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§1. Introduction and theorem.

In this paper, we study the asymptotic behavior as t— oo of the solutions of time
dependent Hartree equations

i6,u=—%Axu+(lx|"*[u|2)u (H,)

for y<1, where u=u(t, x), (t, x)e Rx R". We write |||, for LP-norm, (-, ) for L3
coupling, H"*={ueL?: Y}, _ 105ul;+3 4 Ix°ul; <o} for L,k=0,1,2,--- and
U(t)=exp[(i/2)tA,]. There is a large body of literature on the equation (H,). It is
well-known that a unique global solution exists for any uge H'° if 0<y<min{4, n}.
(cf. [GV], [DF] etc.) If we assume y> 1, any above solution u behaves like free solu-
tion as ¢ goes to infinity: that is, there exists an asymptotic state u#, such that
lu(®)—U(t)u,|x—0 as t—o0 in a suitable space X. On the other hand, if y<1, no
non-trivial solution becomes asymptotically free. (See e.g. [G], [HT], [NO] etc.) But
inferring on the analogy of linear long range scattering theory, the solution of this
case is expected to behave almost free. That is, if we slightly modify the solution u by
a certain phase S, then this modified solution is expected to become asymptotically
free. Following result for the case n>3 suggests above expectation.

THEOREM 1. Let upe H*', 1>y>2/3 if n>4, 1>2y>(J17 —1)/4 if n=3, and
u(t, x) be a solution of (H,) such that u(0, x)=uy(x). If we put

T 2
S(r,é):=f(|x|'?*|u|2)(s,sc)ds= j j 1uls DI 4 oas | )
1 n lsf ,V|7

then u, :=w-lim,,  M@U(—t)exp[iS(t, t™! - )Ju(t, *) exists in H"®. Here M(t)=
exp[(i/(21)| x|*].
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REMARK 1. If u, becomes strong limit of r.h.s., we have
exp[iS(t, t ! - )Ju(t, - )~ U(t)u, , lu(t, - )|~ U(t)u, |
as t—o00. This means u becomes like modified free solution.

REMARK 2. The r.hs. of (1) is reminiscent of the Dollard’s modified wave op-
erator and first introduced by Ozawa [O].

REMARK 3. One of the important problem in non-linear scattering is to deter-
mine the range of asymptotic state «,. This is equivalent to the existence of (modified)
wave operator. For the case of y> 1, this problem is treated in [NO], [S], [HT], etc.
On the other hand, Ginibre and Ozawa [GO] showed if n>2, y=1 and u, e H®? is

sufficiently small in some sense, then the modified wave operator exists in L2.
REMARK 4. For power type nonlinear Schrodinger equations
ia.tu=—iAxu+|ulp~lu’ (P)

the case p—1<2/n is long range interaction: that is, no non-trivial solution of (P) be-
comes asymptotic free. In this case, we obtain following similar result for (H) if n=2
and p=2.

PROPOSITION 2. Let uge H''', n=2, p=2 and u(t, x) be a solution of (P) such that |
u(0, x)=uy(x). If we put

S(z, &) :=J |uls, s¢) | ds,
1
then u, :=w-lim,_, . M()U(—t)exp[iS(t, t~* *YJu(t, *) exists in H*.

REMARK 5. For many other results for general nonlinear Schrodinger equations,
a good summary exists in Cazenave’s textbook [C].

§2. The proof of Theorem 1 and Proposition 2.

We first remark mass and energy conservation laws for the solution of
(H,): llu(t, *)ll2=lluoll, and E(u(t, -))=E(uo), where E@w)= |V ullZ+(ul? |x| "% ul?).
Furthermore, for u,e H''!, we have so-called pseudo conformal conservation law:

IJ@ult, I3+ 2 ult, <)% | x| "7 *|u(z, -) %)
= | J(to)ulto, - )15 +23(1 tlto, - )12, 1 X177 % u(to, =) 1?)

+(2—v)j s(uls, *) 1%, | x|~ 7*| u(s, ) 1*)ds

where J (t) =x+itV, =U(t)xU(—t)= M(t)itV,)M(—t). Moreover, we obtain the follow-
ing lemma. (See e.g. [HO1].)
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LEMMA 3. |[J(Oult, )|, <Ct' =72 for t>1 and
j‘ s?T3 )\ J(s)uls, *)|2ds< oo .
1
From this lemma, we obtain following corollary.
COROLLARY 4. If we set A(t):=M@)U(—t)exp[iS(t, t~! <)Ju(t, +), A(t) is uniformly
bounded in H*. '

Then it suffices to prove that ((d/dt) A(t), y) e L([1, o)) for any y € & By using the
relation —iV . M(t)U(—t)= M(t)U(—t)t™ x, we calculate

d
— A(t,
ldt (t, x)

|x |2

> U(—t)exp[iS(e, t ~ 1x)Ju(t) + %M (OU(—0)A, - exp[iS(t, t~ 1x)]u(z)

= M(t)

+ M(t)U(—1t)exp[iS(t, t ~1x)] { —(0,9)t, t™x)+ ~{;—(WS)(I?, t~ 1x)} u(t)

+iM@t)U(—t)exp[iS(t, t ~ 1 x)]0,u(t)
1

57 M(t)U( —)J(t)? exp[iS(e, t~*x)] +~;—M(t) U(—1)A, exp[iS(t, t~1x)Ju(t)

+ M()U(—1) exp[iS(t, t~1x)] { — (@SNt ™ %)+ —;-—(V¢S)(t, ¢~ 1x)} u(t)

+ M(t)U(—t)exp[iS(t, t ~1x)] { — %Axu(t) +( x| 7| u(t) |2)} u(t)

1 | x|? i , -1
=~2~M(t)U(—t){ " +T(x-Vx+Vx-x)}exp[zS(t,t x)] u(t)

+M()U(—t)exp[iS(t, t~1x)] {—(B,S)(t, t~ 1x)+7xi— <(V.SXt, t~1x)

—%Ax+(| x| 77| u(t)lz)}u(t)
=M(t)U(—t)exp[iS(t, t " *x)]

:
x{____';tL +~2’_t_(x.vx+vx-x)—%Ax—(a,s)(t,t"x)+(lxl‘“’*|u(t)lz)}"(t)

= —2-152—M (U(—t)exp[iS(t, t~ 1 x)]1J(£)?u(t) .

Then, for any y € %, we calculate
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. d
(lIA(t), l//)

=31t—2(M(t)U(—- t)expliS(t, ¢t~ 1 x)1J(1)2u(t), ¥)

_ 317(1(:)14(0, J(t)exp[ —iS(t, ™ X)JU@M(— 1))

_ %(J(t)u(t), UOM(—t)x - F ' exp[ —iS(t, )1 ¥)
=—21—2(J(t)u(t), U@M(—0F ™ iV - exp[ —iS(t, - )1# V)

= U0, UOM(—0F ~* expl—iS(, NIV + (VK NFD), @)

where # is Fourier transform from R to R} and then,

d
(E A(), '/f)

By Hoélder’s and generalized Young’s inequalities, we have
"(V:S)(t, * )'g'/’ "2 < "(Vgs)(t, * )”p;"'g’.'/’"pz
("t

SCIFYNp, | slx]™7" +|u|?Xs, s )l ,,ds
J1i
't
=CIFYlp, | s 7P N0x 177" el u Pl 5, ds

1

s%t-2||J(t)u(t)||z(uv¢f-/zn2 +IVaSXE )F ) - @

°t

<ClIFYll,, | s'7"Pllus)l3,ds
o

1

where 1/p, +1/p,=1/2,1+1/p;=(y+1)/n+2/p;,2<p, < oo and 2<p,; < 0. Here, using
Gagliardo-Nirenberg’s inequality, we have

u(s)ll ,, = | M(— s)u(s)ll ,,
< C||V . M(—5s)u(s)lI5 | M(—s)u(s)l|3~*
=Cs™*|J(s)u(s)lI5 lluoll 3%,

where 1/p;=1/2—a/n, and we obtain

t

(Ve SXe, ')ﬁlﬁllzscf sTTMP T2 J(syu(s) 22 ds - I F W, - “

1

Then, combining (3), (4) and Lemma 3, we deduce that
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(%A(t), l//>.sC(||V¢.9°"|/1||2+ IZ Y, g2-npr=ar)g=2+1=v/2

Above estimate shows if we can take a and p, such that

2< X yaps b, )
2 D1
1 1 1 2 1 1
S +2(——i“—> je. 2_rH ° 6)
Py n 2 n n n P1
2<p, <, @)
O<a<l, ®)

then ((d/dt)A(t), y)e L([1, 0)) and desired weak limit exists.
We claim that if p, satisfies

—2y—9? 1 1 1
Aoyt bl e L ©
n2—-y) p1 2 pp n
then (5)~ (8) hold.
In fact, (9) means (7) obviously and
1 .

L+t (10)
D1 n

(4—2y—y*)p, <n(2—)
<>4p, <pyy(y—2)—ny+2n
1 1
¢>2<1+-"-y—(Y+ ——>+i. (11)
2 2 n D1 Dy
By defining o as (6), (10) and (11) mean (8) and (5) respectively.
Now, we can take p, satisfying (9) if we have

N, Y I T
Azy—yt 1 g Ay o+l
n(2—7y) 2 n(2—y) n

Solving these inequalities, we obtain our result and complete the proof of Theorem 1.
Next, we consider Proposition 2. In this case, similar calculation as Lemma 3 shows

jwfwﬂmmﬁm<w,

1

and
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IV SYOF Y| 2
<NVSY N2 N F VYl

=<J Jt \L exp[-%sm’]-u(s, s¢)
RElJ1 '
([ (Tl - s}l

<[ s wiomoads 1201

1

ds

2 1/2
dé) i E

2 1/2
dS> dé) 1 F Yl

Here we use Kato’s inequality V|v|<|Vv| at forth line. Thus, we have

jmt'zll-’(t)u(t)llz I{iVe+(VSE, )} F Yl dt

1

< f " 2 ) dt - IV F V5

1

+Iw (t',l (MGGl PRY A r S‘IIIJ(S)u(S)IIzdS)dt -

1 1

Now, using Hardy’s inequality:

t~! .rf(s)ds
(1]

<L2|l fll 20, )

L2(0, )
for
0 if 0<s<1,
S (S)={ —1 )
s™HIJ(S)u(s)]l 2 if 1<s,
we have
t -] 1/2
t“f s~ Y| I(s)u(s)]l . ds sZ(j s‘zllJ(s)u(s)"%ds) .
1 L2(0, ) 1
Thus,

Jw I @l 2) - (t'l f s™1 IIJ(S)u(S)llzdS)dt
1

1

32‘[ t 2| J(u(t)||3dt < o0 .

1

From this estimate, we obtain
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Jw £ 21 J@u@) 2 I{iV e+ (VST - )} F Y5 dt

1

< Cro t~te t“‘llJ(t)u(t)IIzdt‘*-2J‘co t=2)J(u()) 3 dt

1 1

< C( fw t‘2||J(t)u(t)||§dt)1/2 +2 ro t~ 2| J(tu(t)||3dt < o .

1 1

This means our desired result. : a

§3. Remark of Theorem 1: the strong limit.

As mentioned in Lemma 3, t~ || J(t)u(t)|, = || M(t) - iV, - M(—t)u(t)||, < Ct~?'? even
though ||V, u(t)||,~C as t— oco. This decay estimate means the expectation value of
momentum p= —iV, behaves like ¢t~ !x, similarly as the free particle. In fact, we have
t Y J(OU@uoll, =1~ ||xu,l|, in free case, and this observation suggests ||J(t)u(?)|, de-
cays faster than what Lemma 3 shows. If this expectation is true, u, becomes strong
limit.

PROPOSITION 5. If | J()u(t)|, < Ct*~* for some u>2/(y+2), then u, in Theorem
1 is strong limit of A(t) in L>.

ProoF. By virtue of Theorem 1 and

luy —A@NE =, — A(@R), uy)— (s — A(2), A(®)),
it suffices to show that

(u, — A1), At))—>0 as t—o0.
Now, by putting A(¢) in ¥ of (2), we get |

i — A(), A@©)= f’(i%A(s), A(t)) ds=— J " 526,
UEM(—)F 1 exp[ — iS(s, - YHiVe+(VeS)s, - NF AW)ds . (12)
Remarking that
(FMOU(— o)) =it exp[ —tle I’]«b(té)
for any ¢, we can write & A(f) as following;
IV, +(VS)s, - )} F A =) CXD[——;—H £ s, :)]

x {t& +iVe+(VSXs, &) —(V:St, O}ult, L&) . (13)
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From (12) and (13), we obtain

(s — A(), AD)| s% f " s 2 el

t

- g2 {(t€+iV<)+ f ‘i(v¢sxz, é)dt}u(t, t&) ds .
¢ d’t L2(R})
Since
d
-‘;(V.:S)(T, =tV x| 7 *|u|*)z, t&),
we get
2 fs;—(vgs)(f, Edr - u(t, t&)
: 4T L2(RY)
s d
< j T(Vgs)(% &)dr *lluoll,
¢ at L=(RY)

S"“o"z'J. TV Ix] ™% u Xz, TE)| Loguey dT -
. t

For the estimation of this term, we use following lemma.

LEMMA 6. Let pe[l, ©),q<nand 0<q<p. Then
| d(x) P . _
f PO 4 <(—P Y 11z~ 018
R" n—q

| x|

for any peW'?:={pel” .V peL"}.

For the proof of this lemma, see [C] p. 131 Lemma 7.4.1.
In virtue of this lemma, we have

IV 1177+ 4 X7, T)llummy=C SUp
€

| u(z, t&€—n)|?
d
I S liak 1
j | exp[(i/(27)) | t&€—n |*] - u(z, T&—n) |? dn

O Tk

§ER” R

<C sup IV, - expL(i/20) | t€—n 1] - ulz, ©& —n)|IE 2y * ez, T€— 1)l L3cikny

=Clluollz™7- sue. I =iz~ Y& —n) - u(, 1€ —n)—(Vu)z, 78 —n)li L 3kn)

<Clluolz ™ -7 1 NI @)

Then, by using the assumption for J(t)u(t), we obtain
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tn/2

Sd
J 7T_(Veg)(f, Edr - ult, t&)

t

L2(RY)

s s .

SCJ f"IIJ(t)u(r)llg“drst DA =Wy gy
t t

_—_-C(t1—7+(v+1)(1—u)__sl——y+(y+1)(1_,,)) )

Thus, remarking that

t2]|(e€ +iV Jutt, &)l Lagamy = 1T @U@ 2 »

we have
| (uy — A1), AQD) |

<cC f 521U | (Ot} + £ 770+ D0 gL =7+ 0000 g
t

[e o]
SCJ s—2+1—u(t1 —u+t1—v+(7+l)(1—u))ds=C(tl—2u+t(7+2)(1 -n)-}’) .
t

By the assumption of u,
(+2)1—p)—y<0 and 1-2u<0.

This means our desired result. |

§4. Proof of Lemma 3 and Corollary 4.

PrOOF oF LEMMA 3. We put

J sluls, =) 1%, | x| 77 *|u(s, *) |* ds=: G(t)

to
[ J(Eo)ulto, - )I3 + t3(1ulto, <), | X |77 *| ulto, *)1*)=: B

for suitable t,>0. Then, we can rewrite the pseudo-conformal conservation law as
following:

IJ(@)u(t) |3 +tG'(t)=B+(2—7)G(t) .

Since this means
%(IV"ZG(t))= £ 3B—1J@u@)3) (14)

integrating with respect to ¢, we obtain
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t"zqt)=ft ' 3B~ | J(s)u(s)l3)ds -

Remarking that the 1.h.s.>0, we have

t
j S"3IENEds=(2—y) Bty 2 — 1"~ ) — 1" 2G(t)< o0

to

for any t>¢,. This means the latter of desired estimates. The former one obeys (14)
and Gronwall’s inequality. O

PROOF OF COROLLARY 4. Obviously, || A(t)|l, = [lu(t)ll,= lluell,, it suffices to show
IV.A@)ll,<C. Since —iV A(t)=M()U(—t)exp[iS(t, t ™ x)] -t~ 1x - u(t),

IVA@I =t Ixu@)ll, <t~ IT@u@) | + IV (D)l -

Now, remarking that | V,u(t)||% < E(u) =const., we obtain the corollary from Lemma 3.
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