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\S 1. The main theorem.

Let $k$ be an integer $>1$ and $l$ be a positive integer. Let $\{P_{ij}:i=1,$ $\cdots$ ,
$k;j=1,$ $\cdots,$

$l$ } be a given family of sets, each consisting of prime num-
bers, subject to the following conditions:

(C) For each $i=1,$ $\cdots,$
$k$ , the sets $P_{i\dot{g}}(j=1, \cdots, l)$ are pairwise dis-

joint;
(C) As $ x\rightarrow\infty$ ,

$\sum_{p\leq x.peP_{ij}}\frac{1}{p}=\lambda_{ij}\log\log x+o(\sqrt{}\overline{\log\log x})$

with positive constants $\lambda_{ij}$ for $i=1,$ $\cdots,$ $k;j=1,$ $\cdots,$
$l$ .

The sets $P_{j}$ with distinct $i’ s$ need not be disjoint, and $P_{1}U\cdots\cup P_{il}$

may not contain all primes.
Throughout the paper, without repeated comment, the double sub-

scripts $ij$ will always run through the $kl$ pairs of integers $’\dot{\iota}=1,$
$\cdots,$

$k$ ;
$j=1,$ $\cdots,$

$l$ .
Let $\omega_{ij}(n)$ denote the number of distinct prime factors of a positive

integer $n$ , which belong to the set $P_{j}$ :

$\omega_{ij}(n)=\sum_{p1\prime,peP_{ij}}1$ .
THEOREM 1. Let $E$ be a Jordan-measurable set, bounded or un-

bounded in the space $R^{kl}$ of $kl$ dimensions. For sufficiently large in-
teger $N$, let $A(N;E)$ denote the number of representations of $N$ as the
sum of $k$ positive integers: $N=n_{1}+\cdots+n_{k}$ such that, if we put

$x_{\iota;}=\frac{\omega_{iJ}(n)-x_{l;}\log\log N}{\sqrt{\lambda_{ij}\log\log N}}$ ,

the point $(x_{11}, \cdots, x_{1l}, \cdots, x_{k1}, \cdots, x_{kl})$ belongs to the $\epsilon et$ E. Then, $as$

$ N\rightarrow\infty$ , we have
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$A(N;E)\sim\frac{N^{k-1}}{(k-1)!}(2\pi)^{-kl/2}\int_{E}\exp(-\frac{1}{2}\sum_{l=1j}^{k}\sum_{=1}^{l}x_{ij}^{l})dx_{11}\cdots dx_{k1}$ .

This theorem was announced in [5] without proof, and the outline
of the proof of a very special case of the theorem was sketched in [6].

We assume here for simplicity that $l_{i}’ s$ in [5] are equal to $l$ . We shall,
in Section 2, prove the theorem. The paper could somewhat be short-
ened by omitting some parts of the proof and making references to
author’s previous papers [1], [2], [3], and [4], but, for the reader’s con-
venience, we shall give here the complete proof so that this will be read
as a self-contained paper. In Section 3, we shall refer to some special
cases of the theorem.

The author expresses his thanks to Prof. S. Iyanaga for his en-
couragement during the preparation of this paper.

\S 2. Proof of the theorem.

We first give a lemma conceming the number of solutions of a linear
Diophantine equation in positive integers.

LEMMA 1. Let $a_{1},$ $\cdots,$ $a_{t}(t>1)$ , and $b$ be positive integers such that
the greatest common divisor $(a_{1}, \cdots, a_{t})$ divides $b$ . Let $S_{\ell}=S_{t}(a_{1},$

$\cdots,$ $a_{\iota}$ ,
b) denote the number of solutions of the Diophantine equt’ion

(1) $a_{1}x_{1}+\cdots+a_{t}x_{t}=b$

in positive integers, then we have

(2) $|S_{t}-\frac{(a_{1\cdot 1}a_{t}).b^{t-1}}{(t-1)!a_{1}\cdot\cdot a_{t}}|<C_{t}b^{e-2}$ ,

where $C$ is a suitable posit’ive number dependent only on $t$ , and inde-
pendent of $a_{1},$ $\cdots,$ $a_{t}$ , and $b$ .

PROOF. We shall prove the lemma by induction on $t$ beginning with
$t=2$ . The case when $t=2$ , our Diophantine equation is $a_{1}x_{1}+a_{2}x_{2}=b$

with $(a_{1}, a_{2})|b$ , and, from the well-known property of this equation we
can easily see that

$|S_{2}-\frac{(a_{1},a_{2})b}{a_{1}a}|<C_{2}$ ,

where $C_{2}$ is independent of $a_{1},$ $a_{2}$ , and $b$ .
Next we assume that (2) holds for one value of $t$ , and consider

$S_{t+1}=S_{\iota+1}(a_{1}, \cdots, a_{\iota+1}, b)$ , the number of solutions of the Diophantine
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equation

$a_{1}x_{1}+\cdots+a_{t+1}x_{t+1}=b$

or
(8) $a_{1}x_{1}+\cdots+a_{t}x_{1}=b-a_{\iota+1}x_{\iota+1}$

with $(a_{1}, \cdots, a_{\iota+1})|b$ in positive integers. Let $(x_{10}, \cdots, x_{t+1,0})$ be an in-
tegral solution, not necessarily positive, of (3), then, as is easily seen,
for any positive integral solution, if it exists, we can put

$x_{t+1}=x_{\iota+1,0}+\frac{(a_{1},.\cdot.\cdot.,\cdot,a_{t})}{(a_{1},a_{\iota+1})}u$ ,

where $u$ is an integer for which $0<b-a_{t+1}x_{t+1}<b$ . For each of such $u$ ,

if we denote for brevity by $S_{t}^{s}(u)$ the number of solutions of (3) in
positive integers $x_{1},$ $\cdots,$ $x_{t}$ , then, as (2) is assumed to be valid for the
equation (1), replacing $b$ by

$b-a_{\iota+1}x_{t+1}=b-a_{\iota+1}x_{\iota+1,0}-\frac{(a_{1},\cdot.\cdot.\cdot.’ a_{l})a_{\iota+1}}{(a_{11},a_{\iota+1})}u$ ,

we can write

$|S_{t}^{*}(u)-\frac{(a_{1},\cdots,a_{t})}{(t-1)!a_{1}\cdots a_{t}}\{b-a_{\iota+1}x_{\iota+1,0}-\frac{(a_{1},\cdots,.a_{t})a_{\iota+q}}{(a_{1},\cdot\cdot,a_{\iota+1})}u\dagger^{t-1}|<C_{t}b^{t-2}$ .

Now, since

$S_{\iota+1}=\sum_{u}S_{t}^{*}(u)$ ,

where $u$ runs through the integers with above-mentioned condition, and
the number of integers admissible for $u$ is less than $b$ , we obtain

$|S_{t+1}-\frac{(a_{1},\cdots,a_{t})}{(t-1)!a_{1}\cdots a}\sum_{u}\{b-a_{\iota+1}x_{\iota+1,0}-\frac{(a_{1},\cdot.\cdot.\cdot,a_{t})a_{\iota+1}}{(a_{1},\cdot,a_{\iota+1})}u\}^{t-1}|<C_{t}b^{t-1}$ .

Also, approximating the summation by an appropriate integral, we can
easily obtain

$\frac{(a_{1},\cdots,a_{t})}{(t-1)!a_{1}\cdots a_{t}}\sum_{u}\{b-a_{t+1}x_{\iota+1,0}-\frac{(a_{1},\cdot.\cdot.\cdot.’ a_{t})a_{\iota+1}}{(a_{1},,a_{t+1})}u\}^{-\iota}$

$=\frac{(a_{1},\cdots.’ a_{\iota+1})b^{t}}{t!a_{1}\cdot\cdot a_{t+1}}+O(b^{t-1})$ ,

where the constant implied in O-symbol is independent of $a_{1},$ $\cdots,$ $a_{\iota+1}$ .
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Thus we see that an inequality obtained by replacing $t$ by $t+1$ in (2)
also holds with $C_{l+1}$ independent of $a_{1},$ $\cdots,$ $a_{\iota+1}$ , and $b$ . Our induction is
now completed.

Next we give two simple lemmas concerning binomial coefficients.

LEMMA 2. Let $a$ and $b$ be non-negative integers, then

$\sum_{e=0}^{b}(-1)^{t}\left(\begin{array}{l}a\\c\end{array}\right)\left\{\begin{array}{l}=1a=0\\\geqq 0a>0bi\epsilon\\\leqq 0a>0bi\epsilon\end{array}\right.$

We omit the proof.

LEMMA 3. Let $a_{1},$ $\cdots,$ $a_{\iota}$ and $b_{1},$
$\cdots,$

$b_{t}$ be non-negative integers. If
we put

$\gamma=\gamma(a_{1}, \cdots, a ; b_{1}, \cdots, b_{t})$

$=\sum_{=\iota}^{t}l^{\sum_{\iota=0}^{2b+1}}(-1)^{\epsilon}\cdot\left(\begin{array}{l}a\\c_{l}\end{array}\right)\cdot r\neq l\prod_{t=1}^{t}\sum_{\epsilon,=0}^{2b,}(-1)^{0_{f}}\left(\begin{array}{l}a_{f}\\c_{f}\end{array}\right)\}-(t-1)^{\prod_{=1}^{\iota}\sum_{0_{l}=0}^{2b}}(-1)^{0_{\epsilon}}\left(\begin{array}{l}a\\c\end{array}\right)$ ,

then we have

$\gamma\left\{\begin{array}{l}=1a_{1}=\cdots=a_{\iota}=0\\\leqq 0a’ s\end{array}\right.$

FROOF. The case $a_{1}=\cdots=a_{t}=0$ is trivial. Suppose that at least
one of the $a$ $s$ is positive. Without loss of generality, we can assume
that $a.>0$ for $\epsilon=1,$

$\cdots,$
$t_{1}$ , and $a.=0$ for $s=t_{1}+1,$ $\cdots,$

$t$ . Then we easily
have

$\gamma=\sum_{=1}^{t_{1}}\{\sum_{\iota=0}^{2b_{l}+1}(-1)^{0}\cdot\left(\begin{array}{l}a_{l}\\c\end{array}\right)\cdot r\neq\prod_{r=1}^{\ell_{1}}\sum_{e,=0}^{2b_{f}}(-1)^{\iota_{f}}\left(\begin{array}{l}a_{f}\\o_{f}\end{array}\right)\}-(t_{1}-1)\prod_{=1}^{\iota_{1}}\sum_{\epsilon_{l}=0}^{2b}(-1)^{\iota}\cdot\left(\begin{array}{l}a\\\iota_{l}\end{array}\right)$ ,

from which, applying the case $a>0$ of Lemma 2, we see that $\gamma\leqq 0$ .
Thus the lemma is proved.

Now we define some functions and sets which will be used in the
sequel. The positive integer $N$ will be assumed to be sufficiently large
as occasion demand8.

We put

$y_{lj}(N)=\sum_{p\leq N.peP_{lj}}\frac{1}{p}$ ,

then, by $(C_{t})$ in Section 1,
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(4) $y_{ij}(N)=\lambda_{ij}\log\log N+o(\sqrt{\log\log N})$ .
We define the sets $Q_{tjN}$ as

(5) $Q_{tjN}=\{p:p\in P_{tj,}e^{\{\nu_{ij}tN)I^{2}}<p<N^{\{y_{ij}(N)\}^{-2}}\}$ .
We introduce these sets obtained from $P_{ij}$ by omitting comparatively
small and large primes in analogy to the truncation method used in
probability theory.

We put

$z_{ij}(N)=\sum_{peQ_{ijN}}\frac{1}{p}$ .
Then obviously $z_{ij}(N)\leqq y_{ij}(N)$ . Also we have

LEMMA 4. $z_{ij}(N)=\lambda_{\iota j}\log\log N+o(\sqrt{\log\log N})$ .
PROOF. As is well-known

$\sum_{p\xi x}\frac{1}{p}=\log\log x+O(1)$ .
Now we can write

$y_{ij}(N)-z_{ij}(N)\leqq\Sigma_{1}+\Sigma_{2}$ ;

in $\Sigma_{1},$ $p$ runs through primes $\leqq e^{\{\nu_{ij}tN)\}^{2}}$ and, in $\Sigma_{2},$ $p$ runs through primes
satisfying $N^{\{\nu_{ti^{(N)\}^{-2}}}}\leqq p\leqq N$. Hence we have

$\Sigma_{1}=2\log y_{ij}(N)+O(1)$ ,
and

$\Sigma_{2}=\log\log N-\log\frac{\log N}{\{y_{i\dot{g}}(N)\}^{2}}+O(1)=2\log y_{ij}(N)+O(1)$ .

Hence the lemma follows from (4).
Now we continue defining some further functions.
We denote by $\omega_{ijN}(n)$ the number of distinct prime factors of a

positive integer $n$ , which belong to the set $Q_{ijN}$ :
(6)

$\omega_{tjN}(n)=\sum_{p|\Uparrow,peQ_{ijN}}1$ .
For any positive integer $t$ , we define the sets $M_{ijN}(t)$ consisting of

positive integers as

(7) $M_{\ell jN}(t)=\{m:m$ is squarefree;
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$m$ has $t$ prime factors;
$m$ is composed only of primes $eQ_{jN}$}.

We put for convenience $M_{ijN}(0)=\{1\}$ .
For any $kl$ positive integers $t_{ij}$ , we denote by $F(N;t_{11}, \cdots, t_{k1})$ the

number of representations of $N$ as the sum of $k$ positive integers:
$N=n_{1}+\cdots+n_{k}$ such that $\omega_{:jN}(n_{i})=t_{ij}$ simultaneously.

For any $kl$ positive integers $m_{ij}$ such that $m_{tj}\in M_{ijN}(t_{ij})$ with some
positive integers $t_{ij}$ , we denote by $G(N;m_{11}, \cdots, m_{kl})$ the number of re-
presentations of $N$ as the sum of $k$ positive integers: $N=n_{1}+\cdots+n_{k}$

such that

(8)
$\prod_{p|n_{i\prime}peQ_{ijN}}p=m_{1j}$

simultaneously.
We obviously have

(9)
$F(N;t_{11}, \cdots, t_{kl})=\sum_{n_{11}eX_{11N}(t_{11})}$

.
$meX(t)\sum_{klklNkl}G(N;m_{11}, \cdots, m_{kl})$ ,

where the summation symbols $\sum$ are repeated $kl$ times.
For any $2kl$ positive integers $t_{:i}$ and $T_{tj}$ , we put

(10)
$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{11|}t_{kl};.T_{11’|}T_{kl})=\sum_{m_{11}eM_{11N}(t_{11})}\cdot\cdot\cdot\cdot\sum_{m_{kl}eK_{klN}(t_{kl})}\ovalbox{\tt\small REJECT}^{\nearrow(0)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$ ,

$\ovalbox{\tt\small REJECT}^{\nearrow(0)}(N;m_{11}, \cdots, m_{kl};T_{11\prime}\cdots, T_{kl})$

$=\sum_{\tau_{11}=0}^{2r_{11}}\cdots\sum_{\tau_{kl}=0}^{2\tau_{kl}}(-1)^{r_{11}+\cdots+\tau_{kl}}\Leftrightarrow \mathscr{G}(N;m_{11}, \cdots, m_{kl};\tau_{11}, \cdots, \tau_{k1})$ ,

$\mathscr{L}(N;m_{11}, \cdots, m_{kl};\tau_{11}, \cdots, \tau_{kl})=\sum_{N\mu_{11}eHt\tau_{11})}t\mu_{klkl)=1^{k\iota)}}^{lklNt\tau}n$$\sum_{\mu_{k}eM}m_{j}\mu_{ij}|\sim*1+\cdot\cdot+\sim=N\sum_{k}.1$
.

In the sum defining $\sim \mathscr{G}(N;m_{11}, \cdots, m_{kl};\tau_{11}, \cdots, \tau_{kl})$ , the $kl$ summation-
variables $\mu_{lj}$ run through positive integers satisfying the assigned con-
ditions, and, for each of the systems of such $\mu_{lj}$ , the innermost sum
means the number of representations of $N$ as the sum of $k$ positive in-
tegers: $N=n_{1}+\cdots+n_{k}$ such that $m_{ij}\mu_{lj}|n_{l}$ simultaneously. Similarly we
put

$c\mathscr{G}^{(i;}=\sum_{m_{11}eK_{11N}(t_{11})}^{)}\cdots\cdot\cdot\sum_{kmeH(t)}\ovalbox{\tt\small REJECT}^{\prime(ij)}$ (
$N;m_{11}(N;t_{11’ 1}t_{kl};.T_{11},|T_{kl})$ . . . $m_{kl};T_{11},$

$\cdots,$
$T_{kl}$),

$\ovalbox{\tt\small REJECT}^{\nearrow(ij)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$

$=\sum_{\tau_{11}=0{}^{t}ij}^{2T_{11}}\cdots\sum_{=0}^{zr_{ij+1}}$ . . . $\sum_{r_{kl}=0}^{2\tau_{kl}}(-1)^{\tau_{11}+\cdots+\tau_{kl}}Z(N;m_{11}, \cdot. . , m_{kl};\tau_{11}, \cdot. ., \tau_{kl})$ ,
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where the summation-variable $\tau_{ti}$ runs through the integers $0,$
$\cdots,$ $2T_{ij}+1$

and other $\tau’ s$ , in number kl-l, run through the same integers as in
the definition of $\ovalbox{\tt\small REJECT}^{\prime}(0)(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$ respectively.

LEMMA 5. For any $2kl$ positive integers $t_{\iota j}$ and $T_{lj}$ , we have

$\sum_{t=1}^{k}\sum_{j=1}^{l}\mathscr{F}\ovalbox{\tt\small REJECT}^{(ij)}(N;t_{11}, \cdots, t_{kl};T_{11\prime}\cdots, T_{k1})$

$-(kl-1)\mathscr{G}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$

$\leqq F(N;t_{11}, \cdots, t_{kl})\leqq\ovalbox{\tt\small REJECT}^{(0)}(N;t_{q1}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$ .
PROOF. Because of the assumption $(C_{1})$ , we can change the order

of summations defining $c\mathscr{G}(Njm_{11}, \cdots, m_{kl};\tau_{11}, \cdots, \tau_{kl})$ as follows:

$\mathscr{L}(N;m_{11}, \cdots, m_{kl};\tau_{11}, \cdots, \tau_{kl})$

$=\sum_{=n_{1}+\cdots+1kN}$ $\sum_{\mu_{11}eH_{11N}(\tau_{11})}$

. . .
$\sum_{\mu_{kl^{eM}klN^{(e}kl)}}$

1
$m_{ij}|n_{i}$ $(\mu_{11^{\prime}}m_{11})=1$

$t\mu_{kl^{m}kl)=1 ,\mu_{kl}|\Uparrow k}$

$\mu_{11}|n_{1}$

$=\sum_{n_{1}+\cdots+n_{k}=N}$
$\prod_{i=1}^{k}\prod_{!=\iota}^{l}$

$\sum_{\mu_{ig}e\pi_{ijN}(\tau_{ij})}$ 1
$nij\}n_{t}$ $(\mu_{\ell j},m_{i!})=1$

$\mu_{lj}|n_{i}$

$=\sum_{n_{1}+\cdots+n_{k}=N}$
$\prod_{i=1}^{k}\prod_{\dot{g}=1}^{l}\left(\begin{array}{l}\omega_{ijN}(n_{i})-t_{ij}\\\tau_{ij}\end{array}\right)$ .

$m_{lj}|n_{i}$

Hence we can put

$\llcorner \mathfrak{X}^{\nearrow(0)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})=n_{1}+\cdots+n_{k}=N\sum_{m_{l\dot{g}}|n_{i}}\delta(n_{1}, \cdots, n_{k})$

,

$\sum_{l=1}^{k}\sum_{\dot{g}=1}^{l}\ovalbox{\tt\small REJECT}^{\nearrow(lj)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$

$-(kl-1)\ovalbox{\tt\small REJECT}^{\prime}(0)(N;m_{11}, \cdots\prime m_{kl};T_{11}, \cdots, T_{kl})=\sum_{rn_{ij}|n_{i}}n_{1}+\cdots+n_{k}=N\delta^{\prime}(n_{1}, \cdots, n_{k})$

,

where

$\delta(n_{1}, \cdots, n_{k})=\prod_{l=1}^{k}\prod_{j=1}^{l}\sum_{\tau_{ij}=0}^{zr_{ij}}(-1)^{\tau_{ij\left(\begin{array}{l}\omega_{iJN}(n_{i})-t_{ij}\\\tau_{ij}\end{array}\right)}}$ ,

$\delta^{\prime}(n_{1}, \cdots, n_{k})$

$=\sum_{i=1}^{k}\sum_{j=1}^{l}\{\sum_{\tau_{ij}=0}^{2T_{i\dot{g}}+1}(-1)^{\tau_{ij\left(\begin{array}{l}\omega_{tjN}(n_{i})-t_{ij}\\\tau_{ij}\end{array}\right)}}\cdot(t,\epsilon)\prod_{r=1}^{k}$ $\prod_{\epsilon--1,\neq(l.j)}^{\iota}\sum_{\tau_{f}.=0}^{2T,\epsilon}(-1)^{\tau_{t\delta}}\left(\begin{array}{l}\omega_{rsN}(n_{r})-t_{r\epsilon}\\\tau_{r\epsilon}\end{array}\right)\}$

$-(kl-1)\prod_{l=1}^{k}\prod_{j=1}^{l}\sum_{\tau_{ij}=0}^{2T_{lj}}(-1)^{\tau_{ij}}\left(\begin{array}{l}\omega_{i!N}(n_{i})-t_{ij}\\\tau_{ij}\end{array}\right)$ .

Now, owing to Lemma 3, $\delta(n_{1}, \cdots, n_{k})=\delta^{\prime}(n_{1}, \cdots, n_{k})=1$ when $\omega_{ijN}(n_{i})=t_{ij}$
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simultaneously; and $\delta(n_{1}, \cdots, n_{k})\geqq 0,$ $\delta^{\prime}(n_{1}, \cdots, n_{k})\leqq 0$ when at least one
inequality $\omega_{ljN}(n_{i})>t_{lj}$ holds. Hence, recalling (8) in the definition of
$G(N;m_{11}, \cdots, m_{kl})$ , we have

$\sum_{:=1}^{k}\sum_{j=1}^{l}\mathscr{L}^{\rightarrow(ij)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$

$-(kl-1)\mathcal{Z}^{\nearrow(0)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$

$\leqq G(N;m_{11}, \cdots, m_{kl})\leqq\ovalbox{\tt\small REJECT}^{\nearrow(0)}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$ .
Now by (9) and (10) we obtain the lemma.

This lemma enables us to obtain a certain asymptotic formula for
$F(N;t_{11}, \cdots, t_{kl})$ proving the easier ones for $\mathscr{F}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{k1})$

and $\ovalbox{\tt\small REJECT}^{(ij)}(N;t_{11}, \cdots, t_{k1};T_{11}, \cdots, T_{kl})$ giving $T_{11},$
$\ldots,$

$T_{kl}$ appropriate values.
This procedure might be said to be a type of sieve method. Again
$\ovalbox{\tt\small REJECT}^{\{lj)}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$ can be dealt with in almost the same
way as $c\mathscr{F}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$ , and so we shall for the present
be concemed with $\ovalbox{\tt\small REJECT}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$ . For this purpose we
introduce some more functions. We put

$H(N;t_{11}, \cdots, t_{kt};T_{11}, \cdots, T_{kl})$

$=_{m_{11}eM}\sum_{11N^{(t_{11})}}\cdots\sum_{m_{kl^{eK}klN^{(t}k1)}}K(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$ ,

$K(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$

$=\sum_{\tau_{11}=0}^{2T_{11}}\cdots\sum_{\sim_{k\iota=0}}^{2T_{kl}}(-1)^{\tau_{11}+\cdots+\tau_{kl}}L(N;m_{11}, \cdots, m_{kl};\tau_{11}, \cdots, \tau_{kt})$ ,

$L(N;m_{11}, \cdot. . m_{kl};\tau_{11}, \cdot \tau_{kl})=\mu_{11,(\mu_{11}}e\Pi\sum_{11N(\tau_{11})\mu_{kl}e}\sum_{kH\{-)}\frac{(m_{1}\mu_{11}\cdot.\cdot\cdot,m_{k}\mu_{k})}{m_{1}\mu_{1}\cdot\cdot m_{k}\mu_{k}}$

$(m_{11’ k}\mu\cdots,n*\mu_{k})|N$

where we have put for brevity

(11) $m_{l}=\prod_{j=1}^{\iota}m_{ij}$ , $\mu_{i}=\prod_{\dot{g}=1}^{l}\mu_{ij}$ .
We put further

$H_{1}(N;t_{11}=’:|\sum_{1^{eM_{11N}(t_{11})}}^{t_{kl};T_{11’|}}$$\sum_{m_{kl}eK_{klN}(\iota_{kl})}^{T_{kl})}K_{1}(N;m_{11}, \cdot. ., m_{kl};T_{11}, \cdots, T_{kl})$

,

$K_{1}(N;m_{11}, \cdots , m_{kl};T_{11}, \cdot. . , T_{k1})$

$=\sum_{11}^{2T_{11}}\cdots\sum_{\tau_{kl}-=0=0}^{2r_{kl}}(-1)^{-+\cdots+\tau_{kl}}11L_{1}(N;m_{11}, \cdot. . , m_{kl};\tau_{11}, \cdots, \tau_{kl})$

$L_{1}(N;m_{11}, \cdots, m_{kl};\tau_{11}, \cdot\cdot ., \tau_{kl})$
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$=\sum_{(m_{1}\mu_{1},\ldots,m_{k}\mu_{k})=}\sum_{M\mu 11^{e_{11^{n_{11})1(\mu_{k}}}}M_{11N}(\tau_{11})\mu_{kt^{e}}(\tau}i^{m_{kl})=1}\frac{1}{m_{1}\mu_{1}\cdots m_{k}\mu_{k}}$

;

$H_{2}(N;t_{11}, \cdots t_{kl};T_{11}, \cdots, T_{kl})$

$=\sum_{m_{11}eM_{11N}(t_{11})}$
..

$\sum_{m_{kl^{eM}klN^{(t}kl)}}K_{2}(N;m_{11}, \cdot . . m_{kl};T_{11}, \cdot . . , T_{kl})$ ,

$K_{2}(N;m_{11}, \cdot . ., m_{kl};T_{11}, \cdot . . , T_{kl})$

$=\sum_{\tau_{11}=0}^{z\tau_{11}}$ . . . $\sum_{\tau_{kl}=0}^{2T_{kl}}(-1)^{\tau_{11}+\cdots+\tau_{kl}}L_{2}(N;m_{11}, \cdot . ’’ m_{kl};\tau_{11}, \cdot . . \tau_{kt})$

$L_{2}(N;m_{11}, \cdot . m_{kl};\tau_{11}, \cdot \tau_{kl})$

$=\sum_{N\mu_{11}eM_{11}(\tau_{11})}$
. . . $\sum_{\mu_{kl}\in\kappa_{klN^{(\tau}kl)}}\frac{(m_{1}\mu_{1},\cdot.\cdot.\cdot.’ m_{k}\mu_{k})}{m_{1}\mu_{1}m_{k}\mu_{k}}$ ;

$tm_{1}\mu_{1},..\cdot.\cdot,m_{k}\mu_{k)>1}(m_{1}\mu_{1}..,m_{k}\mu_{k})|N(\mu_{k1^{m}kl)=1}$

$H_{3}(N;t=’\cdots\sum_{m_{11}eM_{11N}(t_{11})}^{t_{kl};T_{11’|}}..\cdot.\cdot\cdot\sum_{m_{k\iota^{eM_{klN}(\iota_{kl})}}}^{T_{kl})}K_{3}(N;m_{11}, \cdots, m_{kl}; T_{11}, \cdots, T_{kl})$

$K_{3}(N;m_{11}, \cdots, m_{kl};T_{11}, \cdots, T_{kl})$

$=-=0\sum_{11}^{2T_{11}}$ . . . $\sum_{\tau_{kl}=0}^{2T_{kl}}(-1)^{\tau_{11}+\cdots+\tau_{kl}}L_{3}(N;m_{11}$ , $\cdot$ . ., $m_{kl}$ ; $\tau_{11}$ , $\cdot$ . $\tau_{kl})$

$L_{3}(N;m_{11}, \cdots, m_{kl}; \tau_{11}, \cdots, \tau_{kl})$

$=\sum_{(m_{1}\mu 1\cdot\cdot\cdot,m_{k}\mu_{k)>1}}\cdot.\cdot\cdot\sum_{k\mu_{11}eM_{11^{N}}(\tau_{11})\mu_{kl(\mu_{kl^{m}kl)=1}}eMlN^{(\tau}kl)}\frac{1}{m_{1}\mu_{1}\cdots m_{k}\mu_{k}}$

The apparent complexity of introducing such similar but slightly
different expressions would rather facilitate the subsequent arguments.
Now, from the above definitions, we at once have

(12) $H(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$

$=H_{1}(N;t_{11}, \cdots, t_{kl}; T_{11}, \cdots, T_{kl})+H_{2}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})$ ,

(13) $H_{1}(N;t_{11}, \cdots, t_{kl};T_{11}, \cdots, T_{kl})+H_{3}(N;t_{11}, \cdots, t_{kl}; T_{11}, \cdots, T_{kl})$

$=\prod_{\iota=\iota}^{k}\prod_{j=1}^{l}\sum_{m_{ij}eM_{ijN}(t_{ij})}\frac{1}{m_{ij}}\sum_{\tau_{ij}=0}^{2\tau_{ij}}(-1)^{\sum_{(\mu_{ij}m_{ij})=1}}\tau_{ij}\mu_{ijijNij)}eM(\tau\frac{1}{\mu_{ij}}$
.

LEMMA 6. Let $T_{ijN}=[5z_{ij}(N)]$ . Then, as $ N\rightarrow\infty$ ,

$H_{1}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})+H_{S}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})$

$=\frac{\{z_{11}(N)\}^{\iota_{11}}\cdots\{z_{kl}(N.)\}^{t}e^{-\{z(N)+\cdots+aetN)\}}11}{t_{11}!\cdot\cdot t_{kl}!}\{1+o(1)\}$
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uniformly in $t_{:;}$ with $t_{ij}<2z_{lj}(N)$ simultantously.

PROOF. In view of (13), we are allowed to consider the $kl$ expres-
sions

$\sum_{n_{\ell j}er_{l;N^{(t}ij)}}\frac{1}{m_{ij}}\sum_{\tau_{lj}=0}^{2T_{jN}}(-1)^{\tau_{ij}}\sum_{)=}\mu eK\prod_{n_{l}(\mu_{lj\cdot\cdot j}}(r\frac{1}{\mu_{lj}}$

separately. We shall for simplicity omit the subscripts $ij$ , and for a
while deal with the expression

$\sum_{ne-N(t)}\frac{1}{m}\sum_{\tau=0}^{2r_{N}}(-1)^{\tau}\sum_{\mu e-N^{(\tau)}}\frac{1}{\mu}$

under the condition that $t<2z(N)$ .
Now, by the definition of the set $M_{N}(\tau)$ , we have

$\sum_{\tau=0}^{\infty}(-1)^{\tau}\sum_{(\mu,n)=\iota}\frac{1}{\mu}=\prod_{p\mu e-N(r)eQ_{N}}(1-\frac{1}{p})$ ,

where the left-hand side is essentially a finite sum. From this we can
write

(14) $|\sum_{\tau=0}^{2T_{N}}(-1)^{\tau}\sum_{(\mu,m)=1}\frac{1}{\mu}-\prod_{p\mu eu_{Nt\tau)}eQN}(1-\frac{1}{p})|\leqq\sum_{\tau=2x_{N+1}}^{\infty}\sum_{\mu er_{N(\tau)}}\frac{1}{\mu}$ .

We shall first estimate the right-hand member of (14). From the def-
initions of $z(N)$ and $M_{N}(\tau)$ , we have

$\sum_{\mu er_{N(\tau)}}\frac{1}{\mu}\leqq\frac{\{z(N)\}^{\tau}}{\tau!}$ ,

which gives

$\sum_{\tau=zr_{N+1}}^{\infty}\sum_{\mu eH_{N}(\tau)}\frac{1}{\mu}\leqq\sum_{\tau=z\tau_{N+1}}^{\infty}\frac{\{z(N)\}^{\tau}}{\tau!}<\frac{\{z(N)\}^{2T_{N}+1}e^{z(N)}}{(2T_{N}+1)!}<(\frac{ez(N)}{2T_{N}+1})^{zr_{N+1}}e^{z(N)}$ ,

where the last step is due to the inequality $(2T_{N}+1)^{\$ TN+1}<(2T_{N}+1)$ ] $e^{gp_{N+1}}$ .
Also $2T_{N}+1>9z(N)$ , so that

$(\frac{ez(N)}{2T_{N}+1})^{r_{N+1}}<(\frac{e}{q})^{9z(N)}<e^{-9z(N)}$ .
Thus we have
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(15) $\sum_{\tau=zr_{N+1}}^{\infty}\sum_{\mu eH_{N}(\tau)}\frac{1}{\mu}=O(e^{-9z(N)})=o(e^{-z(N)})$ .

On the other hand, since the primes contained in $Q_{N}$ are greater
than $e_{\vee}^{\{y(N)I^{2}}$ by (5), we have

$\sum_{peQ_{N}}\frac{1}{p^{2}}=o(1)$ ,

so that

$\prod_{peQ_{N}}(1-\frac{1}{p})=\exp\{\sum_{peQ_{N}}\log(1-\frac{1}{p})\}=\exp\{$ $-\sum_{peQN}\frac{1}{p}+O(\sum_{\beta eQ_{N}}\frac{1}{p^{2}})\}$

$=\exp\{-z(N)+o(1)\}=e^{-z(N)}\{1+o(1)\}$ .
Also, since $m\in M_{N}(t)$ with $t<2z(N)$ , the number of prime factors of $m$

is less than $2y(N)$ , and each of the prime factors is $>e^{((N))^{2}}$ by (5), we
can deduce that

$1<\prod_{p|n}(1-\frac{1}{p})^{-\iota}<\prod_{p|m}(1+\frac{2}{p})<(1+2e^{-\{y(N)\}^{2}})^{ly(N)}=1+o(1)$ .

Thus we have

(16) $peQN\prod_{p\downarrow m}(1-\frac{1}{p})=e^{-z(N)}\{1+o(1)\}$ ,

and this holds uniformly in $m$ with $m\in M_{N}(t),$ $t<2z(N)$ .
It follows from (14), (15), and (16) that

$\sum_{\tau=0}^{2T_{N}}(-1)^{\tau}\sum_{\mu eK_{N}(\tau)}\frac{1}{\mu}=e^{-z(N)}\{1+o(1)\}$

uniformly in the above-mentioned sense, and hence

(17) $\sum_{f\iota eH_{N}(t)}\frac{1}{m}\sum_{\tau=0}^{2T_{N}}(-1)^{e}\sum_{N\mu e\Pi(\tau)}\frac{1}{\mu}=\{1+o(1)\}e^{-z(N)}\sum_{mer_{N}(t)}\frac{1}{m}$

uniformly in $t$ with $t<2z(N)$ .
It follows from the multinomial theorem that

(18) $\sum_{n*eK_{N}(t)}\frac{1}{m}\leqq\frac{\{z(N)\}^{t}}{t!}\leqq\sum_{meK_{N}(t)}\frac{1}{m}+\sum_{w}\frac{1}{w}$ ,

where the summation-variable $w$ runs through positive integers which
are not squarefree and composed of $t$ primes $\in Q_{N}$ . For each of these
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$w$ , we can uniquely put $w=d^{2}q$ with squarefree $q$ . Since $d$ is composed
only of primes $\in Q_{N}$ and $d>1$ , it follows that $d>e^{\{\nu tN)I^{2}}$ by (5). Thus
we can write

$\sum\frac{1}{w}\leqq\sum_{d}\frac{1}{d^{2}}\sum_{q}\frac{1}{q}$ ,

where

$\sum_{g}\frac{1}{d^{8}}=O(e^{-\{y(N)I^{2}})=O(e^{-\{z(N)\}^{2}})$ .

As for the sum with the summation-variable $q$ , we have

$\sum_{q}\frac{1}{q}<1+z(N)+\frac{\{z(N)\}^{2}}{2!}+\cdots=e^{z(N)}$ ,

thus is follows that

$\sum_{w}\frac{1}{w}=O(e^{\epsilon(N)-\{z(N)\}^{2}})$ .
Also, since we assume that $t<2z(N)$ , we have

$\frac{\{z(N)\}^{t}}{t!}>(\frac{t}{2})^{t}\cdot\frac{1}{t^{t}}=2^{-t}>e^{-2z(N)}$ .
Hence we can write

$\sum_{w}\frac{1}{w}=o(\frac{\{z(N)\}^{t}}{t!}e^{\theta z(N)-\{z(N)\}^{2})}$ ,

which implies

$\sum_{w}\frac{1}{w}=o(\frac{\{z(N)\}^{t}}{t!})$ .

Now, by this and (18), we have

$\sum_{neHff(t)}\frac{1}{m}=\frac{\{z(N)\}^{t}}{t!}\{1+o(1)\}$ ,

and the above deduction shows that this holds uniformly in $t$ with
$t<2z(N)$ .

It follows from this and (17) that

$\sum_{neH_{N}(t)}\frac{1}{m}\sum_{\tau=0}^{2T_{N}}(-1)^{\tau}\sum_{\mu eK\cdot\cdot(\tau)}\frac{1}{\mu}=\frac{\{z(N)\}^{t}e^{-\epsilon\langle N)}}{t!}\{1+o(1)\}$
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uniformly in $t$ with $t<2z(N)$ , or, attaching now the subscripts $ij$

$\sum_{m_{ij}eM_{ijN}(t_{ij})}\frac{1}{m_{ij}}\sum_{\tau_{ij}=0}^{z\tau_{ijN}}(-1)^{\tau_{ij}}\mu_{ij}eM_{iiN}(\tau_{lj})\sum_{(\mu_{ij},m_{ij})=1}\frac{1}{\mu_{i\dot{g}}}=\frac{\{z_{tj}(N)\}^{t_{ij}}e^{-z_{ij}(N)}}{t_{ij}!}\{1+o(1)\}$

uniformly in $t_{ij}$ with $t_{ij}<2z_{ij}(N)$ . Finally the lemma follows on multi-
plying thus obtained $kl$ equalities.

LEMMA 7. Let $T_{tjN}=[5z_{ij}(N)]$ . Then, as $ N\rightarrow\infty$ ,

$H_{2}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})=o(\frac{\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N)\}^{t_{k}}e^{-\{z(N)+\cdots+z_{kl}(N)\}}}{t_{11}!\cdots t_{kl}!})$

uniformly in $t_{ij}$ with $t_{ij}<2z_{ij}(N)$ .
PROOF. For each summand of the sum defining $L_{2}(N;m_{11},$ $\cdots,$ $m_{kl}$ ;

$\tau_{11},$ $\cdots,$ $\tau_{kl}$) we put $d=(m_{1}\mu_{1}, \cdots, m_{k}\mu_{k})$ . Then we can obtain the positive
integers $m_{i}^{\prime},$ $\mu_{l}^{\prime}$ , and $m_{lj}^{\prime},$ $\mu_{ij}^{\prime}$ with $m_{ij}^{\prime}\in M_{ijN}(t_{ij}^{\prime}),$ $t_{ij}^{\prime}\leqq t_{ij},$ $\mu_{ij}^{\prime}\in M_{tjN}(\tau_{lj}^{\prime}),$ $\tau_{lj}^{\prime}\leqq$

$\tau_{ij}$ such that $m_{i}^{\prime}|m_{i},$ $\mu_{i}^{\prime}|\mu_{i},$ $m_{i}\mu_{i}=m_{i}^{\prime}\mu_{i}^{\prime}d$ , and $m_{ij}^{\prime}|m_{ij},$ $m_{i}^{\prime}=m_{i1}^{\prime}\cdots m_{ll}^{\prime},$ $\mu_{lj}^{\prime}|\mu_{i\dot{g}}$ ,
$\mu_{i}^{\prime}=\mu_{i1}^{\prime}\cdots\mu_{il}^{\prime}$ , and, since the number of prime factors of $m_{tj}\mu_{ij}$ is less
than $12z_{ij}(N)$ , it is easily seen that at most $2^{12\{z(N)+\cdots+z_{k\iota}(N)\}}11$ distinct
summands of $L_{2}(N;m_{11}, \cdots, m_{kl}; \tau_{11}, \cdots, \tau_{kl})$ go to the same system $m_{ij}^{\prime}$ ,
$\mu_{ij}^{\prime}$ and $d$ .

Now we have

$|H_{2}(N;t_{11}$ , $\cdot$ . . , $t_{kl}$ ; $T_{11N},$ $\cdot$ . ., $T_{klN})|$

$\leqq_{m_{11}}\sum_{eM_{11^{N}}(t_{11})}$
. . . $m_{kl}e\sum_{M_{klN}(\iota_{kl})}\sum_{\sim_{11}=0}^{2T_{11N}}$ . . . $\sum_{\tau_{kl}=0}^{2T_{klN}}$

$\sum_{\mu_{11}eM_{11N}(\tau_{11})}$
. . .

$\sum_{\mu_{k\iota^{eJr_{klN^{(\tau}kl)}}}}$

$m_{1}\mu_{1}$ . . . $m_{k}\mu_{k}$

$\underline{(m_{1}\mu_{1},\cdots,m_{k}\mu_{k})}$ ,
$(\mu,m)=1$ $(\mu kl\cdot mkl)=1$

$(m_{1}\mu_{1}, \ldots, m_{k}\mu_{k})>1$

$(m_{1}\mu_{1}, \ldots,m_{k}\mu_{k})|N$

and, applying the above considerations to each of the summands, we
can write
$|H_{2}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})|\leqq 2^{12\{z_{11}(N)+\cdots+z_{kl}(N)\}}$

$\sum_{d}\frac{1}{d}\cdot\prod_{i=1}^{k}\prod_{j=1}^{l}\sum_{t_{ij}^{\prime}=0m_{ij}^{\prime}eM}^{t_{lj}}\sum_{ijN(t_{ij}^{\prime})}\frac{1}{m_{i_{\dot{f}}}^{\prime}}\cdot\prod_{i=1}^{k}\prod_{j=1}^{\iota}\sum_{\tau_{ij}^{\prime}=0}^{2\tau_{ijN}}\sum_{\mu_{ij}^{\prime}eM_{ijN}(\tau_{ij}^{\prime})}\frac{1}{\mu_{ij}^{\prime}}$

a fortiori
(19) $|H_{2}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})|$

$\leqq 2^{12\{z_{11}(N)+\cdots+z_{kl}(N)\}}\sum_{d}\frac{1}{d}\cdot(\prod_{i=1}^{k}\prod_{j=1}^{l}\sum_{t_{ij}=0}^{\infty}\sum_{m_{ij}eM_{ij^{N}}(t_{ij})}\frac{1}{m_{ij}})^{2}$ .
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If we put for convienence

$y_{*}(N)=\min_{1\leqq i\leqq k,1\leqq j\leqq l}y_{lj}(N)$
,

then, by $(C_{2})$ in Section 1,

$y^{*}(N)=\max_{1\leq i\leq k,1\leqq j\lessgtr l}y_{lj}(N)$
,

$y_{*}(N)=\lambda_{*}\log\log N+o(\sqrt{\log\log N})$ ,
$y^{*}(N)=\lambda^{*}\log\log N+o(\sqrt{\log\log N})$ ,

with
$\lambda_{*}=$

$\min_{1\leqq\leqq k,1\leqq j\leqq l}\lambda_{lj}$

,
$\lambda^{*}=\max_{1\leq\ell\leq k,1\leqq j\leqq l}\lambda_{lj}$

,

and for the validity of (19), it will be sufficient to make $d$ run through
integers such that the number of prime factors of $d$ is less than $12y^{*}(N)$

and each of them is greater than $e^{\{y.(N)I^{2}}$ . Hence we can write

$\sum_{d}\frac{1}{d}<(1+e^{-\{l\cdot tN)\}^{2}})^{12y^{s}(N)}-1$ ,

which gives

(20) $\sum_{d}\frac{1}{d}=O(e^{-\{y.\{N)\}^{2}}y^{*}(N))$ .

Again, as in the proof of Lemma 6, we have

$\sum_{n_{ij^{e.ff}ijN(t_{ij})}}\frac{1}{m_{ij}}\leqq\frac{\{z_{ij}(N)\}^{t\ell j}}{t_{\ell j}!}$ ,

which implies

(21) $\sum_{\iota_{ij}=0}^{\infty}\sum_{m_{lj}eu_{ljN^{(t}ij)}}\frac{1}{m_{\ell j}}=O(e^{z_{lj}(N)})$ .
It follows from (19), (20), and (21) that

$H_{2}(N;t_{11}, \cdots, t_{kt};T_{11N}, \cdots, T_{klN})=O(e^{14\{z_{11}(N)+\cdots+z_{kl}(N)\}-\{y.(N)\}^{2}}y^{*}(N))$ .
On the other hand, since $t_{ij}<2z_{ij}(N)$ , we can argue

(22) $\frac{\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N)\}^{\ell_{kl}}e^{-\{z_{11}(N)+\cdots+t_{kl}(N)\}}}{t_{11}!\cdots t_{kl}!}$

$>\frac{\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N).\}^{t}e^{-\{z_{1}}}{\{2z_{11}(N)\}^{t_{11}}\cdot\cdot\{2z_{kl}(N)\}^{\iota_{kl}}}=2^{-(\iota_{11}+\cdots+t_{kl})}e^{-\{z_{11}(N)+\cdots+z_{kl}(N)\}}$

$>e^{-3\{z_{11}(N)+\cdots+z_{kt}(N)\}}$ ,

and hence we can write
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$H_{2}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{ktN})$

$=\frac{\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N)\}^{t_{k}}e^{-\{z(N)+\cdots+z_{kl}(N)\}}}{t_{11}!\cdots t_{kl}!}O(e^{17\{z_{11}(N)+\cdots+z(N)\}-\{\#r(N)I^{2}}kly^{*}(N))$ .

Now, by Lemma 4 and the above formulas for $y_{*}(N)$ and $y^{*}(N)$ , we
obtain the lemma.

LEMMA 8. Let $T_{ijN}=[5z_{ij}(N)]$ . Then, as $ N\rightarrow\infty$ ,

$H_{3}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})=o(\frac{\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N)\}^{t_{k}}e^{-\{z\langle N)+\cdots+z\{N)\}}}{t_{11}!\cdots t_{kl}!})$

$unifo\gamma mly$ in $t_{ij}$ with $t_{ij}<2z_{ij}(N)$ .
PROOF. For each summand of the sum defining $L_{3}(N;m_{11},$ $\cdots,$ $m_{kl}$ ;

$\tau_{11},$ $\cdots,$ $\tau_{kl}$) we put $d=(m_{1}\mu_{1}, \cdots, m_{k}\mu_{k})$ , then, as in the proof of Lemma
7, we can obtain

$|H_{3}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})|$

$\leqq 2^{12\{z_{11}(N)+\cdots+z_{kl}(N)\}}\sum_{d}\frac{1}{d^{2}}\cdot(\prod_{l=1}^{k}\prod_{\dot{g}=1}^{\iota}\sum_{t_{lj}=0}^{\infty}\sum_{m_{ij^{eM}ij^{N(t}ij)}}\frac{1}{m_{ij}})^{2}$ ,

and this inequality is valid, if we make $d$ run through the positive
integers greater than $e^{\{y*(N)\}^{2}}$ , so that

$\sum_{d}\frac{1}{d^{2}}=O(e^{-\{y^{p}(N)\}^{2}})$ .

The remaining part of the proof can also be performed as in the proof
of Lemma 7.

LEMMA 9. Let $T_{ijN}=[5z_{ij}(N)]$ . Then, as $ N\rightarrow\infty$ ,

$H(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})$

$=\frac{\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N)\}^{t_{k}}e^{-\{z(N)+\cdots+z_{kl}(N)\}}}{t_{11}!\cdots t_{kl}!}\{1+o(1)\}$

uniformly in $t_{ij}$ with $t_{i\dot{g}}<2z_{i\dot{g}}(N)$ .
PROOF. The lemma follows from (12) and Lemmas 6, 7, and 8.

LEMMA 10. Let $T_{ijN}=[5z_{ij}(N)]$ . Then, as $ N\rightarrow\infty$ ,

$\mathscr{F}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})-\frac{N^{k-1}}{(k-1)!}H(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})$
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$=o(\frac{N^{k-1}\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(.N)\}^{\iota_{kl}}e^{-t\epsilon}z_{11}(N)+\cdot\cdot+kl(N)1}{t_{11}!\cdot\cdot t_{kl}!})$

$unifo\gamma mly$ in $t_{ij}$ with $t_{\ell j}<2z_{lj}(N)$ .
PROOF. From Lemma 1, we have

$N^{k-1}$

(23) $\mathscr{G}^{(0)}(N;t_{11}, \cdot. . , t_{kl};T_{11N}, \cdot. ., T_{k1N})--$

$(k-1)$ !
. $H(N;t_{11}, \cdot. ., t_{kt};T_{11N}, \cdot.. , T_{klN})=o(N^{k-2}\sum_{IrII1Nt\iota_{11})}$ . ..

$*\iota^{er_{klN}t\iota_{kl})}\sum_{k}$

$\sum_{\tau_{11}=0}^{2T_{11N}}$ .. .
$\sum_{\tau_{kl}=0}^{2r_{klN}}\sum_{\mu_{11}eK_{t1N}(\tau_{11})}$ . . . $\sum_{\mu_{kl}er_{klNt\tau_{k1})}}1)$

$=O\{N^{k-g}(\prod_{i=1}^{k}\prod_{j=\iota}^{l}\sum_{\iota_{\ell j}=0}^{2T_{ljN}}\sum_{r*:i^{eH_{ljN}(\iota_{\ell j})}}1)^{l}\}$

since $t_{\ell j}<T_{ljN}$ by the assumptions.
Now, denoting by $|Q_{ijN}|$ the number of elements of the set $Q_{l\dot{g}N}$ , we

have

$\sum_{*lJ^{e\Pi_{ljN(\iota_{lj})}}}1=\left(\begin{array}{l}|Q_{ijN}|\\t_{i\dot{g}}\end{array}\right)\leqq\frac{|Q_{ijN}|^{\iota_{j}}}{t_{\iota i}!}$ ,

and hence

$\sum_{t_{ij}=0}^{z\tau_{\ell jN}}\sum_{n_{ij}ey_{ijN}(t_{ij})}1\leqq\sum_{\iota_{\ell\dot{g}}=0}^{z\tau_{ljN}}\frac{|Q_{\ell\dot{g}N}|^{\ell;}}{t_{i\dot{g}}!}<e|Q_{ljN}|^{\tau_{ljN}}$ .
Since $T_{ijN}\leqq 5z_{tj}(N)\leqq 5y_{ij}(N)$ by assumption, and $|Q_{ljN}|<N^{\{\nu_{ij}tN)\}^{-2}}$ by (5), it
follows that

$\sum_{t_{lj}=0}^{2\tau_{ljN}}\sum_{m_{tJ^{er_{ljN\{\iota_{lj)}}}}}1=O(N^{10\{y_{lj}(N)1^{-1}})=O(N^{10\{v\cdot tN)I^{-1}})$ .
From this and (23), we obtain

$N^{k-1}$
$\mathscr{G}^{p\{0)}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})--$

$(k-1)]$

$H(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{k1N})=O(N^{k-2+20kltu*(N)I^{-1}})$ .
Again, from this and (22), we can write

$N^{k-1}$

$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})-\overline{(k-1)!}$

$H(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})=\frac{\{z_{11}(N)\}^{\iota_{11}}\cdots\{z_{kl}(N)\}^{\iota}e^{-|z\{N)+\cdots+l}k\iota(N)1}{t_{11}!\cdots t_{kl}!}$
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$O(e^{31z(N)\}}z_{11^{(N)+\cdots+kl}}N^{k-z+20kl\{\nu*(N)\}}-1)$ .
Now the lemma follows from Lemma 4 and the formula for $y_{*}(N)$ .

LEMMA 11. Let $T_{ijN}=[5z_{ij}(N)]$ . Then, as $ N\rightarrow\infty$ ,

$\ovalbox{\tt\small REJECT}^{(0)}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})$

$=_{\ovalbox{\tt\small REJECT}}^{N^{k-1}\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N).\}^{t_{kl}}.e^{-\{l}}r(k-1)!t_{11}!\cdot t_{kl}!11^{(N)+\cdots+z}kl^{(N)\}}\{1+o(1)\}$

uniformly in $t_{lj}$ with $t_{ij}<2z_{ij}(N)$ , and the same formulas also hold for
$\ovalbox{\tt\small REJECT}^{(lj)}(N;t_{11}, \cdots, t_{kl};T_{11N}, \cdots, T_{klN})$ .

PROOF. The asymptotic formula for $\mathscr{G}^{p(0)}(N;t_{11}, \cdots, t_{kl}; T_{11N}, \cdots, T_{klN})$

follows from Lemmas 9 and 10. $\ovalbox{\tt\small REJECT}^{(ij)}(N;t_{11}, \cdots, t_{kl}; T_{11N}, \cdots, T_{klN})$ can
be treated in much the same way, as is easily seen, from their defini-
tions.

LEMMA 12. As $ N\rightarrow\infty$ ,

$F(N;t_{11}, \cdots, t_{kl})=^{N^{k-1}\{z_{11}(N)\}^{t_{11}}\cdots\{z_{kl}(N)\}^{t}.e^{-\{z_{11}(N)+\cdots+z(N)\}}}\ovalbox{\tt\small REJECT}\{1+o(1)\}(k-1)!t_{11}!\cdot\cdot t_{kl}!k\iota kl$

uniformly in $t_{ij}$ with $t_{ij}<2z_{ij}(N)$ .
PROOF. The lemma follows from Lemmas 5 and 11.

LEMMA 13. Let $\alpha_{ij}<\beta_{tj}$ . Let $t_{ij}$ be positive integers such that
$t_{ij}=z_{ij}(N)+x_{lj}\sqrt{z_{ij}(N)}$ with $\alpha_{ij}<x_{ij}<\beta_{ij}$ . Then, as $ N\rightarrow\infty$ ,

$F(N;t_{11’ kl})=\frac{N^{k-1}t}{(k-1)!}(2\pi)^{-kl/2}\{z_{11}(N)\cdots z_{kl}(N)\}^{-1/2}e^{-(x_{11}^{z}+\cdots+x_{kt}^{2})/2}\{1+o(1)\}$

uniformly in $t_{ij}$ with above-mentioned restrictions.

PROOF. We use the Stirling formula

$t!=\sqrt{2\pi}t^{t+1/2}e^{-t}\{1+O(\frac{1}{t})\}$ .
We put $t=t_{\iota J}=z_{tj}(N)+x_{ij}\sqrt{z_{tj}(N)}$, and consider large $N$, letting $x_{ij}$ be
bounded, then easy calculations give

$t_{ij}]=\sqrt{2\pi}li^{(N)++1/2}x_{ij\overline{z_{ij}}(N)}e^{-x(N)+x_{lj}^{2}/2}ij(\frac{1}{1/\overline{z_{\ell j}(N)}})\}$ ,
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or

$\frac{\{z_{tj}(N)\}^{t_{lj}}e^{-z(N)}ij}{t_{lj}!}=\frac{e^{-x_{lj}^{2}/g}}{\sqrt 2\pi z_{tj}(N)}\{1+O(\frac{1}{Vz_{\dot{f}}(N)})\}$ .

Multiplying thus obtained $kl$ formulas, we obtain

$\frac{\{z_{11}(N)\}^{\iota_{11}}\cdots\{z_{kl}(N)\}^{\iota_{kl}}e^{-\{z}1\iota^{(N)+\cdots+l}kt^{(N)\}}}{t_{11}!\cdots t_{kl}!}$

$=(2\pi)^{-kl/l}\{Z_{11}(N)\cdots z_{k1}(N)\}^{-1/2}e^{-(x_{11}^{2}+\cdots+x_{kl}^{2})/1\{1+o(1)\}}$ .
Since $t_{ij}<2z_{tj}(N)$ for large $N$, the lemma follows from this and Lemma
12 including the enunciated uniformity.

LEMMA 14. Let $\alpha_{i\dot{g}}<\beta_{ij}$ , and let $A^{**}(N)=A^{**}(N;\alpha_{11}, \beta_{11}, \cdots, \alpha_{kl}, \beta_{kl})$

denote the number of representations of $N$ as the sum of $k$ positive
$intege\gamma s:N=n_{1}+\cdots+n_{k}$ such that

$z_{lj}(N)+\alpha_{lj}t/\overline{z_{*\dot{f}}(N)}<\omega_{\ell jN}(n_{l})<z_{j}(N)+\beta_{l\dot{f}}\sqrt{z_{ij}(N)}$

simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A^{**}(N)\sim\frac{N^{k-1}}{(k-1)!}(2\pi)^{-kl/2}\prod_{l=1}^{k}\prod_{j=1}^{\iota}\int_{\alpha_{lj}}^{\rho_{ij}}e^{-x_{lj}^{2}/2}dx_{ij}$ .
PROOF. By the definition of $F(N;t_{11}, \cdots, t_{kl})$ , we can write

$A^{**}(N)=\sum_{\ell_{ij}}F(N;t_{11}, \cdots, t_{kl})$
,

the summation extending over the systems of $kl$ positive integers $t_{ij}$

such that

$z_{ij}(N)+\alpha_{l\dot{g}}\sqrt{z_{lg}(N)}<t_{lj}<z_{lj}(N)+\beta_{i;}^{\sqrt{z_{:s}(N})}$

simultaneously. Now let these values of $t_{tj}$ be $t_{1j\nu}$ , and let $t_{ij\nu}=z_{lj}(N)+$

$x_{ij\nu}\sqrt{z_{cj}(N)}$ with $\nu=1,$ $\cdots,$ $s_{lj}$ . Then

$x_{l\dot{g},\nu+1}-x_{\ell j\nu}=\{z_{l;}(N)\}^{-1/2}$ $(\nu=1, \cdots, s_{ij}-1)$ ,

and hence from Lemma 13, we obtain

$A^{**}(N)=\{1+o(1)\}\frac{N^{k-1}}{(k-1)!}(2\pi)^{-kl/l}\prod_{l=\iota}^{k}\prod_{j=\iota}^{l}\sum_{\nu=1}^{lj^{-1}}e^{-x_{lj\nu}^{2}/}(x_{j,\nu+1}-x_{ij\nu})$ .

The lemma follows by making $ N\rightarrow\infty$ in this formula.
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LEMMA 15. Let $\alpha_{ij}<\beta_{ij}$ , and let $A^{*}(N)=A^{*}(N;\alpha_{11}, \beta_{11}, \cdots, \alpha_{kl_{f}}\beta_{kl})$

denote the number of representations of $N$ as the sum of $k$ positive
integers: $N=n_{1}+\cdots+n_{k}$ such that

$z_{ij}(N)+\alpha_{ij}\sqrt{z_{ij}(N)}<\omega_{ij}(n_{i})<z_{ij}(N)+\beta_{ij}\sqrt{z_{tj}(N)}$

simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A^{*}(N)\sim\frac{N^{k-\iota}}{(k-1)!}(2\pi)^{-kl/2}\prod_{i=1}^{k}\prod_{\dot{g}=1}^{\iota}\int_{\alpha_{ij}}^{\beta_{ij}}e^{-x_{lg}^{2}/2}dx_{ij}$ .

PROOF. We shall estimate the sum

$\sum_{n_{1}+\cdots++n_{k}=N}\{\omega_{tj}(n_{i})-\omega_{tjN}(n_{i})\}$

extended over the systems of positive integers $n_{1},$ $\cdots,$ $n_{k}$ such that
$n_{1}+\cdots+n_{k}=N$. Transforming the summation to the form

$*\sum_{i<N}\{\omega_{ij}(n_{i})-\omega_{ijN}(n_{l})\}\sum_{n_{1}+\cdots+n_{i-1}+n_{i+1}++n_{k}=N-n_{i}}\ldots 1$
,

and estimating the inner sum trivially as $<N^{k-2}$ , we have

$\sum_{n_{1}+\cdots+n_{k}=N}\{\omega_{ij}(n_{i})-\omega_{ijN}(n_{i})\}\leqq N^{k-2}\sum_{\#_{i\leqq N}}\{\omega_{i\dot{g}}(n_{i})-\omega_{ijN}(n_{i})\}$ .

Also, by (4) and Lemma 4,

$\sum_{i\leq N}\{\omega_{tj}(n_{i})-\omega_{ijN}(n_{i})\}=\sum_{n_{i}\leqq N}\sum_{p|n_{i},peP_{i_{\dot{f}}}-Q_{ijN}}1=\sum_{p\leqq N,peP_{ij}-Q_{ijN}}[\frac{N}{p}]$

$\leqq N\sum_{p\leqq N,peP_{i!}-Q_{ijN}}\frac{1}{p}=N\{y_{tj}(N)-z_{ij}(N)\}=o(N\sqrt{z_{ij}(N}))$ .

Hence

$*1+\cdots+\sim=N\sum_{k}\{\omega_{ij}(n_{i})-\omega_{ijN}(n_{l})\}=o(N^{k-1}\sqrt{z_{lj}(N)})$ .
Now it follows that, for any given $\epsilon>0$ , we can take $N_{1}=N_{1}(\epsilon)$ so

large that, when $N>N_{1}$ , the number of representations of $N$ as the
sum of $k$ positive integers: $N=n_{1}+\cdots+n_{k}$ , such that at least one of
the $kl$ inequalities $\omega_{ij}(n_{i})-\omega_{ijN}(n_{i})>\epsilon\sqrt{z_{ij}(N)}$ holds, is less than $\epsilon N^{k-}’$ .
Then, for $N>N_{1}$ ,

$A^{**}(N;\alpha_{11\prime}\beta_{11}-\epsilon, \cdots, \alpha_{kl}, \beta_{kl}-\epsilon)-\epsilon N^{k-1}$

$<A^{*}(N;\alpha_{11}, \beta_{11}, \cdots, \alpha_{jl}, \beta_{kl})$

$<A^{**}(N;\alpha_{11}-\epsilon, \beta_{11}, \cdots, \alpha_{kl}-\epsilon, \beta_{kl})+\epsilon N^{k-1}$ .
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From this and Lemma 14, we conclude that

$\frac{1}{(k-1)!}(2\pi)^{-kl/g}\prod_{\ell<1}^{k}\prod_{j=1}^{l}\int_{\alpha_{\ell j}}^{\beta_{ij}-*}e^{-x_{j}^{2}/}’ dx_{lj}-\epsilon$

$\leqq\lim_{Nr}\inf\frac{A^{*}(N;\alpha_{11},\beta_{11},\cdots.\alpha_{kl}.\beta_{kl})}{N^{k-1}}$

$\leqq\lim_{N\rightarrow\infty}\sup\frac{A^{*}(N;\alpha_{11\prime}\beta_{111}\cdots.\alpha_{kl},\beta_{kl})}{N^{k-1}}$

$\leqq\frac{1}{(k-1)!}(2\pi)^{-kl/}\prod_{l\approx 1}^{k}\prod_{;=1}^{l}\int_{\alpha_{j}-*}^{p_{lj}}e^{-x_{j}/l}dx_{j}+\epsilon$ ,

which gives the lemma.

LEMMA 16. Let $\alpha_{i\dot{f}}<\beta_{j}$ , and let $A(N)=A(N;\alpha_{11}, \beta_{\iota\iota}, \cdots, \alpha_{\iota\iota}, \beta_{kl})$

denote the number of representations of $N$ as the sum of $k$ positive in-
tegers: $N=n_{1}+\cdots+n_{k}$ such that

$\lambda_{l\dot{g}}\log\log N+\alpha_{ij}\sqrt{}\overline{\lambda_{lj}\log\log N}<\omega_{i;}(n_{:})<\lambda_{tj}\log\log N+\beta_{tj}\sqrt{\lambda_{ij}\log\log N}$

simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A(N)\sim\frac{N^{k-1}}{(k-1)!}(2\pi)^{-kl/l}\prod_{=1}^{k}\prod_{j=1}^{l}\int_{\alpha_{j}}^{\rho_{ij}}e^{-ae_{j}^{2}/1dx_{\ell j}}$ .

PROOF. It follows from Lemma 4 that for any given $\epsilon>0$ , we can
take $N_{2}=N_{2}(\epsilon)$ so large that, when $N>N_{2}$ ,

$z_{lj}(N)+(\alpha_{l;}-\epsilon)\sqrt{z_{\ell j}(N)}<\lambda_{i;}\log\log N$

$+\alpha_{\ell j}\sqrt{}\overline{\lambda_{i\dot{g}}\log\log N}<z_{lj}(N)+(\alpha_{\ell j}+\epsilon)\sqrt{z_{9}(N)}$ ,
$z_{lj}(N)+(\beta_{\ell j}-\epsilon)\sqrt{z_{\ell;}(N)}<\lambda_{\ell j}$ log log $N$

$+\beta_{\ell j}^{\sqrt{\lambda_{9}\log\log N}<z_{ij}(N)+(\beta_{tj}+8)\sqrt{z_{j}(N)}}$ ,

so that

$A^{*}(N;\alpha_{11}+\epsilon, \beta_{11}-\epsilon, \cdots, \alpha_{kl}+\epsilon, \beta_{kl}-\epsilon)$

$\leqq A(N;\alpha_{11}, \beta_{\iota\iota}, \cdots, \alpha_{kl}, \beta_{k1})$

$\leqq A^{*}(N;\alpha_{11}-\epsilon, \beta_{11}+\epsilon, \cdots, a_{kt}-\epsilon, \beta_{kl}+\epsilon)$ .
From this and Lemma 15, we conclude that

$\frac{1}{(k-1)!}(2\pi)^{-kl/a}\prod_{=1;=\iota}^{\iota}k|$

$l\ell l^{-}$

$e_{j^{\beta}}^{-v^{2}}dx_{j}$

$\alpha_{\ell j}+\cdot$
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$\leqq\lim_{N\rightarrow\infty}\inf\frac{A(N;\alpha_{11}.\beta_{11},\cdots,\alpha_{kl},\beta_{kl})}{N^{k-1}}$

$\leqq\lim_{N\rightarrow\infty}\sup\frac{A(N;\alpha_{11},\beta_{11},\cdots,\alpha_{kl},\beta_{kl})}{N^{k-1}}$

$\leqq\frac{1}{(k-1)!}(2\pi)^{-kl/g}\prod_{i=1}^{k}\prod_{j=1}^{\iota}\int_{\alpha_{ij}-}^{\beta_{lj}+e}e^{-x_{ij}^{2}/2}dx_{ij}$ ,

which gives the lemma.
Lemma 16 is the special case of Theorem 1, when the set $E$ iv an

interval.

THE PROOF OF THEOREM 1. First we consider the case when the set
$E$ in $R^{kl}$ is bounded. We take two systems of intervals $I_{\nu},$ $I_{\nu}^{\prime}(\nu=1,2, \cdots)$ ,
finite in number, such that

$\bigcup_{\nu}I_{\nu}\subset E\subset\bigcup_{\nu}I_{\nu}^{\prime}$

and any two of the intervals I. do not overlap. Then we have

$\sum_{\nu}A(N;I_{\nu})\leqq A(N;E)\leqq\sum_{\nu}A(N;I_{\nu}^{\prime})$ .

On applying Lemma 16 to the intervals $I_{\nu},$ $I_{\nu}^{\prime}$ , we obtain

$\frac{1}{(k-1)!}(2\pi)^{-kt/2}\sum_{\nu}\int_{t_{\nu}}\exp(-\frac{1}{2}\dot{\sum_{=1}^{k}}\sum_{j=1}^{\iota}x_{lj}^{2})dx_{11}\cdots dx_{kl}$

$\leqq\lim_{N\rightarrow\infty}\inf\frac{A(N;E)}{N^{k-1}}\leqq\lim_{N\rightarrow\infty}\sup\frac{A(N;E)}{N^{k-1}}$

$\leqq\frac{1}{(k-1)!}(2\pi)^{-kl/2}\sum_{\nu}\int_{\tau_{\nu}^{\prime}}\exp(x_{lj}^{2}$ .

Now, since $E$ is supposed to be Jordan-measurable, we can take, for any
positive $\epsilon$ , the intervals I., $I_{\nu}^{\prime}$ such that

$\int_{E}-\epsilon<\sum_{\nu}\int_{I_{\nu}}\leqq\sum_{\nu}\int_{I_{\nu}^{\prime}}<\int_{E}+\epsilon$

omitting the common integrand

$\frac{1}{(k-1)!}(2\pi)^{-kl/2}\exp(-\frac{1}{2}\sum_{=1}^{k}\sum_{l=1}^{l}X_{lj}^{2})$ ,

and, combining thus obtained inequalities, we obtain
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$\int_{E}-\epsilon<\lim_{N\rightarrow}\inf_{\infty}\frac{A(N;E)}{N^{k-1}}\leqq\lim_{N\rightarrow\infty}\sup\frac{A(N.\cdot E)}{N^{k-1}}<\int_{E}+\epsilon$

which gives

$\lim_{N\rightarrow\infty}\frac{A(N;E)}{N^{k-1}}=\int_{E}$ .

Next we consider the case when the set $E$ is not bounded. For
any given $\epsilon>0$ , we can take an interval $I$ so large that

$\lim_{N\rightarrow\infty}\frac{A(N:I)}{N^{k-1}}=\int_{I}>\frac{1}{(k-1)!}-\epsilon$ ,

or

$\lim_{N\rightarrow\infty}\frac{A(N;I^{\iota})}{N^{k-1}}=\int_{I^{g}}<\epsilon$ ,

which implies

$\lim_{N\rightarrow\infty}\sup\frac{A(N;E\cap I^{\iota})}{N^{k-1}}<\epsilon$ .

Also, since the set $E\cap I$ is bounded, as is already proved,

$\lim_{N\rightarrow\infty}\frac{A(N_{1}E\cap I)}{N^{k-1}}=\int_{E\cap I}$ .

Thus we have

$\lim_{N\rightarrow\infty}\inf\frac{A(N;E)}{N^{k-1}}\geqq\lim_{N\rightarrow\infty}\frac{A(N;E\cap I)}{N^{k}}=\int_{E\cap I}>\int_{E}-\epsilon$ ,

$\lim_{N\rightarrow}.\sup_{\infty}\frac{A(N;E)}{N^{k-1}}=\lim_{N\rightarrow\infty}\frac{A(N;E\cap I)}{N^{k-1}}+\lim_{N\rightarrow}\sup_{\infty}\frac{A(N;E\cap I^{\iota})}{N^{k-1}}<\int_{E}+\epsilon$ ,

which gives

$\lim_{N\rightarrow\infty}\frac{A(N;E)}{N^{k-1}}=\int_{E}$ ,

and the proof of Theorem 1 is completed.

\S 3. Some special cases.

Let $m$ be a positive integer, and put $l=\varphi(m)$ . For each $i$ , let
$r_{i1},$ $\cdots,$ $\gamma_{il}$ be a reduced system of residues with respect to the modulus
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$m$ in an arbitrary order. Let $\omega_{ij}(n)$ denote the number of distinct prime
factors of $n$ which are congruent to $\gamma_{ij}$ to modulus $m$ . In this case
$\lambda_{ij}=1/l$ and so we have

THEOREM 2. Let $\alpha_{tj}<\beta_{ij}$ , and let $A(N)=A(N;\alpha_{11}, \beta_{11}, \cdots, \alpha_{kl}, \beta_{kl})$

denote the number of representations of $N$ as the sum of $k$ positive
$integers:N=n_{1}+\cdots+n_{k}$ such that

$\frac{1}{l}$ log log $N+\frac{\alpha_{tj}}{\sqrt{l}}\sqrt{\log\log N}<\omega_{ij}(n_{i})<\frac{1}{l}\log\log N+\frac{\beta_{\ell j}}{\sqrt l}\sqrt{\log\log N}$

simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A(N)\sim\frac{N^{k-1}}{(k-1)!}(2\pi)^{-kl/2}\prod_{i=1}^{k}\prod_{j=1}^{l}\int_{\alpha_{tj}}^{\beta_{ij}}e^{-x_{\ell j}^{2}/2}dx_{ij}$ .
THEOREM 3. Let $A(N)$ denote the number of $\gamma epresentations$ of $N$

as the sum of $k$ positive integers: $N=n_{1}+\cdots+n_{k}such$ that

$\omega_{i1}(n_{\ell})<\omega_{i2}(n_{i})<\cdots<\omega_{il}(n_{i})$

simultaneously. Then, as $ N\rightarrow\infty$ , we have

$A(N)\sim\frac{N^{k-1}}{(k-1)(l!)^{k}}$ .

Let $\omega(n)$ without subscript denote the number of distinct prime
factors of $n$ . It would be not so easy to prove the following theorem
independently of this paper.

THEOREM 4. Let $A(N)$ denote the number of representations of $N$

as the sum of two positive integers: $N=n_{1}+n_{2}$ such that $\omega(n_{1})=\omega(n_{2})$ .
Then, as $ n\rightarrow\infty$ , we have

$A(N)=o(N)$ .
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