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Introduction

A double partition of a positive integer n is a representation of n
as a double sum

n_al+ ...... _I_.ak ;

@y =byteeeee +b1m1 ’
ai’—‘bil+ """ +b1.m,, ’
Qp=bpytee--- +bimy, »

where the rough parts a,, - -+, a, and all fine parts b, ++-, b,, , are positive
integers. The order of each of rough parts and fine parts is disregarded.
The numbers %, m,, ---, m, are arbitrary positive integers. We may
express this double partition in the form

n=_(by+--- +b1m1)+ coot (bt +bkmk) .
Thus

3=03)=2+L=010+1+1)=2)+DL)=A+1)+Q)=Q)+D)+ Q)

has 6 double partitions.

Let us denote the numbers of ordinary and double partitions of =
by »(n) and p(2; n) respectively. The functions p(n) and p(2; n) have
~the relation

(0.1) . p(2; n)= > Il,oH,,
81,89, 20 i=1
1:8)+2:89+0e=n
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where ,,H,, is the number of repeated combinations of choosing s; objects
from a collection of p(i) distinet objects, namely

H =(p(7:)+3i—1)! .
P T s () — D!

The relation (0.1) is shown as follows. Let n=a,+---+a, be an
ordinary partition of », and let

s= 2 1.
t=a;{1S55k)

Then
n=1.8+2-8,+++-.

This is another expression of a partition of n. The number of the ways
of partitioning s, rough parts 4, ---, 7 into fine parts is »wH,,. So the
number of the ways of partitioning every rough parts a,, -- -, a, into fine

TABLE OF p(2; n)

n P2 n) n »(2; m) n »(2; n)
1 1 26 8619551 51 2423003050071
2 3 27 14722230 52 3892531857557
3 6 28 25057499 53 6243041523533
4 14 29 42494975 54 9996843883291
5 27 30 71832114 55 15982620492896
6 58 31 121024876 56 25513313739945
7 111 32 203286806 57 40666250753266
8 223 33 340435588 58 64723795589093
9 424 34 568496753 59 102865540395574
10 817 35 946695386 60 163254461674365
11 1527 36 1572318704 61 258739042857968
12 2870 37 2604620337 62 409517817903949
13 5279 38 4303967991 63 647305414472473
14 9710 39 7094812475 64 1021839273593070
15 17622 40 11668071461 65 1611030410069440
16 31877 41 19145625665 66 2536782457453554
17 57100 42 31346243117 67 3989617115661102
18 101887 43 51211991765 68 6266969254661484
19 180406 4“4 83494293481 69 9832677052500390
20 318106 45 135851400237 70 15409305679317382
21 557453 46 220606815930 71 24121280926956918
22 972796 47 3857554969083 72 37716580361109313
23 1688797 48 578440031745 78 58909762678433168
24 2920123 49 943083024470 74 91912246311214836
25 5026410 50 1505721089508 75 143251278581721424
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n »(2; n) n p(2; n)

76 223033602180779324 101 10625999485553889933793
7 346893510149724456 102 16179184801946827857949
78 538993270493029627 103 24616977325542965865767
79 836640343271910272 104 37428964189359689250714
80 1297386451788210261 105 56869518597233685716440
81 2009933200312154854 106 86348250925220887503827
82 3110871214093056439 107 131018704502650557435922
83 4810351817700282148 108 198665410843796875868654
84 7431425693793647923 109 301039712138051727038741
8 11470275706825584508 110 455870186958818086950184
86 17688368032373092724 111 689886577043140083439589
87 27253324613423500684 112 1043365491835182992315747
88 41954109377728309487 113 1576959776253614829623365
89 64529478726248551908 114 2381952946807720108159469
90 99168934646008215424 115 3595647739004779607125639
91 152276208829194456178 - 116 5424446359910459530030051
92 233632003770322699661 117 8178447855477605909522360
93 358163490674033022989 118 12323281254197305810563680
94 54863525669281 7087165 119 18557718918459568001676537
95 839738635347008546374 120 27929829980951484755907602
96  1284301754941134768291 121 42010719110833409517337077
97  1962713579957981264686 122 63154262851246486627350516
98 2997215564669187986751 123 94885208353108255653834861
99 4573560453099579148954 124 142478772151894818857110559
100 6973813984312291101797 125 213825788478399740335375184

parts is
”
H ?(i)Hs.,; .

i=1

Whence we get (0.1).
The generating function of »(2; n), which was found by Cayley [1], is

0.2) f@2; u)=1+ “2:,12')(2; n)uﬂzﬁl(l_um)-—p(m) ,

where # is a complex variable with |u|<1l. More generally, we can
derive the following

PROPOSITION. Let a(l), a(2), --- be a sequence of positive imtegers.
Assume that the generating function >, a(n)u™ has a positive radius R
of convergence. If b(n) is given by

(0.3) b= 3 H.oH,,

15891+ 20
1:81+2+8g9+--=n
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then b(n) has the generating function
(0.4) 14+ Sbm)ur=TTA—%")"*™ ,  |u|<min(R,1) .
n=1 m=1

In the cases a(n)=1 and a(n)=p(n), (0.4) gives the generating functions
of p(n) and p(2; n) respectively.

The proof of Proposition is similar to the case a(n)=1 (Hardy and
Wright [2], 275-276). Here we may use the identity

TI (L—um™yom =1+ Zb(fn)u”—l— S b (n)u"

m=1 n=r-1

where

r

br(n) = Z H a(:)Hn,- .
Byseeey 8,20 =1
1.51+...+r.sr=”

We get further the recurrence formula
0.5) b(n)—%lé‘,a(k) b(n—k) ,
where

o(k)= lekd-a(d)

and b(0)=1. This is derived from the logarithmic derivative of (0.4).
The purpose of this paper is to prove the following

THEOREM. The function p(2; n) has the asymptotic formula
(0.6) (2; n) = (21) 20" (x) T w,e” O+ 70 (1 + O(log ™' m))

where

v(x) = (a/27)" i‘, mV exp(-élt”—:; "27’;”) x>0,

%, 18 the root of the equation v'(x)+n=0 and £ is a constant given by
= Sw(f (e—ty— 1/ T erti—nrz e—t-—1)£lt£.= —1.12893. - -
0

in which fu)=14+ Dim_,p(m)u™ 18 the gemerating function of p(m).

As for the order of magnitudes of x,(n), v(x,) and v”(x,) in (0.6), we
‘have the estimates:
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0.7) wo(n)———(l—l- (1°g 1°g””))
log*n
where

3

l=log n——g— log log n+ % logzc— ’

3
2 log log n
0.8 =" (140 ,
-8 v (@) 6 log®n ( + ( log n ))
and
(0.9) V") =Ln log2n<1 +0 (___log logn ) )
? log n

From the theorem and (0.7~(0.9), we can easily obtain the following
COROLLARY.
(0.10) 2(2; n)=(r/12)**n~""2 log=2 m-e" @0 "*0t<(1 + O(log™'n))

and

: _ log log n T°n
0.11) log p(2; m) = Jon(l™+log=m)+O(HTEPER) ~ St
(0.11) log »(2; n) 5 n(l7" +log™n) + ( log® n ) 6 log »

Our proof of the theorem is carried out in substantially the same
way as that of the elementary proof of

(W)=~ WL+ O, >0,

1/371,

due to Postonikov [3], but we need some more elaborate estimates. It
depends on the saddle point method with the aid of the asymptotic
behavior of log f(2; exp (—z)) which we shall give in Section 1. We shall
prove the theorem as well as (0.7)~(0.9) in Section 2. In what follows
we shall denote by ¢ or ¢ some arbitrary positive numbers.

§1. Asymptotic behavior of log f(2; e™*).

From (0.4), we obtain

(1.1) log (1 + é‘l b(n)u”) = i%l_ g a(m)u™ .

n=1 1

Since a(n)=p(n) in our case,
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1.2) log £(2; w)=3, %(f(u")—l)-

n=1

Now we put u=e %, then f(u) and f(2; u) are regular functions of
z for Rez>0. The function f(u) satisfies the equation

(1'3) f(e—21rz) —_ I/?eﬂ/IZ( uu)—z)f(ezz/s) , Rez>0

which is equivalent to the well-known formula

n-1/)= { Z0(@),
where 7(z) is the Dedekind 7-function
P@ =" I 1—e),  Imz>0.

We introduce a function

(1.4) V(z)=1 721 m~Y? exp (-1%(&1; —mz )) , Rez>0,

which is uniformly convergent in every compact subset of the domain
Re 2>0. Thus V(z) is regular for Re 2>0. Therefore from (1.2), 1.4) and

—c
1—exp(—2)

= 10Qzl), |z]—0,
mz

log z=log(1—e~*)+log

m

=—~ZZ
m=1

we obtain
(1.5) log f(2; e7**)=V(2)+log z+z-§1 P(nz)+0(|z]), |2| -0,

where

P(z) =—:—( fle)—1 —V'z_exp(%(—]z‘— —_ z)) + e“) .

Now we shall prove the following asymptotic formula for log £(2; e~%%)
which is stated as

LEMMA. In |argz|<a,<7/2, we have

log f(2; &)= V(2)+1log z+£+0(|2)) ,
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where
x:S @(x)dx .
0
Equivalently, in the same domain,

(1.6) log £(2; e“)=v(z)+log<%)+x+0(|zi) ,

where

=)= () Gl

PrROOF. From (1.5), we may show that in |arg z|=Sa,<7/2,
1.7 23 pma)=\"p@dz+0(z),  [21-0.
By (1.3) and the definition of @(z), the integral
| p@)de
is convergent. Since @(w) is regular for Re w>0, we have
|, pwdw=0,

where I' is a curve joining Iy, I',, I';, and I, as is indicated in Fig. 1.

Iy r w-plane

Y

Ficure 1
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Two integrals along the circular ares I, and I', with center w=0 tend
to zero as their radii tend to infinity and zero respectively. So we have

| p@dz={ pwidw=rk, say,
where L={w=tz; 0<t}. Then we get
(1.8) ez 3 oma)=3,({, pudw—sp@a)
=-3{, w--vAgwaw,

where L,={w=tz; n—1=t<n}.
Since
P'(w)= —V we w2 f(g=t5/%) — 1Hap™%/2+ w(w ™+ w)/12}

+27Vw w™ exp (—1—2~( ))f’(e“’”/”) (e *—1)/w*—e"/w ,

we find
lim @'(w)= —lim ((¢e-*—1)/w*+ e */w)=1/2 ,
w—0 w—0
in |arg w|=Zea, Say ®'(0)=1/2, then @'(w) is a continuous function in the

domain {0}U{w; |arg w|<a,} a fortiori in L,.
From (1.8), we have

fs—z”g.lcp(nz) élzl”g.lrgix |P'(w)| ,

where

Zmax P’ (w)|= 3, max |P"(w) |

n=1 weL, as1+(21z)~1 welL

+ S max|pw)
a>1+(2lz)" L wel,

= A,(2) + A,(2), say,

where A\ is a constant such that 0<\<cos«a,.
We estimate the first sum A,(z). If weL, and n<1+(\|z|)", then

|lwl=nlzl=A"+[z|=N"+e,

for small |[z]. So we have
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A= 2> max  |P'(w)|

ns1+AlzD 71 weL,jwlsi"1+e

s 3 max|¢/(w)
Tag14(zh~! weD
S (L+(Mz[™) max |9/ (w))|
=0(zl™,
where D is the compact set
{0} U {w; |[w|=N""+e, larg w| S} .

It remains to prove that A,(2)=0(z|™"). Using

@' (w)=V"w exp (—{—%—(—;— —w ))(w“2/2+ (w4 w™)/12)

— w—zf(e—-zn'w) _ zﬂw—le—znwfl(e—znw) _— (e—w — 1)/w2__ e—w/w
with the inequality
1<I/n<(n—1)|z|S|w|

for we L, and n>1+(\|2])"', we have

A(z)= O( max(e "R/ 24+ | w|7?) )

a>1+(4z) 7L welL,

(G ) S
=0(|z|™) .

This completes the proof of lemma.

§2. Proof of the theorem.

For the proof of the theorem, we define a function

1/2 —0 v _mz
(2.1) v,(2)=(2/2m)"/ Zm expl — —21—),

where ¢ is any real number. This infinite series converges uniformly
in every compact subset of the domain Rez>0. Note that v,,(2)=v(z)
(see (1.6)). We have the »-th derived function

(2:2) (@D = 3 @r)*Cose 0, 4() ,
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where C,,=1 and for »>0,
0, if |k|>r,
""zg(k—r+%)c =T Crsin+ o) o i (RIS,
and especially,
C,s.=(—m/12)", r=0.
Obviously, we get
(2.3) v,(x) ~ (x/21)"* exp(r?/6x) , z—0,
where z is a positive real variable. (2.2) and (2.3) together lead to
(2.4) v (x) ~ (—72[6) 2~ (x/27)/* exp(t/6x) . »

This implies that +'(x) is monotone increasing for 0<x < T with a sufficiently
small 7, and v'(x) tends to negative infinity as = tends to zero. Thus
for any integer n=—'(T), the equation

(2.5) v'(x) +n=0
has a unique solution x9=wo(n) in 0<%,=T. From (2.4) and (2.5), we have
(2.6) n~ (7/6)x5 *(x,/27)"/* exp(m?/6x,) |
so that
log'v'n,~7r”'/601:0 ,
namely
2
2.7 Lo~ slogn ’
which together with (2.4) and (2.6) leads to
(2.8) - ) (x,) ~(—1)"(7*/6) " "n log* 2 n .
Using Cauchy’s theorem, we have

”: f(2; exp(—2))er*dz
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Let y,=y,(n)=n"* and

=" £(2 exp(—a,—iyersordy
—¥o

\

where g is a constant such that
183<pu<t/2.
p(2; n) is expressed now ‘by
p2; n)=I+E+FE ,
where | |

lmz"l"ngTZ;eXpO~xw—iy»e”““4”dy
27 Jv,

and F is the complex conjugate of E.
We shall estimate first, the leading term I of p(2; n). Suppose

|¥|=vy,. Applying Taylor’s theorem to the function v(x,+iy) of y, we
have

2
V(0 + 1Y) = v (2,) + Ty v’ (a,) —%v”(x@
3
+ %(Im v®¥(x,+10,y)—1 Re v¥(x, +1160,y)) ,

where 0<6,<1, 0<0,<1. Let {=x,+10y(0<0<1). Taking absolute values -
in (2.1), we get

]

By (2.7), we see y,=o(x,), so that

[C]=0(x,) ,
|v,(8) |=O0(w,(,)) = O(v(x,)) -

Hence, by (2.4), (2.7) and (2.8),
| 0P Q) | =0, x5 *v(,)) = O(n'** log* n) ,

which implies

v(x,+ 1Y) = v(2,) + tyv'(x,) — %z V"' (x,) +O(n*"*log* n) .
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Using (1.6) with

log (x,+1y) =log x,+ 0(22) =log x,+O(n*log n)

Lo
and
| %o+ 1Y | =O0(x,) =O(log™ m) ,

we have
log f(2; exp (—x,—1¥)) =v(x,) — 10y — %?v”(a:o) +log g—;t +£+0log™'n) .

Hence

I:xo’J

exp(v(x,) + nx,+ £+ O(log™'n)) ,
(2r)*

where
J= S_v exp(—y*" (x.)/2)dy .
Putting t=yvVv"(z,), we get
— ” 1/2 ® —t2/2
J=(2n/v"(x,)) (1 +O(Suo«w,o,e dt)) .
Since

YV V' () ~V 6T 0" *logn— o ,

we have

[ evnar—o( AR G/2)

YoV (zg) yovv"(xo)
_ O(exp( —27'm'**log®n)
n'**log n )

This is much smaller than the order of log—‘n. Therefore
(2.10) I=(2r) 0" (x,) " *x,e” "0 70t 5(1 + O(log ' n)) .

We have to estimate the term E. To find a good path of integration,
we consider
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Re v(2) = (| z|/27)" ém-m exp (5% Re % —2_"2 Re z)
xcos( i Im-l——-"-"’—Imz+—1—argz) .
om z 24 2

The first term of this infinite series vanishes, if

(2.11) cos(%z Im %—-2% Imz+% arg z)f——O .
Write a=argz, r=|z| and

,8=-7-é-21m —i————;:l—lmz—i——%— argz .
We have the relation
2.12 a/2—B _ =« (272: T .
( ) sin @ 12\ » + 27r>

When B is a fixed real number, this expresses a curve in z-plane. More-
over, if

B=(m—1/2) ,

where m is an integer independent of z, the condition (2.11) is satisfied
on the curve (2.12). '

Let y,=&log*n, where £ is a variable ranging over 0<&é<M, and
M is a sufficiently large constant. From (2.7), we have

.y1=0(x0) ’ n— 0.

If z,=x,+1y,, then

tml =yt 0w e ~ @0

1

and
Imz,—0, argz,—0.
Now
2 1 1 1
=—Im-———1 —argz
Bi=gim g ATy AEA

is a continuous function of & for each fixed n. For sufficiently large n,
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there is a value £(n) of & such that |

' Bi=—m/2.
Then, we have

(2.13) &n)~7/12 , Y, (n)~ —g— log™*n .

The point z,(n)=wx,+1y,(n) is on the curve

a+n _ ® (2rn ‘r)
2.14 = .
(2.14) 2sina 12\ T2r

The right hand side of (2.14) is monotone decreasing for 0<r<2r and
the left hand side is monotone decreasing for 0<a<n/4. The equation
(2.14) has a solution

{"‘ =|z(n)]|,
a=arg z,(n) .

When we let 7 increase from |z,| to 2|z,|, @ increases from arg z, to a

value a, say, of @. Let z/=x;+1y;=2|2,| expie!. Then from (2.14), we
have

sin a;~2 sin e, ,
(2.15) Yi~4y,~ (n%/3) log~*n ,
Xy ~22,~ (7*/3)log ' n .
We denote by 7,, the curve (2.14) from z, to z..
Let y,=log™n, z,=x,+1y,, where 1+e<v<8/2—e. Since

Im L ~ — gz~ —(36/7%) log*™n— — oo

9
2,

and
Imz,—0, arg z,—0 ,
we can choose y=y(n) such that
cos B,=0,

where

.
Bzz%lm -zlz'—'%:[m z,—i—%arg % .
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So the equation

al2—B,n) _ ® (2 | 7
(2.16) sin o 12\ » + 271')

has a solution

{’r: |2,(n)| ,

ax=arg z,(n) .

When we let » increase from |z,| to 2|z,|, @ increases from argz, to a
value ai, say, of @. Let z;=x,+1Y:=2|%2,| exp i;. We have

(2.17) {%~4yz 4(log n)" =O0(log™""*n) ,
xy~ 22, ~ (7?/3)log™' n .

We denote by v, and v,, the segment from z; to z, and the curve (2.16)
from 2z, to z, respectively.

2,

73 z-plane

23 T2
2z’
FA 1
y=0
X=Xy
FIGURE 2

We divide the integral E as follows:
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E=_2_]_~_ f(z e—zo—i‘y)en(zo+iﬂ)dy

S
S f(2; e *)e*dz
S f(2 =20 W)gnizoting,y

—S f(2; enmMentingy
21 Jozy

=E1+E71+E72+E73+E2+E3 ’ Say ’

where C is a positive constant. We now give in what follows the estimate
of each E; and each E,(j=1, 2, 3).

(i) Estimation of |E,|. Let z=x,+iy (¥, <y=<w). By Taylor’s
theorem,

Re v(2) = v(w,) — L&) o2 RevO(m,+1iy)

2 24 v
= (v |?7“’(xo+w?l)| )
v(x,) ( > o1 ¥,

where 0<#<1. Let K be a constant such that
1<V'K<48/n* .
From (2.1), (2.2), (2.7), (2.8) and (2.13), we have

_yz% v @o+10Y)| S vi VK 2 @)™ Coe| 25 0sa(o,

V (27:)‘( )x.,“"v(xo)~—1/K nlog*n ,
for sufficiently large n». Let
144 2 4
D(m) ="~ L/ 3, 20) (G 70020 -

We then have
Re v(z) = v(x,) — D(n)y?
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and
3 1
Dn)~(3— L& nlogn— + oo .
(n) (7; 6 K)fnlogn +
In view of (2.7) and (2.13) and using Lemma,
(2.18) \E,|= O(S " exp(Re v(2)+log | 2|+ nxo)dy)
Yo

— O(xoev( zq) +”$oS ®

Yo

e"""“‘zdy)

0( 5 (x”) 7 exp (v(x,) + nx,— Y, D(%)))

=0(n""log *n exp (v(x,)+nx,)) .

(ii) Estimation of | E; +E;,|. From the definitions of v, and v,, we
have

arg z,<argz=argz , if 2z ison 7v,,
and
arg z,<argz=<argz,, if 2z ison 7.

From (2.7), (2.15), (2.17) and Lemma,

| B+ By |=O(me|  emerldal),
; Ti+T3
and for z on v, or 7,
Re v(2)= O(Vx—oﬁ‘, - exp( — Iy ))
m=2 6mx, 24

(‘/””0 exp(12 )) nee

Thus we get
(2.19) | ET,_ + El’s l < xoenmo+0(~/ﬁexp(z2/12xo)) ,

where “A< B” means “A=0(B)”.
(iii) Estimation of |E;,|. From (2.7), (2.15), (2.17) and Lemma, we
get

(2.20) | By, | = O gm0+ a=0z0) |

(iv) Estimation of |E,|. By Lemma, we have
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Cex
I E2| — O(xoenzos oeRev(z) d,y) .
v

where y,=(log n)****<y, and z=x,+1y (¥.<y=<Cz,). Now from the rela-
tions

Re v(2)=0 (’l/ 5"—,.2‘1"?’_1/2 exp(—é%l— Re%—- Mm%y ) )

en(red-B)son((Z - 3) -2 15y

r’ X, Yt - ‘
69;0(1— xo’-l—o yf)N 61,2 ~(@/6) " log*n ,

it is shown that

Lo
S —1/2 * __mx
+ 0(1/ x, ’“Z=.2m exp ( Sma. 240))
2
=0(w(a) exp(~ K log"m)+O0(VEexp L) ,

where K, is a constant such that 0< K, <(z%*6)"*. Thus we have obtained
the estimate

(2.21) | B, | < %, exp {nw, + O(v(x,)e X118 *) + O(V 2, e=/20)} .

(v) Estimation of |E;|. In this case, Lemma can not be applied,
and we proceed as follows. We see

|Else™| expllog £(2: el dy ,
where z=z,+1y (Cr,<y<x), and
llog £(2; &™) <1 )~ 11+ 3 2(F 9 -1) ,
as is obtained from (1.2). We shall give the estiﬁate of each ferm on
the right hand side of the last inequality.

First, applying (1.1) to the ordinary partition case a(n)=1,

f(e—mzo) =exp kzoj k—l(ekmzo_ 1)—1
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=exp ;S:' k™ (ma,)™
=1
=exp (7*/6mx,) .

Let s=n*/6x,., We have

m=2

S Lt —n= 3 Lerm—1)
m m=2 M

St )
m=2 2!'m 3lm

7r2- . o2
éz(? 1)(e 1)
=O0(n+7%)

for sufficient large n since s<(1+¢)log» (using (2.7)).
Next, we have

]f(e“‘)——1|§1+exp(l e’—ll—l-i—gzm“le’”—l]“) .

Since
|e*—1|={(e"0—1)*+4e** sin (y/2)}'*
22|sin(y/2)| 22|y |/xr =2 2Cx /7
and
- |e™—1|=em™0—1=mx, ,
we get

|fle*)—1|=1+ exp(C,/x,) ,

where C,=(n/2C)+(n%/6)—1. .
Thus we have

] 108' f(2; e—z) | — O(eollxo) —}-O(n‘”"”)
:_—O(,neal/::zu—a)) +O(nufe)/g) .

Now we take the constant C to satisfy

C>(%—%"-s>—1 .

This choice leads to

155
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6C,/7r*1—e)<1
and
|log £(2; e7)|=0(n'"") .
Using the above two estimates together, we have
(2.22) | B,| < e"sotos=*) |

From (2.7), (2.8), (2.10), (2.18) and (2.22), we get (0.6). This completes
the proof of Theorem.

Now in order to show Corollary it remains to show (0.7), (0.8) and
(0.9). From (2.2), we have

o 2 —1/2 1/2 2
o0~y (o o ().

Lef
w(x)= -75(95/2#)1’z exp (7*/6x) .
62®

Then
n= —v'(x,)
= w(x,) exp (—x,/24) + O(xy*'* exp(w®/6x,))
= w(x,) exp(—x,/24)+O0(nlog™n) .

Let z¥ be such that n=w(xy). Then it follows that

1 1 %o \_ -1
= m:) 24)_1+0(1og n)

(ao/xs)~** exp (%z-(

and

1 );O(log-ln) )

3 w1
——(log x,—log =) +—( ——
2( g X, gxo)"l‘e(xo por

Putting s=nx*/6x, and s*=7x*/6xF, we have
8=8*+ —;’—(log x,—log x5) +O0(log™' n)

=g* ——g—(log s—log 3*)+O(log'n)

3 -
=s*——2—log(1+2§*log :; +O(s* l;gn»—l—O(log nm).
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Since s~s*~logn, we have
(2.23) - s=8*+0(og™'n) .

From the definitions of z* and s*,

s*=log n-—-zl log‘s*—l—l- log lg—a:log’n-l~0(log' log n) ,

2
so that
log s*=log log n—}—O(l%g;Tmy) .
Therefore we get
(2.24) : s*:l_{_o(!‘.)_g__li__gql') ,
log n

where

l=log n——% log log 'n+—;- log(z/3) .

‘From (2.23) and (2.24),

N log log n
2 =l+0(—=—=22"),
(2.25) s=l+ ( e )
-7 ‘o(loglog n
z=2 l(1+0(l-logn ))
(o log log n
= — 1 O —_— .
6l( + ( log2zn ))
Thus (0.7) is shown. Especially, we have
2 loglogn
2.26 —_T (1 o(loglogn)y
( ) o 6logn + ( log n )>

(0.8) follows from (2.25), (2.26) and the fact that

V(@) = (@/2m) (60 4 O™ 25))
= (@/27) "1+ 0(@)) -

Finally, (2.25), (2.26) and the estimate
V"' (x,) = (7*/6)*x; *(x,/27) "/ exp(s — ‘2”_;) + O(z; %)

= (7*[6)*r5 *(,/27) *e* (1 + O(log ™ n)) + O(n log n)
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lead to (0.9).

REMARK 1. We may think of the more general “»-fold partitions of
n” the definition of which will obviously be made. Let p(r; n) be the
number of the »-fold partitions of ». From proposition, we get the
generating function

1+ nz:‘i o(r; n)u*= ”]:11(1 — ™) Plr—tm)

of p(r; n), where p(0; m)=1. Asymptotic formulae for p(r; n) with fixed
=8 have not however been obtained.

REMARK 2. The table of p(2; n) in the Introduction was taken from
the one made by Mr. Syukai Akiyama under his permission.
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