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0. Introduction.

In [2], Chen investigated extrinsic spheres of (locally) symmetric spaces and
obtained the following.

THEOREM. Let $N$ be an n-dimensional submanifold in a locally symmetric space $\tilde{M}$.
Then $N$ is an extrinsic sphere in $\tilde{M}$ if and only if $N$ is an extrinsic hypersphere in a
$(n+1)$-dimensional totally geodesic submanifold of constant sectional curvature.

On the other hand the author has proved in [7] the following. Let $G$ be a compact
simple Lie group and $K$ a closed subgroup of $G$ . If the normal homogeneous space $G/K$

contains a totally geodesic hypersurface $N$, then $G/K$ is a space with constant sectional
curvature. Then, in this paper, we treat a similar problem in case that $G/K$ is a naturally
reductive homogeneous space and $N$ is an extrinsic hypersphere.

The paper is organized as follows. In Section 2 we write the Levi-Civita connections
of homogeneous spaces in terms of the Lie algebra. In Section 3, using a result of
Section 2, we shall describe circles of homogeneous spaces in terms of Lie algebras.
Section 4 is devoted to prove the following theorem.

MAIN THEOREM. Ifa naturally reductive homogeneous space G/Kadmits an extrinsic
hypersphere, then $G/K$ is a space with constant sectional curvature.

1. Preliminaries.

In this section we recall some basic facts with respect to the Levi-Civita connection
on Riemannian manifolds.

Let $(M, g)$ be an n-dimensional Riemannian manifold and $\nabla$ the Levi-Civita
connection of $(M, g)$ . Let $\{e_{1}, \cdots, e_{n}\}$ be alocal orthonormal frame field and $\{\omega^{1}, \cdots, \omega^{n}\}$
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their dual l-forms. Associated with $\{e_{1}, \cdots, e_{n}\}$ , there uniquely exist local l-forms $\{\omega_{i}^{j}\}$

$(i,j=1, \cdots, n)$ , which are called the connection forms, such that

(1.1) $\omega_{i}^{j}+\omega_{j}^{i}=0$

(1.2) $d\omega^{i}+\sum_{j=1}^{n}\omega_{j}^{i}\wedge\omega^{j}=0$ .

Then the following holds (see [5]).

(1.3) $\nabla_{e_{1}}e_{j}=\sum_{k=1}^{n}\omega_{j}^{k}(e_{i})e_{k}$ .

Next, let $G$ be a Lie group and $K$ a closed subgroup of $G$ such that $Ad(K)$ is
compact. Let $\mathfrak{g}$ and $f$ be the Lie algebras of $G$ and $K$, respectively. Then there exist an
$Ad(K)$-invariant decomposition $\mathfrak{g}=f+p$ of $\mathfrak{g}$ and an $Ad(K)$-invariant scalar product
$\langle, \rangle$ on $p$ . Then

(1.4) $[f, \mathfrak{p}]\subset p$

(1.5) $\langle[u, x], y\rangle+\langle[u, y], x\rangle=0$ $(u\in f, x, y\in \mathfrak{p})$ .

Moreover, under the canonical identification of $p$ with the tangent space $T_{o}G/K(0=\{K\})$

of homogeneous space $G/K$, the scalar product $\langle, \rangle$ can be extended to a G-invariant
metric on $G/K$. Let $\Lambda$ be the connection function of $(G/K, \langle , \rangle)(cf.[6])$ . Then for $x,$ $y\in p$ ,

(1.6) $\Lambda(x)(y)=\neq[x, y]_{p}+U(x, y)$

where

(1.7) $\langle U(x, y), z\rangle=\neq\{\langle[z, x]_{p}, y\rangle+\langle[z, y]_{p}, x\rangle\}$ $(z\in p)$ .

Furthermore, the curvature tensor $R$ is given by

(1.8) $R(x, y)z=[[x, y]_{f},$ $z$] $+\Lambda([x, y]_{p})(z)-[\Lambda(x), \Lambda(y)](z)$ .

In particular, let $(G/K, \langle, \rangle)$ be a naturally reductive homogeneous space. Then it
satisfies an additional condition:

(1.9) $U(x, y)=0$ $(x, y\in p)$ .

Then $c(t)=\tau(\exp txXo)(x\in p)$ is a geodesic of $(G/K, \langle, \rangle)$ where $\tau(g)(g\in G)$ denotes the
left transformation of $G/K$. Moreover the curvature tensor $R$ is given by

(1.10) $R(x, y)z=[[x, y]_{i},$ $z$] $++[[x, y]_{p},$ $z]_{p}-\neq[x, [y, z]_{p}]_{p}+*[y, [x, z]_{p}]_{p}$ .

2. The Levi-Civita connections on homogeneous spaces.

In this section we shall write the Levi-Civita connections of Riemannian homo-
geneous spaces in terms of the Lie algebras.
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Let $(G/K, \langle, \rangle)$ be a homogeneous space with a G-invariant metric $\langle, \rangle$ as stated
in Section 1. Let $\pi:G\rightarrow G/K$ be the canonical projection and $W$ an open subset in $p$

such that $O\in W$ and the mapping

$\pi\circ exp:W\rightarrow\pi(\exp W)$

is diffeomorphic. Let $\{e_{\alpha}\}_{\alpha\in A}$ be a basis off and $\{e_{i}\}_{i\in I}$ an orthonormal basis of $(p, \langle, \rangle)$ .
In this section we use the following convention on the range of indices, unless otherwise
stated:

$i,j,$ $k,$ $\cdots\in I$ , $\alpha,$
$\beta,$

$\gamma,$
$\cdots\in A$ , $p,$ $q,$ $r,$ $\cdots\in IuA$ .

Let $\{X_{\alpha}\}$ and $\{X_{i}\}$ be the left invariant vector fields on $G$ such that $(X_{\alpha})_{e}=e_{\alpha}$ and $(X_{i})_{e}=e_{i}$

($e$ is the identity of $G$ ). Furthermore we define an orthonormal frame field $\{E_{i}\}$ on
$\pi(\exp W)$ and the mapping $\mu:\pi(\exp W)\rightarrow\exp W$ as follows:

$(E_{i})_{\pi\langle\exp x)}=\tau(\exp x)_{*}(e_{i})$

$\mu(\pi(\exp x))=\exp x$ $(x\in W)$ .

Then since $\pi_{*}(X_{i})=E_{i},$ $\pi_{*}(X_{\alpha})=0$ and $\pi_{*}\mu_{*}=id$, we can put

(2.1) $\mu_{*}(E_{i})=X_{i}+\sum_{\alpha}\eta_{\alpha i}X_{\alpha}$ .

Let $\{\omega^{\alpha}\},$ $\{\omega^{i}\}$ and $\{\theta^{i}\}$ be the dual l-forms of $\{X_{\alpha}\},$ $\{X_{i}\}$ and $\{E_{i}\}$ , respectively. Then
it is easy to see

(2.2) $\mu^{*}(\omega^{i})=\theta^{i}$

Set $[X_{p}, X_{q}]=\sum_{r}c_{pq}^{r}X_{r}$ . Then the following is known as the equation of Maurer-Cartan
(cf. [5]):

(2.3) $d\omega^{p}=-\frac{1}{2}\sum_{q,r}c_{qr}^{p}\omega^{q}\wedge\omega^{r}$

Now for the sake of completeness we shall show the following known fact.

LEMMA 2.1. Let $\{\theta_{j}^{i}\}$ be the connection forms of $(G/K, \langle , \rangle)$ associated with $\{E_{i}\}$ .
Then

$\theta_{j}^{i}=-\mu^{*\{\}}\sum_{\alpha}c_{j\alpha}^{i}\omega^{\alpha}+\frac{1}{2}\sum_{k}(c_{jk}^{i}-c_{ik}^{j}-c_{ij}^{k})\omega^{k}$ .

PROOF. It follows from (1.4) and (1.5) that

(2.4) $c_{j\alpha}^{\beta}=0$ , $c_{j\alpha}^{t}+c_{i\alpha}^{j}=0$ .

Moreover since $f$ is a subalgebra of $\mathfrak{g}$ , we get

(2.5) $c_{\alpha\beta}^{i}=0$ .



38 KOJI TOJO

From equations (2.2), (2.3), (2.4) and (2.5) it follows that

$d\theta^{i}=\mu^{*}d\omega^{i}=-\sum_{j}\mu^{*\{\}}\sum_{\alpha}c_{j\alpha}^{i}\omega^{j}\wedge\omega^{\alpha}+\frac{1}{2}\sum_{k}(c_{jk}^{i}-c_{ik}^{j}-c_{ij}^{k})\omega^{j}\wedge\omega^{k}$

$=\sum_{j}\mu^{*\{\}\wedge\theta^{j}}\sum_{\alpha}c_{j\alpha}^{i}\omega^{\alpha}+\frac{1}{2}\sum_{k}(c_{jk}^{i}-c_{ik}^{j}-c_{ij}^{k})\omega^{k}$

(note that $\sum_{j,k}(c_{ij}^{k}+c_{ik}^{j})\omega^{j}\wedge\omega^{k}=0$). Put $\theta_{j}^{i}=-\mu^{*}(\sum_{\alpha}c_{j\alpha}^{i}\omega^{\alpha}++\sum_{k}(c_{jk}^{i}-c_{ik}^{j}-c_{ij}^{k})\omega^{k}$ }.
Then it is easy to check $\theta_{j}^{i}+\theta_{i}^{j}=0$ . Consequently, by (1.1) and (1.2), the connection
forms coincide with $\{\theta_{j}^{i}\}$ . $\square $

By (1.3), (2.1) and the above lemma, we have the following.

PROPOSITION 2.2.

$\nabla_{E_{i}}E_{j}=\sum_{k}\{\sum_{\alpha}c_{\alpha j}^{k}\eta_{\alpha i}+\frac{1}{2}(c_{ij}^{k}-c_{ik}^{j}-c_{J^{\lambda}}^{i})\}E_{k}$ .

Next we shall rewrite Proposition 2.2 in terms ofthe bracket operation $[, ]$ $of\mathfrak{g}$ .
For $x\in W$, we define $z_{x}^{t}(t)\in W$ and $h_{x}^{i}(t)\in K$ ( $t\in R$ with $|t|$ small enough) to satisfy

the following:

(2.6) $\exp x\cdot\exp te_{i}=\exp z_{x}^{i}(t)\cdot h_{x}^{i}(t)$

with $z_{x}^{i}(0)=x$ and $h_{x}^{i}(0)=e$ . Then

$\mu_{*}(E_{i})_{\pi\langle\exp x)}=\frac{d}{dt}|_{0}\mu(\pi(\exp x\cdot\exp te_{i}))$

$=\frac{d}{dt}|_{0}\mu(\pi(\exp z_{x}^{i}(t)))=(\exp_{*})_{X}(\frac{d}{dt}|_{0}z_{x}^{i}(t))$ .

Here, the differential map $\exp_{*}$ of $\exp$ has the following form (see [4]):

LEMMA 2.3. Let $x,$ $y\in \mathfrak{g}$ . Then

$(\exp_{*})_{x}(y)=(L_{\epsilon xpx})_{*}\circ\Phi_{x}(y)$ ,

where $\Phi_{x}(y)=\sum_{n=0}^{\infty}((-1)^{n}/(n+1)!Xadx)^{n}(y)$ .
Thus we have

(2.7) $\mu_{*}(E_{i})_{\pi\langle\epsilon xpx)}=(L_{\exp x})_{*}\circ\Phi_{x}(\frac{d}{dt}|_{0}z_{x}^{t}(t))$ .

On the other hand, (2.6) and Lemma 2.3 give

(2.8) $(L_{\exp x})_{*}\circ\Phi_{x}(\frac{d}{dt}|_{0}z_{x}^{i}(t))=(L_{\epsilon xpx})_{*}(e_{i})-(L_{\epsilon xpx})_{*}(\frac{d}{dt}|_{0}h_{x}^{i}(t))$ .
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Considering (2.1), (2.7) and (2.8), we obtain

(2.9) $\frac{d}{dt}|_{0}h_{x}^{i}(t)=-\sum_{\alpha}\eta_{\alpha i}(\exp x)e_{\alpha}$ .

Therefore, by (2.9) and Proposition 2.2, we have

(2.10) $(\nabla_{E_{i}}E_{j})_{\pi\langle\exp x)}=\tau(\exp x)_{*}\{\Lambda(e_{i})(e_{j})-[\frac{d}{dt}|_{0}h_{x}^{i}(t),$ $e_{j}]\}$ .

REMARK. For $x\in p$ ( $|x|$ : small), the mapping $p_{p}\circ\Phi_{x}$ : $p\rightarrow p$ is an isomorphism
( $p_{p}$ : $\mathfrak{g}\rightarrow p$ denotes the canonical projection.). So we can assume that for each $x\in W$

the mapping $ p_{p^{\circ}}\Phi$. is an isomorphism. Therefore we can regard the equation (2.8) as
a characterization of $(d/dt)|_{0}z_{x}^{i}(t)(\in p)$ and $(d/dt)|_{0}h_{x}^{i}(t)(\in f)$ .

For $X\in p$ , we denote by $X_{*}$ the vector field on $\pi(\exp W)$ defined by

$(X_{*})_{\pi\langle\exp x)}=\tau(\exp x)_{*}(X)$ .

Then the following theorem is easily derived from the above arguments.

THEOREM 2.4. Let $x\in W$ and $X,$ $Y\in \mathfrak{p}$ . Then

$(\nabla_{X*}Y_{*})_{\pi\langle\exp x)}=\tau(\exp x)_{*}\{\Lambda(X)(Y)-[h_{x}(X), Y]\}$ .
Here $h_{x}(X)=-p_{f}\circ\Phi_{x}\circ(p_{p}\circ\Phi_{x})^{-1}(X)$ ( $p_{i}$ : $\mathfrak{g}\rightarrow f$ denotes the canonical projection).

COROLLARY 2.5. Let $x\in W$ and $X,$ $Y\in p$ . Then

$(\nabla_{\tau\langle expx)*}Y)=\tau(\exp x)_{*}\{\Lambda(p_{p}\circ\Phi_{x}(X))(Y)+[p_{f}\circ\Phi_{x}(X), Y]\}$ .

PROOF.

$(\nabla_{\tau\{\exp x)*}Y)=\sum_{i}\langle p_{p}\circ\Phi_{x}(X), e_{i}\rangle(\nabla_{E_{j}}Y_{*})_{n\langle\exp x)}$

$=\sum_{i}\langle p_{p}\circ\Phi_{x}(X), e_{i}\rangle\tau(\exp x)_{*}\{\Lambda(e_{i})(Y)-[h_{x}(e_{i}), Y]\}$

$=\tau(\exp x)_{*}\{\Lambda(p_{p}\circ\Phi_{x}(X))(Y)-[\sum_{i}\langle p_{p}\circ\Phi_{x}(X), e_{i}\rangle h_{x}(e_{i}),$ $Y]\}$ .

From Theorem 2.4 we get

$\sum_{i}\langle p_{p}\circ\Phi_{x}(X), e_{i}\rangle h_{\chi}(e_{i})=h_{x}(p_{p}\circ\Phi_{x}(X))=-p_{f}\circ\Phi_{x}(X)$ .

This completes the proof of the corollary. $\square $
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3. Circles of homogeneous spaces.

Let $(M, g)$ be a Riemannian manifold and V the Levi-Civita connection of $(M, g)$ .
A curve $c(t)$ of $(M, g)$ parameterized by arc length is called a circle if there exist a unit
vector field $\xi^{\sim}(t)$ along $c(t)$ and nonzero constant $\lambda$ such that

(3.1) $\nabla_{c’\langle t)}c^{\prime}(t)=\lambda\xi^{\sim}(t)$ , $\nabla_{c’\langle t)}\xi^{\sim}(t)=-\lambda c^{\prime}(t)$ .
In this section we shall give an asymptotic expansion of a circle of a Riemannian

homogeneous space.
Let $(G/K, \langle, \rangle)$ be a homogeneous space with a G-invariant Riemannian metric

$\langle, \rangle$ as stated in Section 1. Let $c(t)$ be a circle of $(G/K, \langle, \rangle)$ such that $c(O)=0$ and
$c^{\prime}(O)=x(x\in \mathfrak{p})$ . Using the same notation as in Section 2 we can put

$c(t)=\pi(\exp X(t))$ , $(X(t)\in W)$ for $t$ with $|t|$ small enough.

Then it follows from Lemma 2.3 that

(3.2) $c^{\prime}(t)=\tau(\exp X(t))_{*}\circ p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t))$ .
Thus we get

(3.3) $X(O)=0$ , $X^{\prime}(O)=x$ .
Moreover, by (3.1) and Corollary 2.5 we have

(3.4) $\lambda\xi^{\sim}(t)=\tau(\exp X(t))_{*}\{\Lambda(p_{p^{\circ}}\Phi_{X\langle t)}(X^{\prime}(t)))(p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t)))$

$+\frac{d}{dt}p_{p^{o}}\Phi_{X\langle c)}(X^{\prime}(t))+[p_{\iota}\circ\Phi_{X\langle t)}(X^{\prime}(t)),p_{p}\circ\Phi_{X\{t)}(X^{\prime}(t))]\}$ .

Set

(3.5) $F(t)=\frac{d}{dt}(p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t)))+[p_{f}\circ\Phi_{X\langle t)}(X^{\prime}(t)),p_{p^{o}}\Phi_{X\langle t)}(X^{\prime}(t))]$

$+\Lambda(p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t)))(p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t)))$ .
Then (3.4) gives

(3.6) $ F(0)=\lambda\xi$ $(\xi=\xi_{0}^{\sim})$ .
Furthermore (3.1) is rewritten as follows.

LEMMA 3.1. Let $c(t)=\pi(\exp X(t))$ ($X(t)\in W,$ $|t|$ : small enough) be a circle of
$(G/K, \langle, \rangle)$ . Then $X(t)$ satisfies the following.

$-\lambda^{2}p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t))=[p_{f}\circ\Phi_{X\langle t)}(X^{\prime}(t)), F(t)]$
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$+\frac{d}{dt}F(t)+\Lambda(p_{p}\circ\Phi_{X\langle t)}(X^{\prime}(t)))(F(t))$ .

From (3.4), (3.5) and Lemma 3.1 it is easy to see

(3.7) $\xi^{\sim}(t)=\tau(\exp X(t))_{*}\{\xi-t(\lambda x+\Lambda(x)(\xi))+o(t)\}$ .

Here $o(t^{n})$ denotes an infinitesimal of order higher than $t^{n}$ . Also it follows from (3.2),
(3.3), (3.5) and (3.6) that

$X(t)=tx+\frac{t^{2}}{2!}(\lambda\xi-\Lambda(x)(x))+o(t^{2})$

and $c^{\prime}(t)=\tau(\exp X(t))_{*}\{x+t(\lambda\xi-\Lambda(x)(x))+o(t)\}$ .

4. Proof of Main Theorem.

Let $N$ be an n-dimensional submanifold of an m-dimensional Riemannian manifold
$(M, g)$ . Let $\nabla$ and $\nabla$ be the Levi-Civita connections on $N$ and $M$, respectively. Then the
second fundamental form $\sigma$ is given by

(4.1) $\sigma(X, Y)=\tilde{\nabla}_{X}Y-V_{X}Y$ ,

where $X$ and $Y$ are vector fields tangent to $N$.
$N$ is said to be umbilical if $\sigma(X, Y)=g(X, Y)H$, where $H=(1/n)trace(\sigma)$ is the mean

curvature vector of $N$. Moreover $N$ is said to be an extrinsic sphere if $N$ is umbilical
and its mean curvature vector is nonzero and parallel with respect to the normal
connection $\nabla^{\perp}$ . In particular, if $N$ is an extrinsic hypersphere, then

(4.2) $\sigma(X, Y)=\lambda g(X, Y)\xi^{\sim}$ ,

for some nonzero constant $\lambda$ , where $\xi^{\sim}$ is a unit vector field normal to $N$. Then for each
$p\in N$ the equation of Codazzi gives

(4.3) $R(T_{p}N, T_{p}N)T_{p}N\subset T_{p}N$

where $R$ denotes the curvature tensor of $(M, g)$ .
Suppose that $N$ is an extrinsic hypersphere of $M$. Let $c(t)$ ( $|t|$ : small enough) be a

geodesic of $N$ parameterized by arc length. Then (4.1) and (4.2) give
$\nabla_{c^{\prime}\langle t)}c^{\prime}(t)=\lambda\xi^{\sim}$ , $\nabla_{c^{\prime}\langle t)}\xi^{\sim}=-\lambda c^{\prime}(t)$ .

Thus $c(t)$ is a circle of $(M, g)$ .
Now, let $(G/K, \langle, \rangle)$ be a naturally reductive homogeneous space as in Section 1

and suppose that $(G/K, \langle, \rangle)$ admits an extrinsic hypersphere $N$ through $0=\{K\}$ . Put
$V=T_{o}N$ (then $V$ is a hyperplane of p). Let $c(t)=\pi(\exp X(t))$ ($X(t)\in W,$ $|t|$ : small enough)
be a geodesic of $N$ with $c(O)=0$ and $c^{\prime}(O)=x(x\in V, |x|=1)$ . Then by (1.6), (1.9) and
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(3.7) we can write

(4.4) $\xi^{\sim}(c(t))=\tau(\exp X(t))_{*}\{\xi-t(\lambda x+\Lambda(x)(\xi))+o(t)\}$ .

REMARK 4.1. If for $\xi\in p$ there exists an extrinsic hypersphere $N$ such that it is
tangent to $\xi^{\perp}$ at $0$ , then for any $x(\perp\xi)$ there exists an extrinsic hypersphere such that
its normal vector $\xi$ at $0$ is not normal to $x$ and $\xi$ . In fact, by (4.4), there is $t\in R$ such
that the normal vector

$\tau(\exp X(t))_{*}^{-1}\{\xi_{\pi\langle\epsilon xpX\langle t))}^{\sim}\}$

atoofthe extrinsic hypersphere $\tau(\exp X(t))_{*}^{-1}(N)$ is not normal toxand $\xi$ .
Let $S$ be the unit sphere of $p$ and $\lambda$ a nonzero constant. Let $E_{\lambda}$ be the set of all

$\xi\in S$ such that there exists an extrinsic hypersphere tangent to $\xi^{\perp}$ whose principal
curvature equals $\lambda$ .

LEMMA 4.2. $E_{\lambda}$ contains an open subset of $S$ .

PROOF. Let $\xi$ be an element of $E_{\lambda}$ and $N$ an extrinsic hypersphere associated to
$\xi$ . As before $\xi^{\sim}$ denotes the unit normal vector field of $N$ such that $\xi^{\sim}(0)=\xi$ . Let
$c_{x}(t)=\pi(\exp X(t, x))(X(t, x)\in W)$ be a geodesic of $N$ such that $c_{x}(0)=0$ and $c_{x}^{\prime}(t)=x$

$(x\in T_{o}N, |x|=1)$ . Let $\epsilon$ be a positive number such that $\pi(\exp X(t, x))$ is contained in $N$

for any $t(|t|<\epsilon)$ and for any $x\in(S\cap T_{o}N)$ . Then we define a smooth mapping $f:U_{\epsilon}\rightarrow S$

$(U_{\epsilon}=\{x\in T_{o}N:|x|<\epsilon\})$ as follows:
$f(tx)=\tau(\exp X(t, x))_{*}^{-1}\{\xi^{\sim}(\pi(\exp X(t, x)))\}$ .

Then as in Remark 4.1 we can see that $f(tx)\in p$ is a unit vector which is normal to the
extrinsic hypersphere $\tau(\exp X(t, x))^{-1}(N)$ at $0$ . Thus we get $f(U_{\epsilon})\subset E_{\lambda}$ . It follows from
(4.4) that the differential mapping of $f$ at $O\in U_{\epsilon}$ is given by (under the identification
of $T_{0}U_{\epsilon}$ with $T_{\xi}S$ )

$(f_{*})_{0}(x)=-\lambda x-\Lambda(xX\xi)$ .

By (1.9) the mapping $(f_{*})_{0}$ is an isomorphism. Thus the inverse function theorem implies
that there is an open subset of $S$ contained in $E_{\lambda}$ . $\square $

For $\xi\in S$, set

$h(\xi)=\sum_{i,j,k=1}^{n}(\langle R(e_{i}, e_{j})e_{k}, \xi\rangle)^{2}$ ,

where $\{e_{1}, \cdots, e_{n}\}$ denotes an orthonormal basis of $\xi^{\perp}$ . Then $h$ is a well-defined real
analytic function on $S$ . From (4.3) we can easily check that $h(E_{\lambda})=\{0\}$ . Therefore, by
Lemma 4.2, $h$ is identically zero on $S$ . Thus any hyperplane of $p$ is curvature invariant
and hence $(G/K, \langle, \rangle)$ has constant sectional curvature.
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