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Introduction

In [2] and [8], R. Coifman, R. Rochberg, G. Weiss and A. Uchiyama
obtained the factorization theorems for H?(R") by the singular integral
operators. Recently S. Chanillo [1] obtained the factorization theorems
for H'(R") by the fractional integral operators. In this paper we think
about the factorization theorems for H?(R"), p<1l, by the fractional

integral operators and we apply the results to the boundedness of certain
commutator operators.

I would like to express my gratitude to the referee for his most
helpful suggestions and finding some errors.

§1. The definition and the results.
DEFINITION. We say that K is a Calderon-Zygmund kernel if
k=0, | K@)dz'=o0,
where dx’ is the element of “area” of the sphere |z|=1,

K(rx)=r"K(x) when >0 and x+0,
|K(x)— K(y)|<|r—y| when [x[=[y|=1,

and define
Kf@=P.V.| Ka—ufwidy,

K'f@=P.V.| Ky-ofwady .
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DEFINITION. The fractional integral operator I, is defined as

I,,f(x):SRnTxf(Ty]Z_ady , 0<a<n.

DEFINITION. H?(R") is the space defined by Fefferman and Stein [3].

The factorization theorem by singular integral operators is as follows.

THEOREM A. (Coifman, Rochberg and Weiss [2] and Uchiyama [8]).
If (m+D/n>1/p=1/q+1/r=1, ¢>n/(n+1), r>n/(n+1) and fe H?*(R"),
then
. o0 1/p
Co.lfllar Sint {(, Qigilluellbllar) s £ =5 (hs Kes— g, KR}
=Cq..Ifllgs.-

This theorem is proved in [2] for p=1 and proved in [8] for p<1.
Our results are following.

THEOREM 1. If (n+1—a)/n>1/p=1/g+1/r—a/n, nja>q>n/(n+1—a),
njla>r>1,1>a>0,ge H(R")NS(R") and he H(R*)N S (R"), then

“hIag_'gIah”Hl’ng.f,aHg”Iﬂ“h”H"
where C,, . i8 a positive constant depending only on q, r, @ and n.

This theorem is proved in [1] for p=1, but we give another proof
for p<1. .

THEOREM 2. If (n+1)/n>1/p=1/q+1/r—a/n=1, ¢>n/(n+1), r>1,
n>a>0 and fe H?(R"), then there exist {g;}5.,CHYR") and {h;}>.C
H"(R") such that

f=’§1 (hiIagi—giIahi) ’
(2 (1951l sl bsll &) "* < Co v all Fll 2w

As a result of these theorems, we get

COROLLARY 1. If (n+1—a)/n>1/p=1/q+1/r—a/n=1, nja>qg>n/(n+
l—a), nja>r>1,1>a>0 and f e H?(R"), then

Conall Fllarint {32 (gsllnellbsllan?) s £ = (hiLgs—0,Lh0)}
éC;,r,aHf”HP .
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§2. The basic lemmas.

DEFINITION. We define some maximal functions. Let

* — - &’
Az =103 10@|S s

_ lo—yl-e7 . _ _

0@ oS i i 2e—lsle-nll

Al(x) ={9P; supp D {x; [x—x,| <€}, |[P(@)|<e™,
D(x)—O(y)|<e e —yl},

and we define

?

rrow= swp |(r@o@as

&
@GA:,J(::O) .

S f(w)q)(x)dxl .

S (@)= sup
>0
Pe 4tz

Let o e C=(R") be a fixed function such that

supp pc(e; lol<1}, |p@de#0, |p@|s1
| and |p(x)—2¥)|S|r—y|, then we define
£r9w)= sup || f @@ —a)da| ,

where @.(x)=(1/e")P(x/e).

LEMMA 1 (Fefferman and Stein [3]). If 1=Zp>n/(n+9) and 126>0,
then

I el f O | coms [ F Ml oo [ F* @l 2o
If p>1, then | fllasm|lfllzo.

This is essentially proved in [3], §10; a precise proof can be obtained
by using the “atomic” theory (see Latter [4]).

LEMMA 2. Let

2 i=ap [ s (52 s

where € C*(0, ) 18 a fixred nonmegative function such that (t)=0 on
0, 1) and +(#)=1 on (2, ), then
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“I:f”Lqécp,aHf“HP
where 1/q=1/p—a/n, nja>p>n/(n+1) and n>a>0.
This is essentially proved in Taibleson and Weiss [6], p. 102.

LEMMA 3. Let

M., 7 @) =530 (sgmamm) S WPdv)”

Qe
where @ is a cube centered at x, then

”Ma,pf”L'éCr,p,a”f”L'
where 1/s=1/r—a/n and nja>r>p>0.

This is an analogy of the Hardy-Littlewood maximal theorem and
proved in [1], Lemma 2 and [5].

LEMMA 4. Let n>a>0, then for any €>0, we have

e Wl _g,<c.. M, . fx).

lz—yi>e | — y[*~*+?

LEMMA 5. If 1=p>n/(n+1), ue IX(R", Su(x)dx=0 and supp uC
{#; [z —a|<t), then uunf;,,gc,,s wt (@) de.

lz—zqgl<2t

This is proved in [8], Lemma 6.

LEMMA 6.  Let {(z, y) be a function defined on R*X R such that

IC(x, »)|=S|o—y| e+,
C@, ) —C(x, D=ly—2z-lz—y|™" if 2y—zi<|z—y|.

Let we L*R"), supp uC{x; [x—x,|<t},
v(@)=|C@, puwiay .
Then

1/ 1/34
(S I'vl'zdx) = C,l,,,,,,( S utdx )
lz—zgl <t lz—zgl <2t

where 1/s,=1/8,—(a+d)/n, n/(a+8)>s,>n/(n+0), n>a+0>0, a=0and 1=
0>0.



FACTORIZATION OF H? 439

This lemma is proved by the same argument in [8], Lemma 9. In
[8], this is proved where a=0, §=1 and n=2.

§3. Proof of Theorem 1.

We estimate (hl,g—gI,h)*" where @ is the function defined in §2.
Let x € R* be fixed and let

@ —0)0w) - Low) — o) Lhw))dy

=(h)(| e a— )~ e - )ay

={rwT@y.

First we shall estimate T(y) for |x—y|=10s. Then write

T(y)=— ——1-—§<p,(x —2)g(z)dz

o —yl=

+ S( " __lyln_a- ” _lzln_a)¢=(“ —2)g(2)dz

=0+ (6, De@dz=0@)+1.W) , e~y 210 .

Then we have

(i) lm(y)lgl—x:%y—lmgw”(x), |o—y|210¢ .
(ii) lm(y)léC—’;t;T:;;g*(x), le—y|=10e .
We shall prove (ii).
(1) G, lsC—B=2_ L1y . .2
|l — | €
€ 1

= m;:;;; —e—nxuz—n«)(z) ,

where X, is the characteristic function of a measurable set E. To
estimate |{,(y, 2,)—C.(¥, 2,)] we may assume that |x—z,|<e or |x—z|<¢,
so we have

( 2 ) ICZ(y’ zl) _C2(y: zZ)l
1 1

= — — — | P2 —2) — P.(x—2,)|
lz—yl ly —2|
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1 1
ly—2z,"™* |y—2z,|"

<C € |2, — 2, .

- Ix _yln—a+1 eﬂ+1

|P(—2,)]

By (1) and (2), CCy(y, 2)|lx—y|***'/ec Af(x). So we have (ii).
Next we shall estimate T(y) for |x—y|<10c. Then set

T(y)=P.(x—v) S L —( ] )o@z

lx—z|"* 200e
_ 1 1 |z — 2|
+P.(x—y) S(ly——zl"‘“ Ix-—zl”“")"}r 200 )g(z)dz

g ev-—ew-o (1-(l5d) e

=) +2.—v) (¢, De@az

+{tw, 2o@(1-9(E=E))dz Loy coa®)

=Y+ +7:(¥) , |r—y|<10¢,

where

1

(v, 2)= —
ly —2|

ia=-r o)1+ (L))

and + is the function defined in Lemma 2. Then we have

(iii) 7| = |p(x— )| IFg(x) ,
(iv) 2= Clp(x—y)le*g* "~ (x) ,
(v) (. m(wl-edy)”"gCs-"-°(§lz_vkmgwwudy)"" ,

where 1/3,=1/s,—(a+9)/n, n/(a+8)>8,>n/(n+8), n>a+d and 1=6>0.
We shall prove (iv).

|C4(y9 z)l é Clw—lfz:-l'%—x(lz—zlzzood(z)

=C.¢ 2 .
- (s_l_lw_zl)n—a-i-l

If 2|z,—z,|<|x—2,|, then
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- 1 —_ 1 Ix—zll
IC‘(y’ ZI) C‘(y’ zz)l§ llx_zlln—a lx—'22|"_a Q#( 200¢ )
— 1 o —2,|
e e (o)
1

lx—zzl"““_ | —2,|" " “”(la:czoo?) (%Oo%l-)l

2,—2

éC '——I L '__‘_"I x(lz—-sllazooa)(zl)
lw z In a+1

1

2 =2 & 2 [ —y| Vr—%D
+ Iy—'zlln—a+1 {Iz—zllzzoos}( 1)+ Iw—zz,"_""'l e

oo %2 — 2|
e+ |z —z )"

So we have C-e7*-{,e A¥ _.(x) and we obtain (iv).
We shall prove (v).

| 1 ly—2f
(3) IM%@gclﬂW”s“‘
<c_L 1

en+a Iy zl'n—a-—a

where n>a+06 and 1=26>0. If 2|z,—2,|<|y—=z,]|, then

( 4 ) ‘ lCa(’.U, z1)"‘C5(y, zz)l

gC(r—-—lmlg(x 2)— P, (x— Z)lll "P(Izoozll),

_ 1
Iy - z1ln—a Iy _zzln_a

+——l—4%w—w—%@—%”W(m M) (m %UD

P (2 —y) — . (x—2,)]

|y —2z,|*= 200¢ 200¢
1 |2, —2,|° l2.—2,|  |y—2)|°
éC( 1 2 + 1 2
Iy — len—a i Iy . zll'n—a+1 ente

1 _1_ lz1—zzla>
Iy_zzln—a &r ea

1 |z,—2)°
sn+d ly__zlln—a

By (3), (4) and Lemma 6, we have
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(‘Su_ﬂ<1°!l775(y)l"dy)fl‘z Ea L _
0™ ({91150 ) wras)”,

where 1/s,=1/8,—(a+0)/n, 'n/(a+8)>sl>n/(n+3), n>a+0 and 1=6>0.
Since

2= WY an<Cots

(oc >(1 WE=1))) w=corw

for lxﬁl-—y“l<‘80>0re', we have (v). R
By (i)~(v), we have

|{rTwan| < im+ (en+ (i + {1 + {24
= J (@) + Iy(@) + To(@) + I (@) + Ii(@) ,
J @)= L(h)®)-g**) ,
J(x)<CM, ,(h)(x)-g" (%) ,
Jy(x)SCM, (h)(@)- I*g() ,
J (%) SCM,,(h))-g*“~(%) ,
J(x)<CM,, o(h)(@) - M,,, (7)) ,

where 1/s,=1/8,—(a+3)/n, 5>1, 1/8,+1/5i=1 and a+b=a. =
So,

(h-Lg—g- Lh)* (@) S C(L|h|)(x) - g7 (x) +Ma 1(R)(@)- g'@)
+ M, (h)(@) - I3 9(x) + M,;(h)(x) - g* = (x)
M (W) M, (7)) .

By Lemma 1 and Lemma 2,

IIIa.(IhI) g*""’llmSllIa(lhl)IIL*Hg*“’”llL«z
' =CHihll o llgllae

where 1/; =1/r—a/n.
By Lemma 1 and Lemma 3,

Mo b g* 2o < || Me, bl 7 1197 o
=C||hllzrllgllera »
| Mok g* = 2o S (| Mool 27 119747 | e
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=Clinllzrliglize 5
”Mb,aék 'M@:uy+|!L?§ ”Mb,.;h”z.?“l}la,.@:“L;
 SClRlelletlae
<Gl sllglhae

where 1/7=1/¢g—a/n and 1/7=1/r—b/n.
By Lemma 2 and Lemma 3,

1M, 11 L2gllzr= || M, 1hHuHI*9HLq
=Ch| 2|9l e

where 1/g=1/g—a/n.
- So we have Ilh-Iag—y-I || a» < C||k|| || g || e

§4~ Proof of Theorem 2.

-We may assume that fisa p-atom such that
supp f C{@; [ —x,| <t}, | fllz==¢t""* and Sfdw=0

(see Latter [4]). As is the proof of Uchlyama [8], p. 465, we take y,€
R* such that |x,—y,|=Nt and set

h(x) =N"‘,"X“,_,o.<‘,,(x) ’
g@@)=—f (x)/Iah(ff?o) .

Then |
‘IQIIAQ_S; Ct—e—n/»+n/e ,
' ”h”}p'éCN?"atn/r B

and .
Nollellflar SCN= .

By Lemma 5,

Hf (h Lo—g- L) || e | :
- SO f - (Lhla)— L)/, h(mo)llm-l-llh Iag”HP)
N-t=ntne (1> p>n/(n+1))
{N"‘ log N (p=1).

So we have | f—(h-I,g—g-Lh)||z»<1/2 if N is sufficiently large. Repeat-‘
ing this process, we get the desired result. : ,
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§5. Applications.

DEFINITION. We define the commutator operators:
=0, @) ={_®(@)—b@)K@—)fWdy ,
where K is a Calderon-Zygmund kernel (see §1);

Co(b, f)@)= L-"’(‘”)‘“"(””Tx—f%’l)‘»'—?d” ,
where 0<a<n.

COROLLARY 2 (The refinement of the theorem in[1]). 1) C*is a bounded
map of L*(R™) to itself for 1<p<co, if and only if b is in BMO(R") (for
the definition of BMO, see [3]) and operator morm |C%||ir-.s/2|b|| zuo-

2) C* i3 a bounded map of LP(R") to L(R") for l/g=1/p—aln, 1<
p<nja and 0<a<n, if and only if b is in BMO(R") and operator norm

1C*{| zo~2a7]|bl| 2x0-
In [2] and [7], 1) is proved, and in [1], 2) is proved for some a.

PROOF. We shall prove 2). If C* is a bounded map of L? to L¢,
then for any he H!, we apply Theorem 2 and we have

|[pmers| = 5| [y s i@ L, @ - g/@ Ls @ds|

=5 [5:@0@ Li@ - LofH@s |

<3 195l 2o IC*(B, fllza
=C> “g;”m'”fj”m”Ca”LP-»L«
=Cl A llmlIC*|[ 2o za

where 1/g+1/¢'=1. By the duality between H' and BMO (see [3]), we
have be BMO. To prove the converse we use Theorem 1.

COROLLARY 3. CFK i3 a bounded map of HP(R)* to L'(R") for l/q=
1/p—é/n, n/(n+8)<p<n/d and 0<8<1, if and only if b is in Lip,(R")
(we define ||b]|Lip, =SUD,y 1) —bW)|/|x—y|*) and operator norm ||C¥| s~
”b”Llpa'

PrROOF. Note that ¢>1, thus for any ge L* (1/¢+1/¢’=1),

[e=@, N@e@aiz=be) @ Ko@) —s@ K fw)da .



FACTORIZATION OF H? 445

By the former half of the inequalities in Theorem A,
| FKg—gK'flgninin SC|| £l zollg]| zov

and using the duality between H? and Lip,.,_, (see [3]), we have

IC%(B, )| 2e=CIb|zaps | f1]z» -

The converse is proved by using the latter half of the inequalities in
Theorem A.

REMARK. Corollary 38 does not hold for p<n/(n+é). And a simple
example shows that C¥ is not bounded map of H? to itself for p=<1 even
if b is in BMO.

We give an example for n=1. Let b(x)=%X,, and f(x)=Xe,—X 1,0,
then be BMO and fe H? for n/(n+1)<p=1, but for x>2,

0x(b, )= [ XD gy [ Lay= .,

so, C%(b, f)& L* for p<1.
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