k*°P denotes a fixed separable
closure, G denotes the absolute Galois group Gal(k*P/ k), sz denotes the maximal abelian
quotient group of G¢. For a connected scheme X, nf‘b(X ) denotes the abelian étale funda-
mental group. Further, for a non-connected scheme V, nf‘b(V) denotes €P; nfb(V,-) where V;
are connected components of V. For k-scheme X, 71{°°(X) denotes Ker(7*(X) —> Gib).

(3) Letk be afield and X be a k-scheme. For a field extension F/k, X ®; F denotes
X Xspec(k) Spec(F'). Especially, for a fixed separable closure k*P/k, X denotes X X Spec(k)
Spec(k*¢P).

(4) For a scheme X of finite type over a field and an integer g > 0, X, denotes the set
of points on X which dim({x}) = ¢. For a point x € X, k (x) denotes the residue field. For a
scheme X of finite type over a field k, we define the following group:

CHo(X) := Coker<81 : @ K(x)* — @ Z),

xeXy xeXo

where 91 is defined by the discrete valuation.
If X is proper over k, there is the degree map

degx/k . CHO(X) — Z,

Ao(X) denotes its kernel.

(5) H'"(—,—) denotes an étale cohomology group. Especially, H"(F, —) denotes
H" (Spec(F), —) for a field F.

For a separated scheme X of finite type over k and a natural number n, we define the
étale homology with coefficient Z/n to

H;(X,Z/n) := Hom(H!(X,Z/n), Q/Z) .

Here H,f(—, —) denotes an étale cohomology group with compact support. This functor
H,.(—,Z/n) forms a homology theory on the category of separated schemes of finite type
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over k and proper k-morphisms ([2, (1.2), (2.1)]).
(6) For a simple normal crossing variety X over k, we use the following notation: Let
{Xi}ier be the set of irreducible components of X. For a positive integer r, we define

X(r) = ]_[ Xil ><XX,-2 ><X---><XX,-,.
{i1,i2,....0r}CI

We define a simplicial complex I'x called the dual graph of X as follows:

Fix an ordering on /. The set of r-simplexes &, of Iy is the set of irreducible com-
ponents of X, We determine the orientation on r-simplexes inductively on r by the fixed
ordering on 7 (cf. [3, §3]).

Let F/k be an algebraic extension. We put ¥ := X ®; F. Let {Y;};cs be the set of
irreducible components of Y. Then we define the semi-order on J as follows: for ji, j» € J,
1< = o0 <¢(2),
where ¢ : J — I is the map which sends j to ¢ (j) when Y; lies above Xy ;). By using this
order on J, we define the homomorphism of the complexes

of/k: Ty — I'x.

Then the homomorphism H,(I'y, Z) — H,(I'x, Z) induced by o/ is called norm map.

2. The kernel of the reciprocity map

In this section, we study the kernel of the reciprocity map py for a variety Y of the
following form by using a method of Matsumi-Sato-Asakura [6].

Let Y is a projective smooth and geometrically irreducible variety over a finite field k
and D be a simple normal crossing divisor on Yy. We put O := (0: 1), 00 :=(1:0) € P,i.
We then consider the following simple normal crossing variety:

Y = (Yo xx O) U (Yo xx 00) U (D xx P') < Yo xx P'.
We will construct the following map §y whose image coincides with Ker(py):
8y : HH(I'p,Z) — CHp(Y).
We then consider the group
G(Y) :=Im(8y o o) C Ker(py),
where o : Hi(I'5,Z) — H{(I'p,Z) is the norm map. The group G(Y) is related to the

following group and map

O = Coker(@ (D Pt — nf‘b(Y_o)P“"Z) ,
J

o H\(I'y, Zg) — 6.



516 RIN SUGIYAMA

Here Yy := Yy ®k k*P and D; denotes irreducible component of D := D ®; k*P, and
JTf‘b(—)PrO"Z denotes the maximal pro-¢-quotient of nfb(—).

We will prove the following theorem which is an analogy of a result of [6] for certain
simple normal crossing varieties over finite fields.

THEOREM 2.1. Let £ be an arbitrary prime number.
(1)  The £-primary part G(Y){£} of G(Y) is a subquotient of (@()
(2) Assume that

tors’

(i) each connected components of Y® has a k-rational point,

(i) Gy actson (@() trivially.

tors

Then G(Y){¢} is isomorphic to the image of the map a©.

The remarkable points in Theorem 2.1 are that the map a‘®) does not vary for finite
scalar extensions, and that the group Im(a©)) is related to G (Y). Therefore by studying on
G (Y) and using the map (®, one can see as to whether the reciprocity map py is potentially
injective or not.

2.1. Construction of 5y
PROPOSITION 2.2. There exists a homomorphism
3y : HH(I'p,Z) — CHy(Y)
whose image coincides with Ker(py).
PROOF. We consider the following variety and two closed subschemes:
S = (YO Xk 0) U (YO Xk oo) U (D Xk Pl),
Z = (Yo xx O) U (Yg xx00) C Y,
Z' = (Yo xx O) u (Yo xx 00) U (D xx {0, 00}) C S.
Then we have
Y\Z=S\Z ~D xGy. 2.1

From this isomorphism, we obtain the following commutative diagram with exact rows:

CHy(Z") LN CHo(S) —— CHo(D x Gp) 2.2)
CHo(Z) —— CHo(Y) —— CHo(D x G,) .

Now we have CHy(D x G;;) = 0. We compute the kernel of the map §. Since there are the
following isomorphisms

CHy(Z') ~ CHo(Y0)®* ® CHy(D)*?,
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CHo(S) ~ CHy(Y0)®* @ CHo(D x P!),
CHo(D x P') ~ CHy(D),

we have
Ker(B) = {(0, 0,c, —c)| ce€ CHO(D)} ~ CHy(D) .

Hence, by the diagram (2.2) and CHy(Z) =~ CHO(YO)@z, we have an exact sequence
CHy(D) — CHO(YO)€Bz —> CHo(Y) — 0. (2.3)

On the other hand, considering the localization sequence of étale homology groups, we
obtain the following commutative diagram with exact rows:

202"y L (S) = H (D x Gy, Q/Z) 2.4)

| |

7¥®(Z) ——= 7®(Y) — Hi(D x G, Q/Z).

Similarly to the above, we have Ker(,B/ ) ~ nf‘b(D). Hence, by the diagram (2.4) and

nf‘b(Z) ~ nf‘b(YO)@z, we have an exact sequence
(D) — 7 (Yp)®* — xib(Y). (2.5)

From (2.3) and (2.5), we have the following diagram with exact rows (cf. Proposition
A.2):

CHo(D) —— CHy(Y)®2 —— CHy(Y)

T

7 (D) ——= m{*(Y0)®* —— 7{*(¥)

i

H\(I'p,Z).
Here H|(I'x, Z) = 1(ir_nH1(FX, Z/n). Let$ : H((I'p, Z) — Ker(py) be the surjective map
induced by the above giagram. We then define §y by the composite
H\(I'p, Z) —> Hy(Ip, Z) —— Ker(py)—> CHy(Y)..

Then we have Im(dy) = Ker(py), since Ker(py) is finite and the map Hi(Ip,Z) —
H(I'p, i) has dense image with respect to the pro-finite topology. O
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REMARK 2.3. From the structure of Y, we obtain a suspension isomorphism
H\(I'p,Z) ~ Hy(I'y,Z) .
Therefore we have the map
H\(I'p,Z) ~ Hy(I'y, Z) =% CHy(Y)

whose image coincides with Ker(py). Here ey is the map in (1.1). This map coincides with
the map §y.

We write Hy (I'x, 2)7 for the image of the norm map H;(I%, Z) — Hi(I'y, Z). We
then define the map

85°° . H\(I'p, )7y —> CHo(Y)

to be that induced by the following commutative diagram with exact rows (cf. Proposition
A4):

Ag(D) ——— A(Y0)®> — Ao(Y)

| ]

7y (D) ———= w1 (Y0)®2 ——= 7 ()
Hi(I'p, 2)5-

Here the diagram follows from (2.3) and (2.5). The bijectivity of the middle vertical map is
due to Kato-Saito [4].
From the constructions of 8y and 85 _, the following diagram commutes:

Hi(I'5, Z) — H\(I'p, L) (2.6)
L
Hi(I'p, Z) —'— CHy(Y).
2.2. Proofof Theorem 2.1. Let £ be a prime number. We write ®, for the G-module
Coker(nfb(ﬁ(l))pm'[ — 7 (Yo)Prot) .
We consider the following G-equivariant homomorphism

a9 H{(Fp, Zy) — Oy
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induced by the following commutative diagram with exact rows

b (D yprot —— (D)ot — - Hi(Ipy, Ze) —= 0

| | |

00— nflb (To)pro-lé 1_d> ”idb (To)pro-lé - -0,

By the weight argument, Matsumi, Sato and Asakura [6, Thm. 3.3] proved the following:

LEMMA 2.4 (Matsumi-Sato-Asakura). Let £ be an arbitrary prime number.
(1) The image of «® is contained in (@f)tors'

(2) Assume that G acts on (@g) trivially. Then the composite of canonical maps

tors

/i f
(@l)tors Hl ((@E)tors)Gk ZH (@Z)Gk

is injective.

PROOF OF THEOREM 2.1. (1) For a finite abelian group M, we write M© for the
maximal £-quotient. Since Ag(Y) is finite (cf. Lemma A.1(1)), the £-primary part G(Y){¢} is
identified with G(Y)®, and hence identified with the image of the composite map

(5y 00) " Hi(I', Z) — Ap(Y) — Ap(V)©.

From the commutativity of the diagram (2.6) and the constructions of 8%,60 and a©, the map

)(5)

(8y oo) " is decomposed as follows:

NG

®
Hi(I'p, 2) % 0y — (0¢) 5, —— Ao(1)©,
where 1© denotes the following composite map:
(60) g, = Coker(m{** (DM — 7% (¥o)P)
~ Coker(Ag(D)© — A¢(Yp)?)
© oy v ©
— COkeI‘(Ao(D) — Ao(Yo) ) —> Ag(Y)™.

From Lemma 2.4(1), the image of «(®) is contained in (&)

tient of (&), .
(2) It suffices to show that the composite of canonical maps

Thus, G(Y){¢} is a subquo-

tors”

)
Im(©) > (00),. —2> ((O0) ors) 6, 2> (B2) 5, —— Ao(¥)®

tors

is injective under the assumptions. Here the first map is injective by (1). From Lemma 2.4(2),
the composite map f> o f] is injective. Under the assumption (i), n*) coincides with the map
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¥ ® from Lemma A.1(2). The injectivity of ¥© follows from the following commutative
diagram with exact rows

Ao(D) — Ao(Yp) — Coker

|k

Ap(D) — Ag(Yy)®? —— Ao(Y),

where £ maps an element a of Ag(Y)) to an element (a, —a) of Ao(Yo)®2. O

3. [Example of potentially non-injectivity

We here construct a simple normal crossing surface over a finite field for which the
reciprocity map is potentially not injective by using a surface considered in [6].

Let k be a finite field. Let n > 1 be an integer such that (n, 6 - ch(k)) = 1. We assume
that k contains a primitive n-th root ¢ of unity. Let V be a Fermat surface in Pz defined by the
following equation:

Ty +T{+ T, + T3 =0.
We define an action 7 on V as follows:

T (To:T1:Ta:T3) —> (To: T ISR §3T3),
which does not have fixed points. We then have a projective smooth surface Yy := V/(t).
Now we consider 2n lineson V: j =1,...,n—1
Li:To+Ti=T+T3=0, L": To+¢ T =T +¢/T3=0
Ly : To+Th=T+¢{T3=0, Ly To+¢/ T =T+ ¢/ T3 =0.

Let L be the following divisor on V:

n—1 n—1

L=L{UL,UL*U...UL;" ULS>"

Then the divisor L is a connected simple normal crossing divisor and stable under the action
of (t).

Letgp : V — Ypand C; = ¢«(L;) (i = 1,2). Since C; is isomorphic to L;, C; is a
nonsingular rational curve on Yy and D = C1 U C; is a simple normal crossing divisor on Yy.
Moreover every singular points of D are k-rational. We then put

Y = (Yo Xk 0) U (Y() Xk OO) U (D Xk Pl).

Now we have to show that for the above surface Y, the map py /n is not injective. Since
V is a hypersurface in P}, 7i°(V) = 0 (cf. [7, Lemma 3.5.]). Hence we have

i (Yo) = (v) =~ Z/n.
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Since C; is rational curves, we have nf‘b (C;) = 0. Therefore, we have

Otors = Coker(@ (D) — nf"(%)) =" (Yo) ,

Jj tors

and Gy acts on the above group trivially.
On the other hand, the map

a: Hi(I'y, Z) — 7i°(Yo)

is surjective, because ¢ induces the completely splitting covering L —> D.

From Theorem 2.1, Ker(py) >~ Z/n. Thus py is not injective. Moreover, we have
Ker(pygr) =~ Z/n for any finite extension F'/k, therefore the map pygr is not injective. We
also see that the map pygr/n is not injective.

Considering a product ¥ x; X, we obtain a higher dimensional variety for which the
reciprocity map is potentially not injective. Here Y is the above surface and X is a projective
smooth and geometrically irreducible variety over k. Indeed, pyx, x is not injective for any
finite scalar extension. This follows from the following commutative diagram with exact rows:

(S X X P
Hi(Ipxx, Z) —% CHy(Y x X) 225 pab(y x x)

| |

)
Hi(I'p, Z) —— CHy(Y) — 22— 7ib(y).
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A. Appendix

We here prove some lemmas about simple normal crossing varieties over finite fields. In
case of curves, lemmas similar to that in this section is proved in [6]. We extend to higher
dimensional cases by an argument similar to that in [6].

Let X be a simple normal crossing variety over a finite field £ which is proper over k. Let
{Xi}ier be the set of irreducible components of X. Fix an orderingon /. Fori < j (i, j € I),
X; j denotes X; xx X ;. Then xX? = ]_[i<j X, j (cf. notation (6)).

LEMMA A.l. (1) Thereis an exact sequence of Chow groups

@D CHo(xi.)) % @ CHo(x;) - CHo(X) — 0,

i<j iel
where ¢ is the alternate sum of the push-forward maps CHo(X; ;) — CHo(X;) and
CHo(X;,j) — CHo(X), and ' is the push-forward map for the canonical map ]_[ie] X —
X.
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(2) The degree 0-part Ag(X) of CHo(X) is finite.
(3) Assume that each connected component of X® has a k-rational point. Then the
canonical map @, c; Ao(X;) —> Ao(X) is surjective.

PROOF. The proof of (1) is straight-forward and left to the reader.

(2) We consider the following commutative diagram with exact rows:

CHo(X; ;) 9 Z Z/mi; — 0
J s . J

i<j i<j i<j

s : |¥

0—Pacxn ___ PcHoxn L Pz Bz/m; — 0

iel iel iel iel

| *”
degy/x

0 Ao(X) CHo(X) —Z.

Here m;; = [I'(X; ;, OX,.J.) k], m; = [I'(X;, Oy;) : k] and the above maps are defined as
follows:

[ =@ degy, /i

9= degy, ;/x

v : the alternate sum of the identity maps,

V': the map induced by v,

Iﬂll the restriction of .

By the above diagram, we have a surjective map from the kernel of V' to the cokernel of
Iﬂl. Since X; is smooth for all i € I, Ag(X;) is finite by a theorem of Kato-Saito [4]. Hence
we see that the cokernel of wl is finite and that Ag(X) is finite.

(3) Under the assumption, the map ¢ is surjective. The assertion follows from the
above diagram. O

We describe the cokernel of the reciprocity map px for X in terms of the dual graph of
X (ct. [3], [4D).

PROPOSITION A.2. For a positive integer n, there is an exact sequence
1
CHo(X)/n 2% 70 x) /n —*L 1y (I, Z/n) — 0.

PROOF. We consider the following exact sequence of étale sheaves on Xg:

0 Z/nx @Z/"Xi_>..._>@z/nxt(d+l> - 0.

iel teT
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Here {X ,(d+1)},€T is the set of irreducible components of X @+Dand we have omitted the
indication of direct image functors of sheaves. From this exact sequence, we obtain a spectral
sequence

EPY = HI(XP) Z/n) = HPTU(X,Z/n).

By computing E»-terms, we have an exact sequence

0—— H\(I'x,Z/n) — HY(X,Z/n) _>@H1(Xi,Z/n),

iel
where H!(I'y, Z/n) = Hom(H|(I'x,Z/n), Q/Z). From the Pontryagin dual of this se-

quence and Lemma A.1 (1), we obtain the following commutative diagram:

@CHO(Xi)/n — ~ CHy(X)/n ———>0

iel

l@ px; /1 px/n

@n?b(x")/" ——7®(X)/n — H\(I'x,Z/n) —0.

iel

Here px (resp. px;) is the reciprocity map for X (resp. X;) and the left vertical map is an
isomorphism by Kato-Saito [4]. Hence the assertion follows from the above diagram. O

We regard X as a trivial right G;-scheme and define the right action of G on X by the
natural right action of G on Spec(k%°P). Let {W;};cs be the set of connected components of
X, and let {V;} e/ be the set of irreducible components of X. We define the semi-order on J
as in notation (6). Then we have the norm map o : Hi(I'y, Z/n) — Hi{(I'x,Z/n).

LEMMA A.3. There is an exact sequence of finite left Gy-modules:

Drirvnm @AW D gz —0. A
jeJ seS

Further the following diagram commutes:

@”?b(WS)/n—>nfb(X)/n (A.2)

ses
(*Q)l (*1)\

H\(I'y,Z/n) —2—= H|(I'x, Z/n) .

PROOF. Since we have the canonical isomorphisms

P 7> (Wy)/n ~ Hom(H' (X, Z/n). Q/Z) ,

seS
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PP/~ Hom(@ H'\(V;, Z/n), Q/Z) :

jeJ jeJ
the finiteness of groups in (A.1) follows from the finiteness of étale cohomology groups [1,
XVI, 5.2] and the definition of dual graph. Furthermore it is sufficient to prove that there is
the following exact sequence:

0 — H'(I'y, Z/n) — H'\(X, Z/n) __PpH'Wv, /),

jeJ

where H 1(Fy, Z/n) := Hom(H|(Iy,Z/n), Q/Z). The above exact sequence is obtained
from the same argument as that in the proof of Proposition A.2 and the following exact se-
quence of étale sheaves on X:

0 Z/n¥ @Z/”VJ‘_)..._)@Z/HY«HD_)Q
jeJ uel !

1 .
), and we have omitted the

Here {Y;dH)}ueU is the set of irreducible components of Xr
indication of direct image functors of sheaves.
The commutativity of (A.2) follows from the following commutative diagram of étale

sheaves on X:

0 Z/}’lX @Z/nxi%...%@z/nx:dﬁ-l) S 0
iel teT
0 Z/ny @Z/"V/—>..._>@Z/ny<d+l)_>0,
= uel “
and the fact that the map (x1) comes from the upper row (cf. Proposition A.2). O

We put H(I'x, Z) = lim H\(I'x, Z/n). We write Hi(I'x, Z)x for the image of the

n
norm map H; (I, Z) — H1(I'y, Z). The following proposition is the ‘geometric’ part of
the unramified class field theory for a simple normal crossing variety. If dim X = 1, the map
p}a}eo in the proposition is injective by Kato-Saito [4].

PROPOSITION A.4. There is an exact sequence

geo

P 3 .
A0(X) 2 72000 2 By, 2y — 0.
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Further the following diagram commutes:
71 () 7{"(X)
(*3)1 (¢ I)Al
H\(I'x, 2y~ H\(I'x. 2).
where the map (x1)” is induced by the map (x1) in Proposition A.2.
PROOF. We write CHy(X)" for l(ir_nCHo(X)/n, and Z for 1(ir_nZ/n. We consider the
following commutative diagram with exal::t rows (cf. Proposition A.;):

degf(/k ~
0—— Ao(X) ——CHy(X)" ——7Z

X" l PR l o l

0 — 7} (X) ——=7{"(X) G 0

1
(*I)Al

H\(I'x,Z),

where the map p% is induced by px. Here we have used the finiteness of Ag(X) (cf. Lemma
A.1(2)), and the fact that the pro-finite completion of an exact sequence of finitely generated
abelian groups is exact. Since the map p;" is injective (in fact bijective), the cokernel of
the map p§ ™ is isomorphic to the image of 7{**(X) in H(I'x, 7). Therefore Coker(p§ ")

coincides with H; (I, Z)Y from Lemma A.3. O
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