Tokyo J. MATH.
VoL. 20, No. 1, 1997

Realization of Spaces E¢/(U(1)Spin(10)), E, /(U(1)Ey),
Eg/(U(1)E,) and Their Volumes
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Shinshu University
(Communicated by T. Nagano)

_ Freudenthal [3], [4] introduced cross operations x on the spaces 3¢, BC and e,
respectively. Using these operations, we give definite expressions of the exceptional
symmetric spaces EIII, EVII and the twister space Z(EIX) of the exceptional symmetric
space EIX as follows:

ElNl={XeJ°| X x X =0, X #0}/C*= E¢ /(U(1) x Spin(10))/Z, ,
EVII={PeP°|PxP=0, P#0}/C*=E,/(U(1) x E¢)/Z5 ,
Z(EIX)={Reef|RxR=0,R ;éO}/C* ~Eg/(U1)x E,)/Z, .

We then compute the first Chern classes by using the above expressions and cal-
culate the volumes u(M, g) of those spaces M with respect to the metric g indicated in
1.2, 2.2 and 3.2. This follows from the cohomology ring structures of the spaces together
with the Borel-Hirzebruch formula. The results enable us calculating the volumes of
the symmetric spaces of exceptional type [1]. Our results are as follows:
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1. EIII

1.1. The Lie group E¢ and its Lie algebra eg. Let € be the Cayley algebra and
I={XeM(3, €)| X*= X} be the exceptional Jordan algebra with the Jordan multiplica-
tion XoY =4(XY+ YX) and the Freudenthal multiplication

XxY=4Q2X Y —tro(X)Y —tr(Y)X + (tr(X)tre(Y)— (X, Y))E) .
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We give an inner product of I by (X, Y)=tr(X - Y). Let I¢=J @ iJ be the complexifica-
tion of J and we define the Hermitian inner product <X, Y) of 3¢ by (zX, Y), where
7 is the complex conjugation in SC€. For x e €€ =€ @ i€ we define the following matrices
which belong to J¢:

100 000 000
E=|(000|, E;={010 |, E3=<000 ,
000 000 001

000 00x 0x0
F,(x)= (00x> , Fz(x)=<00 0), F3(x)=(f0 0).
0xO0 x00 000

Now the simply connected compact Lie group Eg is obtained by [10] as
E¢={0€Is0c(3°) | aX x aX=t101(X X Y), (aX, aY > =(X, Y)} .
The Lie algebra e of Eg is given by
es={¢ e Homc(3C, 39| (90X, X x X)=0,{pX, Y)+<{X,$Y)=0} .
Each element ¢ € eg has the representation as
¢=06+iT, defs, TeJo-

Here f,={6ces|0E=0}, Jo={TeJ|tr(T)=0} and T is the C-linear mapping of
SC defined by TX=T-X, XeJ°.

1.2. The compact Hermitian symmetric space EIII. We define the C-linear trans-
formation ¢ of J€ by

& x3 X, & —x3 —X%;
o| X3 & x; |=| —%; ¢, Xy
xy Xy & —x; X1 &3

Then o € Eg and 62=1. ¢ induces the involutive automorphism & of E¢ given by
é(a)=o000 , aeEg.

We verified that the subgroup (Eg)’ ={a€ E¢|cac=0a} of Eg is

(E)” = U(1)Spin(10)=(U(1) x Spin(10))/Z, ,
where U(1) and Spin(10) are subgroups of E¢ defined by [10] as

U(1)={¢(6)|0€C, (z0)0=1},
Spin(10)=(E¢)g, = {a€ E¢|0aE, =E,} .

Here ¢(0) is the C-linear transformation of J¢ defined by
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$1 x3 X, 0*¢,  Ox, 0x,
dO)| x5 & xy |=| 6x;3 672&, 07%x,

Now, we define the space EIII by
EINl={XeJ°|XxX=0,X#0}/~,
where X~ Y if Y=aX for some aeC, a#0.
PROPOSITION 1.1. EIlI~E¢/(E¢)’ = Eg/(U(1)Spin(10)).

PROOF. Let [X] denote an element of EIII which represents X e3¢ satisfying
X XxX=0, X#0. The subgroup E, acts transitively on EIIIl. In fact, each element
[X]e EIII can be transformed to [E,] € EIIl by some a € E¢. And the isotropy subgroup
of E¢ at [E,] is (Eg)’= U(1)Spin(10) (see [10]). Thus Proposition 1 follows.

The tangent space T,(EIII) of EIII at o=[E,] is written as
T(EIIN={XeJ°|X xE,=0, (X, E;>=0}
= {Fz(Xz) +F3(X3) | xZ, X3 GG:C} ..

00 —x 0 x0
Az(x)=<00 0 ) A3(x)=<—x00
x0 0 0 00

and define 4;(x)X = A4,(x)X — X A,(x) for X € J€ (k=2, 3). Then A,(x)ef,. Put

For xe@ let

t=(e),={peec|o,p=9},

m=(e6)—a={¢596|0*¢= — ¢}
={(A5(x) + A3(x3) + i(Fy(x) + F3(xy)) I X X, €Q (=2, 3)} .

Then the involutive automorphism & of the group Eg induces the canonical decomposi-
tion eg=f@® m. By Proposition 1 the natural projection p: Eg— EIII induces an iso-
morphism p, : m— T,(EIII). We see that p,(¢)= ¢(E,) and

P*((Zz(xz) _Zs(xs)) + 2i(ﬁz(x’z) + F~3(x'3))) =Fy(x; +ix5) + F3(x3+ix3)

for x;, x; €€ (k=2, 3). We give the Hermitian metric on T,(EIII) induced from 3C.
Since the metric is U(1)Spin(10)-invariant, this metric can be extended to an Eg-invar-
iant metric on EIII. Thus EIII has an Hermitian symmetric structure with this metric
and the Riemannian metric g is given by the real restriction: g(X, Y)=Re(X, Y,
X, Ye T(EIII).

1.3. The first Chern form c; of EIIl. We shall calculate the first Chern form c,
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of EIIL. Tt suffices to compute ¢, at o. Let R be the curvature of EIII and {Z;|j=1,"--,
16} be an orthonormal C-basis of T,(EIII). For X, Ye T,(EIII), we have

1 16 1 16 . "
cl(X’ Y)= _T Z <R(X’ Y)OZj, Z]>=—_ Z <p*([[X9 Y]a Z_i])s Z_)> s
i j=1 2ni j=1

where X, ¥, Z;em such that p,(X)=X, p,(V)=7, p.Z)=Z;.
Let {e, ey, - -, €} be the canonical basis of €. Hereafter we take {(1//2)F(ep | k=
2,3, j=0,1,---,7} as an orthonormal C-basis of T(EIII). Let

X=F,(x, +ixy)+ F3(x3+ix3),  Y=F,(,+5)+F3(y3+iy3) .
Put
A= Ay(x;)— As(x3) , B=A4,(y;)—A43(y3),
F=Fy(xXy)+F3(x3), G=F,05)+F;073)-
Then
X=A+2F, Y=B+2iG.
Put Z=(1/\/2)F(e) and Z=(1/{/2)A\(e) (k=2,3,j=0,1,---,7). Then p(2D)=Z.
Note that
(pu(LX, 71, Z1), Z)=<[[A+2iF, B+2iG], Z)JE,, Z)
=i((([4, 261~ [B, 2F))2 - Z([4,2G1—[B, 2F)E\), Z> .
First consider the case k=2. We have
([A,2G)ZE,, Z)

= —i{[Ax(x)— A3(x3), 2F2(v2) +2F3(15)1Z, Z)

= —(i/2){ — Fa((e;¥5) X3 +(e;x3)y3) + F3(**%), Fye))

= —(i/2)(— 2(e; ¥, e;x3) — 2(e; X3, €;¥3)) = 2i(x3, AR

(—iZ[A,2G]E,, Z)

=iCA,(e j)[zz(xz) -4 3(x3), 2F 202+ 2F 3(V3)]E, Fy(e j)>

=(i/2 —4(x2, Y2)F 2(€)) — 43, y3)F (€) + F3(x*+), F1le))

=(i/20(— 8(x2, ¥2) — 8(x3, V3)Nep €)= —4i((x3, y2) + (X3, ¥3)) -
In the same way we have

(—i[B,2F1ZE,, Z) = —2i(ys, ) ,
(GZ[B, 2F1E,, Z) = 4i((y3, X3) +(¥3, X3)) -
Thus
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<p[X, Y1, 2], Z)
= —4i(xy, y5) —2i(x3, y3) +4i(y,, x5)+ 2i(y3, X3) .

Similarly we can calculate in the case of k=3 as follows:

(p.[X, Y], 2]). Z)
= —4i(x3, ¥3) = 2i(x3, ¥2) +4i(y3, x3) +2i(y,, X5) .

Sum up them we have

(X, Y)=—(1/2mi) Z Z (P[X, Y1, (1/ /2)Ade))D, (1/3/ 2 ) File))

k=2 j=0
=(1/2mi) .Zo 6i(—(x2, ¥2) — (X3, y3) + (X3, y2) +(x3, ¥3))
j=
= —(24/m)(—(x2, ¥2)— (X3, ¥'3) + (x2, y2) + (x5, ¥3))
= —(12/m)Im<{X, Y) .
Let {dx,;,dx,;|k=2,3,j=0,1,---,7} be the dual basis of {(1/\/2)Fy(e)),

(i/ﬁ)Fk(ej)]k=2, 3,j=0,1,---,7} which is a real basis of T, (EIII). Then the first
Chern form ¢, at o is written as follows:

12 3 7
cy=——"). de,”/\dxkJ

T k=2 j=
1.4. The volume of EIII. Toda-Watanabe [8] determined the integral co-
homology ring of EIII as
H*EID=Z[t, wl/(p, p3) »

where te H?, we H® and p, =t° —3w?t, p, = w? + 15w?t* —9wt®. Combining the relations
p1=0 and p,=0 we have

78wt'? =451 78w?t® =261 .
It follows that m=(1/78)t'® gives a generator of H3*(EIII). (Explicitly m=11wt!?—
19w?t8).
According to Borel-Hirzebruch [5], §16, 2-form (1/12)c, represents a generator of
H*(EIII). Using 1.3 the form
16!
78 16

’
dx20 AdX50 A -0 Adxsyq AdXs,

represents the cohomology class m.

REMARK. By Borel-Hirzebruch formula [5], Theorem 24.10 the Chern number
cIS[EIII] is calculated as
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(d, b)
clSTEIII=16! =78 1216
"LEI] ,,Q, (a/2, b)

where ¥ is the set of positive complementary roots of E¢ to those of U(1)Spin(10), a
the sum of positive roots of E¢ and d=),_,b.

b

From the above argument, we get

16! , RRTT
1= ngxZI /\dlef\ A /\dX37/\dX37=78*n1—6ﬂ(EIII,g).
EIII

Thus we have

78
THEOREM 1.2. w(EIII, g)=——n'®

16!

2. EVIL

2.1. The Lie group E, and its Lie algebra ¢,. Let PC denote the C-vector space
CDICPCDC. For peel, A, BeJC, veC, we define the C-linear transformation
&(¢p, A, B, v) of B by

X dX—4vX+2BxY+nA
Y 2Ax X —'¢Y+4vY+EB
n (B’ X)—W?

For P=(X, Y, & n), Q=(Z, W, w)e PC, we define the C-linear transformation P x Q
of PB€ by

PxQ=®(¢, A, B,v),

where X v Weeg is defined as
(X v W)Z=—é—(W, Z)X+%(X, W)Z—2Wx(X xZ), Zeef.
Finally we define the Hermitian inner product {P, Q) of PC by

(P, Q> =KX, Z>+<Y, W)+ ()l +(tnw
for P=(X, Y, & 1), Q=(Z, W, {, w)e B*.
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Now the simply connected compact Lie group E, is obtained by [6] as
E;={aelsoc(P)|a(P x Q)a~ ! =aP x aQ, aP, Q) = (P, Q)}
and its Lie algebra e, is given by
e;={D(¢, 4, —14, v)e Hom(PC, PC)| peeq, A3, ve iR}
with the Lie bracket
[P(P1, A1, —TAy, 1), PPy, Ay, —TA5, v;)]=B(P, A, —74, V),

¢ =001, $21—24, V1A, +24, V1A,
A=(¢, +%V1)A2—(¢2 +%V2)A1
v =<A,, Ay>—<Ay A .

2.2. The compact Hermitian symmetric space EVII. We define the C-linear
transformation 1 of B¢ by

UX, Y, & m=(—iX,iY, —i¢, in) .

Then 1€ E; and 1= —1, 1*=1. 1 induces the involutive automorphism i of E, given by
f(a@)y=1u"1, cekE,.

We verified that the subgroup (E,)'={a€ E,| 117! =a} of E, is

(E7)=U()Es=(U(1) x E¢)/Z ,
where U(1) and Eg are subgroups of E, defined by [6] as

U)={¢(0)|0eC, (z0)0=1},
E¢=(E;)1={al=1}.
Here ¢(0) is the C-linear transformation of B¢ defined by
¢ONX, Y, L, m=(0""X, 0Y, 63, 0™ %n)

and 1=(0, 0, 1, 0).
Now, we define the space EVII by

EVII={PeP°|PxP=0,P#0}/~ ,
where P~ Q if P=aQ for some ae C, a#0.
ProposiTiON 2.1. EVII~E,/(E,)'=E,/UQ1)E,.

PrROOF. Let [P] denote an element of EVII which represents Pe PC satisfying
PxP=0 and P#0. The group E, acts transitively on EVIIL. In fact each element
[P]e EVII can be transformed to [1]€ EVII by some a € E;. And the isotropy subgroup
of E; at [1] is U(1)E4 (see [6]). Thus Proposition 2.1 follows.
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The tangent space T,(EVII) of EVII at o= [i] is written as

T(EVI)={PeP°|Px1=0,<P,1>=0}
={0, v,0,0)e B| Ye I} =3 .

t=(e,),={Pee,|1,P=0}
={®($,0,0,v)ee,|pees, veiR},

m=(e,)_,={Pee,|1,0=—d}
={®(0, 4, —14,0)ce,|AeJ} .
Then the involutive automorphism 7 of the group E, induces the canonical decomposi-
tion e,=f@m. By Proposition 3 the natural projection p : E, — EIII induces an iso-
morphism p, : m— T(E VII) =SC. We shall identify the C-vector space T,(EVII) with
3. Then we verify that
D (9(0, —1X, X, 0)=2(0, —1X, X, o=x.

We give the Hermitian metric on T,(EVII) from €. Since the metric is U(1)E¢-invariant,
this metric can be extended to E,-invariant metric on EVII. Thus EVII has an Hermitian
structure with this metric and the Riemannian metric g is given by the real restriction.

2.3. The first Chern form c, of EVII. We shall calculate the first Chern class
of EVII similar way as 1.3. We take {E, (1//2)F(ep|j=0,--,7,k=2,3} as an
orthonormal C-basis of T,(EVII). For X, YeJ° put

¢p=—-2tXvY+2iYVX, v=(Y,X)—<KX,Y).
Then, for Ze T,(EVII), we have

[[®(0, —X, X, 0), ®(0, —1Y, Y, 0)], 20, —1Z, Z, 0)] i

=[d(¢, 0, 0, v), (0, —Z, Z, 0)] 1 '

=P0, —(p+3Vv)Z, 1((¢ +3v)1Z),0) i

=1(¢+%v)2)

=1(—(Y, 1 Z)tX —4(tX, Y)iZ+4Y x (X x1Z)+ (X, 1Z)ytY
+4(tY, X)t1Z—4X x (1Y x1Z)+5(r Y, X)— (X, Y)rZ)

=—(Y, 2)X —(X,1Y)Z+4Y x (X x Z)+ (X, Z)Y
+(Y,tX)Z—-41X x(Yx Z).

If tZ=2Z and (Z, Z)=1, then

(RLX, Y),Z,Zy=—(Y, 2t X, Z)— (=X, Y)+4(:X X Z, Y X Z)
+(X, ZX1Y, Z)+(zY, X)—4(tY x Z, X x Z)
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= —2iIm((X, ZXY, Z)+(tX, Y)+4(zY x Z, X x Z)) .
We verify that
Z (tY x By, X x Ek)+7 Z S @¥x Fi(e), X x Fyle;)=
k=1 j=0
Then we have

1 (X, Y)——%(Z (R(X, Y),E,, E,>+ Z Z (R(X, Y),File), Fk(e,»)

k k=1 j=0

=%Irn((1:X, Y)+27(zX, Y)+10(z Y, X)) =17(1X, Y).

Let {d&,, d&,, dx,;, dx;cj|k=1,2, 3,j=0,1,---,7} be the dual basis of {E,,iE,, (1/
J2)Fe), (1//2)iFfe)|k=1,2,3,j=0,1,---,7}, then the first Chern form ¢, is
written as

18
cl—-—( Z dé,,/\dék+kzl Z dxkj/\dxkj)
Jj=

2.4. Thevolume of EVII. Watanabe [9] determined the integral cohomology ring
of EVII as

H*(EVII)=Z[u9 v, W]/(pl’ Pa2s p3) s

where ue H?, ve H'°, we H'® and p, =v?—2wu, p,= —2wo+ 18wu’ —6vu’ + u'4, p,=
w? + 20wou* — 18wu® + 2vu'3. Combining the relations p, =0, p, =0 and p, =0 we have

13110wou?3=507427, 13110wu®=1190u27, 13110vu?=5586u>".

It follows that m=(1/13110)u*’ is a generator of H3*(EVII). (Explicitly m=89wou'3 —
52wu'® + 8vu??). According to Borel-Hirzebruch [5], §16, the 2-form (1/18)c, represents
a generator of H2(EVII). Using 2.3 the form

1 27!
13110 18?7 13110727

=

dé,ANdEI N - ANAEZAAES AdX g AdXy

*A dX37 AN dxl37
represents the cohomology class m.

REMARK. -Using Borel-Hirzebruch formula [5], Theorem 24.10, we verify that
c2"[EVII]=13110 18?7,

From the above argument, we get

!
= [ e A A Ay A dEs A drio Ao
EVII
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A AdXxyg AdXy,
27!

- WVOI(EVII) .

Thus we have

13110
27!

THEOREM 2.2. WEVII, g)= 27

3. Z(EIX).

3.1. TheLiegroup Eg andits Lie algebrae;. Letel =¢eL @ P OPDCOHCHC
be the complex Lie algebra of type Eg with the Lie bracket

(@, Py, Q1,715 51, £1), (P2, P2, Q3,72, 55, £5)1=(D, P, Q, 1, 5, 1),
(& =[®,, P,]+P; xQ,—P,xQ,
P=®,P,—®,P,+r,P,—1,P+5,0,—5,0,
190=9,0,—D,0,—r,0,+r,0;+t,P,—1,P,

r =—=45{Py, 03} ++{P2 Q;}+5,t,—5,t,
s =%{P1, P2}+27'152—2"231

Lt = —3{01, 02} —2ryt,+2r,t, .
Here {P,, P,} is defined as
{P1, Po}=(Xy, Yo)— (X5, Y)+&ma—Eomy
for P;=(X, Y, &, n)e P, i=1, 2. The Killing form Bg of eg is given by
Bg(R4, Ry))=5B(®,, D,)+15{Q,, P,} —15{P,, Q,} + 120r,r, + 60t ,s, + 60s,1,

for R,=(®;, P, Q;, r;, 5;, ;)€ es, i=1, 2, where B, is the Killing form of the Lie algebra
eL. We define C-linear transformations A: BC—PBC, 1: el seL by UX,Y, & n)=
Y, —X,n, —&, NP,P,Q,r,s,t)=(APA" ', AQ, —AP, —r, —t, —s), respectively, and
define an Hermitian inner product <, ) of ef by (R, R,>= —(1/15)Bg(ziR, R,).
Then the group

Eg= {“ € Isoc(esc) | a[R;, R,]=[aR,, aR,], (aRy, aR,>=<{R,, R2>}

is the simply connected compact Lie group of type Eg. The Lie algebra of Eg has the form
eg={(®, P, —1AP, 1,5, —15)| Pee,, Qe B, reiR, seC} .

3.2. The compact quaternionic symmetric space E/X and its twister space Z(EIX).
Let v: eg—eg4 be the C-linear transformation given by u(®, P, Q, r, s, t)=(P, — P, —Q,
r, s, t). Then ve Eg and v?>=1. We verified that the subgroup (Eg)*={a € Eg|va=av} is
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(Eg)’=SUQ)E,=(SUQ2)x E;)/Z, ,
where U(1) and E, are subgroups of Eg defined as
SUQ)={¢(4)| 4eSU2)} ,
E,=(Eg),- ={aeEg|al"=1"}.

Here ¢(A) is the C-linear transformation of e defined by

1 0 0 0 0 0
0 al —tbl 0 0 0
0 bl 1al 0 0 0
D=1 965 o o (ta)a—(tb)b —(ta)b a(th)
0 0 0 2a(th) a’? —(tb)?
0O 0 o 2(za)b —b%  (1a)*

for A =< Z _T:b )eS U(2) and 17 =(0,0,0,0,1,0). Now the symmetric quaternion
Kaéhler manifold EIX is defined by
EIX=Eg/SUQ2)x E,)/Z, .
By [4], for R;, R,, ReeS, the C-linear transformation R, x R, is defined by
(Ry X R3)Ry =[Ry, [R;, RI1+[R,, [R,, RT]+5(Bs(R;, R)R, + Bg(R,, R)R,) .
We define the space Z(EIX) by
Z(EIX)={Reef|RxR=0,R#0}/~ ,

where R, ~R, if R,=aR, for some aeC, a#0. Let [R] denote an element of Z(EIX)
which represents R e ey satisfying R x R=0, R #0.

PROPOSITION 3.1. Z(EIX)=Eg(U1)E;)=Eg/(U(1) x E;)/Z, , where U(1) is the
subgroup of SU(2) such that U(1)={(g (3)}

Proor. By [11], the comact Lie group Ej acts transitively on the space
m1={Ree8C,R><R=O, <R’ R>=4} s

and the isotropy subgroup of Eg at 1~ is isomorphic to E;. Then the space m, is
diffeomorphic to Eg/E;. It follows that Eg acts transitively on Z(EIX) and the isotropy
subgroup of Eg at [17] is isomorphic to U(1)E,. Thus Z(EIX)~Eg4/(U1)E,) and
Proposition 3.1 follows.

The tangent space T,(Z(EIX)) of Z(EIX) at [1~] is written as
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T, -(Z(EIX))={Reef |Rx 17 =0,{R,17)=0}
which can be identified with
m={(, P, —tAP,0,s, —ts)eeg| Pe P, se Cl=p‘aC.
Let J : m —» m be a map defined by
J(0, P, —tAP, 0, s, —ts)=(0, iP, —itAP, 0, is, its) , PePC, seC.

Then J defines an invariant complex structure on Z(EIX). For PePBC and seC, put
(P, S)=(O, P, —T}.P, 0, S, —‘L‘S)E T[l—](Z(EIX)). FOI’ (Pl’ Sl)’ (Pz, Sz)e T[l—](Z(EIX)), let

{(Py, 51), (P2, 55))> =Re((Py, P,> +8(tsy)s,) -

Then ¢, ) is a U(1):E;-invariant Hermitian inner product on m and it defines an
Eg-invariant Herimitian metric g on Z(EIX). Similarly ¢, ) defines an Eg-invariant
metric g, on EIX.

3.3. The first Chern form ¢, of Z(EIX). Let f be the Lie algebra of U(1)E,. Then
Z(EIX) is a reductive homogeneous space with an Ad(U(1)E ,)-invariant decomposition
eg=m @f. The Riemannian connection for g is given by

ARDR,=%[Ry, R Jm+U(Ry, Ry),
where U(R,, R,) is the symmetric bilinear mapping m x m —m defined by
2(U(Ry, Ry), Ry=<Ry, [R, R;]1)> +<[R, Ry1m, R2) for all Ry, R, Rem.

For R, =(P,, 51), R, =(P,, s;)€nt, we have that

A(R1)R2='§‘(—s1(T}~P2)+32(7)~P1),%{Pn P,}) +5(s4(TAP;) +5,(7AP,), 0)
=(52(tAP,), %{Ph Pz}) .

Then A(R,)J(R,)=J(A(R,)R;) and g is a Kihler metric. Next we shall show that g is
an Einstein metric. By [2], the Ricci curvature r can be expressed by

r(R, R)= —%Z |[R, Sdm|*—%Bg(R, R)+ %2 <[Si $;1m: R)?
i i,j
_Z <[U(Sv Si)9 R]ma R>2 s Rem.
Here {S;} is an orthonormal basis of m and |S|=./{S,S). For Xe 3¢, we denote
elements of m as follows:
X=((X,0,0,0),0), X=(0,X,0,0),0), 1=(0,0,1,0)0),
X=(0,0,0,1),0), T=-1-((0,0,0,0),1).

2J2

We can choose an orthonormal basis of m as follows.
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S= {E E;, J(E), J(E), (1//2) Filed, (1/3/2) Filew, (1/3/2 ) (Ei(en),
(1//2) J(Fi(e)), T, JD) | i=1,2,3, k=0,1,- - -, 7} .
Since

I[1, 8] ?=% for Se S with S#1, J(1),

we have that Y ¢_ | [T, S1,|12=14. Let A={E,, (1/\/2)Ffe)|i=1,2,3, k=0,1,---, 7}.
By straightforward computation we have that

Y A0S, Tl 1D2=2 ¥ X, X1m ID2+2 Y, <[JX), J(X)]m, T>2

S, TeS XeU Xel
+2¢[, m, T2+ 2<0I(0), J(D)] e TH?
=227 5+27-5+++3)=56.

Note that U(S, S)=0for S € €. Since Bg(T, ) = — 15, we have that (T, T) =29/2. Similarly
we have that

Y L ST P=111, Tl P+ L1, JD 1w 2+ 1L 1w 2+ L T P

Sed
1,1 ., 1,1 __35
=g+sgt+z+7=7>

2 LIS, Tl 12 =T, 11, 12+ K@), I 152

S, TeS
=2-§+24=4.

Since Bg(1, 1)= —30, we have that r(i, 1)=29/2. Similarly we have that r(1, 1)=29/2.
Let XeU. Then

2 [X, S1m > =|[X, TIn* + [X, (D] >+ [X, X1 |

Se@
HIUX), I mP =4+ +F5+5=%,

Y LIS, T XD?=2¢[T, X1, XD*+2K[J(A), J(X) s X2

S, TeS
=2-1 +2 §=‘2‘ .
Since Bg (X, X)= —15, we have that (X, X)=29/2. Similarly we have that (X, X)=
29/2.

Note that r(S, S)=rJ(S), J(S)) for Sem. Thus r(S, S)=29/2 for Se S and g is an
Einstein metric with the Einstein constant 29/2. Consequently Z(EIX) is a Kaéhler-
Einstein manifold. Then the first Chern form ¢, is represented by (29/4n)w, where w is
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the Kéhler form of the Hermitian metric g.

3.4. The volume of Z(EIX). By Borel-Hirzebruch [5], Theorem 24.10 the Chern

number u=c}’[Z(EIX)] is calculated as
u=>57! l_[ M .
bev (a/2, b)

Using 3.3 we have that
29 57 57
1= j -l—c{7=lj (—) 57!w57=i<£) WZ(EIX), g).
zErx B B )z \ 4n K\ 4n

21232527313741434753 57
57! )

Then

THEOREM 3.2. WZ(EIX), g)=
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