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On Certain Multiple Series with Functional Equation
in a Totally Imaginary Number Field I
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§1. Introduction.

In the recent paper [3], we considered a multiple series in a totally real number
field, which is regarded as a generalization of the double series

> Y 1 -2 (Ret>0),
n=1m=1 M
and proved that it satisfies functional equation.

In the present paper, we shall treat analogous problem in a totally imaginary
number field. Our method will be similar to that of [3]; the proof is based on the
transformation formula of Hecke-Rademacher, the expression of our series by integrals
and the calculation of residues.

Let K be a totally imaginary number field of degree n=2r, K®, K¢*P=K®
(p=1, - - -, r) the conjugates of K. Let d be the differente ideal of K, D = N(b) the absolute
value of the discriminant of K and R the regulator of K. ,

If 1 is a number of K, then we denote by u'? the conjugates of uin K@ (g=1, - - -, n).
We define n-dimensional vector u=(u'"), - - -, ™). More generally, we shall often use
n-dimensional complex vector ¢=(&y, - -, &,) such that &, ,=&, (p=1,---,r) and
write

so=5 ¢, NO=T1&.

Let t,,'--,1, be positive numbers such that 1,,,=1, (p=1,---,7r). Let
E=(&,, -, &) be a complex vector stated above. Let a and b be non-zero fractional
ideals of K. For these 1, ¢, a and b, we define the series M(z, ¢ ; a, b) as follows:

Y. exp{—2nS( il 7)+ 2miS(uvd)} ,

(1.1 M(t,¢;a,b)= Y ——
| N@'* et

(w<a
n)#0
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where the outer sum is taken over all non-zero principal ideals (1) contained in a and
the inner sum is taken over all non-zero numbers of b. This series is well-defined, since
the inner sum is independent of the choice of the generators of the ideal (u). (Remark
that the series has the square roots N(u)'/? as the denominators of terms.)

Now we shall introduce another series:

1
1.2) Us,a)= )Y ——  (s=o+it, 0>1),
wse N&Y

where s is complex variable, and the sum has the same meaning as the outer sum in
(1.1). This series {(s, a) has the analytic continuation over the whole s-plane (Lemma 2.1).
The purpose of this paper is to prove the following

THEOREM. If we put
D(1, &5 a, b)=M(1, &; a,b)+{(1/2, )+ (—4ny{(—1/2,8)7, - - - 7, ,

then we have

N(@b)'2 [T (2 +]&, 14 &z, £ ; a, B)
p=1

= N(a*b*)'/ Hl (@32 +1 &3 1)1 - D(a*, £* ; b, %),
ok

where a* =(ad)™ !, b*=(bd)"! and

T

1.3 S - =1,-"-,n),
r+ ¢
B *__ TP *+ =P =1’..., .
(1 4) ép T:+|¢p|2 s ér P T§+I€p|2 (P T)

First we shall consider, in §2, the functions {(s, 4 ; a) and summarize some prop-
erties of them in Lemmas 2.1, 2.2 and 2.3.

Next in §3, by using the transformation formula of Hecke-Rademacher we shall
obtain the representation of M(z, £; a, b) as the series of the complex integrals:

(1.5) M(t, &5 a,b)=) L Hy(s, 7, ¢; a,b)ds.

2 27 )(sa
The integrands H (s, 7, ¢ ; a, b) are the products of the gamma function, the {(s, 4 ; a),
the hypergeometric functions and some elementary functions (see (4.1) below). Using
Lemma 2.3 and some results in [4], we shall have the estimate of H,(s, 1, ¢ ; a, b), by
which we shall be able to change the path of integration in (1.5). Then the functional
equation satisfied by H (s, 7, ¢ ; a, b) (Lemma 4.2) will give the equation as follows:
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M(z, ¢ ; a,b)=(DN(ab))™* f[ (7 +1&, 1)~ 2M(e*, &*; b*, a*)+R(7, £ 5 o, b),

where R(z, £ ; a, b) is the sum of the residues of H,(s, 7, £ ; a, b). Finally in §6, we shall
calculate R(z, ¢ ; a, b) and then we shall complete the proof of Theorem.

§2. Zeta functions with Grdssencharacters.

Let ¢, * - -, &,_, be the fundamental units of K, p=e>*/* the primitive w-th root
of 1, w being the number of the roots of unity in K. Let ¢ (p=1,---,r;j=1,--,r—1)
be the numbers satisfying the following equations:

Z egi)=0 (j=1,---,r——1),
p=1
: 1 (=)
e“’logls"”|={ (Gj=1,---,r=1).
2 SIS g
Let a,, - - -, a, be non-negative integers such that a,*a,,,=0 (p=1, -, r). For such
integers a,, - - -, a, and any rational integers m,, - - -, m,_; we put
(21) vp=vp(m1"",mr—l;a19 "°9an)
r—1 n
=) e‘}’(anj+ Y a,,args?") r=1---,1.
j=1 q=1

Following Hecke [1], we define the Grossencharacter A in K to be the function
over complex vector z=(zy, * * *, z,):

i2)= H 2,177 H (l |)

provided that a,, - - -, a, satisfy the additional condition

2.2) I1 p@=1.

Now we consider the series

Mp)
,A" - l ’
s, 45 )= (“)an NG (e>1)

where the sum is taken over all non-zero principal ideals (1) contained in a. This series
is well-defined, since A(g)=1 for any unit ¢ of K.

If A=1, then {(s, 1 ; a) is the series {(s, a) stated in § 1. So we write, in the following,
{(s, a) instead of {(s, 1; a).
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LeEMMA 2.1. (1) {(s, 4; a) has the analytic continuation over the whole s-plane and
satisfies the functional equation as follows:
QRm)e~Y2 ra—s; )
N(a/D T(s;4)
where I'(s ; A) is the product of the gamma functioﬁ:

res; H=11 F(s+ 4ty wp).
p=1 2 2

(2.3) s, 45 @)= {1—s1;a%),

() IfA+#1, then
I'(s; 2){(s, 45 a)

is an entire function.
(3) In the case =1,

I(sy{(s, a)

is a meromorphic function with only two simple poles at s=0 and 1.
(4) (s, a) is regular in the whole s-plane except at s=1, where {(s, a) has simple pole
with the residue

(2nyYR

wN(a)./D

PROOF. We can obtain these results from Hecke [1] in the same way as was stated
in [3]. So we omit the proof. O

Lemma 2.1, (3) shows that {(s, a) has the zero of order r—1 as s=0. Moreover,
we have the following

LEMMA 2.2. We have
24) (10, )= —(r— 1)!IR/w.

ProoOF. We see from Lemma 2.1, (4) that

(2rnyR

2.5) lim s{(1+s, a)= iels {(s, a) =W .

s—0
On the other hand, by the functional equation

(21[)”(’ +1/2) I-v( _ S)'
N(@)/D T(+sy

which is obtained from (2.3), we have

C(1+S, 0)= C(""S, 0*) s
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2.6) il_l}; s{(1+s, a)= }V((z)% ign {sI'(—sy{(—s, a*)}
@n)y

{790, a%).

" N@/D (r—1)'

Comparing these two expressions (2.5) and (2.6), we have
(=0, a*)= —(r—1)!R/w .
Since this right-hand side is independent of the choice of a, we obtain (2.4). O
LEMMA 2.3. In the strip —1/2<0<3, we have
s, 25 a)(s—1)* P (1 +]2])*,

where « is Vinogradov’s symbol,

(1 =1,
e('l)"{o if A#1

and the constants implied in this estimation depend on A and a.

Proor. ([4, Hilfssatz 15].) O

§3. Representation by integrals.

Let ¢,, - - -, ¢,.; and p be the units of K stated in the previous section. We rewrite
the inner sum of (1.1) as follows:

3.1 > exp{—2nS(|vu| 1)+ 2miS(vué)}

veb
v#0

w

=Y Y Y exp{—2nS(vut oy n)

Mebb=1by,-,br-1=—-00
»#0

+2miS(vup®eyt - - - el &)} .

In this right-hand side, by, - - -, b,_, run through all rational integers and the outer sum
is taken over all non-zero principal ideals (v) contained in b.

Now we quote the transformation formula of Hecke-Rademacher from Rademacher
[4] as a lemma:

LEmMMA 3.1. Let W,,---, W, be positive numbers such that Woir=W, (p=
1. Let Uy, - -+, U, be complex numbers such that U,,,=U, (p=1,--,r). Then
we have
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3.2) ) bz ) exp{ —2nS(W| &}t - - - e~ )+ 2miS(Uey - - - eb)}
2r a0 a0 1

= > Y = | @m)~™

R my,mm1=w ar-ran20 270 J(s/a
ap'ar+p=o

8 H { @UY*(U, ) *» r@s+1,+iv,)
p=1 (W:+IUP|2)(23+1,+M,)/2 22s+l,+iu,1~(lp+l)

l+i 1 —i 2
xF(s+ p ¥ 4 b il l,,,+1;————I Ue! ds
2 2 2 Wi+|U,?

2

where my, - - -, m,_, run through all rational integers, a,, * - -, a, run through non-negative
rational integers such that a,-a,,,=0 (p=1,---,1). The v, are the values defined by (2.1)
and the F(a, B,7v; x) are the Gauss hypergeometric functions. We put l,=a,+a,.,
(p=1, - - -, 7) and the integrals in (3.2) are the complex integrals taken along the vertical
line 6=5/4. '

Proor. ([4, Hilfssatz 14]). O
Let I be a non-negative rational integer, x a number such that 0<x<1. We put

I(s+1)
2+ +1)

s+1 1—s+1

> > F(s, I, x)

F(S,I,X)=F( ,l+1;x>, G(S,I,JC)=

([4, p. 368]). Since F(a, B, 7; x)=F(B, ®, 7; x), we have

F(1—s,1l,x)=F(s,1, x) .
Moreover, we easily see that

rQ—s+1) 225-1G(s, I, x)

Gl —sLx)=—F0

which shows that G(s, I, x) is meromorphic in the whole s-plane. (In the half plane 6 >0,

G(s, |, x) is regular ([4, p. 368])).
Now applying Lemma 3.1 with

{W.,=IV“"#“"I1, @=1---,n,

Uq=v“"u“"p“‘"’€q (q= 1, n)

to the sum over b,, - - -, b,_, in the right-hand side of (3.1) and putting
1&, 1

P 2,12 12
o+

(p=1---,71,

we have
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(3.3) M(z, ¢ a,b)

el IR0 L BRER Ry | PR

s R gsyim o5 20 Jow

9 ILI [ (i#(P)v(P)ép)ap(iﬂ(r'FP)v(r+p)€r+p)a,.+,
p=1 L {(| f®VP | 1,)2 + (| uPWPIE )2} s+ o+ inp)2

1

NGy

x G(2s+iv, 1, xp):l

-T2 2y S L[ enoe ] po

<a R b b=1 2mi =
() 8‘)):0 {m} {a} (5/4) q=1

(w)#0
- { (lé p)ap(iér + p)ar te

(TIZ’ + I ép |2)(2s+l,+ivp)/2

G(2s+iv,, 1, x,)}

r=1

x___l____ I:I ,ﬂ(p)l—ivp ﬁ ( #(q) )aq
N(uy*1? 5=y a=1 \ | u?|

1 r . n v(q) aq
x [T v~ ( ds,
q

Ny p=1 =1\ |[v@]

where we denote by ) . and 2 the sums in (3.2) over m;, - -+, m,_, and a,, - -, a
respectively.

Here we see that

n>

if l—[ p(q)‘q= 1 ,

n Y w
H p(q) g __ a=1
14g=1

0 if not.

3

b

1

Hence, by the definition of the Grdssencharacters 1, we can rewrite (3.3) as follows:

(G.4) Maéah=Y 22y sy L[ opm

wea R Msdm @ 27 Jssa

n+0
: (lé )ap(i§r+ )aN"'v .
g pl;ll { (tp+ Ipf » I’)"‘: vz C2S+ivp b X))

% M) Av)
N@uy+2 Ny
where ) * means that a,, - - -, g, satisfy the condition (2.2). Therefore, the sum pI Z;)

overm,, -, m,_janday, - - -, a,is regarded as the sum ), over all Grdssencharacters 4.
If 0<e<a<3+¢, then we have

b
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It] (I (A=
G(s, |, x)<<exp(—T\/lr—;) I1+1 1+(1/2)/1—x)"?

([4, Hilfssatz 19]). Hence, if 0 =5/4, then

1 1+1,+|2t+v,|)?
(3.5) G(2s+iv,,l,+1,xp)<<exp(—7|2t+vp|,/—————1_xp)( p+126+0,)°

l,+1
Putting
. 1
3.6 20= min {—./1—
(3.6) 1§pl_sl.r < 4 x,,)
and using (3.5), we have the estimation of the integrand in (3.4):
—ns T (@), +p)" 7 . Ap) Av)
) pgx {(ri F| &, [2)@sFipivpN2 G@s+ivp bn Xo) { Ny NOY

r

1 ro(1+1
«L—F —20 2t+ L4
N (ﬂv)s /4 exp( ] zl I UP I) p];ll

p=

+|2t+v,)° ol
L+1 ?

1 r r
«————exp| —0 2t+v 1+1)xk/% .
w0 £ 2e0) T 0o

P=

Further we can estimate M(t, £ ; a, b) as follows:

o o} r r
M(t, &; 0, b))« Y, exp(—G Y 12t+v, I>dt - 1 (A +1)xk2,
Cm B J-w r=1 r=1

where 1, - - -, I, run through all non-negative rational integers.

Since this last sum is convergent ([2], p. 206), we see that the series in the right-hand
side of (3.4) is absolutely convergent. Therefore we can change, in (3.4), the order of
the summations over (v), () and A. Moreover, we can invert the order of the summations
over (v), (1) and the integration.

Thus we have

G7) M@ & ab)=Y l.j ZW (2myne
A 27“ (5/4) R

% l’"I { (iép)ap(icr +p. ir+p

G(2s+iv,, 1, xl,)}

(‘t: + l ép |2)(2s+ Ip+ivp)/2

x{(s, A; B){(1/2+s, 4; a)ds,

where A runs through all Gréssencharacters.

p=1
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§4. Lemmas on integrands.

We shall denote the integrands in (3.7) by H,(s, 7, £; a, b):

2'w

(41) H;_(S, T, c s Q, b)= R (2n)—ns

IL[ (ifp)a (i€r+p o+ p
(1.' +| f I2)(2s+l,,+wp)/2
x{(s, A; B){(1/2+5,4; a).
LEMMA 4.1. (1) IfA#1,thenH,(s, 7, & ; a, b)isregularin the strip —3/4 <0 <5/4.

(2) Hy(s, & 15 a,b) is regular in the strip above except at s=1, 1/2, 0 and —1/2,
where H,(s, &, T ; a, b) has simple poles.

G(2s +iv, 1, p)}

PrOOF. In the right-hand side of (4.1), we replace I'(2s+1,+iv,) by

92s+1p+ivy F(S'i' lp+ivp>r( L1 1 + l,+iv, )
2/n 2 2 2

Hyls,% 83 6 B) =0 0m)2,/1)

IL[ { (iép)a (iér+p)a’.+P 1
p= (‘t +|€ |2)(2:+l,+w,)/2 r(l )

l,+iv, _1_ l,+iv,
xpl;ll {F<S+T)F( +2+ 3 )}C( A; b)C( +5,4; a)

or, we can write

Then

F(2s+ivy, 1, xp)}

4.2 “m(2y/n)"
. () (8, + p)* 7 .
X { @+ |"€p l2)(23-:lp+ivp)/2 I, +1) FQ2s+iv,, 1, x,)
xI'(s; A)L(s, A; ) (1/2+5; A)L(1/2+5s,4; a).
In view of Lemma 2.1, (2) and (3), the proof follows from (4.2) at once. O

LEMMA 4.2. H (s, 1, &; a, b) satisfies the functional equation as follows:

H,(s, 7, ¢ ; a, b)=(DN(ab)) ! n (T2+1&,1 2)—1/2H1<-——s T*, £*, b¥, a*)

p=1

where a*=(ab)" 1, b*=(bd)~ !, and Ty and £} (p=1, - - -, n) are the numbers defined by
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(1.3) and (1.4).
Proor. We apply the functional equation (2.4) to (4.2). Then we have

1 2w
2 (s—1/2) 2 -r
DN@) R 20 V)

N e
xI(1/2—s; 1){(1/2—s,Z; a®)T (1 —s; {1 —s,1; b%).
By the definitions of 75 and &3 (15= 1,---, n), we see that
2+ &P =+, 17! (p=1,---,7n,
1¢5 12 1&, 12

= =X (p=19“'sr)
AHIEP IR T

4.3) Hys,7,¢; a,b)=

rp=1

and

U9 (U it (U299 (U9 e
(t: +| ¢p|2)(23+l,+iv,)/2 - (t:z +|& [2)(—2s+1p=ivp)2
Er g3y

(T;2+| g;: |2)(1-2:+l,—iv,)/2

=348, 1)
Hence, noting that F(s, l, x)=F(1—s, |, x), we have, from (4.3),

His,7 €5 0, 5)=DN@H)* [T @3 +1¢,) 22 @pe-ma /ay~

: U9 M U i 1 . }
X Py : F1—-2s—iv, 1, x,)
{(t:z_‘_‘ 5: |2)(1 2s+1p—ivp)/2 r(lp+ 1) " PP P

xI(1/2—s; D(1/2—s,X; a¥) (1 —s; (1 —s, 1; b*)

r=1

=(DN(ab))~* fl 2+, 1) ”ZHI<%—s, T, {%; b, a*) : O
p=1

LEMMA 4.3. For —3/4<06<5/4, we have
4.4 Hys, 7, ¢; a,b)<exp(—0|t))

where 0 is the constant in (3.6). The constants implied in this estimate (4.4) depend on 2,
17, & aandb.

ProoF. Inview of Lemma 4.2, it is sufficient to prove lemma under the assumption
1/4<0<5/4. From (4.1), (3.5) and Lemma 2.3, it follows that
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Hy(s,7, &5 a,b)<exp(—0 ), |2t+v,]) (1 +]2)°,

p=1

which gives the proof at once. O

§5. Functional equation.

By Lemma 4.3 we see that

—-3/4+iT
J‘ Hl(s, taé; a, b)ds—’o (lTI—’w)s

5/4+iT

where the integral is taken along the horizontal line from 5/4+iT to —3/4+iT. There-
fore by Lemma 4.1 and Cauchy’s formula,

(5.1 L H;(s, 7, ¢; a,b)ds
i J(s/a
LI Hy(s, 7, §; a,b)ds Gf A#1),
270 J (374
1
—J H,(s,7,¢; a,b)ds+R(zr,¢;0,b) (f A=1),

where

R(t,¢; a,b)= ResH1+ Res H1+ResH1+ Res H,
s=-1/2

is the sum of the residues of H,(s, &, T ; a, b). Hence we have, by (3.7), (4.1) and (5.1),

(5.2) M(t,¢; a, b)=2—}—.f H,(s,7,&;a,b)ds+R(r,&; a,b).
By Lemma 4.2,
.
(5.3) Z——.j Hy(s,7,¢; a,b)ds
7 27mi J(_ 34
=(DN(ab))~* I] (@GHED T o | Hifs % %3 % a%)ds
27" (5/4)

In this sum, 1 runs through all Gréssencharacters. Hence the last sum is equal to

1
(5'4) Z_. HR.(S’ T*, 6* 5 b*, a*)ds’:M(T*’ é* s b*s a*) .
Z 27 J (54

Thus we have, by (5.2), (5.3) and (5.4),
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(5.5  M(z,¢; a,b)=(DN(ab))™! ﬁ (t7+1£, 1) 712 M(z*, &% ; b*%, a*)+ R(z, & o, b) .

p=1

§6. Residues.

Now we shall calculate R(z, &; a, b).
If A=1, then (4.1) gives

2wI(2sy 1 1 .
l(s 7,69 a, ) R(47I)'“ pljl{(t:+|ép|2)’ F(S,—z——-s,l,xp)}

x{(s,0){(1/2+s, a) .

By this expression, we obtain

2w L 1 1 3
R = I I ——.1: e R
’=els = R(4n)* p=1 { 1:2 I |€p|2 F(l, 2’ b xp)}(( 2’ a) ""els ¢ D)

1 r 1 3
Fll,——1;x, —al.
(41:)’N(b)./ IJ {r sHIE 12 ( 27 )}C<2 a)

F(1, —1/2,1; x)=(1—x)'/2

and, by the functional equation

3\ (—yey” ( 1 *)
C(Z’a) N(a)\/—c 22%)

Since

we have
(—4ny ( 1 ) : 2 2y-3/2
6.1 ResH,=—— " (| ——, a* (12 + 2,
€D e 1= D) “\ "2 ,,1;11 A+ 1)
As for Res,. _;,, H,, it follows from Lemma 4.2 and (6.1) that
] 1
6.2) Res H;= lim <s+—)H 15,7, &5 a,b)
s=-1/2 s=—1/2 2

NG [T @2+18,)71

x lim <s+L)H1(i—s,t*,C*;b*,a*)
s—+—-1/2 2 2
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= —(ON(@B) ™ TT (5+1&, 717 Res Hy(s, %, &% 1%, a*)
p=1 s=
— _(DN@b)™* ] @2+1¢,15)" 12
. p=1
__ﬂ)_r__ _i k(%2 *|2\~3/2
X DN c( ,b) [1 w32 +18317)

2
=—(—4n)'¢(——, b) 1.

Next we have

2 1 r 1
ls{=eg H,= RW C(_z_’ )pl;ll F(O, X 1; xp) 1}:3 {r2sYy{(s,b)} .

By Lemma 2.2, we see that

Res (2 {(s, B} = ——
s=0 2'w
Thus we obtain
(6.3) Res H, = —{(1/2, ),
s=0

since
F0,1/2,1; x)=1.

Finally we have

(64)  Res H ;= lim (S—%)H 1(s; 7, €5 a,b)

s=1/2 s—1/2

r

=(DN(@b)™* [] (3 +1¢,1)712

r=1

x lim (s——l-—)Hl(i—s, T*, £* ; b*, a*)
s—1/2 2 2

= —(DN(ab))~* Hl (t2+]&, 1P~ 12 Re: H,(s, t*, £* ; b*, a*)
p= s=

=(DN(05))"C(L, b*) ﬁ (T +1&,1)712.
2 p=1

Collecting the values of the residues (6.1), (6.2), (6.3) and (6.4), and combining
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them with (5.5), we have

(6.5) M(z, £ ; a,b)=(DN(ab)~* fl (t7 +1& )72 M(z*, &* ; b*, a¥)
p=1

C(—i, a*) [1 22 +1&, 15732

2 p=1

(—4ny
DN(ab)

+(DN(ab»-lc(%, b*) [T (2+1¢, 1)
r=1

_c(_;_, a)—(—41t)’{<——%—, b) ,,Ijl T, .

O, £; 0, 6)=M(5, &; o, b)+c(%, a)+(—4n)'c(—%, b) 11,

r=1

If we put

then we can rewrite (6.5) as follows:
Pz, &; a,b)=(DN(ab) ™ [ (57 +1&,1%) 12 - d(z*, £*; b*, a%).
p=1

Thus we complete the proof of Theorem.
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