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Introduction.

For a compact set $L$ in the complex number plane $C$, we denote by
$\beta(L)$ the space of germs of holomorphic functions on $L$ . It is well
known that the space $p(L)$ can be equipped with the topology of DFS
space. The dual space $\ovalbox{\tt\small REJECT}(L)$ of $d(L)$ is called the space of analytic
functionals with carrier in $L$ and was studied extensively by many
authors. The aim of this paper is to extend the theory of analytic
functionals to the case where $L$ is not compact. For the simplicity, we
suppose in this paper $L$ is a closed strip of finite width.

In \S 1 we introduce the fundamental space $Q(L;K^{\prime})$ of germs of
holomorphic functions. We define in \S 2 a new series of spaces of
holomorphic functions, which will be used to describe the complex re-
presentations of the space $Q^{\prime}(L;K’)$ of analytic functionals with carrier
in $L$ and of exponential type in $K’$ . \S 3 treats the Cauchy transforma-
tion and we obtain a complex representation of $Q^{\prime}(L;K^{\prime})$ . In \S \S 4 and
5, we will study the case where $L$ is a closed right strip and that find
the situation is very similar to the classical theory of analytic functionals.
We will show, among others, the image of the Fourier transformation
of $Q’(L;K’)$ is the space $Exp(R+i(-\infty, -k_{2}^{\prime});L)$ of holomorphic func-
tions of exponential type $L$ defined on the open half plane $R+i(-\infty, -k_{2}^{\prime})$ .

In the final section, we will treat the case where $L$ is an entire
strip $L=R+iK$. Our space of analytic functionals $Q^{\prime}(L;K’)$ is a sub-
space of the space of Fourier ultra-hyperfunctions (Park-Morimoto [6]),
which were first introduced by Sebastiao $e$ Silva [8] under the name of
ultra-distributions of exponential growth. If $L=R$ and $K^{\prime}=\{0\}$ , then
our space reduces to the space of Fourier hyperfunctions introduced by
M. Sato [7] and studied by T. Kawai [2]. Using the results obtained in
\S \S 4 and 5, we will study the relation of two definitions of the Fourier
transformation of $Q^{\prime}(L;K’)$ , one is by the duality and other is by the
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complex method. We will find several forms of complex representation
of the space $Q^{\prime}(R+iK;K’)$ .

The ideas of this paper were announced in [4] but the details have
been improved (see also [5]).

\S 1. The fundamental space $Q(L;K’)$ .
Let $L$ be a closed strip of finite width in the complex number plane $C$:

(1.1) $L=A+iK$ , $i=\sqrt{-1}$ ,

$A$ being a closed interval and $K$ a compact interval. Let $K^{\prime}$ be a com-
pact interval. We denote by $Q_{b}(L;K^{\prime})$ the space of all continuous
functions $f$ on $L$ holomorphic in the interior int $L$ which satisfy the
following condition:

(1.2) $\sup_{zeL}|f(z)|\exp(H_{K^{\prime}}(x))<\infty$ ,

where we denote $z=x+iy$ and $H_{K^{\prime}}(x)$ is the supporting function of $K^{\prime}$ :

(1.3) $ H_{K^{\prime}}(x)=\sup_{\eta eK}x\eta$ .
It is clear that the space $Q_{b}(L;K^{\prime})$ endowed with the norm (1.2) is a
Banach space. If $L_{1}\supset L_{2}$ and $K_{1}^{\prime}\supset K_{2}^{\prime}$ , the restriction mapping

(1.4) $Q_{b}(L_{1};K_{1}^{\prime})\rightarrow Q_{b}(L_{2};K_{2}^{\prime})$

is a continuous linear injection.
We define, taking the inductive limit following mappings (1.4) as

$\epsilon\downarrow 0$ and $\epsilon^{\prime}\downarrow 0$ ,

(1.5) $Q(L;K)=\lim_{e\downarrow 0}in_{l0}dQ_{b}(L_{\epsilon};K^{\prime}(\epsilon^{\prime}))$ ,

where we put

(1.6) $L.=L+[-\epsilon, \epsilon]+i[-\epsilon, \epsilon],$ $K’(\epsilon’)=K’+[-\epsilon^{\prime}, \epsilon’]$ .
If $L$ is a compact set, the space $Q(L;K’)$ coincides with the space $p(L)$

of germs of holomorphic functions on $L$ . The space $Q(L;K’)$ is a DFS
space, being the inductive limit of the compact increasing sequence of
Banach spaces:

(1.7) $Q_{b}(L.;K^{\prime}(\epsilon’))\rightarrow Q_{b}(L_{1};K^{\prime}(\epsilon_{1}^{\prime}))$ , $\epsilon>\epsilon_{1}>0$ .
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A continuous linear functional $S$ on the space $Q(L;K^{\prime})$ is, by de-
finition, an analytic functional with carrier in $L$ and of exponential
type in $K^{\prime}$ . We denote by $Q^{\prime}(L;K^{\prime})$ the dual space of $Q(L;K’)$ .
$Q^{\prime}(L;K’)$ is an FS space. The value of an analytic functional $S\in Q^{\prime}(L;K^{\prime})$

at a testing function $f\in Q(L;K‘)$ will be denoted by $\langle S, f\rangle$ or by
$\langle S_{z}, f(z)\rangle$ .

By the definition of the locally convex inductive limit topology, we
have

LEMMA 1.1. A linear functional $S$ on $Q(L;K^{\prime})$ is continuous if
and only if, for any $\epsilon>0$ and $\epsilon^{\prime}>0$ , there exists a non-negative constant
$C$ such that

(1.8)
$|\langle S, f\rangle|\leqq C\sup_{zeL_{l}}|f(z)|\exp(H_{K^{\prime}}(x)+\epsilon^{\prime}|x|)$

for any $f\in Q_{b}(L_{\epsilon};K’(\epsilon^{\prime}))$ .
PROPOSITION 1.1. Let $L_{0}$ be a compact set such that $L_{0}\subset L$ . Then

the natural mapping

(1.9) $P^{\prime}(L_{0})\rightarrow Q^{\prime}(L;K’)$

is injective.

PROOF. By the Hahn-Banach theorem, we have only to show the
image of the restriction $Q(L:K’)\rightarrow ff(L_{0})$ is dense in $d(L_{0})$ . By the
Runge theorem, we can find, for any $f\in p(L_{p})$ , a sequence of polynomials

$f_{fl}$ which converges uniformly to $f$ on $L_{0,\epsilon}$ for some $\epsilon>0$ . Then the
functions $\exp(-(1/n)z^{2})f.(z)eQ(L;K’)$ converge to $f$ uniformly on $L_{0,e}$ ,
hence in the topology of df $(L_{0})$ , as $ n\rightarrow\infty$ . Q.E.D.

By the mapping (1.9) we may consider the space $p’(L_{0})$ of analytic
functionals with carrier in the compact set $L_{0}$ as a subspace of our
space $Q^{\prime}(L;K’)$ of analytic functionals.

PROPOSITION 1.2. Let $L$ be the closed strip (1.1). Suppose compact
intervals $K_{1}^{\prime}$ and $K_{2}$ satisfy $K_{1}^{\prime}\subset K_{2}^{\prime}$ . Then the natural mapping

(1.10) $Q’(L;K_{1}^{\prime})\rightarrow Q^{\prime}(L;K_{2}^{\prime})$

is injective.

Proof is similar to the preceding one and is omitted.

\S 2. Spaces $R^{L}(C\backslash L;K^{\prime}),$ $R^{L}(C;K^{\prime})$ and $H_{L}^{1}(C;R^{L}(K’))$ .
In this section we use constantly the following version of Phragm\’en-
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Lindel\"of theorem:

THEOREM 2.1. Suppose $L$ is a closed strip of the form (1.1). Sup
pose $0<\epsilon<r$ . Let $f$ be a continuous function on the closed set $L_{r}$ whici
is holomorphic in int $L_{r}$ and of exponential order in the $followin_{1}|$

sense:

There exist non-negative numbers $C$ and $n$ such that
(2.1)

$|\exp(-C|w|^{n})f(w)|$ is bounded on the strip $L_{r}$ .
Then $\sup_{w\in L_{r}\backslash L_{e}}|f(w)|\leqq M$ implies $\sup_{weL_{r}}|f(w)|\leqq M$.

For the proof we refer the reader to Hille [1], vol. 2, p. 393.
In order to describe the image of the Cauchy transformation $0$

$Q’(L;K^{\prime})$ , we introduce a new series of function spaces. For positiv
numbers $\epsilon,$

$\gamma$ and $\epsilon$

’ such that $\epsilon<r$ , we denote by $R_{b}(\overline{L_{r}\backslash L_{e}};K’(\epsilon’))th($

space of all continuous functions $F$ on the closed set $\overline{L_{r}\backslash L_{\epsilon}}$ which ar
holomorphic in (int $L_{r}$) $\backslash L_{\epsilon}$ and satisfy the growth condition:

(2.2) $\sup_{weL_{f}\backslash L_{\epsilon}}|F(w)|\exp(-H_{K^{\prime}}(u)-\epsilon’|u|)<\infty$ ,

where $w=u+iv,$ $i=\sqrt{-1}$ . For positive numbers $r$ and $\epsilon^{\prime}$ we denote $b$
.

$R_{b}(L_{r};K’(\epsilon^{\prime}))$ the space of all continuous functions on $L_{r}$ which ar
holomorphic in int $L_{r}$ and satisfy the growth condition:

(2.2) $\sup_{weL_{r}}|F(w)|\exp(-H_{K^{\prime}}(u)-\epsilon’|u|)<\infty$ .
Equipped with the norms (2.2) and (2.2’) respectively, the space

$R_{b}(\overline{L_{r}\backslash L}_{\epsilon};K’(\epsilon’))$ and $R_{b}(L_{r};K’(\epsilon’))$ are Banach spaces. By the restrictio
mapping, we consider the space $R_{b}(L_{r};K’(\epsilon^{\prime}))$ is a subspace of the spac
$R_{b}(\overline{L_{r}\backslash L}_{\epsilon};K’(\epsilon^{\prime}))$ . By Theorem 2.1, $R_{b}(L_{r};K’(\epsilon’))$ is closed in $R_{b}(\overline{L_{r}\backslash L_{l}}$

$K^{\prime}(\epsilon’))$ .
If $0<\epsilon_{1}<\epsilon<r<r_{1}$ and $0<\epsilon_{1}^{\prime}<\epsilon’$ , we can define the following com

mutative diagram of restriction mappings:

$(2..3)(24)$ $R_{b}(\overline{L_{r_{1}}\backslash L}_{\epsilon,J^{1}}jK’(\epsilon_{1}))R_{b}(L_{r_{1}};K’(\epsilon_{1}))\rightarrow R_{b}(\overline{L_{r}\backslash L}_{\epsilon};K’(\epsilon’))\rightarrow R_{b}(L_{r};K^{\prime}(\epsilon’))J$

.
The mappings (2.3) and (2.4) are compact operators.

For every fixed $\epsilon’>0$ , we form the projective limits of the space
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$R_{b}(\overline{L_{r}\backslash L}_{\epsilon};K^{\prime}(\epsilon’))$ and $R_{b}(L_{r};K^{\prime}(\epsilon’))$ letting $ r\uparrow\infty$ and $\epsilon\downarrow 0$ following the
mappings (2.3) and (2.4) respectively:

(2.5) $R_{b}^{L}(C\backslash L;K^{\prime}(\epsilon’))=\lim_{r\uparrow\infty},$ $proje\downarrow 0R_{b}(L_{r}\backslash L_{\epsilon};K’(\epsilon^{\prime}))$ ,

(2.6) $R_{b}^{L}(C;K’(\epsilon^{\prime}))=\lim projr\uparrow\infty R_{b}(L_{r};K^{\prime}(\epsilon^{\prime}))$ .

These spaces $R_{b}^{L}(C\backslash L;K’(\epsilon’))$ and $R_{b}^{L}(C;K’(\epsilon’))$ are FS spaces, being the
projective limits of compact decreasing sequences of Banach spaces. The
space $R_{b}^{L}(C; K^{\prime}(\epsilon’))$ is considered as a closed subspace of the space
$R_{b}^{L}(C\backslash L;K’(\epsilon^{\prime}))$ by restriction.

Suppose $0<\epsilon_{1}^{\prime}<\epsilon’$ . We have the following commutative diagram of
continuous linear injections as the projective limit of the diagram $(2.3)-$

(2.4):

(2.8) $R_{b}^{L}(C;K(\epsilon_{1}^{\prime}))$

$\rightarrow R_{b}^{L}(C;K(\epsilon’))J$

.

(2.7)
$R_{b}^{L}(C\backslash L;\int K’(\epsilon_{1}))\rightarrow R_{b}^{L}(C\backslash L;K^{\prime}(\epsilon^{\prime}))$

Passing to the quotient, we can define canonically the continuous linear
mapping:

(2.9) $R_{b}^{L}(C\backslash L;K’(\epsilon_{1}^{\prime}))/R_{b}^{L}(C;K^{\prime}(\epsilon_{1}^{\prime}))\rightarrow R_{b}^{L}(C\backslash L;K’(\epsilon’))/R_{b}^{L}(C;K^{\prime}(\epsilon’))$ .
The mapping (2.9) is injective because of the $Phragm\text{\’{e}} n- Lindel\ddot{o}f$ theorem
(Theorem 2.1).

We form further the projective limits of the spaces $R_{b}(\overline{L_{r}\backslash L_{e}};K’(\epsilon’))$

and $R_{b}(L_{r};K’(\epsilon^{\prime}))$ letting $r\uparrow\infty,$ $\epsilon\downarrow 0$ and $\epsilon’\downarrow 0$ , following the mappings
(2.3) and (2.4):

(2.10) $R^{L}(C\backslash L;K’)=\lim,projR_{b}(\overline{L_{r}\backslash L_{\epsilon}};r\uparrow\infty e\downarrow 0,e\downarrow 0K’(\epsilon’))$

$=\lim_{\epsilon\downarrow}p_{0}rojR_{b}^{L}(C\backslash L;K(\epsilon^{\prime}))$ ,

(2.11) $R^{L}(C;K^{\prime})=\lim_{r\uparrow\infty},proj\iota\downarrow 0R_{b}(L_{r};K’(\epsilon’))$

$=\lim$ proj $R_{b}^{L}(C;K’(\epsilon^{\prime}))$ .

The spaces $R^{L}(C\backslash L;K’)$ and $R^{L}(C;K^{\prime})$ are FS spaces. By the Phragm\’en-
Lindel\"of theorem, the space $R^{L}(C;K’)$ is a closed subspace of the space
$R^{L}(C\backslash L;K^{\prime})$ .

DEFINITION 2.1. (i) We define the space $H_{L}^{1}(C; R^{L}(K))$ of the
cohomology classes with carrier in $L$ and of exponential type in $K^{\prime}$ to
be the quotient space of $R^{L}(C\backslash L;K)$ by its subspace $R^{L}(C;K’)$ :
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(2.12) $H_{L}^{1}(C;R^{L}(K^{\prime}))=R^{L}(C\backslash L;K’)/R^{L}(C;K’)$ .
(ii) We define further

(2.13) $\tilde{H}_{L}^{1}(C;R^{L}(K’))=\lim_{l\downarrow},p_{0}rojR_{b}^{L}(C\backslash L;K’(\epsilon’))/R_{b}^{L}(C;K’(\epsilon’))$ ,

where the projective limit is taken following the mappings (2.9).

As a quotient space of an FS space by its closed subspace, the
space $H_{L}^{1}(C;R^{L}(K’))$ is an FS space. For a function $F\in R^{L}(C\backslash L;K’)$ ,
we will denote by $[F]$ the cohomology class represented by $F$. Extend.
ing the canonical mapping

(2.14) $R^{L}(C\backslash L;K)\rightarrow R_{b}^{L}(C\backslash L;K’(\epsilon’))$ ,

we can define canonically the continuous linear mapping

(2.15) $\kappa:H_{L}^{1}(C;R^{L}(K’))\rightarrow\tilde{H}_{L}^{1}(C;R^{L}(K^{\prime}))$ ,

which is injective because of the Phragm\’en-Lindelof theorem.
Suppose now $f\in Q(L;K^{\prime})$ and $F\in R^{L}(C\backslash L;K’)$ are given. We can

find positive numbers $\epsilon_{0}$ and $\epsilon_{0}^{\prime}$ such that $f\in Q_{b}(L_{e_{0}};K’(\epsilon_{0}^{\prime}))$ . For a posi.
tive number $\epsilon$ with $\epsilon<\epsilon_{0}$ , consider the integral

(2.16) $\int_{\partial L_{e}}f(w)F(w)dw$ .
The integral (2.16) converges absolutely, as we can choose, for every
positive number $\epsilon$

’ with $\epsilon^{\prime}<\epsilon_{0}^{\prime}$ , a non-negative number $C$ such that

$|f(w)F(w)|\leqq C\exp(-H_{K^{\prime}}(u)-\epsilon_{0}^{\prime}|u|)\exp(H_{K^{\prime}}(u)+\epsilon^{\prime}|u|)$

$\leqq G\exp(-(\epsilon_{0}^{\prime}-\epsilon^{\prime})|u|)$

for $w=u+iv\in\partial L_{\epsilon}$ . For every fixed $\epsilon_{1}$ with $0<\epsilon_{1}<\epsilon_{0}$ , the constant $C$

can be taken uniformly in $\epsilon$ with $\epsilon_{1}<\epsilon<\epsilon_{0}$ . Therefore by the Cauchy
integral theorem, the integral (2.16) does not depend on the $positiv\epsilon$

number $\epsilon$ . For the brevity, we will write the integral (2.16) as follows:

(2.16’) $\int_{\partial L}+0f(w)F(w)dw$ .
We have clearly the following lemma:

LEMMA 2.1. For $FeR^{L}(C\backslash L;K’)$ we define a linear functional
Int$(F)$ on the space $Q(L;K^{\prime})$ by
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(2.17) Int$(F):f--\int_{\partial L+0}f(w)F(w)dw$ .
Then Int$(F)$ belongs to $Q’(L;K’)$ . If $F$ is in the space $R^{L}(C;K’)$ , we
have Int$(F)=0$ .

Thanks to Lemma 2.1, passing to the quotient we can define a con-
tinuous linear mapping

(2.18) Int: $H_{L}^{1}(C;R^{L}(K’))\rightarrow Q’(L;K’)$ .
A series of functions $F(w;\epsilon’)\in R_{b}^{L}(C\backslash L;K’(\epsilon^{\prime})),$ $\epsilon’>0$ , such that for

any $\epsilon_{1}^{\prime}<\epsilon’$ ,

$F(w;\epsilon_{1}^{\prime})-F(w;\epsilon’)eR_{b}^{L}(C;\epsilon’)$ ,

gives an element of $\tilde{H}_{L}^{1}(C;R^{L}(K^{\prime}))$ , which we denote by $[F(w;+0)]$ .
Suppose $f\in Q(L;K’)$ and $[F(w;+0)]\in\tilde{H}_{L}^{1}(C;R^{L}(K’))$ be given. We can
find positive numbers $\epsilon_{0}$ and $\epsilon_{0}^{\prime}$ such that $f\in Q_{b}(L_{\epsilon_{0}};K’(\epsilon_{0}^{\prime}))$ . For any $\epsilon$

and $\epsilon$

’ such that $0<\epsilon<\epsilon_{0}$ and $0<\epsilon’<\epsilon_{0}^{\prime}$ , we can define the integral

(2.19) $\int_{\partial L_{\epsilon}}f(w)F(w;\epsilon’)dw$ .
By the Cauchy integral theorem, the integral (2.19) is independent of
the numbers $\epsilon,$

$\epsilon$

’ and the choise of the representative $F(w;\epsilon’)$ of the
cohomology class $[F(w;+0)]$ . Therefore we will write (2.19) as follows:

(2.19’) $\int_{\partial L}+0f(w)[F(w;+0)]dw$ .
For $[F(w;+0)]\in\tilde{H}_{L}^{1}(C;R^{L}(K’))$ , we define a linear functional $\overline{Int}[F]$ by

(2.20) $\sim Int[F]:f\vdash\rightarrow-\int_{\partial L+0}f(w)[F(w;+0)]dw$

on the space $Q(L;K’)$ . As $\overline{Int}[F]$ is clearly continuous on every space
$Q_{b}(L_{\epsilon};K’(\epsilon’))$ , it is continuous on the space $Q(L;K’)$ .

It is clear by the definition of the mappings Int and $Int\sim$ that we
have the following proposition:

PROPOSITION 2.1. The following diagram is commutative:

$H_{L}^{1}(C;R^{L}(K’))\rightarrow^{\kappa}\tilde{H}_{L}^{1}(C;R^{L}(K’))$

(2.21)
$Int\backslash \backslash $ $f_{\overline{In}t}^{/}$

$Q’(L;K^{\prime})$
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that is,

(2.21’) Int $=\overline{Int}\circ\kappa$ .
It will be proved in Theorem 3.4 that all mappings in the diagram

(2.21) are isomorphisms. Especially the spaces $H_{L}^{1}(C; R^{L}(K’))$ an
$\tilde{H}_{L}^{1}(C;R^{L}(K’))$ are canonically isomorphic.

\S 3. The Cauchy transformation.

In this section we study the Cauchy transformation of the spac
$Q’(L;K’)$ using the kernel $[\exp(-(w-z)^{2})]/(w-z)$ . By the simple calcu
lation, we have

LEMMA 3.1. For $w=u+iv\in C\backslash L$ , the function of $z,$ $[\exp(-(w-z)^{2})$

$(w-z)$ belongs to the space $Q(L;K’)$ . For any positive numbers $\epsilon$ ,
and $\epsilon$

’ with $0<\epsilon<r$ , there exists a non-negative constant $C$ such that

(3.1) $\sup_{zeL_{\epsilon}}|\frac{\exp(-(w-z)^{2})}{w-z}|\exp(H_{K^{\prime}}(x)+\epsilon’|x|)$

$\leqq C\exp(H_{K^{\prime}}(u)+\epsilon’|u|)$ for $w\in L_{r}\backslash L_{\epsilon}$ .
THEOREM 3.1. (The Cauchy integral formula) Choose arbitrarily

testing function $f\in Q(L;K’)$ and find positive numbers $\epsilon_{0}$ and $\epsilon_{0}su\langle$

that $f\in Q_{b}(L_{\epsilon_{0}};K’(\epsilon_{0}))$ . For any $\epsilon$ and $\epsilon$

’ with $0<\epsilon<\epsilon_{0}$ and $0<\epsilon’<\epsilon_{0},$ ?

have the following Cauchy integral formula:

(3.2) $f(z)=\frac{1}{2\pi i}\int_{\partial L_{\epsilon}}f(w)\frac{\exp(-(w-z)^{2})}{w-z}dw$

for $ z\in$ int $L_{\epsilon}$ . The integral converges in the topology of the spa
$Q(L;K’)$ .

PROOF. Fix $ z\in$ int $L_{\epsilon}$ . We put

$L_{\epsilon}(u_{0})=\{w\in L_{e};|{\rm Re} w|\leqq u_{0}\}$ .
If $u_{0}>0$ is so large that $|{\rm Re} z|<u_{0}$ , we have, by the ordinary Caucl
integral formula,

$f(z)=\frac{1}{2\pi i}\int_{\partial L_{\epsilon}\langle u_{0})}f(w)\frac{\exp(-(w-z)^{2})}{w-z}dw$ .

The integral over the segments

$\{w\in\partial L_{\epsilon}(u_{0});{\rm Re} w=\pm u_{0}\}$
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being convergent to $0$ as $ u_{0}\rightarrow+\infty$ , we have the formula (3.2).

In order to show the convergence of the integral (3.2) in the
topology of the space $Q(L;K‘)$ , it is sufficient to show that

$I(u_{0})=\sup_{zeL_{\text{{\it \’{e}}} f2}}\exp(H_{K^{\prime}}(x)+\epsilon’|x|)|\int f(w)\frac{\exp(-(w-z)^{2})}{w-z}dw\partial L_{\epsilon,u_{0}}|$
,

tends to $0$ as $ u_{0}\rightarrow+\infty$ , where

$\partial L_{\epsilon,u_{0}}=\{w\in\partial L_{e};|{\rm Re} w|\geqq u_{0}\}$ .
We can find, by Lemma 2.1, a constant $C_{1}\geqq 0$ such that

$I(u_{0})\leqq G_{1}\int_{\partial L_{\epsilon,u_{0}}}|f(w)|\exp(H_{K^{\prime}}(u)+\epsilon’|u|)|dw|$ .

Because $f\in Q_{b}(L_{\epsilon_{0}};K’(\epsilon_{0}^{\prime})),$ $0<\epsilon<\epsilon_{0}$ and $0<\epsilon’<\epsilon_{0}^{\prime}$ , the right hand side
converges to $0$ as $ u_{0}\rightarrow+\infty$ . Q.E.D.

DEFINITION 3.1. We define the Cauchy transformation $\check{S}(w)$ of an
analytic functional $S\in Q’(L;K’)$ by the following formula:

(3.3) $\check{S}(w)=\frac{-1}{2\pi i}\langle S_{z},$ $\frac{\exp(-(w-z)^{2})}{w-z}\rangle$ .

THEOREM 3.2. The Cauchy transformation $\check{S}(w)$ of $S\in Q’(L;K’)$ is
a holomorphic function on $C\backslash L$ and, for any positive numbers $\epsilon,$ $r$ and
$\epsilon$

’ with $0<\epsilon<r$ , we have

(3.4) $\sup_{wL_{r}L_{\epsilon}}|\check{S}(w)|\exp(-H_{K^{\prime}}(u)-\epsilon’|u|)<\infty$ ,

that is, $\check{S}$ belongs to the space $R^{L}(C\backslash L;K^{\prime})$ defined in \S 2.

Proof is easy and left to the readers.
To $S\in Q^{\prime}(L;K’)$ we associate the cohomology class $[\check{S}]$ of $S\in R^{L}(C\backslash L;K^{\prime})$

in the quotient space $H_{L}^{1}(C;R^{L}(K^{\prime}))$ . This mapping is also called the
Cauchy transformation and will be denoted by $C$ :

(3.5) $C:Q^{\prime}(L;K^{\prime})\rightarrow H_{L}^{1}(C;R^{L}(K’))$ .
The following theorem claims that the Cauchy transformation $C$

(3.5) and the mapping Int (2.18) are inverse to each other.

THEOREM 3.3. (i) Let $S\in Q’(L; K‘)$ and $f\in Q(L; K‘)$ be given.
Then we have the following inversion formula:
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(3.6) $\langle S, f\rangle=-\int_{\partial L+0}f(w)\check{S}(w)dw=\langle Int(\check{S}), f\rangle$ ,

that is,

(3.7) $Int\circ C=id$ .
(ii) We have also

(3.8) $C\circ Int=id$ ,

where the mappings Int and $C$ are defined by (2.18) and (3.5) $\gamma espectively1$

PROOF. (i) can be concluded from the Cauchy integral formula
(Theorem 3.1).

(ii) Let $F\in R^{L}(C\backslash L; K^{\prime})$ and put $S=Int(F)eQ’(L; K’)$ . Il
$f\in Q_{b}(L_{\epsilon_{0}};K’(\epsilon_{0}^{\prime}))$ , we have by (i)

(3.9) $\int_{\partial L}.f(w)(F(w)-\check{S}(w))dw=0$

for $0<\epsilon<\epsilon_{0}$ . Put

$\psi(w)=F(w)-\check{S}(w)$ .
Define

$G(z)=\frac{1}{2\pi i}\int\psi(w)\frac{\exp(-(w-z)^{2})}{w-z}dw\partial L_{\epsilon_{0}}$

for $ z\in$ int $L_{\epsilon_{0}}$ . The function $G(z)$ is clearly of exponential order in int $L_{\epsilon_{\zeta}}$

and by (3.9) we have

$G(w)=\psi(w)$ for $ w\in$ (int $L_{\epsilon_{0}}$ ) $\backslash L_{\epsilon}$ .
Therefore, if we put

$\tilde{\psi}(w)=\left\{\begin{array}{ll}\psi(w) & for w\in C\backslash L\\G(w) & for w\in int L_{\epsilon_{0}} ,\end{array}\right.$

the function $\tilde{\psi}$ gives an analytic continuation of the function $\psi$ to the
whole complex plane $C$. From the $Phragm\text{\’{e}} n- Lindel\ddot{o}f$ theorem (Theorem
2.1), we conclude

$\tilde{\psi}(w)=F(w)-\check{S}(w)\in R^{L}(C;K’)$ ,

that is, $[F]=[\check{S}]$ . This proves (ii). Q.E.D.
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THEOREM 3.4. The following diagram is commutative:

$H_{L}^{1}(C;R^{L}(K’))\rightarrow^{\kappa}\tilde{H}_{L}^{1}(C;R^{L}(K’))$

(3.10) $\backslash \backslash c$

$ J_{Int}^{/}\sim$

$Int\backslash \backslash Q’(L;K’)$

Every mappings appeared in the diagram is a linear topological iso-
morphism.

PROOF. The commutativity is clear by Proposition 2.1 and Theorem
3.3. From the formula

(3.11) $\overline{Int}\circ\kappa=Int$ ,

(3.12) $\kappa\circ C\circ\overline{Int}=id$ ,

we can conclude the mapping $Int\sim$ and $\kappa$ are linear topological iso-
morphisms. Q.E.D.

We will prove a density theorem.

THEOREM 3.5. Suppose the closed strips $L_{1}$ and $L_{2}$ of the form
(1.1) satisfy $L_{1}\subset L_{2}$ and the compact intervals $K_{1}^{\prime}$ and $K_{2}^{\prime}$ satisfy $K_{1}^{\prime}\subset K_{2}^{\prime}$ .
Then the natural mapping

(3.13) $Q^{\prime}(L_{1};K_{1}^{\prime})\rightarrow Q’(L_{2};K_{2}^{\prime})$

is injective.

PROOF. Thanks to Proposition 1.2, we may suppose $K_{1}^{\prime}=K_{2}=K’$ .
By Theorem 3.4, we have only to show the natural mapping

(3.14) $H_{L_{1}}^{1}(C;R^{L_{1}}(K’))\rightarrow H_{L_{2}}^{1}(C;R^{L_{2}}(K’))$

is injective. By the Phragm\’en-Lindelof theorem, we have

(3.15) $R^{L_{1}}(C\backslash L_{1};K^{\prime})\cap R^{L_{2}}(C;K’)=R^{L_{1}}(C;K’)$ ,

from which concludes the injectivity of the mapping (3.14). Q.E.D.

\S 4. The $\epsilon$’-cauchy transformation.

We suppose in this section $L$ is a right half strip:

(4.1) $L=A+iK,$ $ A=[a, +\infty$ ), $K=[k_{1}, k_{2}]$ .
$K’=[k_{1}, k_{2}^{\prime}]$ is a compact interval. The following lemmas are easy to
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prove.

LEMMA 4.1. If $L$ is a right half strip (4.1), then the spacc
$Q_{b}(L_{\epsilon};K’(\epsilon’))$ coincides with the space of all continuous functions $f$ on
$L_{e}$ which are holomorphic in int $L_{\epsilon}$ and satisfy

(4.2)
$\sup_{zeL_{\epsilon}}|f(z)\exp((k_{2}^{\prime}+\epsilon^{\prime})z)|<\infty$ .

LEMMA 4.2. (i) Choose arbitrarily $w\in C\backslash L$ and $\epsilon’>0$ . Then tht
function $[\exp((k_{2}^{\prime}+\epsilon’)(w-z))]/(w-z)$ belongs to the space $Q(L;K’)$ .

(ii) The function which associates with $w\in C\backslash L$ the function of $z$ ,
$[\exp((k_{2}+\epsilon’)(w-z))]/(w-z)$ is a $Q(L;K’)$-valued holomorphic function on
$C\backslash L$ .

Similarly to Theorem 3.1, we have the following Cauchy integral
formula:

THEOREM 4.1. Choose arbitrarily $f\in Q(L;K’)$ and find positive
numbers $\epsilon_{0}$ and $\epsilon_{0}^{\prime}$ such that $f\in Q_{b}(L_{\epsilon_{0}};K’(\epsilon_{0}^{\prime}))$ . For any 6 and $\epsilon$

’ with
$0<\epsilon<\epsilon_{0}$ and $0<\epsilon’<\epsilon_{0}^{\prime}$ , we have the Cauchy integral formula:

(4.3) $f(z)=\frac{1}{2\pi^{i}i}\int_{\partial L_{\epsilon}}f(w)\frac{\exp((k_{2}^{\prime}+\epsilon’)(w-z))}{w-z}dw$

for $ z\in$ int $L_{\epsilon}$ . The integral (4.3) converges in the topology of the spac‘
$Q(L;K’)$ .

DEFINITION 4.1. For $SeQ’(L;K’)$ and $\epsilon’>0$ , we put

$\check{S}(w;\epsilon’)=\frac{-1}{2\pi i}\langle S_{z},$ $\frac{\exp((k_{2}^{\prime}+\epsilon’)(w-z))}{w-z}\rangle$ .

We call $S(w;\epsilon’)$ the $\epsilon$’-Cauchy transformation of a functional $S\in Q^{\prime}(L;K’)$ .
From Lemma 4.2, we can conclude

PROPOSITION 4.1. The 6’-Cauchy transformation $\check{S}(w;\epsilon’)$ of a func.
tional $S\in Q’(L;K’)$ is a holomorphic function on $C\backslash L$ and satisfies, $fo7$

any $\epsilon>0$ ,

(4.4) $\sup_{w\not\in L_{\epsilon}}|\check{S}(w;\epsilon’)\exp(-(k_{2}^{\prime}+\epsilon’)w)|<\infty$ .

PROOF. By the continuity of the functional $S$, for any positive
numbers $\epsilon$ and $\epsilon’$ , we can find a non-negative number $C$ such that
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(4.5) $|\langle S, f\rangle|\leqq C\sup_{zeL_{\epsilon}}|f(z)\exp((k_{2}^{\prime}+\epsilon’)z)|$

for any $f\in Q_{b}(L_{\epsilon};K’(\epsilon’))$ . If we fix $w\in C\backslash L_{2\epsilon}$ ,

$\sup_{zeL_{*}}|\frac{\exp(-(k_{2}^{\prime}+\epsilon’)z)}{w-z}\exp((k_{2}^{\prime}+\epsilon’)z)|\leqq\frac{1}{\epsilon}$ .

Therefore we have by (4.5)

$\sup_{w\not\in\epsilon}|\check{S}(w;\epsilon’)\exp(-(k_{2}^{\prime}+\epsilon^{\prime})w)|$

$=\sup_{w\not\in L_{2\epsilon}}\frac{1}{2\pi}|\langle S_{z},$ $\frac{\exp(-(k_{2}^{\prime}+\epsilon’)z)}{w-z}\rangle|\leqq\frac{1}{2\pi}C\frac{1}{\epsilon}$ .

As $\epsilon>0$ is arbitrary, we have shown (4.4). Q.E.D.

PROPOSITION 4.2. Suppose $S\in Q’(L;K’)$ and $\epsilon^{\prime}>\epsilon’>0$ . Then the
function
(4.6) $F(w)=\check{S}(w;\epsilon’)-\check{S}(w;\epsilon’)$

can be analytically continued to an entire function of $w$ . Further we
have

(4.7) $\sup_{we}|F(w)|\exp(-k_{2}^{\prime}u-\epsilon’ u_{+}-\epsilon^{\prime}’ u_{-})<\infty$ ,

where we put

(4.8)
$u_{+}=\left\{\begin{array}{ll}u & for u\geqq 0\\0 & for u<0,\end{array}\right.$ $u_{-}=\left\{\begin{array}{ll}0 & for u\geqq 0\\u & for u<0.\end{array}\right.$

REMARK.
$H_{[k_{2}^{\prime}+\text{\’{e}}^{\prime\prime},k_{2}^{\prime}+\epsilon^{\prime}]}(u)=\sup\{yu;y\in[k_{2}^{\prime}+\epsilon’, k_{2}^{\prime}+\epsilon^{\prime}]\}$

$=(k_{2}^{\prime}+\epsilon^{\prime})u_{+}+(k_{2}^{\prime}+\epsilon’)u_{-}$

$=k_{2}^{\prime}u+\epsilon’ u_{+}+\epsilon^{\prime\prime}u_{-}$ .
PROOF. It is clear by Proposition 4.1 that the function $F(w)$ is

holomorphic in $C\backslash L$ and

(4.9) $\sup_{w\not\in}|F(w)|\exp(-k_{2}u-\epsilon’ u_{+}-\epsilon’ u_{-})<\infty$

for any $\epsilon>0$ . Now fix $weL_{\epsilon}$ arbitrarily. The function of $z$

$G(w-z)=(w-z)^{-1}\{\exp((k_{2}^{\prime}+\epsilon’)(w-z))-\exp((k_{2}^{\prime}+\epsilon’)(w-z))\}$
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is entire. Further, $G(w-z)$ belongs to the space $Q(L;K’)$ . In fact
for $z\in L_{2\epsilon},$ $|w-z|\geqq\epsilon$ , we have

$|G(w-z)\exp((k_{2}^{\prime}+\epsilon’)z)|$

$\leqq\frac{1}{\epsilon}\{\exp((k_{l}^{\prime}+\epsilon’)u)\exp((\epsilon’-\epsilon’)(a-2\epsilon))+\exp((k_{2}^{\prime}+\epsilon’)u)\}$ .

By the maximum modulus principle, we have, for $w\in L_{e}$ ,

$\sup_{zeL_{2\epsilon}}|G(w-z)\exp((k_{2}^{\prime}+\epsilon’)z)|$

$\leqq\frac{1}{\epsilon}\{\exp((k_{2}^{\prime}+\epsilon’)u)\exp((\epsilon’‘ -\epsilon’)(a-2\epsilon))+\exp((k_{2}+\epsilon’)u)\}$ ,

that is, the function of $z,$ $G(w-z)$ belongs to the space $Q_{b}(L_{2e};K^{\prime}(\epsilon’)\backslash $

Therefore the function

$ F(w)=\frac{-1}{2\pi^{l}i}\langle S_{z}, G(w-z)\rangle$

is defined for $w\in L_{\epsilon}$ and we have, by the continuity of $S$ ,

$\sup_{wL_{*}}|F(w)|\leqq C_{1}\exp((k_{2}^{\prime}+\epsilon’)u)+C_{2}\exp((k_{2}^{\prime}+\epsilon’)u)$

for some non-negative constants $C_{1}$ and $C_{l}$ . This proves the $inequalit$

(4.7). Q.E.r

LEMMA 4.3. If $L$ is the right half strip (4.1), we have

(4.10) $R_{b}^{L}(C\backslash L;K’(\epsilon’))$

$=$ { $ Fed(C\backslash L);\sup_{\backslash w\in L_{rLe}}|F(w)|\exp(-(k_{2}^{\prime}+\epsilon’)u)<\infty$ for any $r>\epsilon>0$ }

(4.11) $R_{b}^{L}(C;K’(\epsilon’))$

$=$ {$Fe$ ef $(C);\sup_{w\in L_{r}}|F(w)|\exp(-(k_{2}^{\prime}+\epsilon^{\prime})u)<\infty$ for any $r>0$}.

$PR\infty F$ . The lemma results from the left boundedness of the stri
$L$ . Q.E.I

DEFINITION 4.2. Thanks to Propositions 4.1 and 4.2 and Lemma 4.
the $\epsilon$’-Cauchy transformations $\check{S}(w;\epsilon’)$ of the functional $S\in Q’(L;K$

define a cohomology class $[\check{S}(w;+0)]$ in $\tilde{H}_{L}^{1}(C;R^{L}(K’))$ . We will writ
the mapping $S\mapsto[S^{v}(w;+0)]$ as follows:

(4.12) $\overline{C}:Q’(L;K’)\rightarrow\tilde{H}_{L}^{1}(C;R^{L}(K))$
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and call it also the $\epsilon^{\prime}$-Cauchy transformation.
From the Cauchy integral formula (Theorem 4.1), we can conclude

PROPOSITION 4.3. Suppose $L$ is the right half strip (4.1). Let
$S\in Q’(L;K’)$ and $f\in Q(L;K’)$ be given. $[\check{S}(w;+0)]\in\tilde{H}_{L}^{1}(C;K’)$ denotes
the $\epsilon$’-Cauchy transformation of S. Then we have the following in-
version formula:

(4.13) $\langle S, f\rangle=-\int_{\partial L+0}f(w)[\check{S}(w;+0)]dw=\langle\overline{Int}[\check{S}(w;+0)], f\rangle$ .

THEOREM 4.2. Suppose $L$ is the right half strip (4.1). Then the
$\epsilon^{\prime}$-Cauchy transformation $\tilde{C}$ and the operator $\overline{IInt}$ are inverse to each
other, that is,
(i) $\overline{Int}\circ\tilde{C}=id$ , (ii) $\tilde{C}\circ Int=id\sim$ .

PROOF. (i) is nothing but the preceding proposition. By (i), we
have

$Int\circ\tilde{C}\circ Int=Int\sim\sim\sim$ .
By Theorem 3.4, $\overline{Int}$ is a linear topological isomorphism. Therefore we
have (ii). Q.E.D.

\S 5. The Fourier transformation of $Q’(L;K’)$ .
We assume in this section as in \S 4 that the strip $L$ is a right half

strip (4.1).

LEMMA 5.1. The function $\exp(-iz\zeta)$ of $z$ belongs to the space
$Q(L;K^{\prime})$ if and only if $\eta={\rm Im}\zeta<-k_{2}^{\prime}$ .

PROOF. As we have

$|\exp(-iz\zeta)|=\exp(x\eta+y\xi)$ , $z=x+iy,$ $\zeta=\xi+i\eta$ ,

the lemma results from Lemma 4.1. Q.E.D.

DEFINITION 5.1. For $SeQ’(L;K’)$ we define the Fourier transfor-
mation $\tilde{S}(\zeta)$ of $S$ as follows:

(5.1) $\tilde{S}(\zeta)=\langle S_{z}, \exp(-iz\zeta)\rangle$ .
$\tilde{S}(\zeta)$ is a function on the open half plane

$R+i(-\infty, -k_{2}^{\prime})=\{\zeta=\xi+i\eta\in C;\eta<-k_{2}\}$ .
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DEFINITION 5.2. We define the space $Exp(R+i(-\infty, -k_{2}^{\prime});L)$ to bt
the space of the holomorphic functions $F$ on the open half plan
$R+i(-\infty, -k_{2}^{\prime})$ which are of exponential type in $L$ in the following
sense: For any positive numbers $\epsilon$ and $\epsilon$

’ there exists a non-negativt
number $C$ such that

(5.2) $|F(\zeta)|\leqq C\exp(h_{L}(\zeta)+\epsilon|\zeta|)$ ,

where $h_{L}(\zeta)=H_{K}(\xi)+a\eta,$ $\zeta=\xi+i\eta$ .
PROPOSITION 5.1. The Fourier transformation $\leftarrow \mathscr{F}^{-}:S\vdash\rightarrow\tilde{S}$ maps $th_{(}$

$s$pace $Q’(L;K’)$ into the space $Exp(R+i(-\infty, -k_{2}^{\prime});L)$ :

(5.3) $\mathscr{F}^{\rightarrow}:Q^{\prime}(L;K’)\rightarrow Exp(R+i(-\infty, -k_{2}^{\prime});L)$ .
PROOF. Let $S\in Q’(L;K’)$ . By the continuity of $S$ , we can find

for any positive numbers $\epsilon$ and $\epsilon’$ , a non-negative number $C$ such that

$|\tilde{S}(\zeta)|=|\langle S_{z}, \exp(-iz\zeta)\rangle|$

$\leqq C\sup_{zeL_{e}}|\exp(-iz\zeta)|\exp((k_{2}^{\prime}+\epsilon’)x)$

$=C\exp((a-\epsilon)(\eta+k_{0}^{\prime}*+\epsilon’))\exp(H_{K}(\xi)+\epsilon|\xi|)$

for $\eta+k_{2}^{\prime}+\epsilon’\leqq 0$ , from which results (5.2). Q.E. $D$

Suppose now $F\in Exp(R+i(-\infty, -k_{2}^{\prime});L)$ be given. Fix $\zeta_{0}=\xi_{0}+i7$

and $\zeta’=\xi+i\eta$
’ such that

$\eta_{0}={\rm Im}\zeta_{0}<-k_{2}$, $|\zeta|=1$ , $\eta’={\rm Im}\zeta’\leqq 0$ .
Consider the following integral:

(5.4) $\hat{F}(w, \zeta_{0}, \zeta’)$

$=\frac{1}{2\pi}\int_{C_{0}+R^{+}\zeta^{\prime}}F(\tau)\exp(iw\tau)d\tau$

$=\frac{1}{..2\pi}\int_{0}^{\infty}F(\zeta_{0}+t\zeta)\exp(iw(\zeta_{0}+t\zeta’))\zeta dt$ ,

where $ R^{+}=[0, \infty$ ). By (5.2) we have for any $t\geqq 0$

$|F(\zeta_{0}+t\zeta)|$

$\leqq C\exp((a-\epsilon)\eta_{0})\exp(t(H_{K}(\xi^{\prime})+\epsilon|\xi^{\prime}|+(a-\epsilon)\eta’))$ .
Therefore the integral $\hat{F}(w, \zeta_{0}, \zeta’)$ is absolutely convergent for $w\in W_{\epsilon}(\zeta’\backslash $.
where
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$W_{\epsilon}(\zeta’)=\{w\in C;-{\rm Im} w\zeta’+H_{K}(\xi)+\epsilon|\xi|+(a-\epsilon)\eta’<0\}$ .
We put also

$W(\zeta’)=\{w\in C;-{\rm Im} w\zeta’+H_{K}(\xi)+a\eta’<0\}$ .
$W_{\epsilon}(\zeta’)$ and $W(\zeta)$ are open half planes and we have

$W(\zeta^{\prime})=\bigcup_{\text{\’{e}}>0}W_{\epsilon}(\zeta^{\prime})$ .
For example, we have

$W_{\text{\’{e}}}(1)=\{w;-v+k_{2}+\epsilon<0\}$ , $W(1)=\{w;v>k_{2}\}$ ,
$W_{\epsilon}(-i)=\{w;u-(a-\epsilon)<0\}$ , $W(-i)=\{w;u<a\}$ ,
$W_{\epsilon}(-1)=\{w;v-k_{1}+\epsilon<0\}$ , $W(-1)=\{w;v<k_{1}\}$ ,

where we put $w=u+iv$ . By the definition, we have

$\cup\{W_{\epsilon}(\zeta’);|\zeta^{\prime}|=1, {\rm Im}\zeta’\leqq 0\}=C\backslash L_{\epsilon}$ ,
$\bullet\cup\{W(\zeta’);|\zeta’|=1, {\rm Im}\zeta’\leqq 0\}=C\backslash L$ .

In particular, $\{W_{\epsilon}(\zeta^{\prime});\epsilon>0, |\zeta|=1, {\rm Im}\zeta\leqq 0\}$ is an open covering of $C\backslash L$

by open half planes.

LEMMA 5.2. The function of $w,\hat{F}(w, \zeta_{0}, \zeta’)$ is holomorphic on the
half plane $W(\zeta^{\prime})$ .

PROOF. In fact, $\hat{F}(w, \zeta_{0}, \zeta^{\prime})$ is absolutely convergent on $W_{\epsilon}(\zeta^{\prime})$ and
is holomorphic there. Q.E.D.

LEMMA 5.3. Suppose $|\zeta’|=|\zeta|=1,$ ${\rm Im}\zeta\leqq 0$ and ${\rm Im}\zeta\leqq 0$ . Then we
have

(5.5) $\hat{F}(w, \zeta_{0}, \zeta’)=\hat{F}(w, \zeta_{0}, \zeta^{\prime})$ for $w\in W(\zeta’)\cap W(\zeta)$ .
PROOF. It is sufficient to show (5.5) for $w\in W_{\epsilon}(\zeta^{\prime})\cap W_{\epsilon}(\zeta’)$ , for

every $\epsilon>0$ . The function of $\tau,$ $F(\tau)\exp(iw\tau)$ is a holomorphic function
of exponential type on the sector spanned by $\zeta_{0}+R^{+}\zeta$

’ and $\zeta_{0}+R^{+}\zeta^{\prime}$
’ and

decreases exponentially at the infinity on the boundaries $\zeta_{0}+R^{+}\zeta$ and
$\zeta_{0}+R^{+}\zeta^{\prime}$ . Therefore by the Phragm\’en-Lindelof theorem, $F(\tau)\exp(iw\tau)$

decreases exponentially at the infinity uniformly in the sector. There-
fore by the Cauchy integral theorem,

$\{\int_{c_{0}+R^{+}\zeta},$ $-\int_{C_{0}+R^{+}\zeta},,\}F(\tau)\exp(iw\tau)d\tau=0$ ,

from which results the lemma. Q.E.D.
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LEMMA 5.4. Suppo8e $\zeta_{0}=-(k_{2}^{\prime}+\epsilon^{\prime})i$ . We define a holomorphic func
tion $\hat{F}(w, \zeta_{0})$ on $C\backslash L$ by

(5.6) $\hat{F}(w, \zeta_{0})=\hat{F}(w, \zeta_{0}, \zeta’)$ for $w\in W(\zeta’)$ .
Then for any $\epsilon>0$ we have

(5.7) $\sup_{wlL_{\epsilon}}|\hat{F}(w, \zeta_{0})|\exp(-(k_{2}^{\prime}+\epsilon’)u)<\infty$ .
In particular,

(5.8) $\hat{F}(w, \zeta_{0})\in R_{d}^{L}(C\backslash L;K’(\epsilon’))$ .
PROOF. We have, for $weW(\zeta’)$ ,

(5.9) $\hat{F}(w, \zeta_{0}, \zeta)=\exp((k_{2}^{\prime}+\epsilon^{\prime})w)\frac{1}{2\pi}\int_{0}^{\infty}F(\zeta_{0}+t\zeta)[\exp(itw\zeta^{\prime})]\zeta’ dt$ .
We have, by the definition of $W_{e}(\zeta^{\prime})$ ,

$\sup_{weW_{\epsilon(\zeta)}},|\int_{0}^{\infty}F(\zeta_{0}+t\zeta^{\prime})[\exp(itw\zeta)]\zeta’ dt|<\infty\bullet$

Therefore by (5.9) the function $[\exp(-(k_{l}^{\prime}+\epsilon^{\prime})w)]\hat{F}(w, \zeta_{0})$ is bounded on
$W_{\epsilon}(\zeta)$ , hence on $C\backslash L_{\epsilon}$ . From Lemma 4.3, we can conclude (5.8). Q.E.D.

LEMMA 5.5. Suppose $\epsilon’>\epsilon’>0$ . Then the function
$G(w)=\hat{F}(w, -(k_{2}+\epsilon^{\prime})i)-\hat{F}(w, -(k_{2}+\epsilon’)i)$

is an entire function and satisfies
$|G(w)|\leqq C\exp(k_{2}^{\prime}u+\epsilon’ u_{+}+\epsilon’ u_{-})$ ,

where $u_{+}$ and u-are defined by (4.8). In particular,

(5.10) $G(w)\in R_{b}^{L}(C;K^{\prime}(\epsilon))$ .
PROOF. The lemma results from the following formula:

$G(w)=\frac{1}{2\pi}\int_{-(k_{2}+\epsilon)i}^{-(k_{2}^{\prime}+\epsilon^{\prime\prime})i}$ $ F(\tau)\exp(iw\tau)d\tau$ Q.E.D.

DEFINITION 5.3. For $F\in Exp(R+i(-\infty, -k_{2});L)$ , we denote
$\hat{F}(w;\epsilon^{\prime})=\hat{F}(w, -(k_{2}+\epsilon’)i)$ .

As we have (5.8) and (5.10), the functions $\hat{F}(w;\epsilon^{\prime}),$ $\epsilon^{\prime}>0$ , define a
cohomolgy class $[\hat{F}(w; +0)]\in\tilde{H}_{L}^{1}(C;R^{L}(K’))$ . We call $[\hat{F}(w;+0)]$ the
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Laplace $transfo\gamma mation$ of $F$. We will denote the mapping
$F->[\hat{F}(w;+0)]$ by $\mathscr{L}$ :

(5.11) ..?: $Exp(R+i(-\infty, -k_{2}^{\prime});L)\rightarrow\tilde{H}_{L}^{1}(C;R^{L}(K^{\prime}))$ .
EXAMPLE. The exponential function $F(\zeta)=\exp(-iz\zeta)$ belongs to the

space $Exp(R+i(-\infty, -k_{2}^{\prime});L)$ if and only if $z\in L$ . The Laplace trans-
formation $\hat{F}(w;\epsilon’)$ of the exponential function $F(\tau)=\exp(-iz\tau)$ is the
$\epsilon^{\prime}$-Cauchy kernel:

(5.12) $F(w;\epsilon’)=\frac{1}{2\pi i}\frac{\exp((-k_{2}^{\prime}+\epsilon’)(z-w))}{z-w}$ $w\in C\backslash L$ .
PROPOSITION 5.2. For $F\in Exp(R+i(-\infty, -k_{2}^{\prime})$ ; $L$), the Fourier

transformation of the analytic functional $\overline{Int}[\hat{F}(w;+0)]$ coincides with
the original function $F$, that is,

(5.13) $\mathscr{L}^{-}\circ\overline{Int}\circ \mathscr{L}=id$ .
PROOF. Put $S=\overline{Int}\circ \mathscr{L}(F)=Int[\hat{F}(w;\sim+0)]$ . By the definition of $Int\sim$,

we have

$\tilde{S}(\zeta)=|_{-\partial L_{\epsilon}}[\exp(-iw\zeta)]\hat{F}(w;\epsilon^{\prime})dw$

for ${\rm Im}\zeta<-k_{l}^{\prime}-\epsilon’$ . We decompose the integral path $-\partial L_{\epsilon}$ into three
parts I, II and III as shown in the following figure:

$w_{1}=(a-\epsilon)+i(k_{2}+\epsilon)$ ,
$w_{2}=(a-\epsilon)+i(k_{1}-\epsilon)$ .

We have

(5.14) $\int_{-\partial L_{e}}=\int_{I}+\int_{II}+\int_{III}$ .
We suppose for simplicity $\zeta_{0}=-(k_{2}^{\prime}+\epsilon’)i$ . On the integral path I, we
have Imw $>k_{a}$ and $\hat{F}(w;\epsilon’)=\hat{F}(w, \zeta_{0},1)$ . Therefore for ${\rm Im}\zeta<-k_{2}-\epsilon’$ , we
have

$\int_{I}[\exp(-iw\zeta)]\hat{F}(w;\epsilon^{\prime})dw$

$=\int_{I}[\exp(-iw\zeta)]\hat{F}(w, \zeta_{0},1)dw$
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$=\frac{1}{2\pi}\int_{I}[\exp(-iw\zeta)](\int_{\zeta_{0}+R^{+}}F(\tau)\exp(iw\tau)d\tau)dw$

$=\frac{1}{2\pi}\int_{\sigma_{0}+R^{+}}F(\tau)(\int_{I}\exp(iw(\tau-\zeta))dw)d\tau$

$=\frac{-1}{2\pi i}\int_{c_{0}+R^{+}}F(\tau)\frac{\exp(iw_{1}(\tau-\zeta))}{\tau-\zeta}d\tau$ .

Similarly we have, for ${\rm Re}\zeta\neq 0$ ,

$\int_{II}[\exp(-iw\zeta)]\hat{F}(w;\epsilon’)dw$

$=\int_{II}[\exp(-iw\zeta)]\hat{F}(w, \zeta_{0}, -i)dw$

$=\frac{1}{2\pi i}\int_{\zeta_{0}-iR^{+}}F(\tau)\frac{\exp(iw_{1}(\tau-\zeta))-\exp(iw_{2}(\tau-\zeta))}{\tau-\zeta}d\tau$ .
Finally we have, for ${\rm Im}\zeta<-k_{2}^{\prime}-\epsilon’$ ,

$\int_{III}[\exp(-iw\zeta)]\hat{F}(w;\epsilon’)dw$

$=\int_{III}[\exp(-iw\zeta)]\hat{F}(w, \zeta_{0}, -1)dw$

$=\frac{1}{2\pi i}\int_{\zeta_{0}-R^{+}}F(\tau)\frac{\exp(iw_{2}(\tau-\zeta))}{\tau-\zeta}d\tau$ .
By (5.14) we have, for $\zeta$ with ${\rm Im}\zeta<-k_{2}^{\prime}-\epsilon^{\prime}$ and ${\rm Re}\zeta\neq 0$ ,

$\tilde{S}(\zeta)=\int_{-\partial L_{e}}[\exp(-iw\zeta)]\hat{F}(w;\epsilon’)dw$

$=\frac{1}{2\pi i}\int_{\sigma_{1}}F(\tau)\frac{\exp(iw_{1}(\tau-\zeta))}{\tau-\zeta}d\tau$

$+\frac{1}{2\pi\prime i}\int_{c_{2}}F(\tau)\frac{\exp(iw_{2}(\tau-\zeta))}{\tau-\zeta}d\tau$ ,

where $C_{1}$ and $C_{2}$ are the paths depicted in the following figures:
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By the Cauchy integral formula we have

$\frac{1}{2\pi i}\int_{\sigma_{1}}F(\tau)\frac{\exp(iw_{1}(\tau-\zeta))}{\tau-\zeta}d\tau$

$=\left\{\begin{array}{ll}F(\zeta) & for \zeta with {\rm Re}\zeta>0 and {\rm Im}\zeta<-k_{2}^{\prime}-\epsilon’\\0 & for \zeta with {\rm Re}\zeta<0 and {\rm Im}\zeta<-k_{2}^{\prime}-\epsilon^{\prime} ,\end{array}\right.$

and

$\frac{1}{2\pi\prime\dot{b}}\int_{c_{2}}F(\tau)\frac{\exp(iw_{2}(\tau-\zeta))}{\tau-\zeta}d\tau$

$=\left\{\begin{array}{ll}0 & for \zeta with {\rm Re}\zeta>0 and {\rm Im}\zeta<-k_{2}^{\prime}-\epsilon’\\F(\zeta) & for \zeta with {\rm Re}\zeta<0 and {\rm Im}\zeta<-k_{2}^{\prime}-\epsilon’.\end{array}\right.$

Adding these two formulas, we obtain

(5.15) $\tilde{S}(\zeta)=F(\zeta)$ for $\zeta$ with ${\rm Re}\zeta\neq 0$ and ${\rm Im}\zeta<-k_{2}^{\prime}-\epsilon’$ .
$\tilde{S}$ and $F$ are both holomorphic in the open half plane $\{\zeta;{\rm Im}\zeta<-k_{2}^{\prime}\},\tilde{S}$

and $F$ coincide in this half plane. Q.E.D.

THEOREM 5.1. Suppose $L$ is the right half strip (4.1). Then the
following diagram is commutative and every mapping in it is a linear
topological isomorphism:

$Q’(L;K’)\rightarrow^{\ovalbox{\tt\small REJECT}^{-}}Exp(R+i(-\infty, -k_{2}^{\prime});L)$

(5.16)
$\overline{In}t\backslash \backslash \backslash \tilde{C\backslash }\searrow$ $\swarrow^{Z}//$

$\tilde{H}_{L}^{1}(C;R^{L}(K’))$

PROOF. We proved in Theorem 4.2 that $\tilde{C}$ and $\overline{Int}$ are inverse to
each other. $\mathscr{G}^{-}\circ\overline{Int}\circ \mathscr{L}=id$ is shown in Proposition 5.2. We have only
to show $\sim Int\circ..?$ $\circ \mathscr{G}^{-}=id$ , which is equivalent to $\mathscr{L}\circ\ovalbox{\tt\small REJECT}=\tilde{C}$ .

Let $S\in Q’(L;K’)$ be given. Put

$ F(\zeta)=\langle S_{z}, \exp(-iz\zeta)\rangle$ .
Put $\zeta_{0}=-(k_{2}+\epsilon^{\prime})i$ . We have for $w\in W(\zeta)$ ,

(5.17) $\hat{F}(w;\epsilon’)$

$=\frac{1}{2\pi}\int_{C_{0}+R^{+}\zeta^{\prime}}F(\zeta)\exp(-iw\zeta)d\zeta$

$=\frac{1}{2\pi}\int_{c_{0}+R^{+}\zeta^{\prime}}\langle S_{z}, \exp(-iz\zeta)\rangle\exp(iw\zeta)d\zeta$
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$=\frac{1}{2\pi}\langle S_{z},$ $\int_{c_{0}+R^{+}\zeta^{\prime}}\exp(i(w-z)\zeta)d\zeta\rangle$

$=\frac{1}{2\pi i}\langle S_{z},$ $\frac{\exp(-(k_{a}^{\prime}+\epsilon’)(z-w))}{z-w}\rangle$

$=\check{S}(w;\epsilon’)$ .
The functions $\hat{F}(w;\epsilon’)$ and $\check{S}(w:\epsilon’)$ are holomorphic in the domain $C\backslash L$ ,

Therefore we have $\hat{F}(w;\epsilon’)=\check{S}(w;\epsilon’)$ for $w\in C\backslash L$ , which proves
$\mathscr{L}\circ \mathscr{L}^{-}/=\tilde{C}$ . Q.E.D.

\S 6. The Fourier transformation of $Q’(R+iK;K’)$ .
In this section we suppose the strip $L$ is an entire strip:

(6.1) $L=R+iK=(-\infty, \infty)+i[k_{1}, k_{2}]$ .
DEFINITION 6.1. For $f\in Q(R+iK|K’)$ , we define the Fourier trans-

formation $\mathscr{F}^{-}f=\tilde{f}$ by

(6.2) $\mathscr{L}^{-}f(\zeta)=\tilde{f}(\zeta)=\int_{-\infty}^{\infty}f(x+iy)\exp(-i\zeta(x+iy))dx$ .
It can be easily proved that the integral (6.2) converges for $\zeta\in(R+iK’)_{\epsilon^{\prime}}$

and $y\in K(\epsilon)$ and is independent of $y\in K(\epsilon)$ for some $\epsilon’>0$ and $\epsilon>0$ .
The Fourier transformation $\tilde{f}$ of $f$ belongs to the space $Q(R+iK^{\prime}; -K)$ .
Moreover we have, by a routine argument,

THEOREM 6.1. The Fourier transformation
(6.3) $\mathscr{G}^{-}:Q(R+iK;K’)\rightarrow Q(R+iK’;-K)$

is a linear topological isomorphism.

DEFINITION 6.2. For an analytic functional $S\in Q’(R+iK;K’)$ , we
define $\mathscr{G}_{d}^{\vee}S\in Q’(R-iK’;K)$ by the formula:

(6.4) $\langle \mathscr{G}_{d}^{-}S, f\rangle=\langle S, \mathscr{G}^{-}f\rangle$ for $f\in Q(R-iK’;K)$ .
We call the transformation $\mathscr{G}_{d}^{-}$ the dual Fourier transformation.

As $\ovalbox{\tt\small REJECT}_{d}$ is the dual operator of the linear topological isomorphism
(6.3), we have

COROLLARY. The dual Fourier transformation
(6.5) $\mathscr{L}_{d}^{\vee};Q’(R+iK;K’)\rightarrow Q’(R-iK’;K)$
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is a linear topological isomorphism.
The aim of this section is to study the dual Fourier transformation

(6.5) by means of the Fourier transformation defined in the preceding
sections.

Let us fix $a$ and $b$ with $a\leqq b$ and put

(6.6) $ L_{+}=[a, \infty$ ) $+iK,$ $L_{-}=(-\infty, b$] $+iK$ ,
(6.7) $L_{0}=[a, b]+iK$ .

PROPOSITION 6.1. The sequence (6.8) is an exact sequence of DFS
spaces:

(6.8) $0\rightarrow Q(L;K’)\rightarrow^{h_{1}}Q(L_{+};K’)\oplus Q(L_{-};K’)\rightarrow^{h_{2}}Q(L_{0};K’)\rightarrow 0$ ,

where we put

$h_{1}(f)=(f|_{L+}, f|_{L-})$ for $f\in Q(L;K’)$ ,
$h_{2}(f_{1}, f_{2})=fi|_{L_{0}}-f_{2}|_{L_{0}}$ for $(f_{1}, f_{2})\in Q(L_{+};K’)\oplus Q(L_{-};K’)$ .

($f|_{L+},$ $f|_{L-},$ $f_{1}|_{L_{0}}$ and $f_{2}|_{L_{Q}}$ denote the restrictions to $L_{+},$ $L_{-}$ and $L_{0}.$ )

PROOF. For brevity, we write (6.8) as follows:

(6.8’) $0\rightarrow Q\rightarrow^{h_{1}}Q_{+}\oplus Q_{-}\rightarrow^{h_{2}}Q_{0}\rightarrow 0$ .
By the uniqueness of the analytic continuation, $h_{1}$ is one-to-one, i.e.
(6.8’) is exact at $Q$ . As we have clearly ${\rm Im} h_{1}=Kerh_{2}$ , (6.8’) is exact
at $Q_{+}\oplus Q_{-}$ . Therefore we have only to show $h_{2}$ is onto.

Fix $f\in Q_{0}=Q(L_{0};K’)=p(L_{0})$ arbitrarily. Choose $\epsilon_{0}>0$ for which $f$

is continuous on $L_{0,\epsilon_{0}}$ . We have by the Cauchy integral formula

$f(z)\exp(z^{2})=\frac{1}{2\pi i}\int_{\partial L_{0,\epsilon_{0}}}\frac{f(w)\exp(w^{2})}{w-z}dw$

$=\frac{1}{2\pi i}\{\int_{c_{1}}+\int_{c_{2}}\}\frac{f(w)\exp(w^{2})}{w-z}dw$

$=f_{1}(z)-f_{2}(z)$ ,
where we put

$C_{1}=\{w\in\partial L_{0,\epsilon_{0}},$ ${\rm Re} w\leqq\frac{a+b}{2}\}$ ,

$C_{2}=\{w\in\partial L_{0,\epsilon_{0}},$ ${\rm Re} w\geqq\frac{a+b}{2}\}$ .
The function
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$f_{j}(z)=\frac{(-1)^{j-1}}{2\pi i}\int_{c_{j}}\frac{f(w)\exp(w^{2})}{w-z}dw$

is holomorphic in $C\backslash C_{j}$ , for $j=1,2$ . In particular, $f_{1}$ is holomorphic $i$ .

$intL_{+,\epsilon_{0}}$ and $f_{a}$ in $intL_{-,\epsilon_{0}}$ . If we fix $\epsilon$ with $0<\epsilon<\epsilon_{0},$ $f_{1}$ is bounded $0$

$L_{+,\epsilon}$ and $f_{2}$ is bounded on $L_{-,\epsilon}$ . As we have

$f(z)=\exp(-z^{2})f_{1}(z)-\exp(-z^{2})f_{2}(z)$ ,
$\exp(-z^{2})f_{1}(z)eQ_{+}$ and $\exp(-z^{2})f_{2}(z)\in Q_{-}$ ,

the function $f$ belongs to ${\rm Im} h_{2}$ , which proves $h_{2}$ is onto. Q.E. $[$

Passing to the dual operators, we have the following

PROPOSITION 6.2. The sequence (6.9) is an exact sequence of $F$

spaces:

(6.9) $0\leftarrow Q’(L;K’)\leftarrow^{h_{1}^{\prime}}Q’(L_{+};K^{\prime})\oplus Q^{\prime}(L;K’)\leftarrow^{h_{2}^{\prime}}Q’(L_{0};K’)\leftarrow 0$ .
It is well known that the Fourier transformation

(6.10) $\mathscr{G}^{-}:S\mapsto\tilde{S}(\zeta)=\langle S_{z}, \exp(-iz\zeta)\rangle$

establishes a linear topological isomorphism

(6.11) $\mathscr{G}^{-}:Q’(L_{0};K’)\rightarrow Exp(C;L_{0})$ ,

where

$Exp(C;L_{0})=\{F\in p(C);\forall\epsilon>0,$ $\exists C\geqq 0$ such that
$|F(\zeta)|\leqq G\exp(h_{L_{0}}(\zeta)+\epsilon|\zeta|)\}$ ,

$h_{L_{0}}(\zeta)=H_{K}(\xi)+b\eta_{+}+a\eta_{-}$ ,

$\eta_{+}=\left\{\begin{array}{ll}\eta & for \eta\geqq 0,\\0 & for \eta\leqq 0,\end{array}\right.$ $\eta_{-}=\left\{\begin{array}{ll}0 & for \eta\geqq 0,\\\eta & for \eta\leqq 0.\end{array}\right.$

We have shown in \S 4 that the Fourier transformation (6.10) esti
blishes the linear topological isomorphism

(6.12) $F:Q’(L_{+};K’)\rightarrow Exp(R+i(-\infty, -k_{2}^{\prime});L_{+})$ .
As $\eta$ is bounded from above in $R+i(-\infty, -k_{2})$ , we have

(6.13) $Exp(R+i(-\infty, -k_{2}^{\prime});L_{+})$

$=\{F\in P(R+i(-\infty, -k_{2}^{\prime}));\forall\epsilon>0,$ $\forall\epsilon’>0,$ $\exists C\geqq 0$ such $th_{\iota}^{\prime}$

$|F(\zeta)|\leqq C\exp(h_{L_{0}}(\zeta)+\epsilon|\zeta|)$ for ${\rm Im}\zeta<-k_{2}^{\prime}-\epsilon$ }
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In the same way as in the case $Q’(L_{+};K’)$ , we can prove the
Fourier transformation (6.10) establishes the linear topological iso-
morphism:

(6.14) $\mathscr{G}^{-}:Q’(L_{-}; K’)\rightarrow Exp(R+i(-k_{1}^{\prime}, \infty);L_{-})$ ,

where

(6.15) $Exp(R+i(-k_{1}^{\prime}, \infty);L_{-})$

$=\{F\in d(R+i(-k_{1}^{\prime}, \infty));\forall\epsilon>0,$ $\forall\epsilon’>0,$ $\exists C\geqq 0$ such that
$|F(\zeta)|\leqq C\exp(h_{L_{0}}(\zeta)+\epsilon|\zeta|)$ for ${\rm Im}\zeta\geqq-k_{1}^{\prime}+\epsilon$ }

Now we define

(6.16) $Exp(C\backslash (R-iK’);L_{0})$

$=\{F\in P(C\backslash (R-iK’));\forall\epsilon>0,$ $\forall\epsilon’>0,$ $\exists C\geqq 0$ such that
$|F(\zeta)|\leqq C\exp(h_{L_{0}}(\zeta)+\epsilon|\zeta|)$ for ${\rm Im}\zeta\not\in-K’(\epsilon’)$ }.

By the definition, we have clearly

(6.17) $Exp(C\backslash (R-iK);L_{0})$

$=Exp(R+i(-\infty, -k_{2}^{\prime});L_{+})\oplus Exp(R+i(-k_{1}, \infty);L_{-})$ .
DEFINITION 6.3. (i) We put

(6.18) $H_{R-iK}^{1},(C;Exp(L_{0}))=Exp(C\backslash (R-iK’);L_{0})/Exp(C;L_{0})$ .
(ii) We define the Fourier transformation
(6.19) $F:Q’(R+iK;K’)\rightarrow H_{R-iK^{\prime}}^{1}(C;Exp(L_{0}))$

in such a way that the following diagram becomes commutative:

$0\leftarrow Q’(R+iK;K’)\leftarrow^{h_{1}’}$
$Q_{+}\oplus Q_{-}^{\prime}$

$\leftarrow^{h_{2}’}$

$Q_{0}\leftarrow 0$

(6.20) $\downarrow\ovalbox{\tt\small REJECT}^{-}$ $\downarrow\llcorner\ovalbox{\tt\small REJECT}^{-}$ $\downarrow\ovalbox{\tt\small REJECT}^{-}$

$0\leftarrow H_{R-iK^{\prime}}^{1}(C;Exp)\leftarrow Exp(C\backslash (R-iK’))\leftarrow Exp(C)\leftarrow 0$ ,

where we abbreviated $L_{0}=[a, b]+iK$:
$H_{R-iK^{\prime}}^{1}(C;Exp)=H_{R-iK^{\prime}}^{1}(C;Exp(L_{0}))$ ,

$Exp(C\backslash (R-iK’))=Exp(C\backslash (R-iK’);L_{0})$ and
$Exp(C)=Exp(C;L_{0})$ .

By the definition we have clearly
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(6.21) $R^{R-iK^{\prime}}(C;K)\supset Exp(C;L_{0})$

(6.22) $R^{R-iK^{\prime}}(C\backslash (R-iK’);K)\supset Exp(C\backslash (R-iK’);L_{0})$ ,

where we recall $L_{0}=[a, b]+iK$. Therefore we can define canonically th
mapping

(6.23) $c:H_{R-iK^{\prime}}^{1}(C;Exp(L_{0}))\rightarrow H_{R-iK^{\prime}}^{1}(C;\acute{R}^{R-iK^{\prime}}(K))$ .
THEOREM 6.2. Suppose $L=R+iK$ is the entire strip (6.1). Defin

$L_{+},$ $L_{-}$ and $L_{0}$ by (6.6) and (6.7). Then the following diagram is $con_{(}$

mutative and every mapping appeared in the diagram is a linea
topological isomorphism:

$Q’(R+iK;K’)\rightarrow Q’(R-iK’;z_{a}K)$

(6.24)
$H_{R-iK^{\prime}}^{1}(C;\downarrow\ovalbox{\tt\small REJECT}^{-}Exp([a, b]+iK))$

$/Int/^{\nearrow}$

$H_{R-iK^{\prime}}^{1}(C;I_{R^{R-iK^{\prime}}(K))}^{f}/^{/^{/}}$

where $\sim\sqrt[\approx]{}d$ is the dual Fourier transformation defined by (6.4), $\ovalbox{\tt\small REJECT}^{\rightarrow}is$ th
Fourier transformation defined by (6.20), the mapping $c$ is defined $b$

(6.23) and the mapping Int is defined by (2.18).

PROOF. Choose arbitrarily $S\in Q’(R+iK;K’)$ and $f\in Q(R-iK’;K$
By Proposition 6.2, we can decompose $S$ as follows:

(6.25) $S=S^{+}-S^{-}$ , $S^{+}\in Q’(L_{+};K’)$ , $S^{-}\in Q’(L_{-}; K‘)$ .
There exists positive numbers $\epsilon$

’ and $\epsilon$ such that $f\in Q_{b}((R-iK’)_{2\epsilon^{\prime}};K(\epsilon)$

The Fourier transformation $\tilde{f}(z)$ of $f$ is given by

(6.26) $\tilde{f}(z)=\int_{-\infty-ki}^{+6\circ-k^{t}i}f(\zeta)\exp(-i\zeta z)d\zeta$ ,

where $k$’ is an arbitrary number in the interval $(k_{1}^{\prime}-2\epsilon’, k_{2}+2\epsilon’)$ . $B$

the above remarks, we can calculate as follows:
$\langle \mathscr{G}_{d}^{\vee}S, f\rangle=\langle S,\tilde{f}\rangle$

$=\langle S_{z}^{+},$ $\int_{-\infty-(k_{2}+\epsilon)i}^{+\infty-(k_{2}^{\prime}+\epsilon^{\prime})i}f(\zeta)\exp(-i\zeta z)d\zeta\rangle$

$-\langle S_{z}^{-},$ $\int_{i^{-\epsilon)i}}^{+\infty-(k_{1}^{\prime}-\epsilon^{\prime})i}-\infty-(kf(\zeta)\exp(-i\zeta z)d\zeta\rangle$
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$=\int_{-\infty-(k_{2}^{\prime}+\epsilon)i}^{+\infty-(k_{2}^{\prime}+\epsilon^{\prime})i}f(\zeta)\tilde{S}^{+}(\zeta)d\zeta$

$-\int_{-\infty-(k_{1}^{\prime}-\epsilon^{\prime})i}^{+\infty-(k_{1}^{\prime}-\epsilon^{\prime})i}f(\zeta)\tilde{S}^{-}(\zeta)d\zeta$

$=-\int_{\partial(R-iK^{\prime})_{\epsilon^{\prime}}}f(\zeta)[\tilde{S}(\zeta)]d\zeta$

$=\langle Int[\tilde{S}], f\rangle$ ,

from which results the commutativity of the diagram. We showed
already the mappings $\mathscr{G}_{d}^{\sim},$ $\mathscr{F}$ and Int are linear topological isomorphisms.
Therefore the mapping $f$ is also a linear topological isomorphism because
of the commutative diagram (6.24). Q.E.D.

COROLLARY. Suppose $R+iK$ is the entire strip (6.1) and $K$ is a
compact interval. Then we have the following several complex repre-
sentations of the space of analytic functionals $Q’(R+iK;K^{\prime})$ :

(6.27) $Q’(R+iK;K’)=\tilde{H}_{R+iK}^{1}(C;R^{R+iK}(K’))$

$=H_{R+iK}^{1}(C;R^{R+iK}(K^{\prime}))$

$=H_{R+iK}^{1}(C;Exp([a, b]+iK^{\prime})),$ $a\leqq b$ .
In fact, we have only to exchange the roles of $R+iK$ and $R-iK$ ’

in the theorem.
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