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Introduction.

In [17, 18], N. Wiener established the generalized harmonic analysis (GHA) in
order to give an account of phenomena which cannot be described by the classical
harmonic analysis. Especially, his GHA was motivated by even earlier investigations
in the theory of Brownian motion, in order to study the functions with continuous
spectra. And, he studied the uniformly almost periodic functions in the sense of H.
Bohr from the point of view of the GHA (cf. S. Koizumi [7, 8] and P. Masani [9-1 1.

S. Koizumi [4] introduced the generalized Hilbert transform (GHT) of ge LXR),
i.e. g such that g(x)/(x +i)e L*(R), by

4()=lim X1 LIONC
e=0 T o<gs|x_,|-t+lx—t
And, in [5, 6], he constructed the theory of the spectral analysis of the GHT by using
Wiener’s generalized Fourier transform (GFT)

( 1 1 A -1 e-—iut
s(u; g)=1im. [J +j ]g(t) — dt
a-w  n L J4 -4 —u

1 1 e—-iut__l 2
+_J5_;I—lg(t)—jﬂ—dt (ge LARY),

where “li.m.” means the limit in L*(R). Then he proved the following fundamental
Wiener’s GFT relation between any ge L3(R) and its GHT gt
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s(u+e; §)—s(u—e; g):{(._mgn“){s(“‘*‘ﬁ; g)—s(u—s; g)} : (lu|>¢)
i{s(u+e; g)—su—e; )} +2r(u+e)+2r%u+e)  (ul<e),
where
: B ogls) em™—1
ri(w)=1lim. : —ds
Bow g J_pgs+i —is
and
B
- g(s) _;
ré(u =11m I eTiusge
<) Bowo | /27 j—n Ss+i

Along the same line, the author ([13, 16]) extended Koizumi’s theory of the spectral
analysis of the GHT to the R? case. Then, since the spectra of the GHT appear at the
origin and along the coordinate axes, we were compelled to treat the complicated
calculation. ,

On the other hand, P. Masani [10] pointed out that Wiener’s GHA can be
assimilated in a widened form of functional analysis (Masani’s GHA) in which he
defined the GFT

als; g)=1Lim. —— j " Oled  GeLXRY),

A—© \/ﬁ

where

Here, the above two GFT’s have the same contents essentially. Recently, we have known
that Masani’s GFT matches well the GHT (cf. K. Matsuoka [14, 15]).

In the R? case, another remarkable circumstance occurs. This is the manner of
limit. For some reasons, in the previous paper (K. Anzai, S. Koizumi and K. Matsuoka
[1]), we studied the restricted limit as follows: The limit

1 T N 2

Iim —— s, t)|*dsdt
S, T—=w 4STJ_TJ_Slf( )|

exists and has the same limit whenever S and T tend to infinity in such a way that

S=CT for every positive constant C. As for the spherical limit and the independent

limit, see N. Wiener—A. C. Berry [17] and T. Kawata [2] respectively.

In this paper, therefore, under the restricted limit, we will reconstruct the theory
of the spectral analysis of the GHT by using Masani’s GFT instead of Wiener’s GFT.
As a result, we can easily deal with the spectra of the GHT at the origin and along the
coordinate axes.
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§1. Masani’s generalized harmonic analysis (GHA).

Throughout this paper, all functions we consider will be complex valued and
measurable on R or R2.

First, we list the notation, which will be used in what follows (see K. Matsuoka
[12-16]):

(@) Lf(R2)={f€L12°c(R2) 1 Jw Jm | Sy, x2) 12 del(xy, X5)

o] @ 2
_1 f f fGnxdP dx2<oo};
| 7 J_o Joo Q+xD(1+x3)

(b) [Masani’s generalized Fourier transform (GFT)]

a(u, v; f)=1im. 1 fA JA f(s, Dlo(s)lo(t)e ™M+ dsdt (f e LA(R?)),
4Jd-4

A= 2T

where
i 1
\/—7? X+i
and the notation “Li.m.” means the limit in L*(R?);
(© Adou; g)=au+e; g)—alu—eg),

lo(x)= (xeR)

Aoy g)=au+e g)+au—eg),

ADPo(u, v; f)=a(u+e, v; f)—au—e, v; f),
AV a(u, v; f=a(u+e, v; +ouu—e,v; f),
APo(u, v; f)=olu, v+n; f)—ou, v—1n; ),
AP ofu, v; )=alu, v+n; f)+olu, v—n; f),
A, ,=407 =449

A::,,_=Ag1)+Af12),

A;,,*=A§“A£,2’+ ’

A:,,+=A£1)+A512)+ .

(d) The notations “%,-limg ;_ > and “%,-lim, ,_, "’ mean that in each of them
a limit exists and has the same limit whenever S and 7 tend to infinity or ¢
and 7 tend to zero in such a way that S=CT or n=Ce for every positive
constant C, respectively;
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(e) W2(R2)={feL,2°c(R2) sS;l>p Z.S'_J"f_T_[ | (s, t)Izdsdt< oo}

f) "/VZ(RZ):{ feW3R? : #,- im —— I f | f(s, t)|?dsdt cxists};
-T J -8

5, T 4ST
® SR)={feWXR> : ¢(x,, x,; f) exists for all (x,, x,)e R?},
where
’ ’ Ry- h e
Bxs, 233 N =Ry lim J:Tf SOy +5, %, + (s, Ddsdt ,

which is called the covariance function of f;
(h) S'(R¥})={feS(R? : ¢(x,, x,; f) is continuous on R?} .
Similarly, the R case is defined.
Note that

(1.1 L2 oL2oW2oW2s555S
on R or R? (see N. Wiener [18] and K. Matsuoka [12]). Also,

(1.2) 4, ,u,v; )=Llim. —J J S(s, )lo(s)lo(2)

A—
*(—2isinesN —2isinnd)e " “s*94sdr  (f e LXR?)).

Next, we state the R? case of Wiener’s identity which is fundamental in Masani’s
GHA (as for the R case, see P. Masani [10]).

THEOREM 1.1 (K. Matsuoka [15]). If fe€ W*(R?), then

1.3 , t) |2dsdt
(1.3) ST_W 4STJ_TJ | f(s, )|
=%R,- lim J f | 4, 0(u, v; £)|*dudv ,
e,n—>+0 168?]

in the sense that if either side of (1.3) exists, the other side exists and assumes the same value.

Proor. It follows from (1.2), the Plancherel theorem and (3.10), (3.11) of
K. Matsuoka [12] that

(1.4 R,- lim f f | A,, 401, v; f)|*dudv

g,n—+0 1687]
sin? es sin? nt
=R,- lim s, t)|? — dsdt
en—+0 2 811_[ J /(s ) 1+s2 1+12
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P sin? s sin® nt

en—>+0 TT 871

,t)|? (sines\? sin? nt
—R,-, lim f j /s )2| ( s) M dsdt
en—+0 2N 1+s &s t?
, 1)|? sin? sinnt\?
—R,- lim f f | fGs .)2| s1nzss( 11) dsdt
&en—>+0 7T 2Zg 1+¢ s nt

2 : 2 /.0 2
+R,- lim j f | f(s, D)1 (sm es) (smm) dsdi
an+o o (L+82)1+22) \ s nt

—@, lim J’ J' | fs. )2 sin? es sin? nt

eEn—+0 T 811

If(s, 1|? dsdt

dsdt .

Thus, applying Theorem 4 of K. Anzai, S. Koizumi and K. Matsuoka [1] or Theorem
2’ of K. Matsuoka [12] (or Theorem 6 of T. Kawata [3]), we have (1.3). B

In the remains of this section, we shall give the following theorem connecting the
covariance function to Masani’s GFT (as for the R case, see P. Masani [10]).

THEOREM 1.2. If f e S(R?), then
(1.5)  @(x1, x5 f)

=R,- lim ———j J‘ ewxitvad |4 oy, v; f)|*dudv (x4, x,)€R?).
e,n— +0 168?1

Proor. By (1.4),

. sin? es sin? nt
1.6 R,- lim s, t)|? —— dsdt
(1.6) g,,_.+ongr, |f( 2 1+s? 1+t2
_ g, lim If(S e sin? es sin? ntd it
en—++0 7'[ &n

Therefore, it follows from Lemma 5 of K. Matsuoka [12] that

(17) 27 lim -—J J snaxl,xz(uﬂ U,_f)

e,n~+0 16en
—lwx1rvsd g o(u, v; f)|*dudv=0,

where

Oy, 2 v; f)=Lim. —j f f (x1 +5, X5 + Dlo(s)lo(t)e ™ @+ dsdt

A— 0
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Thus, applying the same argument as in the proof of Theorem 6 of K. Matsuoka [12],
we obtain (1.5) by Theorem 1.1 and (1.7). ]

§2. The spectral analysis of the generalized Hilbert transform (GHT).

In [5, 6], S. Koizumi established the spectral relation between a given function
on R and its GHT by using Wiener’s GHA. Also, the R? case was investigated by
K. Matsuoka [14, 17].

-In this section, using Masani’s GHA, we shall prove the main theorems in-[13,
16] (cf. K. Matsuoka [14, 15]).

In a way similar to [4], we introduce the GHT defined on R? as follows:

@1 (HYf)xy, xp)= lim 2 F f S5, x3) _ds (feLXR?),
81—’0 T O<e15|x1—-s| S+l xl-—S
) ) , 0 dt
22) (H®fYx,, xp)= lim 227 f S, 1) (feLXRY),
-0 T O<ez<|xa—t| t+1 X,—1t

(23)  (Hf)xy, x)=(HPHY f)xy, x;)=(HVHPf)(x,, x,)

g (g i(xy ) f(s, t) dsdt 202
—81,11?‘—1’0 n? JJO<SIS|XI_SI (s+ift+i) (x; —s)x,— ) (f e LR

0<ez<|x2-—t|
Now, we remark that whenever f e W23(R?), by (1.1), the GHT’s HYVf, H?f, Hf
are defined, and the GFT’s of these are also defined. On the other hand, it is to be
noted that there exists fe W?(R?) such that Hf¢ W?(R?). For example, letting
S(X15 X2) = X0, 0)(X1)X0, o)(¥2), Where x, -, is the characteristic function of the interval
(0, 00), we get the required function '

, 1 .
(Hf)x1, x2)=<—;1[— log| x, l——;—)(; log|x, |—%> .

Therefore, in order to apply Theorem 1.1 to GHT, moreover, we introduce the following
subclasses of W2(R?2):

(2.9 Wiu(R?)={fe W¥R? : HVfe W*R?)},
(2.5) Wha(R*)={fe WXR?) : HYfe W¥R?)},
(2.6) WHR?)={fe WXR? : HVf, HOf, Hf e W¥R?)} .

First, we state the theorem concerning the mean total power of the GHT.

THEOREM 2.1. Suppose fe W *R?), Hf e WXR?), and there exist the constants
Ki~, K=, K;~, K;* K;~, K™, K;* Ki* such that
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: 1 (= [
(2.7) Ki~=%,- lim f | AZE, o(u, v; f)|*dudv,
an-+0 16en J_ o J ¢
1 (" (=
(2.8) K;*=%,- lim —— j | 4, Falu, v; 1) |*dudv,
en-+0 16en J_,J)_o
1 r~n €
(2.9) Kit=%,- lim —— f | AL Ealu, v; f)|>dudv .
ens+0 16en ) _, ) _, 7
Then Hf € W *(R?) and
2.10 R~ 1 Hf)s, t)|*dsdt
(2.10) SM4STf f |(HFXs, 1) ds

= 2
B ST—»oo 4STJ\—TJ‘ | £(s, t) |*dsdt

— (K7~ +K; T —K3 )+ (KT T K3 ) H(K; T K )+ KT

Before proving Theorem 2.1, we mention the following: By the multiplier prop-
erty of the ordinal Hilbert transform, we have Masani’s GFT relations between any
feL%R?) and its GHTs:

(2.11) a(u, v; HY f)=(—isgnu(u, v; f),

(2.12) oy, v; HPf)=(—isgn o), v; f)

and

(2.13) olu, v; Hf)=(—isgnu)—isgnv)u, v; f).

Therefore, it follows from (2.11)—(2.13) that for any &, n>0,

(214) A oc(u v H(l)f)={(—isgnu)Aa,,,a(u, v; f) (lu|>8)
" (=04, lu, v; f) (luj<e),

(215) A a(u v: H(z)f)={(—lsgn v)Az,r]a(u’ v; f) (l vl>ﬂ)
" (— D4, «(u, v; f) (vl<n)

and

(—isgnu)(—isgnv)d, ,olu, v; f) (lu|>¢,|v|>n)

| (e isgn o)Aty o, v f) (ul<s, [o]>1n)
@16) - Aus2Ch 8 HD= (L isgnu( -4z, atw, v f) (ul>e, [0l <n)

(= 0242, alu, 5 1) (ul<s,lvl<n),
respectively.

PrOOF OF THEOREM 2.1. Using (2.16), we have
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R,- lim j f |4, ,,oz(u v; Hf)|*dudv

&n—+0 1687]

=%R,- lim f J | 4, ,04u, v; f)|*dudv

&n—+0 16871
—(K{ " +K; " —K3 )+ (K{ T —K3 )+ (K; T —K; )+ KT
Thus, by Theorem 1.1, (2.10) is proved. [ ]
‘From Theorem 2.1, in result, we obtain the following corollaries.

COROLLARY 2.2 (K. Matsuoka [15]). Suppose fe WZu(R?) N W 3*R?), and it
. satisfies that

M) Ry~ lim j j | 4., ,2(u, v; f)|*dudv=0

en—+0 8611

and that
(M) there exists a function k7 (xz)e W 2(R?) such that

2.17) 9?2- lim f f
en—>+0 8811

Then HVf e w *(R?) and

2
A5 ou, v: f)—/ 2 A,0(v; k{)| dudv=0

2.18 R,- HW t)|%dsdt
(2.18) 1ST_’°° 4STI_TJ I(HfXs, £) |*ds
=R,- lim t 2ddt+hm— k{(f)|%d: .
sdm 4STI—TI | £(s, ) |*ds ZTJ_ | k1(®)]
CoROLLARY 2.2' (K. Matsuoka [15]). Suppose fe W4o(R?) W AR2), and it

satisfies that

M,) R,- lim J J | 4, ,(u, v; f)|*dudv=

gn—+0 8811

and that
M)y, there exists a function k%(x,)e W *(R) such that

(2.19) R,- lim J f
en—+0 8811
Then H? f e w*(R?) and

2
4. alu, v; £)—</ 2 A,odu; k%)| dudv=0.
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2.20)  @,- lim j J \(HD f)s, 1) |2dsdt
S, T—wo 4S -T

1
= 2 lim ki(s)|*d
#y- lim 4STJ J | f(s, 2)|*dsdt + im 2sf | e2(s)|%ds .

COROLLARY 2.3 (K. Matsuoka [15]). Suppose fe€ WHR?* A #W*R?), and it
satisfies (M), My)y2, (M3), (M) and, in addition, that

(My) ,- lim f J | 4.~ lu, v; f)|?dudv=0,
gn—++0 481]

(Ms) R,- lim J J | 4, "oy, v; f))*dudv=0
en—+0 48?1

and

M.) there exists a constant k¥ such that

R,- lim J J\
g,n—+0 481”

Then er"le(Rz) and

2
( )A: a(u, v; f)—2k%| dudv=0.

2.21 R,- lim H 2
( ) 5, T~w 4ST_[ _[ IESYs, 1) dsae
=R , t) |2dsdt
sr-»ao4ST_f j /s, 1) s
1
lim —— k() |? lim — k4(s)|?d k12,
+Tgr:° 57 | | 1@ | dt+sl_.Ig >S5 J‘—sl 2(s) 1*ds+| k5|

Next, we show the theorems concerning the covariance function of the GHT.
THEOREM 2.4. Suppose f € Wk4u(R?) n S(R?), and it satisfies (M,) and that
My)s there exists a function ki(x,) € S(R) such that (2.17) holds.
Then HY f € S(R?) and
(2.22) | G(x1, X253 HOf)= (x4, X33 )+ Plx2; k) .
THEOREM 2.4'. Suppose fe Wia(R?) N S(R?), and it satisfies (M3) and that
M,)s there exists a function ki(x,)e S(R) such that (2.19) holds.
Then H® f € S(R?) and |
(2.23) By, x33 HO f)= By, x33 f)+bloxss k)
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THEOREM 2.5. Suppose fe WHR?) n S(R?), and it satisfies (M;), (M,)s, (M3),
(M,)s and (M5)—(M,). Then Hf € S(R?) and
(2.24) B(xy, X35 Hf) = d(x1, X35 f )+ Ploxzs k) + dlxy; KD+ K512

Applying the same argument as in the proof of Theorem 2.1, we prove Theorems

2.4-2.5 by Theorem 1.2.
Furthermore, by Theorems 2.4-2.5, the results concerning the GHT of functions
in the class S’(R?) follow.

THEOREM 2.6. Suppose f e Wi (R?) A S'(R?), and it satisfies (M,) and that
M,)s there exists a function k(x,)e S'(R) such that (2.17) holds.
- Then HVf € S'(R?) and (2.22) holds.
THEOREM 2.6'. Suppose fe Wia(R?) 0 S'(R?), and it satisfies (M) and that
Myp)s there exists a function k¥(x,)e S'(R) such that (2.19) holds.
Then H® f e S'(R?) and (2.23) holds.

THEOREM 2.7. Suppose fe WHR?) S (R?), and it satisfies (M,), (M,)s,, (M3),
(My)s and (M 5}HM,). Then Hf € S'(R?) and (2.24) holds.
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