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On the Global Monodromy of a Fibration of the
Fermat Surface of Odd Degree n
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Abstract. The purpose of this paper is to investigate the global topological monodromy of a certain fibration
of the Fermat surface without using numerical analysis by computer.

1. Introduction

Let M be a complex surface and let B be a complex curve. A holomorphic map f :
M — B is a degeneration map if f satisfies (1) f is proper and surjective, (2) there exist
finite number of critical values s; € B (i = 1,2,...,r) and (3)if s # s; then f~'(s) is a
compact Riemann surface.

We consider a simple loop y; C B\ {s;} surrounding only s; with a base point so. Then
£~ Y(y;) is a topological mapping torus and we obtain a self-homeomorphism p; : f~!(s9) —
f~Y(s0) of the reference fiber f~'(so). We call it a local monodromy of the singular fiber
£~ 1(s;). Choice of y; has ambiguity by isotopy and conjugation. Hence a local monodromy
pi is determined up to isotopy and conjugation.

The local monodromy is well-studied from both of algebraic and topological aspects.
Matsumoto and Montesinos-Amilibia’s paper [9] is one of the most important ones because
they gave a perfect correspondence between local monodromies and degeneration maps from
a topological viewpoint.

On the other hand, if we fix the base point sg (so 7~ s;), then the monodromy is given by
a homomorphism

o (B {si}, 50) = M(f 1 (s0)),

where M (f~!(s9)) is a mapping class group of the reference fiber f ~1(s0). This p is called
a global monodromy. For a given degeneration map f : M — B, we are much interested in
how to calculate p concretely, but it is difficult to do that. Simply because if B and/or f are
given by high-degree polynomials, then we have few idea to ‘solve’ the equations on f~!(s)
generally.
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Experimental trials of getting global monodromies were done for some examples.
Ahara [1], [2] and Matsumoto [7] give the global monodromy of the degeneration map (1.1)
from the Fermat surface of degree 5 (and 6) to CP!. Kuno [6] also determine the global mon-
odromy of another degenaration map on the Fermat surface of degree 4. In both examples, in
order to obtain the global monodromies they use numerical analysis by computer.

In this paper we give a way to get the global monodromy ‘by hand’, without useing
computer calculation. The recipe of calculation is the same as those of Matsumoto, Ahara,
and Kuno. In this paper, we use lots of tricks to pursue solutions of high-degree equations and
succeed in acquiring the results.

We fix a degeneration map f : V,, — CP! from the Fermat surface of degree n to CP!
and assume 7 is an odd number. Also in the case that n is an even number, we have similar
results but we omit these for simple description. See [4] for detail.

This paper is organized as follows. In the remainder of this section, we prepare some
notations and introduce some basic results of the singular fibers. In section 2, we define a
branched covering map p; of each fiber f~!(s). In section 3, we obtain the configuration of
branch points of py, of the reference fiber f ~1(s0). Finally in section 4, we show our main
results.

1.1. Preparation. We set
Vii={lz0:21:22:231 € CP? : 2 — ' — 24 + 24 = 0}.

Then V,, is a complex projective hypersurface, and we call it the Fermat surface of degree n.
We regard CP! as C U {oo} and define a fibration f : V,, — CP! by

n—1
Z .
2 if zp=z and zm=2z3,
R . z
SfUzo:z1:22:23) =1 0 (1.1)
20 — 21 .
otherwise .
72 — 23

We take an open covering
CPP=U,UULUU;U Uy,
where U; = {[z0 : 21 : 22 : 23] € CcP3 : g # zi} (i = 1,2,3) and U4 is an open
neighborhood of [1: 1: 1: 1]. Here U; = C? (i = 1, 2, 3). Setting
20 22 z3

X = , Y= , Z:= ,
20 — 21 720 — 21 20 — 21

then

A _x-1.

20 — <1
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Hence
Vo NU ={(X,Y,Z) e CO: X" = (X = 1D)"—Y"+Z" =0},

and f:V,NU| — CPlis expressed as

1
XY, 7)== ——.
fXY.2) = 5—
For a nonzero s € C, we can express f ! (s) N Uj as

FleNU ={(X,Y) e C*: g5(X,Y) =0},

where
1

(X, Y) = X" — (X — 1)”—Y”+<Y——) .
S

In order to know the positions of the singularities, we solve the system of equations

9 _og %%

=0, =0, X,Y)=0.
53X gs( )

Yy

First, from %i; = 0, we solve the equation

% =nX"'—nx-1""1=0,
which is rewritten as
X" =(x — 1)L,
Then we obtain vy X = (X — 1) and
1

X = :
1 — v
where vy = exp(%) (k=1,2,...,n—2)is an (n — 1)st root of unity other than 1. We set
1
Xp = . (12)
1 — v

Next, from 2% = 0, we solve the equation

Y
895 » 1 n—1
£ = _py” Y — - =0,
aY " T s

which is rewritten as



22 KAZUSHI AHARA AND IKUKO AWATA

Then we have ;Y = (Y — 1/s) and
1

Y= —
s(1—1)
where 7; = exp(%) (=1,2,...,n—2)isan (n — 1)st root of unity other than 1. We set
1
Y = 1.3
1(s) S0 — ) (1.3)
Substituting Xi, ¥;(s) into g;(X, Y), then we have
(Xk, Y1(s)) : :
(Xi, Yi(s)) = - )
B =T (=)

We solve the equation g;(Xg, Y;(s)) = 0 in s. Then the critical values of f : V,, — cp!
other than O or oo are the solutions of

—1
1 — v "
n _
s _<1—T1> ’

We can rewrite the right hand side of this equation as

. —1
sin X \"
k-1 n—1
(_1) . 1T
sin Py 3

by using Lemma 3.1.2. We denote the critical value by

s (G=01,....n—Tandk,[=1,2,....n—2).

The singular points are given by

1 1
(X, Y) =< L )
L= s (1 -

For a regular value so (# s,ii;, 0, 00), a general fiber f~!(so) is defined by a polynomial

of degree n — 1. By Pliicker’s formula, we obtain the following

PROPOSITION 1.1.1. If s is a regular value of f : V, — CP', then f~'(so) is a
complex curve of genus (n —2)(n — 3)/2.

We remark that the fibers have some symmetry like

f_l(s) ; f—l(EZTIi/nS)

and

e = rtays).
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1.2. The shapes of singular fibers. Matsumoto [8] determined the topological types
of all singular fibers of f : V,, - CP!.

THEOREM 1.2.1 (Matsumoto [8]). We assume that the degree n is greater than 3.
Then the singular fiber is as follows:
(D) Ifnisodd(andifn > 13, then n # 1 (mod 6)), then there appear four types of
singular fibers:
(1) Forso=0oroo, f~1(so) consists of n — 1 projective lines. Each projective
line intersects the others projective lines at only one point.
(2) For so which is an nth root of unity, each fiber f~'(so) consists of a plane
curve of degree n — 3 and two projective lines. Each projective line intersects
the plane curve at n — 3 points and intersects the other line at one point.

(3) Foranintegerk (1 <k < %), letting so be an nth root of
ko n—1
n— 1>

( 1)"2;‘”‘(—1 )n]
sin A7 ’

n—1

(—l)ngurk(sin

or

then each fiber f~'(so) is an irreducible plane curve of degree n — 1 with
two nodes. Its vanishing cycles corresponding to the two nodes are non-
separating simple closed curves and they are not homologous to each other.
(4) For an ordering pair of integers (k,1) (1 < k,l < %), letting so be an nth

.k (n—1)
(— k! (Sm—"_l)

. l ’

sin 75

then each fiber £~ (so) is an irreducible plane curve of degree n — 1 with

root of

four nodes. lIts vanishing cycles corresponding to the four nodes are non-
separating simple closed curves and they are not homologous to each other.
(II) If n is even, then there appear three types of singular fibers:

(1) Forsop = 0 or oo, each fiber f~'(so) consists of n — 1 projective lines and
each projective line intersects the others projective lines at only one point.

(2) For so which is a 2nth root of unity, each ™' (so) consists of a plane curve
of degree n — 2 and a projective line. The line intersects the plane curve at
n — 2 points.

(3) For an ordering pair of integers (k,1) (1 < k,l < %), letting sy be a 2nth
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.k \ 2(m—=1)
(Sm n_l)
s ’
ST

then each fiber f~(so) is an irreducible plane curve of degree n — 1 with

root of

two nodes. Its vanishing cycles corresponding to the two nodes are non-
separating simple closed curves and they are not homologous to each other.

Moreover, Matsumoto told us that he had a certain result about the singular fibers in case
n = 1 (mod 6) in a joint paper with K. Masuda but it is not published yet.

2. Branched covering map

Is this section, we define a branched covering map p; from a fiber f~!(s) to CP! for a
general s. This map plays an important role to describe the reference fiber and to determine
the topological monodromy around a singular fiber.

2.1. Definition of a branched covering map. Before we define the branched cover-
ing map, we note that the following lemma.

LEMMA 2.1.1. Ifs is not zero nor infinity, then f~'(s) N {zo = z1} consists of n — 1
points.

PROOF. From the definition of the map f;

0 if zp # 23,
20321 222 = _ .
Fllzo: 212222 28]) { (z2/z20)" " if 22 =23,
if s # 0, then the equation zg_l = szg_1 has n — 1 solutions. We solve the equation as
72 = Y1, Y2, ..., Yn—1. Then we obtain

o Nfo=zy={lzo:zi:y vl lzorzr i y2 iyl .o (20121 ¢ Yuet t Yuo1l}
|
Now, we define a branched covering map py : f~!(s) — CP! = CU {00} by
20
20—21

ps(zo:z1:22:z3]) :=

Since the inverse image P;l (00) of the infinity point consists of n — 1 points from Lemma
2.1.1, oo is not a branch point of ps. Hence we consider a branched covering map ps from
F~1(s) \ {n — 1 points} to C defined by

Ps - fﬁl(s) \ {n — 1 points} - C, ps(X,Y):=X.

Here f’l(s) N{zo # z1} = {(X,Y) € C? . gs(X,Y) = 0}. Let so be a regular value of
f : V, — CP!. Then this map is an (n — 1)-fold branched covering map from a smooth
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complex curve f ~L(sg) of genus (n — 2)(n — 3)/2 to CP! . Hereafter, for simplicity, we
denote f~!(so) \ {n — 1 points} by £~ (so).

2.2. Branch points and ramification points. We determine the branch points of
Pso: f ~I(s0) — C. For a general point X € C, the number of the solutions of the equation
inY

1 n

XS—(XO—l)”—Y”+<Y——> =0 (2.1)
S0

isn — 1. The Y-coordinate of the ramification points are the multiple roots of the equation

(2.1). Solving aag;O = 0, then we have

Y =Yi(so) = 1=1,2,....n—2.

so(l =)’

The branch points of py, : f ~I(s9) = C is the solutions of the equation in X

X" (X — )" — Y+ Y—ln—o I=1,2 ) 2.2
l ! 50 - ’ =L4...,n . (')

Let X;.l) (j = 1,2,...,n — 1) be the solution of (2.2). That is, the branch points are the
solutions of the equation in X
n—2

]_[{x"—(x—l)"—yl"+(yl—i> }:0.

I=1 50
As in Lemma 3.1.2.

" 1
v'—(y-L1) =—— —
! (1 SO) st — gy T

B infl(_l)l
2 Lgi(sin(in/(n — D))t

I =n—1—1 then ¥/ — (¥; — 1/50)" = ¥} — (Y — 1/50)" and {X}; = (x"")},. Hence
we can reduce the running number / and obtain
[(n=1)/2]
]_[ {x"—(x—n"—%}:o (2.3)
e sg(m — Dl
where [-] is Gauss symbol. Generally in order to identify X 5.1) to Xﬁl/), we need to permute
the index j. Butif I’ = n — 1 — [, then the equations (2.2) coincide for [ and [/, so we may

identify X ;.l) to X ;l/) naturally.
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Hence if s is a regular value of f : V,, — CP!, the number of the branch points is

(n— 1322 if n is odd,
(n—1)(n—2)/2 if n is even.

LEMMA 2.2.1. For a general fiber f~'(so), the ramification index of each ramifica-
tion point of the branched covering map py, : f ~L(s9) = Cis two.

PROOF. There exist no solutions of the system of equations

1 n
9so (Xo, Y)=X3—(Xo—1)"—Y"+(Y__> =0,

ad v
S
ar =0
3% gs
vz
This leads to the assertion. u

It is easy to check that if so is a regular value of f : V,, — CP!, then the equation (2.3)
does not have any multiple roots. If s is a critical value of f : V,, — CP!, then the equation
(2.3) has multiple roots. (Precisely speaking, they are double roots from Lemma 2.2.1.)

Moreover, we can determine the positions of all branch points. See Figure 6. In order to
draw the positions of branch points, we need more discussions. Hence we leave the conclusion
to subsection 3.3.

In order to determine the topology of a reference fiber f~!(sg), we want to know the
permutation of the solutions of gy, (X, ¥;) = 0 when we move X from Xy to the branch point

X E.l). We investigate the branched covering map py, in detail and determine the permutation
in section 3. In order to determine the monodromy around the singular fiber f~! (s,ij l)), we
want to know the trace of the branch points X ;l) when s moves from sg to the singular value

s,E" l) and we determine it in section 4.

3. Determination of the reference fiber

We keep the notation as above. In order to determine topological structure of the refer-
ence fiber £~ !(so), we need some technical theorems. We have to separate into two cases that
(i) n is odd and (ii) n is even. In this article, we only state the case that n is odd, but we can
get similar results for even n. See [4].

3.1. Technical theorems. For “good” sp and X, we want a good configuration of
the solutions of the equation g;,(Xo, Y) = 0 and that of the branch points of pg,. The key
theorem is



GLOBAL MONODROMY OF A FIBRATION OF THE FERMAT SURFACE 27

y(1)

y(2)

Y3

Y@

y (5)

vy (6)

FIGURE 1. The solutions ¥ of gso (X0, ¥Y) = 0 and the solutions

]
Y; of %l = 0 in the case that n = 7.

THEOREM 3.1.1. Let Xo = 1/2 and let YV, Y® ... Y*"=D pe the solutions of
gso (X0, Y) = 0. If so is a sufficiently small positive real number, then Y(l), Y(2), ..., y@=D
lieonaline{Y € C|ReY = 1/2s50} ImYD > ImY® > ... > ImY" D). Moreover,
there exists Y; between Y and YV on the line. See Figure 1.

Before we proceed the proof of Theorem 3.1.1, we show technical lemmas.

LEMMA 3.1.2. Let0 = m/(n — 1). The following equalities hold:
i ug+1= 26" cos 6.
(i) 1—17=—2ie"sini6.

1

n 1 ! —
(i)  Yi(s)" — (Y[(s) - ;) = W

V) Vi) 1 1 L sin 216
1 = = — _—
VS = A ) T 25 T 25(1 — cos206)

PROOF.
Q) u+1=e+1

= (OO 4 o107

=2¢% cos 6.
() 1—7=1-—¢

= (¥ (o101 _ 01y

= —2ie!% sin16.
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1 n ( 7 >n
<s(1 —z,)) s - 1)

(- 1
sl st (=)t
1
s(1—=1)  s(1 —cos2l6 — isin2i0)
1 —cos2l6 +isin2lf
T 2s(1 —cos29)

sin 216
=— i —
2s 25(1 — cos 216)

1 n
(i) Yi(s)" — (YZ(S) - ;)

(iv)

COROLLARY 3.1.3. Thereal partof1/(1 — ;) is 1/2.

From Corollary 3.1.3, if we take s a real number, then not only the real part of Y;(s)
is 1/2s but also the real part of X is 1/2. (We note that Y;(s) is the Y-coordinate of the
ramification point of py.) We remark that the real part of Y;(s) is independent of n. It depends
only on s.

Let so be a regular value of f and let X( be a regular value of py,, that is, X¢ is not a
branch point. We investigate the solutions of the equation

1 n
XS—(XO—l)”—Y”—i—(Y——) =0. (3.1)
50

LEMMA 3.1.4. The equation (3.1) has solutions of the form

1
Y=—=+8;,
250 B

where B; e C(j =1,2,...,(n—1)/2).

REMARK 3.1.5. This lemma implies that the configuration of the solutions of (3.1)
has symmetry on 1/2s¢. If all 8; are purely imaginary numbers and sy is a real number, then
the solutions of (3.1) lie on the line {Y € C|Re Y = 1/2s0} (See Figure 1).

PROOF. Weset Y’ :=Y — 1/2sg. Then the equation (3.1) is rewritten as
1\ 1\
X —Xo-D"- (Y +— ) +(Y -—) =0.
0~ (Xo ) < 2sO> 250

The left hand side of this equation is

_ nn—1 L _ n\n—3 L 3_.”_ N2 L "
2nC1(Y ) 2nC3(Y ) zncn72(y )
250 250 250 (3.2)

1 n
2| — X — (Xo—1D".
<2s0)+ o~ o=
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Since n is odd (and n — 1 is even), the polynomial (3.2) has only the terms of even degree.
Hence there exist some complex numbers 8; (j = 1,2, ..., (n — 1)/2), we have solutions as

' =8,
and we have
Y =+8;.

Substituting this into ¥ = Y’ + 1/2s0, we can solve

Y=Ll ip pec j=12. . "1
= 2% i, Bj s J=EL2
|
We set
W(X) = X" — (X —1)"
and
n n
/ / 1 / 1
p(¥) =w X)) — (V' +—) +(v -—) .
250 250
Expanding ¢ (Y’), we have
/ nn—1 1 nn—3 1 ’ N2 1 "2
oY) = =2,C1(Y") — | —2.C3(Y") — ) = =2,Ca (Y| —
250 250 250
1 n

Now, we prove that all solutions of ¢(Y’) = 0 are purely imaginary numbers for X¢ =
1/2 and a sufficiently small positive number s9. We obviously obtain.

LEMMA 3.1.6. LetY’ = vibe a purely imaginary number and let so be a real number.
If¥(Xo) e R, thenp(Y') e R.

Under the assumption of Lemma 3.1.6, we can define a function ¢(v) : R — R by
$(v) := ¢ (vi). That s,

2
Y 1
$(v) :=—(=D" V2, Cv" " - (—1>("3>/22nc3v”3<z_> —..
50

1\" 2 1\"
—(=1)2,Cp2v?* | — —2(—) +wXo).
250 250

We draw a graph of w = ¢(v). In order to know the extreme points of w = ¢(v), we solve
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49 (") = 0. (Equivalently 220707 — 0.) From (1.3),
1 1
W:Y;——:L, =1,2,....n—-2
250 2s50(1 — 17)
We denote this by ¥/. From Lemma 3.1.2, we obtain
Y — icotlf (3.3)
L= 250 :

We set by :=Im Yl’ = (cotl6)/2sp. Then the following inequalities hold:
LEMMA 3.1.7. by > by > - > bu—1y2=0>buyn2 >+ > byo.

We note that ¢(b;) is the extremum. Now we investigate the sign of @ (br). We compute

d(by):

- " _ R S
d(by) = (b(Yl) = g5, (X0, Y1) = ¥(Xo) s(r)l(l — )| :

From Lemma 3.1.2 (ii), we have
1
s (2! sin6)n—1
(—1)n=1)/2+

sp2n=1(sinlgyn=1"

é(br) = ¥ (Xo) —

= ¥ (Xo) —

For Xo =1/2,¥(Xo) = X§ — (Xo— D" = 1/2"~! and we have

_ 1 (_1)(n—1)/2+l
¢(bl) = 2n—l T mon—1 (g n—1"
592" (sinlb)

Obviously, for any n and [, there exists an small positive real number s¢ such that the following
inequalities hold:

0<sy<l. 3.4

Therefore we deduce

LEMMA 3.1.8. Suppose that Xo = 1/2 and sy is sufficiently small positive real num-
ber satisfying (3.4). Then
(D) If(n—1)/2is even, then

negative if /is even,

o) = {positive if 1 isodd.

D If(n — 1)/2 is odd, then

positive if [/ is even,

o) = {

negative if /is odd.
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From this lemma, it follows that the graph w = ¢(v) is as Figure 2. Since ¢(v) is a
polynomial of degree n — 1, the number of solutions of the equation ¢(v) = 0isn — 1 and
we obtain

PROPOSITION 3.1.9. Let sg be a positive real number satisfying (3.4). Setting Xo :=
1/2, then any solution of the equation ¢(Y'") = 0 is a purely imaginary number.

We denote the solutions of ¢(v) = 0 by v (j = 1,2,...,n — 1) such that vD >
v® > ... > v®=D_ Then ¢(vi) = 0 and hence the solution ¥ /) of ¢(¥) = 0 is expressed
as

vy = L0
250

By Lemma 3.1.4 and Proposition 3.1.9, we conclude

COROLLARY 3.1.10. Let s and X be as in Proposition 3.1.9. Then Yy y@
Y=Y lie on the line defined by Re Y = 1/2sq. See Figure 1.

As seen in Figure 2, the inequalities

@ - b < D

"D o <D <<
hold. Then we conclude Theorem 3.1.1 for the case # is odd.

3.2. The curve C defined by In¥ (X) = 0. In order to investigate the permutation

of Y¥’s when we move X from the base point Xg to the branch points X 5.1), we find a “good”

path from Xg to X ;.l). In this section, we assume that sq is a real number.

wi
v o)
0 v
FIGURE 2. The graph w = EXO (v) in the case n = 11: The extremums decrese in

order.
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We set
Px(v) = goo (X, 55 + vi) 3
= —(=1)® D12,y (L) _ (—1)("3)/22nC3v”3<L)
250 2

S0

) 1 n—2 1 n
— e = (=1)2,Cppv <2—) —2<—) +¥(X).

S0 250
We remark that ¢y, = ¢. If X = X 5.1), then ¢y (b)) = 0. It follows that the graph
w = axm(v) is tangent to the v-axis at (b;,0). If X moves along a path satisfying that
j

¥ (X) is a real number, that is Im¥ (X) = 0, then we can see the movement of the graph
w = EX(U) and how the intersection points v® and v?*+D converse to b;. Here we consider
v/ as a continuous function of X, whenever they exist. In this subsection, we investigate a
curve defined by Im ¥ (X) = 0.

We set X := x +iy. Then ¥ (X) = (x +iy)" — (x + iy — 1)". We often denote ¥ (X)
by ¥ (x, y) and we define the curve

C:={XeC:Im¥X)=0}(={(x,y) e R : Im¥(x,y) =0}).

PROPOSITION 3.2.1. The notation is as above. Then the imaginary part of ¥ (x,y)
is factorized as ImW¥ (x, y) = y(x — 1/2)h(x, y). Moreover the curve C passes through the

points Xlg.l) and Xy = 1/(1 — vg).

We remark that 4 (x, y) is a polynomial of degree n — 3 in y.
In order to show this proposition, we need three lemmas.

LEMMA 3.2.2. Ifx =1/2,then W(1/2,y) is a real number.

PROOF. Substituting X = 1/2 + iy into ¥ (X), then
o (Lii)=(Len) — (L)
2 )= 2 Y
\" \"
=(0+3) ~(v-3)

Since n is odd, this is a polynomial of (iy)?. Hence ¥ (1/2 + iy) is a real number. [ ]
LEMMA 3.2.3. Ify =0, then ¥ (x,0) is a real number.
PROOF. Let X be a real number. Then

U, 00 =x"—(x—-1",

and it is obviously a real number. [ ]
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From Lemma 3.2.2 and 3.2.3, it follows that Im ¥ (x, y) factorize as Im ¥ (x, y) = y(x —
1/2)h(x, y). Moreover all the branch points X ;.l) and Xy are on the curve C from the next

lemma.

LEMMA 3.2.4. (i) lI/(Xy)) € Rand (i) ¥ (Xx) € R.
PROOF. (i) Since Xg.l) is a solution of the equation

1
X, ))=vX)——— =0,
oo (X, Y = ¥ () =

w(X¥) = 1/s§(1 — 7)"~". Now from Lemma 3.1.2,

(_1)(n—1)/2+l

0]
v(X)= .
;") sg2n~1(sinl6)n—1

Clearly, ¥ (X ;.l)) is a real number.
(i) Since the real part of Xy is 1/2 from Lemma 3.1.3, ¥ (X;) € R from Lemma
3.2.2. [ |

Therefore we obtain Proposition 3.2.1.
For convenience, we set

2 1 2
L::{(x,y)eR :xzi}CR =C

and
H:={(x,y) e R*: yh(x,y) = 0}.
‘We note that C = L U H. We next show

PROPOSITION 3.2.5. Theline L and the curve H intersect at Xi. Moreover, the num-
ber of the intersection points is n — 2.

In order to show Proposition 3.2.5, we first show

LEMMA 3.2.6. Let yx be asolution of h(1/2,y) = 0. Then 1/2+iy; = Xk, a solution

of 9% = 0.

PROOF. We separate the holomorphic function ¥ (X) into the real part and the imag-
inary part: ¥ (X) := u(x, y) + iv(x, y) where X = x + iy. Since ¥ (X) is a holomorphic
function, Cauchy-Riemann formula is followed:

L' Jdv . dv

T 3.5
5X ~ oy lax (3-5)
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From Proposition 3.2.1, the imaginary part v(x, y) = y(x — 1/2)h(x, y). We compute the

ov oh
E=Y{h(x,y)+<x—§> ax} , (3.6)

v 1 B y) 4+ oh
o x== X, -
ay 2 Y yay

The conditions (1/2, y¢) = 0 and x = 1/2 imply that 2 = g_ = 0. Hence 2% (1/2, yr) =
0. |

derivatives 2 b and 3”
(3.7)

Next we show the converse.
LEMMA 3.2.7. Let Xy = 1/2 4 iyi. Then yth(1/2, yx) = 0.

PROOF. We note that X = 1/2 + iy, is a solution of 4 dX = 0. Then from (3.5),
dv (1 _0
ax\2 %)=

1
h(=, =0.
Yk (2 Vi)

From (3.6), we obtain

Moreover, we have
PROPOSITION 3.2.8. The curve C is symmetric about the line L and the x-axis.
PROOF. Easily we can show that
MW (x,y) = ypCilx" ™ = (& = D" =Gl = (= D" )y?
o CDOTIRC 0 - = DY

Therefore we have Im¥ (x, y) = —Im¥ (x, —y) and Im¥' (x, y) = —Im¥ (1 — x, y).
These are followed by the conclusion. [ ]

We can move X from Xo to X ;l) along the curve C by the following theorem.

THEOREM 3.2.9. The branch points Xlg.l), the base point Xo = 1/2 and Xy are on the
same connected component of the curve C for anyl, j, k.
In order to show Theorem 3.2.9, we need following two lemmas. For simplicity, We
denote
(_1)(n—1)/2+l
2n—lgn(sin[@)n—1"

ai(s) =
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LEMMA 3.2.10. Ifs" is a real number, then the solutions of W (X) — a;(s) = 0 are on
the curve C.

PROOF. Let X be a solution of ¥ (X) — a;(s) = 0. Then ¥ (X) = a;(s) and ¥ (X) is a
real number. It follows that the solution X is on the curve C. ]

LEMMA 3.2.11. There exists a positive real number s such that the solutions of
Y (X) —aj(s) = 0 are on the line L.

PROOF. Wedenote X = x+iy. Ifa;(s) € R, then (1) the solutions of ¥ (X)—a;(s) = 0
are on the curve C,and 2) if X = 1/2 + iy € L, then ¥ (X) — a;(s) € R. Therefore we can
define the function i/ : R — R defined by

_ 1
Y(y) = W(E + iy) —a(s).

We set y; := Im X} as in Lemma 3.2.6. Then ¥ (y;) is an extremum.

_ 1 1 —1)k!
TOw = { __D }

2n=l(—1)(n=D/2+k | (sin k@)=  s(sinlf)"~!
If s is enough large, then

1
(sin k@)1

1
s"(sinl0)"—!

>

Hence the sign of ¥ (yx) is determined whether (n — 1)/2 and k are odd or even. Therefore,
we summarize
M If (n —1)/2is odd, then

positive  kis odd,
negative k is even.

¥ () = {

D) If (n— 1)/21is even, then

negative k is odd,
positive  k is even.

¥y = {

In the same way as in the proof of Proposition 3.1.9, there exist n — 1 zero points of ¥/ (y).
The function ¥ (y) = ¥ (1/2 + iy) — a;(s) is a polynomial of degree n — 1 in y. Hence all
solutions of ¥ (X) — a;(s) = 0 lie on the line L. |

PROOF OF THEOREM 3.2.9. Let s; be a real number satisfying the condition of
Lemma 3.2.11. When we move s from so to s; along the real axis, the solutions of
¥ (X) — a;(s) = 0 move from X ;.l) to the point on the line L along the curve C from Lemma
3.2.10 and 3.2.11. Hence we obtain the assertion. [ ]
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From Theorem 3.2.9, we can choose a path y from Xy to X;l) such that ¥ (X) is a real
number. If we move X along the path y, then we can see the movement of the Y-coordinate
Y ® of the ramification points of Pso fY(so) - CP!.

3.3. The positions of the branch points. We determine the positions of the branch
points of py, : f~1(sp) = CP!. In this subsection, we assume that (n — 1)/2 is odd. In the
case that (n — 1) /2 is even, similar discussion holds. Hence we omit the case that (n — 1) /2 is
even. We keep notation and take sg a sufficiently small positive real number satisfying (3.4).

We recall that
(_1)(n71)/2+l

552" (sinl6)" !

— 1
¢X0(bl) = n—1 -

is an extremum of the graph w = EXO (v). Then we obvious obtain.

LEMMA 3.3.1. The following inequalities hold: If (n — 1) /2 is odd, then
(i) @x,(b1) < byx,(b3) < -+ < dx,(bn-1)2) <0, and
(i) Px,B2) > bx,(ba) > -+ > G, (bu-3,2) > 0.
Hence the graph w = EXO (v) is concretely drawn as Figure 2. Now we investigate
increase (or decrease) of the value ¥ (X) on the curve C.

LEMMA 3.3.2. Let X(t) € C = {ImW(X) = 0} be a path such that (i) X(¢t) is of
class CL, (ii) |%X(t)| = 0 and (iii) for each t, X (t) # Xk. Then %lI/(X(t)) #0.

PROOF. Since the condition (ii) means %X (t) # 0 for any ¢ and the condition (iii)
means JLXW(X) %0,
dW(X(t)) d v (X) dX(t)#O
— = — X — .
dt dX dt
|
From Lemma 3.3.2, ¥ (X (¢)) € C is monotone increase or monotone decrease on the

path X (¢) which does not pass through X.
If X =1/2+iy,then ¥ (X) € R. Hence we can define the function

_ — 1
V:R—>R, Y :=l1/(§+iy).
The function ¥ (y) has extremums at y; (= Im Xj). The function ¥(y) is a degree (n — 1)

polynomial in y and there exist n — 2 extreme points. Then the increase/decrease table of
W () is as follows:

| \ (3.8)
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L
X

X2

Xn-2

L ((n —1)/2: odd)

FIGURE 3. The direction of increase of ¥ (X) on L.

X H X H

FIGURE 4. The direction of increase of ¥ (X) around X.

Hence we have

LEMMA 3.3.3. The direction of increase of W (y) on the line L is as Table (3.8) and
Figure 3.

From the maximum principle of a holomorphic function, we have.

LEMMA 3.3.4. Around the point Xy, the direction of increase is either of two cases in
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L

((n —1)/2: odd)

FIGURE 5. The direction of increase of ¥ (X) on C around L.

Figure 4.

From Lemma 3.3.3 and 3.3.4, we deduce.

PROPOSITION 3.3.5. The direction of the increasing of W (X) around the line L is as
Figure 5.

We investigate the positions of the branch points X E.l) on C. First, we show that for small
so > 0, there exists no branch point X ;l) on the segment from X1 to X,,_>. In order to show

this, we assume that X;l) is on the segment from X to X,_». Since

(_1)(n—1)/2+k
VX = S T G kay =T °

we have

1

@)
v(X: vyX|y|l=————.
WO < WO = 5
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On the other hand, ¢ . (by) = lI/(Xy)) — ai(sp) = 0 is followed by
J

1 1
- > .
2n=ligo|(sin[@)r=1 = 2n=l|so"

1w (X)) = lai(s0)| =

Hence if s¢ satisfies
Isol" < (sin@)" !, (3.9)

then

1 1
v (x> > @ (x|

n—1 | so|™ = 2"*1(sin9)”*1
and this is a contradiction.

We fix 5o > O satisfying (3.9). Let By be a divisor of the curve H = {yh(x, y) = 0}
intersecting L = {x = 1/2} at Xy andset By, + :={X € Br : Re X > 1/2}, By - :={X €
By:ReX <1/2},By :={XeL:ImX >ImX }and B_ :={X € L:ImX < Im X,_»}.
We call By, By +, Br,—, B+ and B_ branches of the curve C. If k is odd, then when X moves
from X} along the branch By 4 or Bx —, ¥ (X) is positive and is monotone increasing. On the
other hand, if k is even, then when X moves from X along the branch By 4 or Bx —, ¥ (X)
is negative and is monotone decreasing (See Figure 5).

LEMMA 3.3.6. Each branch Bi 4, Bi,— B4 or B_ of the curve C does not intersect
with other branches.

PROOF. In the case (n — 1)/2 is odd, from Proposition 3.3.5,

{fweR:¥U(Xy) <w} (k: odd)

¥ (By) C :
{fweR:¥(Xg) > w} (k: even).

The value ¥ (X) is positive (resp. negative) when k is odd (resp. even). Hence By and By
never intersect. From Proposition 3.3.5 again,

U(B+) C{weR:¥ (X)) >w}.

(Remark that ¥ (X;) = ¥ (X,,_2).) Therefore B+ and B (B+ and B,,_») never intersect.
Around the line L, the curve H intersects to L at X;. Then there exist at least n — 2

divisors in yh(x, y) = 0. Since the degree of yh(x,y) = 0inyisn — 1, yh(x,y) = 0is

factorized into a product of analytic functions: [ [, (y — Ax(x)) = 0. [ |

We assume that (n — 1)/2 is odd. For any [,

(_1)l+1
2n=1s (sinl0) =1~

w(x) =

Hence

vX) > o) > lI/(Xﬁ.("*])/z)) >0
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and
vxP) <wxW) < <wx ") <o,
From the assumption (3.9),
lI/(XE.(”_l)/Z)) >U(X1) (>¥(X3)> > ¥ (Xpu-1)2) > 0)
and

WXV < w (X)) (< W(Xa) < W (X(um3)2) < 0).

Hence for each odd k, XE(”fl)/z), Xﬁ("fs)/z), e, X§3), X;l) lie on By + in this order and

for each even k, X;("_S)/Z), X;(n—7)/2)7 o X;.4), XE.Z) lie on By« in this order. Similarly,
XE(”%)/ 2), XE.("J)/ 2), e, X§4), X§2) lie on B in this order. We renumber the indices j and
we summarize as follows:

PROPOSITION 3.3.7. The position of branch points X;l) and Xy, is as follows:

(M) If k is odd, then X\""V/P x{PP o xP xV (resp. x V2,

k+1
n—=17)/2 3 1 . . .
X,(((Jrl ) ), cee X,((le, X,((le) is on the kth branch By y (resp. By _) in this
order.
L
x®
x
xP x{=1/2) :
X;"') 1 {
n—. n—3)/2
e X7 X9y 10
X XM
< X072 X (/) <
Xf) X§3)
n—3)/2 n—3)/2
X972 PSEE
Tr=1)72) =172 T X %
X2 X Knny/2 Xz XialnyeX iz

n—3)/2 n—3}/2
xfewmo o x e
3
0. X2s X% 4o
n=3 Cxyo) o= -
Xn—2 Xn—3
o X, X0 5
s X (=3)72) x (=3 Xnls
! (i) @
3 n-
0, e ! X,

4
X2

2.
X2

FIGURE 6. The curve C and the positions of the branch points of py.
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) If k is even, then X,E(nfl)/z), X](((nfs)/z), o X,£4), X]((2) (resp. X,E(_:_lfl)/z),
((n=5)/2) 4 @ A
Xk+1 e, Xk+1’ Xk+1 ) is on the kth branch By 4 (resp.By,—) in this order.
(I1I) Xi("_l)/z), Xi("_s)/z), cee, XY‘), Xf) (resp. Xfl(fl_l)/z), Xfl(fl_s)/z), cees X(@
X1(12—)1 ) on B4 (resp. B_) in this order.
And the outline of the curve C is as Figure 6.
3.4. The monodromy permutations of the branch covering map p,,. Insubsection
3.3, we get the configuration of the branch loci of py,. Next we determine its monodromy
permutations.

Letw :=m (C\ {X 5.1)}, Xo) be the fundamental group of non-branched locus domain of
Pso- The map

P Py (€X' = €\ (x )

is a covering map and any path [y] € T gives a permutation of ps_ol(Xo) =

(M, y® . y®=D} through the liftings of . We denote this permutation by 7 and we
call it the monodromy permutation.

Forl=1,2,...,(n—1)/2,j =1,2,...,n — 1, we define a path y;l) as follows: The
path yl.(l) starts at X and goes (almost) along C toward near X 5.1) and turns around X 5.1) once

and goes back on the coming path. See Figure 7. Here, around the the branch points X 5.1,/) and

FIGURE 7. The path Vk([) along the curve C.



42 KAZUSHI AHARA AND IKUKO AWATA
@) 0] o
X i the path y;  goes along e-circles.

THEOREM 3.4.1. The monodromy permutation y_j(l) is as follows:
D) Forl<l<@m—-1/2,7P=0I+)n—-1-1,n-1.
() Forl=mn—1/2, 7" =(n-1/2,(n—1)/2+1).

PROOF. We assume that /, k are odd integers other than/ = (n — 1)/2. If we move X
from X via Xy to X (Z), strictly along the curve C, then we can strictly pursue the movement of

YD, Indeed a real solution v of ¢y (v) = 0 gives a solution Y = 1/2s9+iv of 95, (X, Y) =0.
The function

dx (V) = ¥(X) — ¥(Xo) + ¢(v)

has extreme points by and extremums ¥ (X) — ay(so) ' = 1,2, ...,n — 2). We note that
while we move X from X to X, the number of real solutions of $X (v) = 0 does not change,
because of the discussion around the condition (3.9). On the other hand, while we move from

Xrto X 5.1), on the branch By 4+, ¥ (X) is monotone increasing, and the extremum
0] _ (n—1-1) _
V(X)) —ai(so) =0 (also ¥ (X} ) —an—1-1(s0) = 0).

This means if we pursue the movement of ¥ (s when we make X at Xy), YD meets YU+

at a point ¥;, and Y@=1=D meets YD at a point Y,,_;_;. This is the result of the halfway
of y;l) with ¢ — 0. This means that 75.1) =({,l+1)(n—1—-1,n—1). For other [, k, the

statements are shown in the same way. [ ]

From Theorem 3.4.1, the reference fiber f~!(so) is obtained by the following way: (I)
Prepare n — 1 projective lines with (n — 1)(n — 2) holes and (n — 1)(n — 2)/2 annuli. (II)
Paste projective lines and annuli along the hole with rules in Theorem 3.4.1. We can construct
a smooth complex curve of genus (n — 2)(n — 3)/2.

4. Determination of the global monodromy

In this section, we determine the global monodromy. We investigate the movement of

branch points of ps : f~!(s) = CP! when we move s from s to the singular value s, .

4.1. Recipe for the global monodromy. We set ¥ (X) := X" —(X—1)" and consider
the equation

9s(X, Yi(s5)) = ¥(X) —ai(s) =0,

where a;(s) := 1/s"(1 — ;)*~!. First we note that the solutions of g (X, ¥;(s)) = ¥ (X) —
ai(s) =0 = 1,2,...,(n — 1)/2) give all branch points of the branched covering map
ps : f1(s) = C. We investigate the movement of the solutions of gs(X, ¥;) = 0 when we
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[

o

S0

FIGURE 8. The path y starting point s such that go around slij l)'

move s. In the case that n is odd, if ¢;(s) € R then the solutions of ¥ (X) — a;(s) = 0 lie on
the curve C = {Im¥ (X) = 0}. Sincen — 1 is even, (1 — 77)"~! is a real number by Lemma
3.1.2 and g;(s) is a real number precisely when s is an nth root of a real number. Hence we
obtain.

LEMMA 4.1.1. Ifn is an odd number and s" is a real number, then every solution of
the equation gs(X, Y;) = 0is on the curve C. That is, all branch points of ps are on the curve
C.

We recall that X;l) (j =1,2,...,n — 1) are all solutions of gs,(X, Y;(s0)) = 0 and
X, satisfies 9,0) (Xg, Yl(SIEjl))) = 0 (See subsection 1.1). For every s, there exist solutions of

il '

gs(X, Y;1(s)) = 0 and X is continuous with respect to s. Then we conclude.

PROPOSITION 4.1.2. We fix k and l. If we move s from sg to s,EOl) along the real axis,

then some of the branch points X;l) of ps, move to Xy along the curve C.

PROOF. Since X;l) (resp. Xx) is a solution of gz, (X, ¥;) = 0 (resp. 9.0 (X,Y) =0),
k.l

we obtain the assertion from Lemma 4.1.1. [ |

For simplicity, we put § = 1/s" and set A;(S) 1= S/(r; — )71, gs(X, ¥}) := ¥ (X) —
AI(S), So := 1/s] and S == 1/(s/))".

We discuss how to obtain the global monodromy. For details, see [2], [6], [7]. In our
case, we know that there occur single nodes except on f ~10) or f ~1(c0). Each single node
is correspondent to a vanishing cycle, so it is sufficient to know how to obtain the vanishing

cycles.
Let y be a path in s-plane as in Figure 8. Our goal is getting vanishing cycles with
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g
0
o N S

y

FIGURE 9. The path ¥ starting point Sq such that go around Sy ;.

O S So

FIGURE 10. The path § starting point S to Sg ;.

respect to . We push out y into S-plane as in Figure 9 (Note: S = 1/s™). We denote by y
the path in S-plane induced from y. Let § be a half path of ¥ in S-plane, that is, § is a path
from Sp to Sk,; almost along 7. We set the end point of § as Sy ; itself (Figure 10). We move
the parameter S along the path § and observe movement of solutions of

[Twoo - asy =o.
[

For example, we suppose that X,((ll) meets X,((l; at Xy and other X]((l,/)’s never meet together
(Figure 11). We draw a loop ¢ surrounding the trace of X1(<11) and X,(é) (Figure 12), and let

Z1, &2, .. ., {r be non-zero-homologous liftings of ¢ over Pso- The liftings 71,¢2, ..., ¢ are
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1
X9
l/
— X ,(c, )
Xk
x4 ;
1
XY

FIGURE 11. The movement of the branch points.

¢ x®

FIGURE 12. The path ¢ surrouding the trace.

4]

N LY

Sk, 0 So

FIGURE 13

the vanishing cycles at Sx ; with respect to the loop y. Using this procedure, in order to obtain
the global monodromy, it is sufficient for us to know movement and meetings (encounters) of
X]((l,/)’s for any half path 6 in S-plane.

In S-plane, critical value Si; are on the real axis, hence we consider a half path & ; to
Sk.1 consisting of some segments on the real axis and of some half (or full) circles of radius
& > 0 (Figure 13). The equation ]_[l(lII(X) — A;(S)) = 0 has multiple solutions if and only
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L
Ql
Q !
X,
Qs |
Xs
Qi ¢
X,
Qs

FIGURE 14. Q1,0>,..., Q,,—1 are the solutions of ¥ (X) = 0 in the case that n = 6.

if § = 0, 00, St.. We denote by {X/'} the set of the solutions of [],(¥ (X) — A;(S0)) = 0.

These facts are followed that there exist unique liftings (traces) of §; ; with start point X y) for
each/ and j.

When the parameter S goes to the end point Sk ; of 8 ; (as in Figure 13), there happens
an encounter of X,((ll) and X 1({12) at Xy for some k1 and ky (from Proposition 4.1.2). On the other

hand, if ¢ > 0 is very small, then the liftings (traces) of X ,El) ’s are almost on the curve C (from

Lemma 4.1.1). In the next subsection, we determine k1 and k> for each §; ;, and pursue the

movement of X ,El]) and X,((lz) (almost) on the curve C.

4.2. Behavior of the solutions of ¢;(X, Y;) = 0 around the critical value 0 and
Sk.i. Let Q1, Qa, ..., Qn—1 be the solutions of the equation ¥ (X) = 0. Then we have the
following lemma.

LEMMA 4.2.1. The points Q1, Q2, ..., Qu—1 are on the line L = {Re X = 1/2}.
Moreover on the line L, there are Q1, X1, Q2, X2, ..., Xn—2, On—1 in this order (See Figure
14).
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L

9

"
ﬂ 'Xj

b ()
XJ'
|
r
FIGURE 15
PROOF. The value W(y) (¢ = 1,2,...,n — 2) are extremums of ¥ and

W (y)¥ (ykr1) < O for any k. Hence there exist n — 1 real solutions for ¥ (y) = 0 and
they give n — 1 solutions of ¥ (X) = 0 on the line L. Recalling that y; = Im Xy, it is clear
that Qy, X1, O3, X2, ..., X,—2, O,—1 are in this order. |
(1)3
J

on the line L since A;(0) = 0 for any /. We remark that for one point Q ;, there are just

From Lemma 4.2.1, if S goes near 0, then X :”’s go toward the points Q1, Q2, ..., Qn—1

(n—2)/2 of X;l)’s that converge to Q ;. If a path &y ; contains a half circle of radius ¢ > 0
j i
holomorphic (and conformal) map.

When the parameter S goes near Sy 1, it is sufficient for us to pay attention to the branch

around 0, the movement of X ;’’s are given by Figure 15, since a lifting map S — X a

points XE.I/) (j=1,2,...,n— 1) (and also Xﬁ."fl*l/) = Xﬁ.l/)). Since any singularities are
single nodes, just two of X ;l/) ’s converge to X/. Therefore, if a path §; ; contains a half circle

of radius & > 0 around Sy’ ;/, the movement of the two of X E.l/)’s looks like in Figure 16. This

2

behavior is just the same as in the case y> = x2 — s, standard single node.

4.3. The global monodromy for S;;. From now on, we assume that n is odd and
(n — 1)/2 is odd. In other cases, similar results hold. We determine how a branch point
encounters another one. Recall that

Sei = (1) sinfg \" !
k= sin k0 :

where 6 = /(n — 1), and Sk ; = Sk n—1-1, Sk,; = Sn—1—k,;- Then we obtain.
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C C

I
ol \Xk y

FIGURE 16. The movement of S and X.

LEMMA 4.3.1. For a fixed k, the following inequalities hold:
(M Iflisodd, then
@D 0<Su-1/2,1 < Su=sy/20 < -+ <83 < 81,
() Sop < Say <o < Swu-3)/2:1 <0.
(ID) Ifl is even, then
D) 0 < Su-3)721 < Sm-772.1 <+ < Sa1 < S21.
(i) S1y <835 <---<Su-nsps<0.
The condition (3.4) and (3.9) are followed by

1

S -
0~ (sing)y—1

= |S1.-n 2l = max [Sk.i] -
We indexing of Xgl) is as in Figure 6. Let §x ; (resp. do) be a half path from Sp to Sk ;

(resp. 0) such as in Figure 13. Our final goal is the following theorem.

THEOREM 4.3.2. The encounter ofXgl) s with respect to 8y | or 8 is as follows:

@ If Sk; > 0, that is k and | are both odd (or both even), then two branch points
X,(f) and X,(CZJ)rl (resp. Xfllllfk and X,(jisz) on the branches By 4+ and By — (resp.
By_1—k,+ and B,_1—k, —) converge to Xy (resp. X,—1—k). See Figure 17.

) Ifk(# 1, #n —2)isoddandl is even (Si,; < 0), then two branch points X,Elj_l

and X,(cl) (resp. X,(lllk and X,(ji],k) on the branches Byy1,+ and By_1,— (resp.
By_k.+ and B,_y—2,—) converge to Xy (resp. X,,—k—1). See Figure 18.

1§ even an 1S O then tne branch points an resp. _ o an
() Ifki d 1 is odd then the branch points X{ |, and X{ (resp. X\, and

X,(ji],k) on the branches By 4 and By_1,— (resp. B,k 4+ and By,_x_> _) con-
verge to Xy (resp. X,—k—1). See Figure 18.

(V) Ifk = 1 (resp. n — 2) and | is even then the branch points XY) and X;l) (resp.
X;(jiz and X,(ji]) on the branches By and By  (resp. B,_3 _ and B_) converge
to X1 (resp. Xn—2 ). See Figure 19.



GLOBAL MONODROMY OF A FIBRATION OF THE FERMAT SURFACE 49

FIGURE 17. (I) The movement of the branch points: The bold arrow lines
are homotopically rearranged.

-

x® Brya,+

¥

+1

FIGURE 18. (II), (III) The movement of the branch points.

(V) If S =0, then the movement of the branch points is as Figure 20.

PROOF. Let k and ! be odd numbers and let X’ be an even number. If we move S from
So to Sk, then there exists no singular value Sy ; between Sy and Sk ; from Lemma 4.3.1.
The solutions of the equation [ [, (¥ (X) — A;(S)) = 0 on the branch other than By do not go

to Xy, because if X ,El,,) on another branch By for even k” goes to Xy, then it must pass through

X. The solutions on By are X,((l) and X,EIJ)FI, and they must encounter each other when §

goes to Sg;. When X,(f) meets X(l) X,((l/) and X,((ljr)l (I" > 1) move on By toward X, turn

k+1°
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B+ Bn—3,— !
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x$ ot .
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2
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FIGURE 19. (IV) The movement of the branch points.
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FIGURE 20. (V) The movement of the branch points: Qy and Q41
are the solutions of ¥ (X) = 0.

right at Xy, and finally go to a point on L. The other X,({l/) and X,((ljr)l (" < 1) move on By
toward Xy and finally go to a point on By (See Figure 21). From the definition of Si ;, we
have Sx; = Sp—1-«.1- Hence if S goes to Sk s, then Xr(zlil—k (on B,_1—,+) encounters X,(Qk
(on By—1—k,—) at Xp_1—.

Similarly, let k and [/ be even numbers and let &’ be an odd number. If we move S from
So to k.1, then there exists no singular value S’ ;. The solutions of the equation [ [, (¥ (X) —
A;(S)) = 0 on the branch other than By do not go to X; Thus we have (I).

Suppose that k is odd, / is even, k # 1 and k # n — 2. Then Si; is negative and &

pass near 0 once before arriving at Si ;. Hence if X E.l) goes to X, then it must pass the points
Qy or Qi1 once (Figure 22). Thus Xﬁ.l) must be on the branch Bx_1 or By at the start. As

in Figure 16, Xﬁ.l) turns right when it visit a crossroad Xy_1 (or Xx1). This means that Xﬁ.l)
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L
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X,
FIGURE 21
X k-1
B4
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Xk Bk
Qr+1
Biy1
Xk+1
FIGURE 22

must be on By_1,— or Bi4+1,+ at the start. It follows that X,(f) (on Bk_1,—) encounters X,Elj_l
(on Biy1,4) at Xg. Thus we have (II).
Suppose that k is even and / is odd. Then S ; is negative and S ; pass near O once. In

the same reason as (II), X;l) must pass the solution Q1 or Qy, and hence X,((l) (on Br—1,-)
encounters X ,EZJ)F 1 (on By +) at Xg. Thus we have (I1I).
Suppose that k = 1 and [ is even. Then S ; is negative and X;l) must pass the solution

Q1 or Q>. Hence Xgl) (on B4 ) encounters Xg) (on By ) at Xy. Incase thatk =n —2 and [
is even, we can show in the same way. Thus we have (IV).

In case (V), as in Figure 15, X,((l) turn right at X;_1 or Xj;. Therefore every X,((l) (I =
1,2,...,n —2) meet together at Q. ]
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