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Abstract. Let 0 be an irrational number and As be the corresponding irrational rotation
C*-algebra. For any k€ NU{co} let A% be the dense x-subalgebra of k-times continuously
differentiable elements in As with respect to the canonical action of the two dimensional
torus and let A%=Ay. In the present paper we will show that there is an approximately
inner *-derivation of A% to A7 which is not inner if and only if # is a non-generic irrational
number.

§1. Preliminaries.

Let 6 be an irrational number and A, be the corresponding irrational
rotation C*-algebra. Let w and v be unitary elements in 4, with wv=
eypu which generate A,. Let ¢ be the unique tracial state on A, and
(z., H.) be the cyclic representation associated with z. We identify A,
with 7.(4,). Furthermore A, can be identified with a dense subspace of
H, with the L*norm topology. Then {#™v"}, .., is an orthonormal basis
of H.. Lette R—B{" (j=1, 2) be the one-parameter groups of automor-
phisms of A, defined by

,85” (u) =ity Bén (,v) =
and
Bém (u) =" , 652) (,v) — 32"“’0

for any t€ R. Let §, and 4, be the generators of 3 and B8. Then by
easy computation

0,(u)=2miu , 9,(v)=0

and
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0,(u)=0, 0,(v)=2mv .

Since we identify A, with #.(4,) and 7 is unique, there are one-parameter
groups of unitary operators wi” (j=1, 2) on H. such that

B (@)1 =wx

for any x€ A;, te R and j=1, 2. Let h; be the ant1-se1fad30mt generators
of w'? for j=1, 2. Then

h,-u=5,-(u) ’ h,’v=3,(’v)

and D(6,)CD(h;) for j=1,2 where D(6;) and D(h;) (=1, 2) denote their
domains. Furthermore for any k€ NU{=} let A% be the dense *-subalgebra
of k-times continuously differentiable elements in A, with respect to the
canonical action and let Aj=A,.

LEMMA 1. With the above motations
h,(D(5)) Lngz@ Cv"
and
h,(D(3,)) J_g‘f Cu" .
ProOF. Let z€ D(,). Then for any ne Z
(hz|v™) =T(v™"0,(%)) =7(0,(v™"x))=0
since 7 is unique where (-|-) is the inner product on H.. Hence
h,(D(5)) L?e‘,z@ Cv" .
Similarly we obtain that
ho(D@y) L 3,° Cu™ . Q.E.D.

DEFINITION. For any xz€ A, there is a sequence {c,,}<€l*(Z* such
that

2= D, Cp U™v"

m,neZ

where the summation is considered under the L:-norm topology. We say
that {c. .} are the Fourier coefficients of .

LEMMA 2. Let k€ N. Let x€ A% and {c, .} be its Fourier coefficients.
Then
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Im|*lem,| — 0,
|1/ |Cm,nl — O
as |m|, |n|—oo.

PROOF. Since xe A%, xe D(B¥). Thus xe€ D(hf). Let {d..} be the
Fourier coefficients of h*x. Then

hix=>,d, u™v"

where {d, .} €l*(Z*) and the summation is considered under the L‘-norm
topology. By Lemma 1, d,,=0 for any n€ Z. Let

1

k
<"""‘T‘"“> dm,'num’v” ’
m,neZ,m+0 \ 27T9M

'y:

where the summation is considered under the L*-norm topology. Then
by the closedness of h,, ¥ € D(h¥) and

ty= > d,.um".

m,neZ,m+0

Thus h*x=h'y. Hence there is a z¢e X%, Cv* such that x=y+2z. There-
fore since

c,,,,.=(2;im )"d,,,,, if m=0,

[m|*|Cm,n| — 0
as |m|, |m|— . Similarly
[N |*|Cm,nl = O
as |m|, |m|—oo. Q.E.D.

COROLLARY 3. Let x€ A7 and {c, .} be its Fourier coefficients. Then
for any k, le N :

Im|*|n|'|Cn,.] — O
as |m|, |n|— oo,

ProOF. By Lemma 2 we can easily obtain the conclusion. Q.E.D.

§2. Inner *-derivations of A!™ to Al.

Now we recall the definitions of a generic irrational number and an
approximately inner =*-derivation.
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DEFINITION. Let # be an irrational number. We say that it s
generic if there are C>0 and r>1 such that

C

|e2"‘"”——1|g :
n

for any positive integer m». That is, ¢ is generic if it is not a Liouville
number.

DEFINITION. Let 6 be a *-derivation on a dense x-subalgebra B of
C*-algebra A. We say it is approximately immer if there is a net {b,}
of anti-selfadjoint elements in A such that

o(x)=1im (b,x—xb,)

y—roo

for any xe€ B. If B is countably generated as an algebra, then such a
net, if it exists, may be taken to be a sequence. :

PROPOSITION 4. Let 6 be a generic irrational number. If C>0 and
r>1 satisfy that

9

nf

|627rtn0_ 1| g

for any positive integer m, then for any positive integer k with k>r+2
each approximately imner *-derivation o: A***— A% is immer.

PrROOF. We will prove the above proposition in the same way as in
[2, Remark 4.3]. Since » and v are in A}*', 6(u) and 6(v) are in A}. Let

o(u)= 2, Cp u™",

m,neZ

o(v) :—m%zdm,"u"‘v” ,

where the summations are considered under the L*-norm topology. Since
0 is approximately inner, z(u*6(u))=0. Thus ¢,,=0. Similarly d,,=0.
And since d(uv)=e*"“5(uv),

(1 - e—zni”‘”)cnﬂ-l,n + (1 - e—27ri'n0)dmm+l =0 ( 1 )

for any m, n€ Z. Furthermore by Lemma 2 there are K,>0 and K,;>0
such that

K,

!c,,.,,,l§7~-~lk- for meZ, ne Z—{0},
n
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|y | = ——8— for meZ—{0}, neZ.

The derivation ¢ is formally implemented by an operator

h=> a, u™v"
m,n

211

where the coefficients {a,, .} are determined by the requirements

cm+1,n = (e—"zzinb‘ - l)am,'n ’
dm,n+1 = (1 - e—zztmﬂ)am’n .

If m#0 and n+#0, we define

cm+1,11_____,‘ .
e—-21rin0 . 1

am,":

Then by the equation (1), we see that the equation (8) holds.

am'"= dmm+1___ .

1 _e—Zntmﬂ
Hence
la |2= Icm+1,n| |dm,'n+1!
m,n [e—znino _ 1{ |1 — e—zzimol

< KK, 1 )
- C2 lmlk—rl,nlk—'r

If m#0 and n=0, we define

[/

Cm,0= 1 __e-—Zm'mO °

(2)
(3)

Thus

Then by the equation (1), we see that ¢,.,,=0. Thus the equation (2)

holds and
ol = | s
<2 Tn?}?“
If m=0 and n+0, we define
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Then by the equation (1), we see that d,,,,=0. Thus the equation (3)
holds and

— Cm+1,
ounl= | mn

K, 1
= C |,n|k—-r *
If m=n=0, we define a,,=0. Then since ¢, ,=d,,=0, the equations (2)

and (3) hold. Therefore we obtain that {a, .} €l'(Z®). Hence he€ A,.
Furthermore since

o(w)*u+u*o(u)=0,
o) *v+v*o(v)=0,

we can easily see that A is anti-selfadjoint. Q.E.D.

§3. An approximately inner »-derivation of A;"' to A} which is
not inner.

First we will give a definition.

DEFINITION. Let 6 be an irrational number and r be a positive
number with »=1. We say that 8 is approximable by rational numbers
to order r if there is a K(#)>0, depending only on 4, such that '

lg__p_| <_ﬂ0_).
q q

is satisfied for infinitely many pairs of integers p, ¢ with ¢>0.

By easy computation 6 is approximable by rational numbers to order
r=1 if and only if there is a C(9)>0, depending only on @, such that
le2xin0__1| <__C_(Q)_

,nr—l

is satisfied for infinitely many positive integers n.

By Besicovitch [1] or Falconer [5, Theorem 8.16] we can see that for
any r=1 there is an irrational number ¢ which is approximable by
rational numbers to order 7.

Let ¢ be approximable by rational numbers to order »=3. Let k be
a positive integer with k<r. Then there is a strictly increasing sequence
{n;)7., of positive integers such that
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Iezﬂn_,, 1 | < __C(Q)*
nk

2

for any je N. Let {a,}.., be the sequence defined by
1 1 1_e21rt7|50

T e e if n=n,
J
— —_p—2min;0 .
0= -}'— ,n'gl—l l}. — i—zﬂn;ol lf n=- nj
J
0 elsewhere .

LEMMA 5. Let 6, k, {n;} and {a,} be as above. If k=2, we can
define a real valued function g€ C**T) by

9(t) =2, a.e

where we identify C(T) with the algebra of all continuous functions on
1

R with period 1. Then it follows that Sg(t)dt=0 and there 18 mo con-

tinuous functton h: R— R with period 1 satisfying that

g(t)=h(t)—h(t+6)
Sfor any te R.

PrROOF. We note that for any jeN

1 1
T =

Since k=2, {a,} €l (Z). Hence g€ C(T). By the definition of lg
1
[s®=a,=0
and g(t) e R for any te R. For any positive integer N let
N .
gzv(t)z _Z“Nanemnnt .

Then for any positive integer I<k—2

And
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—@nt 1

n‘l;_:—l—l

|(2min;)'a.,;
1
jk—l
<(@n)'——.
J

=(2n)

Hence {(d‘/dt')gx} is a Cauchy sequence under the norm topology in C(T).
Therefore g € C**(T).

Now we suppose that there is a continuous function A: R— R with
period 1 satisfying that

g@)=h(t)—h(t+0)

for any te€ R. Then the Fourier series of k& should be as follows:

o an 2rint
1= ezﬁni e +c

n=-—oo

where ¢ is a constant number. Since h is continuous,

e 1 . e21tin0

is Cesaro summable. However

ad a, —=2i—1.— 1 1

e l_ezxinﬂ i1 g n;g—l ll___emrtnjﬂl

By the definition of {n;
1 1 1 n"’f"l _ 1

> .
’n’;‘_l |1 _ ezfrtn,'0| n’;._l C(a) C(ﬁ)

Since > 3,1/j is not Cesiro summable, neither is >3 _. a,./(1—e™").
Therefore we obtain a contradiction. Q.E.D.

REMARK. Let g be as in Lemma 5. Let a be the automorphism of
A, defined by

a(u) — ez:ig(v)u ,
a(v)=v.

Then by [7] we can obtain the following facts:
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(1) a,=id  on K,(4,),
(2) T (K(AsX Z2))=Z+ 20 ,
(3) I'@)=T,

where #, is the homomorphism of K (A0>< Z) to R induced by z and
I'(a) is the Connes spectrum of a.

Now we will introduce a new notation. For any s, t€ R let a,,;, be
the automorphism of A, defined by

A n(W)=€""U,  aun®)=e"".
Then by easy computation a, ,(4%)=A* for any ke NU{}.

PROPOSITION 6. Let k be an integer with k=0. Let 6 be approxi-
mable by rational numbers to order k+38. Then there is an approximately
inner *-derivation of A%t to A% which is not inmer.

PrOOF. Let g be as in Lemma 5. Thus ge C**(T). Let a be as
in the above remark. Since ge C*Y(T), a(A’)=A} for 1=0,1,2,.-+, k+1.
Hence a™'od;oa is a *-derivation of A% to A’ for j=1,2. By Bratteli,
Elliott and Jorgensen [2] there are the unique decompositions

a‘odoa=c, ,0,+¢, .0, +9, ,
Q08,00 =C, 0, + Cy 40,10, ,
where ¢, ,, ¢,, ¢, and c,, are in R and §,, §, are approximately inner
x-derivations of A:*' to A However by the definition of & we obtain
the following equations:
(a™tod,ca)(u)=2r1u ,
(@ 'odea)(v)=0,
(@ 'ed,oa)(w) =2mig’' (V)u ,
(atodoa)() =2miv
where ¢’ is the derivative of g. By the uniqueness of the decompositions
we can see that '
a tedca =09, .
And we obtain the following equations:

2mig’ (v)u=2mic, w+5,() ,
2710 = 271C, ;v + 0,(V) .
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We will show that §, is not inner. We suppose that it is inner.

there is a selfadjoint element a € A, such that

7(a)=0,
0,(x) =1(ax —2a)

for any xz € A**', Hence we get
au —ua=2ng' (v)u—2xrc, ,u ,
i.e.,
a—uau* =2rg'(v)—2rc,, .
Thus
(@ —uau*)=2r7(9’'(v)) —2rc, , .
Since r(uau*)=rz(a) and 277(¢'(v))=0, c¢,,=0. Moreover
av—va=2r(l—c,,)v ,
i.e.,
a—vav*=2r(l—c,,) .
Thus
(@ —vav*)=2r(1—c,,) .
Hence we obtain that ¢,,=1. Therefore
a 'edca=4,+ad(ia)
where

2nig’(V)u=1(au—ua) ,
av—va=0.

Then

Since av=va, a € C*(v) where C*(v) is the C*-subalgebra of A, generated
by v. Hence there is a selfadjoint element f € C(T) such that a=f(v).

And Slf (£)dt=0 since z(a)=0. Let F be the selfadjoint element in C(T)

deﬁne(i by
F)=| f (s

and let w=e**™. Then w is a unitary element in A4, and
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waz(w*) — eiF(v)az(e—iF(v))
— etF(u)(_ ,iFl(,v))e—iF(v)

= —if(v)=—ia
where F' is the derivative of F. Therefore by easy computation
Ad(w)oa0d,cac Ad(w*)=0, ,
Ad(w)oa od0a0 Ad(w*) =0, .
Hence there are s, t€ R such that
acAd(w*)=a,,m, »
i.e.,
A=, Ad(w) .
By Pimsner [12] we see that
ZF (K(AgXo Z))=Z+ 20+ Zs+ Zt .
On the other hand by the above remark
Fu(K(Ag X Z2)=Z+Z0 .

Thus s, t€ Z+Z¢. Hence, since a,,, is inner, so is a. However by the
above remark I'(a)=7. This is a contradiction. Therefore 5, is not
inner. Q.E.D.

DEFINITION. Let # be an irrational number. We define r(6) by

r(@)=sup{r=1|r is a number to which ¢ is
approximable by rational numbers} .

We call it the degree of irrationality for 6.

By Besicovitch [1] or Falconer [5, Theorem 8.16] we see that there
is an irrational number ¢ with r(#)<c. And if r(f)=c, 6 is a non-
generic irrational number.

THEOREM 7. Let 6 be an irrational number and r(@) be its degree
of irrationality. If v(6)>3, then for any integer k with r(9)+1<k each
approximately inner x-derivation of AL' to Af is immer and for any
integer k with 0<k<r(0)—3 there is an approximately inner x-derivation
of A% to A% which is mot immner.

PROOF. We suppose that k& is an integer with »(@)+1<k. Let 6 be
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an approximately inner x-derivation of A%*' to A% Then there is a real
number r with »()+1<r+1<k and C>0 satisfying that

C

r—1

|e21rin0 _ 1' g

for any positive integer n. Hence by Proposition 4 ¢ is inner.

Next we suppose that k& is an integer with 0<k<#(#)—8. Then ¢
is approximable by rational numbers to order k+3. Hence by Proposition
6 there is an approximately inner x-derivation of A%*' to A% which is not
inner. Q.E.D.

COROLLARY 8. Let 6 be an irrational number. Then there is an
approximately inner x-derivation of Ay to Ay which is nmot inner if and
only if 6 18 non-generic.

PrROOF. We suppose that # is non-generic. By [8] there is an auto-
morphism a of A, with a(Ay)=Ay satisfying that

(1) a,=id  on K(4,),
(2) To(K(Ap X Z)=Z+ 20 ,
(3) I'la)=T.

Then we can prove in the same way as in Proposition 6 that there is
an approximately inner *-derivation of A7 to A7. And it is easy by [2,
Remark 4.3] to prove the converse part. Q.E.D.

References

[1] A.S. BesicovircH, Sets of fractional dimensions IV: On rational approximation to real
numbers, J. London Math. Soc., 9 (1934), 126-13.1

[2] O. BrATTELI, G. A. ELLIOTT and P. E. T. JeRGENSEN, Decomposition of unbounded deri-
vations into invariant and approximately inner parts, J. Reine Angew. Math., 346
(1984), 166-193.

[3] O. BrRATTELI and D. W. ROBINSON, Operator Algebras and Quantum Statistical Mechanics
I, Springer-Verlag, 1979. '

[4] G.A. Erriort, The diffeomorphism group of the irrational rotation C*-algebra, C.R.
Math. Rep. Acad. Sci. Canada, 8 (1986), 329-334.

[5] K.J. FALCONER, The Geometry of Fractal Sets, Cambridge Univ. Press, 1985.

[6] G.H. HarDY and E. M. WRIGHT, An Introduction to Theory of Numbers, Oxford at
the Clarendon Press, 1979.

[7] K. Kopaka, A diffeomorphism of an irrational rotation C*-algebra by a non-generic
rotation, to appear in J. Operator Theory.

[8] ————, Diffeomorphisms of irrational rotation C*-algebras by non-generic rotations
II, preprint.



(91
[10]
11}
[12]

[13]

[14]

APPROXIMATELY INNER *-DERIVATIONS 219

S. LaNG, Introduction to Diophantine Approximations, Addison-Wesley, 1966.

R. MANE, Ergodic Theory and Differentiable Dynamics, Springer-Verlag, 1987.

G. K. PEDERSEN, C*-Algebras and their Automorphism Groups, Academic Press, 1979.

M. V. PIMSNER, Ranges of traces on K, of reduced crossed products by free groups,
Lecture Notes in Math., 1132 (1983), 374-408, Springer.

M. A. RIEFFEL, C*-algebras associated with irrational rotations, Pacific J. Math., 93
(1981), 415-429.

H. TAKAI, On a problem of Sakai in unbounded derivations, J. Funct. Anal., 43 (1981),
202-208.

Present Address:

DEPARTMENT OF MATHEMATICS, COLLEGE OF SCIENCE, RYUKYU UNIVERSITY
NISHIHARA-CHO, ORKINAWA 903-01, JAPAN



