Tokyo J. MATH.
VoL. 12, No. 1, 1989

Example of o-Transition Matrices Defining the
Horrocks-Mumford Bundle

Hajime KAJI

Waseda University

Introduction.

At the present state, the only examples of rank » indecomposable
vector bundles on P* with 2<r<n—2 are essentially the following:
The rank 2 vector bundle on P* constructed by Horrocks and Mumford
[2]; the rank 2 on P® in characteristic 2 by Tango [7]; the rank 8 on P°®
in characteristic not equal to 2 by Horrocks [1]. About these bundles,
especially about the Horrocks-Mumford bundle, many interesting facts
have been discovered.

We here propose to focus our attention on systems of frames of these
bundles and transition matrices with respect to them.

Recently, Tango [8] provided a theory of “g-transition matrices”,
where his ¢g-transition matrices are transition matrices, defining a vector
bundle on a projective space P”, over the standard covering of P” carrying
natural symmetry. Moreover, he showed that, for the Tango bundle and
the Horrocks bundle above, there exist g-transition matrices defining these
bundles, respectively, and he actually computed these matrices. We note
that arbitrary bundles on P* are not necessarily defined by o¢-transition
madtrices.

The purpose of this article is to find out rational sections of the
Horrocks-Mumford bundle which give a system of frames over the standard
covering of P* and have the natural symmetry. Moreover, we shall write
down the rational sections explicitly. It turns out that our frames are
connected to each other by o-transition matrices, and the Horrocks-
Mumford bundle is also defined by o-transition matrices.

Sasakura [5, 6] gave a theory of “configuration of divisors and re-
flexive sheaves”. Using this theory, from a quite simple data consisting
of transition matrices and divisors, he succeeded in reconstructing the
Horrocks-Mumford bundle. In order to do this, he also found rational
sections of the bundle, and computed transition matrices of the bundle
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with respect to these sections. We note that his rational sections, how-
ever, do not give frames over the standard covering of P*.

Throughout this article, we shall work over a field k¥ with arbitrary
characteristic. We use the letters a, 8, 7, 4, J, m and » as indices
running the ranges 0= q, 8, 7, m<4, 1<1, j<4, and 1<% <6, and consider
these indices except n to be elements of Z/5Z.

I would like to thank Professor Sasakura for many stimulating con-
versations.

§1. Preliminaries.

Let V be a 5-dimensional vector space over k with basis (v,)., and
let V* be its dual space with dual basis (v}), of (Vm)m-

Let P be a projective space consisting of 1l-dimensional subspaces of
V, let (x,). be the homogeneous coordinate of P corresponding to the
basis (v¥). via a canonical isomorphism I'(P, 7»(1))= V*, and let (U,), be
a natural affine open covering of P defined by the homogeneous coordinate
(x.)., called the standard covering of P.

Now, we look at the Euler sequence over P:

00— p(—1)— Vp—> Tp(—1)— 0,

where we set Vp: =V®, 7 and Tp is the tangent bundle of P. Con-
sidering each v, as a global section of V., we denote by 4, the image
of v, under the map in the sequence above, and denote T»(—1) by Q.
We see that each o, is a global section of @ and its zero locus coincides
with a point of P represented by v,,.

Moreover, we use the following notations:

Vam = Vaim in I'(U, Vp)

ya,i = 'xLﬂ' in F(Uay ﬁP)

a

0y ' = Oty in I'(U, @
and
Up,7:= Upn Ur ’

with 0=q, B, 7, m=4, 1=1, j<4. We briefly write y, for y,, when no
confusion arises.

DEFINITION. Let W be a rank = vector bundle over P. According
to a theorem of Quillen [4], each restriction W], is a free vector bundle.
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So, one can find a free basis (w,,;), of W over U, for each a, where the
index ! is running the range 1<I<r. Then, we call (w,,;), a frame of
W over U,, and {(w.).}. & system of frames of W.

It follows that {(va m)m}. and {(d.,.):}. are respectively systems of frames
of V, and Q. :
Putting

2
aa,t,:i:= aa+t/\aa+.7' in r( Um /\Q) ’
we define (d,,,), to be

(aalz! aa1s’ aalu aazs: aa24’ a84)

It follows that {(3,,.).}. is a system of frames of /\Q For the dual bundle
/\Q* defining (6%.,), to be the dual basis of (4,,.). over U,, we have that

{(0X ).}« 18 a system of frames of /Z\Q*.
Putting

$ai= 0,80 in (U, HAQ
Oan:=0Dd,, in I'(U, DAQ),
we write (0% ,; 05.,). for
(0d,15 =5 Odies Ompy ***5 Oar) »
and so on. We moreover put
4e1= s NassAassNare 10 T (U AQ) .
Since 4, is a free basis of /‘\Q over U,, we have

LeEMMA 1. (a) {4,}. is a system of fframes of /\Q,

(b) {(0-R4d)n}a i3 @ system of /\Q*®/\Q,

(€) {0z dzwater {(027R4e; 027 4u)ste are systems of frames of
é/\Q, 69/\ Q*®/\Q, respectively;

(@) {(viaQR4dD)n}a 8 a system of frames of V}!®/4\Q.

From now on, for the vector bundles above, we shall always fix the
systems of frames above.

DEFINITION. Let W be a rank r vector bundle on P, and let {(w.,)}.
be a system of frames of W. For any B and 7, there exists a unique
matrix, denoted by My ,,, satisfying
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(wT,n *t 0y wr,r)=(wﬂ,1r *t w.ﬂ,r)MW,ﬁ,T )

where the entries of My ,, are regular functions over U;,. Then, we
call My, 5, a transition matrixz defining W with respect to (w;,;), and (w; ;)
over U, ;, and {My 5 :}sr & system of transition matrices defining W with
respect to {(w.,)i}a-

Let 7 be a permutation on the indices of the homogeneous coordinate
(x,)., and we consider a natural action of ¢ on I'(P, Z»(1)). Using this
action, one can define an action of z on the matrices whose entries are
rational functions over P.

DEFINITION (see [8]). For a permutation ¢ with length 5, a system
of transition matrices {My 5}, is called a system of o-transition matrices
if, for any element 7z of the cyclic group generated by o, if follows

T(Mw,p,r) =MW,r(ﬂ) ,o(r)

We call My ), the initial data of the system of o-transition matrices
because we have

My sr=0™0'"'M M --- oM M)
where Y=0™(0), 8=0*Y) and we put M:= My .,

REMARK. Tango [8] showed that there exist systems of o-transition
matrices defining the Tango bundle [7] and the Horrocks bundle [1] by
significant computation from a geometric viewpoint.

REMARK. We always express the entries of My ,, as rational funec-
tions over U,.

For example, we have

0O 0 0 01
1 0 0 0 O
Wypaern =10 1 0 0 O
0 01 0O
0O 0 010
From the Euler relation:
> 2,0,=0,

it follows that
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(%) Oui1,4= "‘; ya,iaa,t .
Thus, we get
0 0 0 —y,
1 0 O _yz
MQ,a a+1 0 1 O __ys
0 0 1 —y,
Moreover, we have
LEMMA 2.
0O 0 g, 0O 0 O
0 O 0 0 y O
0 O 0O 0 0 v, .
(a) M/Z\Q,al,ot+1 = 1 O ___y 0 y 0
3 2
0 1 _y4 0 O yZ
0 0 0 1 —y, s
M- 0
AQ,a,a+1
(b) ME2D/2\Q,a,a+1 = < 0 M- ) *
AQ,a,a+1’

PrOOFS. (a) The required result follows directly from the relation
(x) above. For example, we have

6az+1,3=_aaz+1,1/\acz+1,4:'aoc,2/\ ( — Zi. ya,iaa,i)

= ya,laa,l - ya,saa,4 - ?/a,45a,5 .
(b) Obvious.

Let a™, a~ be maps from V, to /2\Q defined by

0 (V) 1= Omy2/\Oms
a’_(vm) = a'm,+1/\am+4= ’

and let a be the map a*@a":
a: Vpﬁ—@;é;\Q .
Let ¢ be a natural isomorphism from /2\Q to /2\Q*®/4\Q defined by
@) =8N, 5 5eAQ,
via a canonical isomorphism Hom(/z\ Q, /l‘\Q)E /2\Q*®;\Q, and let b be the
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rs o X . 0 ¢\.
composition of a*@AQ with { _, ¢}

0 c)
b: dAQ—5 (o Y HAQPRAQIZLY VEQAQ .

DEFINITION. Let W® be a rank r* vector bundle on P, let
{(w¥Fw)m}, be a system of frames of W, with k=1, 2, respectively,
and let g be a homomorphism from W® to W®. For any «a, there exists
a unique matrix, denoted by M, ., satisfying

a ®/\Q

(g(wg.)l ’ y g(,w(l) (1))) (w¢(12)1y *s 'wgzr(”)Mn,a ’

where the entries of M,, are regular functions over U.,. Then, we call
M, . a representation matricz of g with respect to (ww)w and (W)
over U,, and {M, }. a system of representation matrices of g with respect

to {(wH o)), and {(Wh@)iw}ea.

LEMMA 3. (a)

0O 0 0 1 0
O 0 0 O 7 0
‘M,.,=| 0 0 gy 0 y % 0 —1 0 O 0 0};
Y. ¥ Y. O 0
1 0 0 O Y

(b)
0 0 0-1 0 0 0 0

1

0—y4 Ys 0 0 -V 1 0 0
M,.,=|] 0 0 0 0 -1 0 % —y, 0 9y, O

0

0

o
o
S O O

0-1 0 0 0 0 0 O Yo —Ys Ys
—y. 0 gy, 0 —y 0 0 O 0 0 1

PROOF. For the statement (a), see the definition of the map a. The
statement (b) follows from (a) since we have

Mb,a=Ma‘®/‘\Q,aM( 0 8),a ’
—c

Ma‘®/4\Q,a= a‘,cx:r a,x
0 M,,
Moy~ ar,. 0"

and
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0 0 0 0 0 1
0 0 0 0-1 0
0 0 0 1 0 O
Moo= 0 0 1 0 0 0
0—-1 0 0 0 0
1 0 0 0 O O

§2. Results.
Let us consider a sequence of vector bundles over P:
a 2 2 b 4
Ve— PAQ— VERQARQ.
Then we have

PROPOSITION. The sequence above is a monad. In other words, we
have:

(a) Both a and b have maximal rank everywhere over P;
(b) bea=0. )

ProoFs. (a) We have only to show the statement for the map a
(see the definition of b). For each a, let al be the I-th row-vector of
M, ., with [=1, ..., 12. Then we find

det(faz’ ra'Zn rag’ rai’ ra?) = ];[ ya,t
det(“ai, “ai, “as, *al, ‘ar)=1— l;I Yari -

Thus, M, , has maximal rank everywhere over U, for any a, so does our
map a over P.

(b) It follows from Lemma 8 that
M, .M, =0
for each a, which implies the result.
We define E to be the cohomology of the monad above:
E:= Ker()/Im(a) .

It follows that E is a rank 2 vector bundle over P. Moreover, E is
indecomposable because the Chern polynomial of E is:

1+h+4n*,

where % is the class of a hyperplane in P.
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DEFINITION (see [2], [3]). We call the twisted bundle EQc%(2) the
Horrocks-Mumford bundle, denoted by F"

F:= E®ﬁp(2) .

2 2
EXAMPLE. Let us consider the following sections of @AQ over U,
for each a:

€ 1= Y Y:0u 1+ Y YOd s+ YsYOae
€x += Y YOa,t+YsYsOzst+Y:YiOuys -

It follows from Lemma 3 that both &} and e¢; are contained in Ker(d)
but not in Im(a). Thus, these sections give non-zero sections of E over
U,, which we denote by the same symbols. We note that (ei, ¢;) can
not be a frame of E over U, since they have zero-locus over U,.

Using Lemma 2 one can verify that both {x2¢}}, and {x2e;}. form

global sections of @/\Q and hence give global sections @™ and @~ of the
Horrocks-Mumford bundle . We note that ¢*, = play a key role in a
computation by Sasakura [6].

THEOREM. Let ¢,, and &,, be sections of GB;\Q over U, defined by

€ap:=—0ast+Y,+ Y Y)Y Y"Y0z,5
+{Ys+ Yo+ YYDV Y IO, + Y+ Yo+ YUY Y Y08 5
+ Yo+ Y YY08 o+ A+ Y Y YY) Y+ Y1 Ys )06

Eayz i = O+ WY+ YY)V Y Y0z s
+ W+ Y Y)Y 07, Y+ Y+ YY) YsY O s
+ WY+ Y Y2)08 s+ Y+ Y+ Y.YD YsY Y106 -

Then we hawve:

(@) {(@ie,,1, X26a2)}. gives a system of frames of the Horrocks-Mumford
bundle F.

(b) {Mpz s}y with respect to {(xi€q,1, Tike, 2)}0, 18 a system of o-transition
matrices where we put

/01234
7 <4o123

PrOOFS. (a) We shall prove that {(e,, €..)}. gives a system of frames
of the bundle E. Using Lemma 38, one can show that ¢,, and ¢,, are
contained in Ker(b). We must prove that the exterior product
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a1 N\ Ea s NA(Vg ) A+ + * AU(Vy,0)

7 2 2
does not vanish everywhere as a section of APAQ over U,. With respect
to the frame (61,; 67..)., let e.,, e,, be the coordinate of ¢,,, ¢.. respec-
tively:

(5¢x,u sa,z)=(5I,1; 3;,2)(30:,1; ea,z) ’

where we consider e,,, e,, as column-vectors. Then, we have only to
show that the 12X 7-matrix

(Cay1s €ay2y M)

has maximal rank everywhere over U, for each a. Denoting by a. the
I-th row-vector of the matrix above, with I=1, ..., 12, we find

det(ra:f, ra;'l, ra;ts, ra;2, ‘ta;12’ ra;s, rag.o p— —];['yi
det(ra:f’ ra;e, raés, ra;n, ra"xl’ ra/?, ra;m).___];[yi__l .
This completes our proof.

(b) We find that, for any element = of the cyclic group generated
by o, it follows

Mz, 0,040 =Mz (), c@tn) »
so that

T(MF,E,T)zMF,r(ﬁ),r(T)
for any indices B and 7.

REMARK. It can be shown that, for any permutation ¢ on the indices
with length 5, the Horrocks-Mumford bundle F' has rational sections which
are connected by a system of g-transition matrices.

To compute system of o-transition matrices {Mj ;;}sr defining the
Horrocks-Mumford bundle F with respect to the frames obtained in
Theorem, it is sufficient to compute that of the bundle E since we

have
Mz sr=Ys,r-6Mzgs,y -

We here compute the transition matrix My ,,..,, where we note that
M;,, is the initial data of {My ;+}s;. With the same notation as in the
proof of Theorem, we have the following relation:
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M +1(ea+1,1) ea+1,2, Ma,a+1)

ME’ a,a+1 0 >
=\Ca,1y €a,2 Ma @ .
(e ' ¢ * ' )< N MVP,a,a+1

22
EADa,a

for some 5Xx2-matrix N. Choose a 7x7-submatrix of the 12X 7-matrix
(€a,1s €a2 M, ) suitable to compute its inverse (by the sweeping-out method),
and multiply the relation above by the inverse on the right side (for
example, take 9th, 6th, 8th, 11th, 1st, 3rd and 10th rows of the matrix).
Making a calculation, denoting

<m1,1 mMy,o

) = MF,a,a+1 ]
Moy My

we have

= YUY | YO WYY 295°05YS Y Yy
Y,° N v v’ N
_ YUY | 209 YSYSYS L YsY
2 + 2 2 + 2
yl yl yl yl

_ YU YUY _ Y YsYs
Y, Y, Y,

+20.95°YE— VY Y VLYY S

— Y Y Y — Y YY"

+ YY" Y YS 29 Y — Y Y Y s+ Y Yy 0 Yy S
+9.°+9."Y.Y:9.

mi,

H

_ Yo' YsY + Y. YsYs' _ NN
N Y N
_YYE YUY YL YsYs
N Y.’ N
—YYsYS | 29y YUY | Y
yl yl yl yl
— Y. Ys—2Y,°Y,
+3YYoY — Yo Ys Y+ YiYs YsYs
— .Y, +3y.° %,y + .Yy,

m,,.

My, =Y USYE | Yy Ul
Y: Y,
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_YYSYS | YSYSYS YRS | 20 Y
4 4 4

Y Y Y Y
+ UYL | YU YUY YLYsYs | YeUsls
A Y, Y Y Y
LYY YSYSYS | 205706 YU YSY
2 2 2 2 2
v Y Y Y Y
_YYSYS | YUY YSYSYS | Y'Y | YS
yl yl yl yl yl

- 'ysy48 - y22y44

— Y WYY T Y Y — YUY Y+ YY) Ys
+YYYS =YY — Y Y — UYL YS Y
— Y Y YsY— Y Y — Y Y Y5 Y

Yo'Ys® | Y YsY
243_*_224

My, =
Y Yy

_YLYSYS | YYs YUY 292U
v’ vy’ v, v)’

+2UYs YaUs Vs | Yelle | YUl
yl yl yl yl

LYY Y Y'Y | 2YSYS Y YUYy
Y 2 Y Y Y

—Y Y YS Y Y Y — YL YSY S+ Y
+ 1 —Y Y YsY,— 2'!/1'y23'y42 + y1y24y82
— 29,29 Y Y S — Y YL Y — YUY Y Y

where we denote y,, by ¥, briefly.
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