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Introduction

Let M,(resp. M,) be an m(resp. n—m)-dimensional Riemannian manifold.
An isometric immersion f of a Riemannian product M, X M, into an (n+ p)-
dimensional Euclidean space R**? is called a product immersion if there
is an orthogonal product decomposition R***=R" x R": together with
isometric immersions f,;: M,—R™ and f,: M,— R" such that f=f, Xf,.
Furthermore an isometric immersion g of a Riemannian product M, x M,
into an (n+ p)-dimensional sphere S**?(r) with radius » in R**** is called
a product immersion if g is a product immersion of M, x M, into R**?*,
S. B. Alexander [1] and J. Moore [4] obtained some conditions for an
immersion of a Riemannian product into Euclidean space to be a product
immersion. On the other hand, K. Yano and S. Ishihara [7] determined
compact orientable submanifolds with nonnegative sectional curvature
immersed into a unit sphere whose mean curvature vectors are parallel
and normal connections are trivial. These are products of spheres and
these immersions are product immersions into the unit sphere. In this
note, we shall investigate Riemannian products minimally immersed into
a real space form and prove some theorems.

THEOREM. A minimal submanifold of a hyperbolic space is irre-
ducible. A minimal immersion of a Riemannian product into Euclidean
space 18 a product of minimal immersions.

THEOREM. Let M,(resp. M,) be an m(resp. n—m)-dimensional compact
orientable Riemannian manifold and M the Riemannian product of M,
and M, minimally immersed into (n-+ p)-dimensional unit sphere. Then
we have an integral inequality
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where *1 18 the volume element of M and \ (resp. t) i8 the minimum of
the Riccr curvature of M, (resp. M,). The definition for K is givem in
the section 5.

By the latter theorem, we shall characterize a Riemannian product
S™(1) x S*™(1) minimally immersed into S**tm™*—m™ (1),
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§1. Preliminaries.

We denote by M*(c) a k-dimensional space form of constant curvature
¢. Let M (resp. M,) be an m(resp. n—m)-dimensional Riemannian manifold
and M the Riemannian product of M, and M, isometrically immersed into
Mn*?(¢). Then the second fundamental form o of the immersion is given
by (X, Y)=FyY—V,;Y and it satisfies o(X, Y)=0(Y, X). We choose a
local field of orthonormal frames e, ---, ¢,, (resp. €,4s, =, €,) of M, (resp.
M,), then we may consider {e,}, {¢,} as a local field of orthonormal frames
of M*. By an extension, we choose a local field of orthonormal frames
€1y "y Cmy @ity *° %y €y Cuiyy **°y €qip 1N M™?(c). With respect to the frame
field of M**?(¢c) chosen above, let @', :--, @™, ®™*, --., @", @', ., @**?
be the field of dual frames. Then the structure equations of M"*?(c) are
given by

1.1 dw'=— >\ Wi N\0?, wz;+wi=0,
1.2) dwjs=— D, W{N\NOG+cw* N\w? ,

Restricting these forms to M, we obtain the structure equations of the
immersion:

1.3) 0*=0.
(1.4) do'=— S0 \w’, i+ wi=0.
1.5) dwj=— 0N+ 25,  25=31/2)Rjue* o' .

* We use the following convention on the range of indices unless otherwise stated: 1=
A, B,C, =n+p:1=a,b,c, =m<r, 8t u, =n:1=4,5,k,1, Sn<a, 8,7, =n+p, and agree that
repeated indices under summation sign without any indication are summed over respective
ranges.
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(1.6) dwi=— S0 A@;+ 2%,  25=3(1/2)R50" A0 .
Since M is the Riemannian product, we have
a.7m w'=0 for all ¢ and s.

From (1.1) and (1.3) it follows that >, wf A®*=0. Therefore, by Cartan’s
lemma, we may write

(1.8) @f= D h50’ , h%,=hj; .

The second fundamental form o and A% are related by o(e, e;)=>] hije,.
The equations of Gauss and Ricei are given respectively by

(1.9) Ry = (0405, —01051) + 3. (hish5i — hiihfi) »
(1.10) Riu=> (hihi—hihly) .

If we define hg;, by

(1.11) S kGt =dhy; — Shiwt— S hiwf— S hiws .

Then from (1.2), (1.8), and (1.8) we have hf,=h%;. If we define hfj, by
1.12) Ao =dhi— S hi,0L— S hiei— X+ S hinos

and 4hg by 3.h%., then we have the following.

| LemMmA 1.1 ([2], [5]). If M is minimal,

dhg= 3, b R+ S h5RL j— S hiBi ) -

§2. Lemmas.

LEMMA 2.1 ([4]). When ¢=0, an immersion of M=M,xM, into
M"+7(0) is a product immersion if and only if (X, Y)=0, where X(resp.Y)
18 tangent to M, (resp. M,).

LEMMA 2.2 ([8]). An immersion of M=M,xM, into M"*?(c) with
¢>0, is a product immersion if and only if 0(X, Y)=0, where X(resp.Y)
18 tangent to M, (resp. M,).

PrROOF. We may regard M"*?(c) as the sphere S*t»(1/1/¢c) of radius
V1j¢ in R****' and hence M as a submanifold of R****'. Let G(resp. g’)
be the second fundamental form of the immersion of M(resp. S***(1/1/c))
into R****. If X(resp.Y) is tangent to M,(resp. M,), then we have
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(X, Y)=0(X, Y) since ¢’ is umbilical. From Lemma 2.1, we obtain the
result. ' Q.E.D.

LEMMA 2.3. When M=M,xX M, is minimally immersed into M"**(c),
we have m(n_m)c_ Za (Za hza)z_zh:ahzszo-

PrOOF. Since M is the Riemannian product of M, and M,, we have
R:,,=0. From (1.9), we obtain 0=c+ 3, h%h%— >, bk and hence 0=
mn—m)ec+ 3 e hl) S he)— S hERE,. Since M is minimally immersed
into M**?(c), we obtain >}, h..+ D), h,,=0. Q.E.D.

§3. In the case cx<0.

THEOREM 3.1. (1) A minimal submanifold of M"+?(c) with ¢<O0 18
irreducible. (2) A minimal immersion of a Riemannian product into
M=?(0) 28 a product of minimal immersions.

Proor. (1) Lemma 2.3 implies that a submanifold minimally im-
mersed into M**?(¢) with ¢<0 is irreducible. (2) We consider a Rieman-
nian product of M, and M, minimally immersed into M**?(0). From Lemma
2.3, we have h2,=0 which, together with Lemma 2.1, implies that the
immersion is a product immersion. Moreover, by 3\h%.=>,h%=0, we
see that each immersion is minimal. Q.E.D.

REMARK. (1) More generally, a minimal submanifold immersed into
a Riemannian manifold of negative curvature is irreducible. (2) Theorem
3.1 (2) holds for a Riemannian product of any number of Riemannian
manifolds. (8) A Kahler immersion of a Riemannian product of K&ahler
manifolds into complex Euclidean space is a product of Kahler immersions.

§4. In the case c>0.

We may assume without loss of generality that ¢=1 and M"**(1)=
S**?(1). When an immersion of M=M,x M, into S**?(1) is a product
immersion, we have some positive numbers 7, », such that (r,)*+ (7)*=1,
positive integers k,, k, such that k,+k%,+1=n+p, and isometric immersions
Ji, f> such that f, (¢=1, 2) is an immersion of M, into S*(r,) and I (f, X f>)
is the immersion of M into S**?(1), where I(x, ¥)=(x, y), Where xz(resp. ¥)
is the position vector of S*(r,)(resp. S*(r,)) in R“*‘(resp. R***!) and (z, ¥)
is the position vector of S"*?(1) in R"***'. Immediately we have the
following.

THEOREM 4.1. When an immersion of M=M,x M, into S**?(1) is a
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product immersion, it is minimal if and only if r,=VvV'mn, r,=vV (n—m)/n
and f,, f, are minimal immersions.

In [2] and [6], we have some examples of Riemannian products
minimally immersed into a unit sphere which are not product immersions.
Some examples are:

ExXAMPLE 1. Let S™(1)={(x,,***, Tms,) € B™; (@,)*+ -+ - +(@ms)?=1} and
S*mD)={Ws ***) Yn-mss) € R*™ (1) + -+« + Yu-ms)*=1}. We define the
immersion f of S™(1)x S* ™(1) into S**™*~™ (1) by f((®,, ***, Tmss), Y1, =*
Yn-mi))=(*+*, &.Y,, +++), Where 1=<a=m, 1<s=n—m.

ExAMPLE 2. Let M/(resp. M;) be an m(resp. n—m)-dimensional Rie-
mannian manifold minimally immersed into S®(1)(resp. S**(1)). Then, by
Example 1, the Riemannian product M, x M, can be immersed minimally
into Stitketiaky(]),

We characterize S™(1)x S*™(1) in Example 1. We set K=3 h%hs,,
which measures the deviation of the immersion from being product.

THEOREM 4.2. Let M,(resp. M,) be an m(resp. n—m)-dimensional com-
pact orientable Riemannian manifold and M be a Riemannian product
of M, and M, minimally immersed into S**?(1). Then we have an integral
wmequality,

SM(n—N—M—%K>K*1;0

where *1 is the volume element of M and M\(resp. ) is the minimum of
the Ricct curvature of M,(resp. M,).

COROLLARY 1. Under the same assumption as Theorem 4.2, if the
immersion is full and (n—n—p—2/p)K)K=<0, then K is constant and
equal to 0 or (p/2)(m—N—p). When K=(p/2)(n—A—)#0, M is S™(1) X
S*™1) in Example 1 and the immersion is rigid.

COROLLARY 2. Under the same assumption as Theorem 4.2, if N+
1=n, then the immersion is a product immersion.

; PROOF OF THEOREM 4.2. K is a function on M. Let 4 be the Laplacian
of M. Then we obtain (1/2)4K= 3 h%,.h%;+ >, (4h%)hE,. From Lemma 1.1
we have :

Z (Ahgs)hgs = Z h’gs (Z hg‘tR;:'sj + Z‘ h’?{Rﬁst + Z hgiRgai) .

Since M is a Riemannian product, R/,,=0 and hence we have
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Z (Ahga)hga: thahztRj'sj_i" thahﬁt ﬁsi .
Since the Ricei curvature of M,>p, we obtain
3 RSB RY = SR hE R 2 e SRR, = 1K
and hence
S (dhi )i, = p K+ 3 ke hi(3 hishi;— 35 hihs;
= F‘K‘*‘ Z ke, ?jhgihfj Z haahfjhgthij .
From (1.9), we have
S (dhg)he = K+ S hihi(— R+ 0505, — 0105, + >, hEhf)
— Z hmh?j( - Rtji + 3‘;3“ - 6?3“' + Z hﬁjhft
LKA+ D hEhGRER + S hE AR —nK
—nK+NK+ pK+ S hehGhE RS,
W+ p—n)K+ S hehshE RS+ S, 20, h5:hE B,
+ R hEhERL =N+ t—n) K+ 23\ he A5 RERS, .

v

We set S,,=h2hi,. Then (S,) is a symmetric matrix. Therefore we
have X hihihiht, = 3 8:Sas=(1/P)(X Sea)*= 1/D)(X b3, 03 =1 /p)K®. The
equality holds if and only if (S.;) is proportional to the identity matrix.
Since M is compact and orientable, we obtain the integral inequality

Su(n—x—u—%K)K*lgO.

PROOF OF COROLLARIES 1 and 2. If (n—A—p—(2/p)K)K=<0, we obtain
(n—r—p—(2/p)K)K=0 and K is constant. Furthermore we have

(1) h%=0 for all a, s, i, and «,

(2) X h%hE,=0 for all a#p,

(3) 'za,,h:,hz,= .. hEhE, for all @ and g,

(4) S h2hi.=0 for all a, b, ¢, and s,

(5) X h%hi.=0 for all a, s, t, and wu.
If we have b, and ¢, such that a(e,, e.)#0, we set e,.,= (a(es, ¢.,))/||0(es, €.,)||-
we choose ¢, ***, €,., SO that ¢,.,, -+-, ¢,., form a local field of normal
frames. Then from (4) we have h%}'=0 and hence from (8) we have.
h%,=0 for all @. So by Lemma 2.2 the immersion is a product immersion.
Hence we assume the immersion is not a product immersion, i.e., K+0.
Then from the above discussion we have o(e,, ¢,)=0, i.e., hi, =0 for all b, ¢,
and «. Similarly we have h%=0. This implies that M is S™(1) x S*~™(1).
We shall prove that the immersion is rigid. By the definition,
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Zhi‘uw‘:dhib—zhﬁ‘iwi* Zh C!) + Zh bwﬁ .

From hj,=0and (1.7), we obtain 2%,,=0. Similarly 2%;=0. These, together
with (1), imply that the second fundamental form o is parallel. From
the assumption that the immersion is full and a result in [3], the normal
space is spanned by the first normal space. Equation (1.9) shows that
Dhehiy= > hehe; +030,,, which, together with hZ%,=0, implies > h%h%=
0%0,,. Thus if we set ¢,,,,=0(e,,e,), then e,,, 1<asm<s<n, form a
local field of normal frames, with respect to which A% =6§2; holds. From
(1) we have

0= rs"w'=dhi; *— S hiy " wi— S hiP @i+ S hi0f®
which implies
@ ) =05w; + 0w} .
So we have,
03 =0, wi=w; and Wi )=w%,
for all ab and s+t. Therefore the immersion is rigid. Q.E.D.
For a result of [7], we have the following.

THEOREM 4.8. Let M,(resp. M,) be an m(resp. n—m)-dimensional
compact and orientable Riemannian manifold and M be a Riemannion
product of M, and M, minimally immersed into S**?(1). If the mormal
connection is trivial and either M, or M, has positive Ricci curvature,
then the immersion is a product immersion.

PROOF. We may assume that the Ricci curvature of M, is positive.
Similar to the proof of Theorem 4.2, we have 3, (4h2)he, = pK+ >, hi hiRE,..
Since the normal connection is trivial, we obtain Rﬁ,i——O So we have
Si(dnihi, =K. Since M is compact and orientable, we obtain K=0.
From Lemma 2.2, the immersion is a product immersion. Q.E.D.
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