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1. Introduction.

In this paper we shall consider the non-characteristic Cauchy problem for a
degenerate nonlinear parabolic equation and derive an estimate of positive solutions in
terms of the bounds on the Cauchy data and the solutions.

In [10] Pucci studied the non-characteristic Cauchy problem of the linear parabolic
differential equation of second order, where he showed the estimate of continuous
dependence for positive solutions. Cannon [2] removed the positivity of solutions
and derived an estimate, which is not of continuous dependence. His result is as
follows:

Suppose u,=u,,, 0<x<l1, 0<t<T, u(x,0)=0, 0<x<1, {u0,1)|, |ul0,t)|<e,
0<t<T, |u(l,t)|<M,0<t<T. Then |u(x, t)| < M} @™ (< x<1, 0<t<T, where
0<pB(x)<1 and M, depends on M. ‘

The similar estimation was proved by Glagoleva [3] for more general linear
parabolic equations. In this connection, there are referred to several contributions (see
e.g., [13], [14]). From the estimate given there, we immediately see that the solution
will vanish near the Cauchy surface, if the Cauchy data equals zero, particularly.
Previously to these results Mizohata [8] established the uniqueness in non-characteristic
Cauchy problem for linear parabolic equations.

In this way naturally arises the question: Does the above result hold too for non-
linear parabolic equations? Concerning this problem, Varin [15] has recently extend-
ed Glagoleva’s work [3] to the case for a semilinear parabolic equation.

In this paper we shall consider the non-characteristic Cauchy problem for
degenerate nonlinear parabolic equations and achieve an ill-posed estimate for
positive solutions. ' ' ' '

Our equation is of the form (2.1). But in the latter half we shall assume that the
space dimension is one. Let x=(x;, -*-,xy) and A=Y, , 2. There are many
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investigations for solutions v(x, t) of the nonlinear equation
(1.1 u,=Av?,

which is referred to [7]. The function v(x, t) normally represents the density of some
substance. In the “fast™ diffusion case 0 <d <1, (1.1) arises in plasma physics and was
studied by several authors from the view-point of mathematics (see e.g., [1], [5]). Setting
u=v’in (1.1) and changing the coordinates, we find that (1.1) becomes (2.1). From the
reasoning above it seems to us that it is natural to treat only the positive solution of
(2.1) or (2.9).

The ill-posed problem of the other classes may appar for nonlinear parabolic
equations. Recently one of the authors [4] has obtained an ill-posed estimate of positive
solutions for the backward Cauchy problem of the porous media equation. In this paper
our objective consists in the estimate as described in [6] and [9].

2. Results.

For a>0 we define the domain
G,={(xy, """, Xy, 1) ; O<xy<a?—12->7""'x2
and the boundary portions of G,
Se={(x1, "5 XN, 1) ; OSx,v:az—tz—Zf.V;l1 x?},
T,={(xy, """, xy-1,0,8); 12+ YN ' x?<a?}

(see Figure 1). We write simply x=(x,, - - -, xy).

(xl’ cee "xN—l’ t)

FIGURE 1
We consider the following equation in G,:
2.0 u®du=Au+F(x,t,u),

where >0, A=Y"" 92 and it is assumed that | F(x, t, u)| < K| u| for a positive constant
K.
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If u belongs to C(G,) and satisfies
(2.2) f u*ou - ¢dxdt+J Vu- Vqﬁdxdt—f
Gq G

Ga

F(x, t, updxdt — f Ou-* pdo=0

0G4

a

for any ¢ € C!(G,), we say as usual that u is a strong solution of (2.1) in G,. Here n is
the outer normal at dG, and V=(d,,, - - -, 0,,). If u is a classical solution of (2.1), it is
naturally a strong solution of (2.1).

We use the Holmgren’s transformation

t'=t, xi=x; (i#N)
(2.3) { N-1

Xy=xy+t2+ Y x2.

i=1
Obviously
Ou=0,u+2t'0,u, 0t u=0%u,
0lu=0%u+4x0,0, u+4x;?0% u+20, u (i#N).
We rewrite newly (x, - - -, X}, t') with (x, - -+, Xy, t), and x}j with y, respectively.

Then (2.1) becomes
N—-1 N-1

(2.9 wou= Y, 0 u+goiu+4 ), x,0,0,u+2(N—1)0,u—2tu*du+F,
i=1 i=1

where g=1 +4Zf’=_11 x2. By the transformation (2.3), G, is mapped onto D,
D,={(x1, " s Xy_1, 0, 8) s 12430 Ixt<y<a?}.
The boundary portions I', and L, of D, are defined respectively as follows:

Fa={(x19 T 'axN—la Ys t) 5 y=t2+2§v=_11 xiz’ ySaz} >

. N—-1_2 2
La={(x1’ i ',xN_l, a2, t) s t2+2i=1 xi Sa }
(see Figure 2).
(xl,' ';xN.—p t)
A
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FIGURE 2
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Let v be the outer normal at dD,. Let us denote by <{v, x,>, {v, y>, {v, t) the angles
between v and x;, y, t-axisiespectively. Let dx=dx, - - -dxy_,dy. Multiplying the both
sides of (2.4) with ¢ € C}(D,) and using the integration by parts, we have

N-1
(2.5) 0=f uOu- pdxdt+ Y, | 0,u-0, ddxdt
Dq i

i=1 D,

N-1
+j go,u-0,pdxdt+4 ), X;0,u * 0,¢dxdt
D, i

i=1 Jp,

—2(N— l)j O u* ¢pdxdt+ 2J~ o u * pdxdt
D, D

a

N—-1
— f Fodxdt— Y. J O, u* ¢ cosdv, x;>da
D, i=1 Jap,

N-1
- f go,u - §cos(v, yddo—4 Y, f x,0,u " $ cos<v, ydo .
oD, i=1 Jap,

Thus if u is in C'(D,) and (2.5) is satisfied for any ¢ € C1(D,), we say as usual that
u is a strong solution of (2.4) in D,. Obviously (2.1) and (2.4) are equivalent in the
sense of each strong solution.

Our first theorem is the following

THEOREM 1. Let >0 and 0<a<1. Let u be a strong solution of (2.4) in D, and
u>0 there. Then, if
J (u+u'**+|Vuldo<e, j (u““-HVuI)daSM,
Ia Lq

and M >¢eexp[4,/2 a®>(N*+ K+ (||ull ©)**)/2], there is valid the inequality

f udxdt <kNe'’?M1/?
Dayy7

where ||\u|| , = maxg u and k is a positive constant independent of a, o, N, K, |ul| ,, M and .
a

REMARK 1. We consider the equation (2.1) on the original domain G,. The
condition in Theorem 1 is imposed on a and «. Then the statement of Theorem 1 is
rewritten as follows:

Let u be a non-negative strong solution of (2.1) in G,. Let

f (u+u'**+|Vu))do<e, f W'+ |Vu|)doe<M .
Ta Sa

The same relation between ¢ and M is again assumed. Then it holds that
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(2.6) J udxdt <xNe'?M1?
Galvz
where the constant k is the same as in Theorem 1.

We give a brief proof for the above statement. We denote again the original (new)
coordinates by (x,, - - -, Xy, t) (" * - -, Xy, '), respectively. Let V.u=(0,u, - -, 0,,4)
and Vou=(0,u, - * -, 05, u). From (2.3), |V, u|<3|V,u|. And the surface element on I',
is written as:

N—-1 1/2
da=<1+4(t2+ > x?)) dx,- - dxy_.dt.

i=1
So,do <(1+4a?'?dx, - - -dxy_,dt on I',. Next the surface element do on S, is written as:

N-1 1/2

da=<1 +4<t’2+ Y, x§2>) dx'y - -dxy_dt’ .

i=1

So, dx'y- - -dx_,dt' <do on S,. From the above we have

j (u+u "+ |V, ulde <3(1 +4a2)1/2f (u+ut**+|Voul)dx, - -dxy_,dt,
) S Ta

j‘ (4 |V oul)dx' - - -dx}v_ldt’s3f w'**+|V,u|)do,
La Sa
which implies that
f (u+ul**+ |V ou|)do <3(1+4a*'?¢, J @+ |Vou|)do<3M .
ra La

Therefore using Theorem 1, we obtain (2.6).
REMARK 2. Let 1/2<d<1 and 0<a<1. We define

. N—
Ga,6={(x19 Tty XN t);0<xN<a2_62t2— i=11xi2},

Sa,6={(x1a Tt XN t);OSxNzaz—éztz— :'v=—11xi2}a
Tos={(x1, "+, xy, 1) ; 822+ 301 x}<a?}.
We consider the fast diffusion (1.1) on G, ;, where v is a generalized solution. Its
definition is referred to [7]. We assume that the solution v is of class C? and non-negative

on G, ,. If we set u=v’, then u belongs to C*(G, ). Indeed, denoting d,,, * - -, O, O
simply by 8, we see from Lemma 2 in Section 4 that v~ '/2dv is bounded in G, ;. Since

| Ou| <Sv°~ 12| v~ Y20y,

it follows that u is of class C' on G, ;.
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Taking the transformation ¢’ =457, we see that G, is mapped onto G, and (1.1)
becomes

Q2.7 udu=Au in G, (x=1/6—1),

where it is in the sense of strong solutions. Let
f @2 +v | Vvl |)do<e, f P4 |Vl )do<M ,
Ta,s Sa,s

and M >cexp[4,/2 a*(N? + K+ (maxg_,4)**)*/2]. Then applying Remark 1 to (2.7), we
have

(2.8) f v2dxdt <icNe'?M 12
Ga/vz.s

REMARK 3. Let u be the solution in Remark 2. In particular we consider 2.7).
By Sabinina [11], [12], it is known that if u vanishes at some point (x°, t°eG,, then
it vanishes at once on the hyperplane r=1°. Since >0 in G,, u(x°, t% =0 implies that
the first derivatives of u vanish at (x°, °). In other words, the zero point of u propagates
along the hyperplane passing it. In relation to this matter, our estimate (2.8) means
that the Cauchy data of u on T, controles the behavior of « through the whole subdomain
G, Wer under the bound of « on S,.

REMARK 4. In Remark 2 we have assumed the C? regularity of v. Concerning
the regularity of v, the following fact is known (see e.g., [7]):

Let (1/N)max(N—2,0)<d<1. Let v be a generalized solution of ov=Av’ in

R" x (0, T) with v(x, 0)=v, € L'(R"). Then ve C*(R" x (0, T)).

Next letting N =1, we shall treat the equation (2.1). We start from the new situation
after the Holmgren’s transformation. So the equation is of the form

2.9 uuy=u,, —2tu’u, + F(x, t, u),
where | F(x, t, u)| < K| u|. Write again

D,={(x,t); t*<x<a?},
r,={(1t);x=t*x<a,
L,={(x,t); x=a? |t|<a}.

Let 0<a<1 and define the square

QO={(x9 t) s lxla |t|<a0}

for a<a,. The domain D, is contained in Q, (see Figure 3).
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FIGURE 3

We distinguish three positive numbers a, f and y such that

3<y<s,
(2.10) O<a<(5—7y)/2,
p=5—y—2a,

where o is the exponent in (2.4). And we define for given M >0
6y 2° 2 2y-1
S=max| ———, —— (1 +K+aM%? (ap—a*)" "+ K+ M+M*|.
ay—3) op
Then we have

THEOREM 2. Let 0<a<1 and assume (2.10). Let u be a solution of (2.4) ((2.9))
in Q,. Let u belong to C*Q,) and u=0 in Q,. Suppose that

u, |ux|, Iut|sM in QO’
J (u?+ul+u?)do<e?, 0<e<l1,
r,
gexp(2a’S)< M.

Then there is fulfilled the inequality

J (u? +u?+apu®ud)dxdt<xa 8e'*M?*3(1+ M),
Da/y3

where K is a positive constant independent of ¢, M, a,, a, ., y and K.

REMARK. Surprisingly, Theorem 2 can not be proved for the case of =0, as will
be seen later.
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3. Proof of Theorem 1.

Let us denote simply by ( , ) the L% D,)-inner product. Let ¢ belong to C X(D,). By
integration by parts we see that

1 1
(u*0u, p)= — T (utte, 3,¢)+m J;a ul**pcos{v, tHdo ,

(Ost 0, 8) = —(u, 0%+ f ud, b - cos<v, xdda  (i#N),
r

(gayua ay¢)= —(gu, 63¢)+f guay¢ ‘ COS(V, y>d0' ’
[7

Dq

(XDt Oy ) = — (xitt, 0y, 0,8)— (1, B,) + f x,ud,$ - cos<v, xpdo  (i#N),

Ta

(ayus ¢) =—- (u’ ay¢) + j u¢ COS<V, y>d0' s

0D,

1
("0, )= —~

' 1
(tu'** 0,0)+—— j tul* P cos{v, yddo .
+o I1+a Jop,

Here we have used the fact that cos{v, t) =cos{v, x;>=0,i=1, ---,N—1,0on L,. Thus
we obtain from (2.5)

@G.1) 0= @'*,0)+ Y. (u, 0%,0)+(gu, 03)
14+« i=1

14" (e, 0,0,0)+ 2AN— 1, ,)
i=1

2
+
14+a

(tu'*®, 0,0)+(F, d))—;J‘ ul**pcos{v, tddo
I+a Jr,

N-1
-y J ud, @ - cos{v, x; )do—f gud,p - cos<v, y>do
i=1 Jr, 7

Dg

N-1 ‘ N—-1
-4 ) x;ud, - cos{v, x;>do+ Y, 0,,u* ¢ cos{v, x;>do
i=1 Jr, i=1 Jr,

N-1 '
+I goyu - ¢ cos{v, y>ds +4 > J- x;0,,u* ¢coslv, yydo
oD, i=1 Jop,

2
+2(N— I)J u¢>cos<v,y>da—————f tut**pcos{v, y)do .
oD, l+a Jsp,



ILL-POSED ESTIMATE OF POSITIVE SOLUTIONS 339

We set ¢ =e?’, where < —1 for the time being. Then from (3.1) we have

0=A%(gu, exp[Ay]) + 24N — 1)(u, exp[Ay]) + n i - Mtu'*2, exp[Ay])+(F, exp[Ay])

N—1 "
+ ) J d,,u - exp[Ay] cos{v, x;>do — A f guexp[Ay]cos<v, y)do
i=1 dDg
N-1
+ J. go,u * exp[Ay] cos{v, y>do —44 Y J x;uexp[Ay] cos<v, x; )do
oDq i=1 Jo

N-1
+4 ), x;0,,u - exp[Ay]cos{v, y>do+2(N—1) J uexp[Ay]cos{v, y)do
i=1 )

&Dq
2
1+
We note that cos{v, t>=cos{v, x;>=0 (i#N) on L,. Setting A= |u|, we have
from the above

f tul**exp[Ay] cos<v, yD>do — f ul**exp[Ay]cos{v, t)da .
oD, oD,

14+

(3.2) [4*— 2( >I 21— K1(u, exp[4¥])
N—-1
<Y, j | 8, u| exp[Ay]do + (1 +4a?)| 4| J uexp[Ayldo
i=1.Jr, Ta
+(1+4a 2)(J |0,u|exp[Ay]do + f | 0,u|exp [ly]da)
I'a Lo )

+4a(N—-1)| 1] f uexp[Ayldo

N—1
+ 4a( | 0., ulexp[iyldo + Z | 0,,u lexp [Ay]da)

i=1 JL,

+2(N-1) j uexp[Aylde

+ 24 (J u”“exp[ly]da+f ”“exp[ly]da)
14+a r. r.

1

J 1+eexp[Aylde
I'a

|

N-1
< Z f |axiu|da+5|/1|J‘ uda+5J‘ Iayu|d0+4(N—1)|/1|j udo
i=1 Jr, I Jra Ia
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N-1
+4 ) J |6xiu|da+2(N—l)f uda‘+3f ul**do
i=1 Jr, ) r

a

N-1
+exp[la?] (SI |0,uldo+4 Iax‘.ulda+2j u”“da)
La i=1 JL, L

N-1
<5 J |5xiu|da+6N|A|f uda+3f ultdo
i=1 rﬂ ra r

N—-1
+exp[ia?] - <5 Y j
i=1

La

Iaxiulda+2f u”“da) .
La

Setting B= N — 1 +(a/(1 + 1)) 4%, we write 12— 2B| 1| — K=3 A% + }(A* —4B| A|— 2K).
"If |A|>2B+./4B*+2K, then A?—4B|A|—2K>0. Since B<N+A4% we have
4B%+ 2K <8(N?+ K+ A*%). Hence we see that

A2—2B|A|—K=>3A?,

if |1|>4,/2(N*+ K+ A*). Let ¢ and M be the same quantities as in the statement of
Theorem 1. We replace the integral domain D, with D, 7 on the left-hand side of (3.2).
Then .

|A] u'exp[ly]dxdtSKI:Nlilj (u+u'**+|Vu|)do
Ia

Daiy7
+exp[ia?] j (' **+|Vu I)da] .
La
From the above calculation we conclude that

j udxdt <kNexp[—Aa?/2])(e + M exp[Aia?])
D,

aly2

for A< —4,/2(N*+ K+ A4"). Setting A= —a"2log(M/e), we complete the proof of
Theorem 1.

4. Lemmas.

We prepare a lemma (Lemma 2) for the proof of Theorem 2. First we prepare

LEMMA 1. Let f(x) belong to C*([0, c]), ¢c>0. Let >0 and f' <0 in [0, ¢). Then
it holds that

f02/f0)< 2( Jnax | f7(x)|+2c” ! Jnax | f'(x) I) .
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ProOOF. We define the function g in [1, o0):
g(x)= flc—c/x).
Then g(x)>0 and g'(x)=cx~%f"(c—¢/x)<0in [1, ). And
g’ (x)=—2cx"3f"(c—c/x)+c2x"*f"(c—c/x) .
Further, g(1)= f(0), g’'(1)=cf’(0) and g'(x) > —0 as x — 0.
For x>1 we have
g'(1? < g1  _g'(1)’—g'(x)’ + g'(x)? _
g(1) — g(1)—g(x) g(1)—g(x) g(1)—g(x)
By Cauchy’s theorem

g1y —g'(x)*
g9(1)—g(x)

for some & with 1 <& < x. Therefore

g'(1)? , g'(x)? "
o) <2r:1>a§lg (X)Hxiwm 2?3"9 (1.

=29"(¢)

This completes the proof.

LEMMA 2. Let O0<c<d. Let f belong to C*([—d, d]). Let f>0 in [—d,d] and
f#0 in [—c, c]. Then it holds that, in [ —c, c],

(4.1 f'(X)z/f_(X)S2< max | f7() | +2(d—e)~" max | f(x) |> -

PrROOF. First we assume that >0 in [—d, d]. Let E={|x|<d: f'(x)=0}. We
note that E is closed. If E= ¥, then f'(x)<0 or f'(x)>0 in [ —d, d]. In the former case
this lemma is obvious from Lemma 1. In the latter case it is reduced to the former case.
In fact, it is enough to reverse the coordinate. Hence we may assume that E # &, without
loss of generality.

There is a sequence of disjoint open intervals {(a;-;, @;)};2; such that

(~d,d)~E=) (@1, ).

We handle the case with —d<a;_; <a;<d. Then, obviously f'(a;-,)=f"(a;)=0 and
f'(x)#0in (a;_ ¢, a). If f'(x)>0in (a;_,, a;), for any x with g;_; <x<a; there exists &,
such that g;_; <&, <a; and

[ _ S x)—fa-y)

4.2) =2f"(8y) -

S f)—=flai-y)
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If f(x)<0in(a;_,, a;), there exists £, for any x with a;_; <x<a; such that a;_, <&, <gq;
and

[ _ ) —f"@)
) f)—fla)

From the above, (4.1) is correct for xe(a;_, @;), if —d<a;_,<a;<d.

Next we consider the case when a;=d, a;_;# —d or a;#d, a,_,= —d. Without
loss of generality we may assume that a;=d and q;_,# —d. If f'>0 in (a;_,, q;), the
inequality (4.2) holds. If f'<0 in (g;_,,a;) and a;_,<c, (4.1) holds for x with
max(a;_,, —¢)<x<c in virtue of Lemma 1.

If f>0in [—d, d], we replace f with f+¢ for e>0 and we take ¢ » +0. Thus we
complete the proof.

=2f"(82) -

5. Proof of Theorem 2.

We shall prove Theorem 2. From now on let x be the constant in the statement
of Theorem 2. Let A< —1 for the time being. We set v(x,t)=exp[Ax]u(x,t) and
G(x, t, u, u,)=F(x, t, u)— 2tu*u,. Then (2.4) ((2.9)) becomes

5.1 v, — 24, + A2v—exp[ — Aax]v*v, = —exp[Ax]G .

As previously we denote by ( , ) the L3(D,)-inner product. Multiplying (5.1) with v,
(Vx> V) —24(0,, )+ A2(1, v2) —(exp[ — Aax]v 1 *%, v,) = — (exp[Ax]G, v) .

By integration by parts,

1
(v, V)=— J v2 cos{v, x)do ,
2 0D,

(Ve V)= —(1, 02+ j v, cos{v, x>do ,

oD,
1
(exp[—AaxJol*®, v)=— f exp[ — AaxJv3**cos{v, t)do .
2+a Jop,
Hence we gain

(52) (exp['lx]Gs U)=(1, U:zc)_ﬂ'z(lﬁ Uz)+11 ’

where

I,=2A J v2cos{v, x)do — j v, cos{v, xDdo
0D, D,

j exp[ —AaxJv2**cos{v, t>do .
2+a 8D,
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Next multiply (5.1) with v,. Then
—(exp[AX]G, v,) = (Vx> V) — 241, v2) + A3(v, v,) — (exp[ — Aax]Jv%v,, v,) .
Hence we have |
5.3) (exp[4Ax]G, v,)=(exp[ — AaxJv®v,, v,) —2| A|(1, v3)—3 1, ,

where
12=/12j v2cos{v, x>do + f v2cos{v, x)do .
0D, 0Dg

Hereafter let § >0 be sufficiently small. We multiply (5.1) with —exp[ — Aax](v+

0)*v,. Then
54 (exp[A(1 —)x]G, (v+6)*v,)
= —(exp[ — dax](v +d)%, v,v,,) + 2Mexp[ — Aax](v+d)*, v,v,)
— A%(exp[ — Aax](v + 6), vv,) + (exp[ — 2Aax](v + )%, v*?) .
Obviously

- (exp[ - A(ZX](U +é )a, vtvxx)
= — Ao(exp[ — Aax](v + 8)%, v,v,) + alexp[ — Aax](v +8)* 1, vw2)

+ (exp[ — AaxJ(v+ ), v, v,) — J exp[ — Aax](v + 6)*v,v, cos{v, x>do ,

0D,

(exp[ — Aax](v + 8Y%, v,,0,) = —% (exp[ — Aax](v+8)*~ 1, vv2)

+ —;— J exp[ —Aax](v+6)v2cos{v, tYdo .
oD,

Hence

(5.5) —(exp[ — Aax](v+9)*, vv,,)

= — Aa(exp[ — Aax](v + )%, v,v,) + % (exp[ = Aax](v+38)*" 1, vw2)
+Lf exp[ — Aax](v + 6)*v2cos{v, tddo
2 0D,

— j exp[ — Aax](v+ 8)*v,v, cos{v, x)do .
Dg

Multiplying (5.1) with (a/2)(v+J) 102, it turns out that




344 KAZUYA HAYASIDA AND TAKAAKI YAMASHIRO

= (xpL—Aax]oo-+8) !, v == (0+6) ", v2ve) — a0+ 6) 1, 03)

+—°2‘— (oo +6)"Y, v§)+% (exp[Ax]G, (v+8)"'v2).

Here
1
(v+d)"1, vivxx)=—l— (v+6)~2, v§)+—J~ (v+6) vl cosdv, x)do .
3 3 Jop,
So we have
x a, -1 2
(5.6) > (exp[— Aax]o*(v+6)" ', vv3)

=% (0+6)72, v8)— Aal(v+6) ", vi)+§ 22(v(v+6)"1, v?)

+—;—(exp[}.x]G, (v+6)‘1v§)+%f (v+6)" w3 cos{v, x)do .

0D,

Let us set E={(x,t)e D, ; u(x,t)=0}. Then v,=v,=0 on E, since v>0 there. We
write

(exp[ —AaxJo*(wv+6) "L, v?)= f exp[ — Aax]Jv*(v +6) ~ v,v2dxdt .
Da—E

From our assumptions it follows that

e | <u®*|u | +2] tlu*lu | +| FI|<kM(K+ M%) in Q.
Combining this inequality with Lemma 2, we obtain
5.7 u(x, t)*/u(x, t) <kM(K+ M®+(a,—a?)"?)

for (x, t)e D,— E. Hence (v+6)~ 'v2 is uniformly bounded in D,— E with respect to .
This implies that

(exp[ — AaxJv*(v+6) "1, vw2) —> (exp[ — Aax]v* 1, v,v2)
as 6 » +0, where we define v~ 'v2=0 on E. Similarly, as § —» +0,
(@+30)" % v3) — (™% 03),
(v+8)~H v)— (™1, 03),

((v+6)7", v) — (1,03,
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j (v+6)" *v3cos<v, xDdo —> j v w3 cos{y, xDdo .
dDg 0Dq
From these relations and (5.6) we deduce

% (exp[[ — Aaxv*~*, v,v£)=% (v™2, v¥)—da(v™ 1, v3)

+% A1, v§)+% (exp[4x]G, v'lvf)+% f v™ w3 cos{v, xDdo .

éDg

Taking 6 —» +0 in (5.5), we combine these two equalities to have

- (eXp[ - A,GOC]UG, vtvxx)

= — Aafexp[ — Aax]v?, v,v,) +—Z— v %4 vH—Aa(w ™1, vd)

+% 221, vf)+%{exp[ix]G, v"lv£)+%f v w3 cos{v, xDdo

0D,

+ % f exp[ — Aax]Jv*v2 cos<{v, tDdo — f exp[ — Aax]v*v, v, cos{v, x>do .
[72) [7]

Da

Taking 6 — +0 in (5.4), we note that
. _
(exp[— Aax]o! ¥, v,)=—J exp[ — AaxJv2 ¥ *cos{v, t>do .
2+a Jop,

Then it follows that
(exp[A(1 —)x]G, v*v,)

= (2— a)i(exp[ — Aax]v?, v,,v,)+% (=2, v} — oo™ 1, v3)+—§- 22(1, v?)

+(exp[ —24ax]v??, v,2)+% (exp[Ax]G, v w2+ 1,,
where

I, =% J v~ 13 cos{v, x)do — j exp[ — Aax]o*v,pv, cos{v, x>do
oD,

(7229

1
+—J exp[— AaxJv®v2 cos<v, t ddo
2 Jop,

1
———AZJ exp[ —AaxJv2**cos{v, tddo .
2+a oD,
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We rewrite this equality as follows:

o 1 o 1 1
>3 602 —o) _2’ : + Al, i R —— —2A 21’ 2
( ) 6(2-&) lll (U v ) 2(2—&) l I( v ) P« Ill (exp[ ax]v U,)
—(exp[ — Jax]o% v.0) ———— (@, v3) ML (exp[A(1 —2)x]G, v°v,)
2o 2—a |4]
1 11
— (exp[Ax]G, v ) —— I,

Summing up each side of (5.3) and (5.8), and using the inequality
1

107, o)< @ 4 v+ (1,v2), >0,
2 2n

we finally conclude that

o 1 -2 .4 o a1 2
¢ 2(2—a)(3u| 1) ’”"”[(“ 2&—&))“‘| 22—a) n](l’""

1 1
+— —(exp[—24ax]Jv 2%, v?
3—a |7] (exp[ ] t)

1
<2(exp[ — Aax]v? v,v,)—(exp[Ax]G, v)+ 2; m (exp[A(1 —a)x]G, v*v,)
—a

o 1 1 1 1
- (exp[Ax]G, v W)+ — | |+ —— — | 5] .
22—2) Iil( p[ix] ) 2I 2| % Iill 3
We set n=1/(y| A]), where 7 is the positive number in the statement of Theorem 2.
Since 3<y<5, 4(5—7)<8/(3+7). Hence a <8/(3 +7y). We write

24 @« ay 8—(B+9y)
22—a) 22-—a) 22—a)
And we set
A=MIM i c=_____1__,
2(2—a) 2—a)| |

H=AX?-2XY+CY?.
Then we have

AC—1 y2 AC—1
A ’ C

H> X2,

in virtue of 4, C>0. Since
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AC—1= oS—y—2a)

b

22 —a)?
we have
2a(5—y—2<x)|l|X2+ 1 oS—y—2a) 1 s
22—a) 2—a 8—(B+y)a |4]

Setting X =v,, Y =exp[ — Aax]Jv*v,, we combine this inequality with (5.9). Then it follows
that

x (.!___1_> w2, MIM(L p2
22-a) |4 42 —0)

1 S—y—2a) 1
—2 2a’ 2
20—a) 8—Grna 14 Pl axJo™, ;)

< —(exp[ix]G, vx)+2;—~|~(exp [A(1 —a)x]G, v*v,)
« 1 RIPSLE T N
20— 14| (exp[4x]G, v )+ | 2|+ Z 14| PEYR

Because of (5.2) we have

1
1411, v2)= |A1(L, v2) +

14171, v?)
42 —q) 8(2—a) 8(2—0a)

1
+ 82—o) | A|(exp[Ax]G, v)—mlllh

>—u|(1 v2)+ <1210, 2)—%Mll(eXp[lx]G,v)l——;—lllllll-

From the above inequalities we conclude that

e (L_3) 1 -z e 2
(5.10) 4(3 >|M( -+ (5—y=2a)| 411, v3)

S—y—2a |
+——5 20) A13(1, v?)+ > exp[ —2A0x]p2%, v2
S—y—20)|A1°(1, v*) 2 3-Gimm |M(p[ ] )

<|(exp[4x]G, )| +ﬁ (exp[A(l —@)x]G, v%0)|

+1ITH(expuxJG vl 2)|+——|zn(exp[1x]G 0l
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1
—I1|l11|+ | |+ —- ] | 13] .
Since |u, |<exp[—Ax](|v,|+]4]|v), we get

exp[Ax]| G| <2(K+aM*\| v, |+|A|v) .

And
| Aol +1 410, (vl +]A ) o, ] <202 +A%0%).
Hence
| A1l (exp[Ax]G, v)|, |(exp[Ax]G, v,)| <K +aM[(1, v+ 1%(1,v?)].
Further

l—l—I(CXP[l(l—a)XJG v |

<317 %(exp[—2Aax]v2%, v+ HK+aM*?[(1, v+ 231, 0],

WI(GXPUX]G v~! 2)|
<1177 2%, vH+ 4K +aMH[(1, v+ 131, v?)] .

From the above inequalities we infer

| A11(exp[Ax]G, v)| +|(exp[1x]G, v,)|

+I—M—|(exp[ix]G v 1y 2)|+—Iﬂ|(exp[,1(l—oc)x]G v%,)|
<8(K+aM¥1 +K+aMI[(L, v2)+A%(1, v3)]
+327 2072, v+ 347 Hexp[—2Aax]v %, v?).

Combining this with (5.10), we obtain

1 o L_l__ 1 —2 a4
.11 IM[ (3 y) 2M|](” > %)

+|:—1g6— (5—)'—20()| l|—8(K+aM¢)(1 +K+aM“):I[(1’ v£)+'12(1’ 02)]

1 (cx 5—y—2a
2121 \2 8—G47p)x 4]

<IAIH |+ L1+ A7 L]

) (exp[ —24ax]v 2%, v?)

Now we estimate the line integrals /,, I, and I;. We note that cos{v, t>=0on L,.



ILL-POSED ESTIMATE OF POSITIVE SOLUTIONS 349

First we see that

1
IIIISIAIJ vzdo+J vlvx|d6+—-M°‘f v3do
0D, 6Dq 2

I
< KI: J exp[2Ax)(A%u? +u2)do + M* J u 2dajl
oD Ia

SK[ (12u2+u§)da+M°‘j u’do +al? exp[2&a2]M2:| ,
Ia Ia
|12|sizj vzda—i-J v2do
0Dg 0D,
<k J exp [2Ax](A%u? +u?)do

oDq
< x[ J (A%u? +u?)do + ar? exp[24a ZJMZ:I .
I

Let d=(ap—a?)~ 1. Then from (5.7) it follows that
v Wwi<kexp[Ax]J[M(K+M*+a)+A%u],
v Yo, P <kexp[2Ax][M(K+ M*+a)(| Alu+|u.|)+A*u?+u?] .

Hence

|I3|SKJ exp[2AX [ M (K + M*+ a)(| Alu+|u, )+ A*u? +uZldo
0Dg
+KM“J exp[le](,lzuz+u§+u3)da+rcM°’J (A*u?*+u?)do
0D, I,
SK[M(K+M“+d)j (A |+ uy )do
I

+J (l4u2+u§)da+M“f (/12u2+u§+u,2)da:|
I, )

+x[a|A|exp[24a?] - M*(K+ M*+4d)
+al*exp[24a?] - M? +aAi?exp[24a?] - M>**7].

Let ¢ be the number in the statement of Theorem 2. We set J=|A|| I, |+| 1, |+|A|7 | I5].
Then from the above argument,

J<k[e?|AP+e?|A|M*+eM(K+ M*+ad)]
+xaexp[24a®] - M2[| AP +(K+@)+|A|M°]
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<ke[|AP+|AIM*+ MK+ M*+4d)]
+xaexp[24a®] - M2[| AP +(K+ad)+|A|M*] .
Let | A|=>max(1, K+ad+ M+ M*%). Then we conclude that

(5.12) J<k|AP(e+aexp[24a?IM?).
We rewrite (5.11). Then
(5.13) ! (“(V_” _ ! )(0-2, v¥)
2|14 6y |4
1 128 )
+—af(| 2| ———— (1 + K+aM*)*)[A*(1, v*)+(1, v3)]
16 of
1 of 1
+ _ 2a’ 2 SJ
214] (2(8—(3+y)a) 4] )(“ ")
Further we impose on A the assumption
6 256
IMZmax( L (1+K+aM°‘)2>.
ay—3) aof

Then
128 128
|[A|l——— (1 +K+aM**>—— (1+K+aM??.
ap af

Since | A|>32/(«p), we see that

af __l><xﬁ_aﬁ_ozﬂ
28—CG+y)) 4] 16 32 32°

Hence (5.13) becomes

8(1+ K +aM*2[A%(1, v?)+(1, p2)] +—6}% ™, v?)<J,

namely
| 221, v+, v+ afu?*, vH)<k|A|J.
Combining this with (5.12), we finally obtain
(exp[24x], u?)+ (exp[24x], u2) +ap(exp[2Ax]Ju>*, u?)
<kA*e+ M?exp[24a?]).

On the right-hand side of this inequality, we reduce the integral domain D, to D x Then
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exp[4a?] - (u? +u +opu®u?)dxdt <xi*(e+ M?exp[24a?]) .
Dajyz

Using the trivial inequalities
x*exp[x]<xexp[4x/3], x*exp[—x]<xexp[—2x/3] (x>0),
we have
Atexp[|Ala?]<xa ®exp[4|1la?/3], |Al*exp[—|Ala*]<ka 8exp[—2|4la?/3].
Thereby

J\ (u? +u2 + oafu®u?)dxdt <xa %(cexp[4| Ala?/3]+ M?exp[—2| Ala?/3]) .
Daty3

Here we set |1|=3a"2log(M/e). Then
exp[4] Ala?/3]=(M[e)*?, exp[—2| Ala?/3] =(e/M)'> .

Therefore we obtain finally

J (u? 4+ u?+apu?u?)dxdt <xa 3P M?*3 + P M>3).
Daty7

We have completed the proof of Theorem 2.
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